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Abstract formation in 2-D due to the redistribution process in rms

We h tructed ticall d icall matched beams was shown, for example, by Okamoto [7]
€ have constructed, analytically and numerically, a NeWn,y 35 eson [8]. We therefore continue our effort to study

class of self-consistent 6-D phase space stationary d|st[h—e halo development mechanism in 3-D beam bunches in

development mechanism without being obscured by be"?‘ lows us to study the fundamental mecHanism of halo for-

redistribution and its effect on halo formation. The beam IShation associated with the beam mismatch. To accomplish

then mismatched longitudinally and/or transversely, and WRis we have constructed, analytically and numerically, a

gxplore the formati_on of longitudinal and tran_sversg haloFiew class of stationary 6-D phase space distributions for
in 3-D axisymmetric beam bunches. Of particular Impory, spheroidal beam bunch. Our present analysis assumes

tance is the result that, due to the coupling between Ior‘gé'moothed linear external transverse and longitudinal restor-

tudinal and transverse motion, a longitudinal or transver%ﬁg force gradients., k,, k,. In general, the distribution
. . . . zy Tvyy g - ’
halo is observed for a mismatch less than 10% if the migc, e chosen to have an approximately ellipsoidal bound-

match in the other plane is large. ary. However, for simplicity, we treat the azimuthally sym-
metric casgk, = k,) for which the beam bunch is ap-
1 INTRODUCTION proximately spheroidal. This is the focus of the present

. ] ] investigation. More details can be found in [9].
The need for high current in a variety of new accelerator

appligations has focused a great deal of qtteqtiqn on under- 2 STATIONARY 6-D PHASE SPACE

standing the phenomenon of halo formation in ion beams, DISTRIBUTION

which can cause excessive radioactivation of the accelera-

tor. Starting in about 1991, a variety of two-dimensional (22.1 Distribution and charge density

D) simulation studies [1, 2] havg Ied. to the conclusion th?\t/Ve take for the azimuthally symmetric 6-D phase space
halos are formed when a beam is mismatched to a focusifgLrinution

channel, exciting some sort of collective oscillation(s) of

the beam which are in resonance with the non-linear oscil- flz,p) = N(H, — H)~'/? 1)
lation of individual ions.

Most of the simulations studies start with rms matchetwhere
beams which arenot stationary solutions of the Vlasov
equation (See for example [3].). As a result, the initial H = kpr?[2+ k.22 [2 + e®ye (@) + m0® /2. (2)
beam undergoes some sort of redistribution in phase space, ) ) )
masking the possible development of halos. Our efforf€€P = mv, 7" =a” + y°, andk,, k. are the smoothed
has been devoted to populating a stationary distribution iiansverse and longitudinal restoring force gradients. The
phase space, in the hope that the halo development mediiantity 2;.() Is the eIectrostatu; p.‘“e’.‘“a'. due to t.he
anism can be studied without being obscured by the wepace charge of the bunch. The distribution is normalized
laxation” of the beam in phase space. We have particular@"ch that
studied initial distributions which are stationary by virtue /dm/dpf(w,p) = 1. 3)
of being a function only of the Hamiltonian [4, 5].

It is clear that a realistic treatment of halo formation
must take into account 3-D beam bunches and 6-D phase
space distributions. Recently, Barnard and Lund [6] per-  p(x)
formed numerical studies with a 3-D beam bunch using the
particle-core model, drawing attention to the existence and
importance of a longitudinal halo for a spheroidal bunch.
However, all studies based on the particle-core model do
not address the question of whether halo formation is infllvhere
enced by the density redistribution which follows for a non- B2 k2
stationary beam, even if it is rms matched [3]. In fact, halo G(x) = Hy — —— — —— —ed,.(x). 5)

The charge distribution corresponding to Eq. (1) is
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Performing the integral ovatv = v2dvd), in Eq. (4) 1.6 .
leads to 15 .' K=1.2
S1a- c/a=3
(@) = QG(a)/ [ duG(a). © 2]
1.2
where the normalization constant satisfies 114
1.0 T T T T
2\/§7T2Nm3/2 /dil?G(:l!) - 1. (7) 0.0 0.2 0.4 f, 0.6 0.8
1.6
From Eg. (5) and Poisson’s equation, we write 1.5 L H=1.3
5144 c/a=3
V2G(x) = ks — eV?®,, = —k, + (¢/eo)p(x), (8) |Zno
124
where 114
ko = Zhe + k- ® N ) A 5
Using Eq. (6), we obtain the partial differential equatior =
1.6
for G(x) , , e p=1.4
V°G(x) = —ks + k°G(x), 10) |5, L. c/a=3
where 3
~N1.2
& = (¢Q/c)] [ daG(a). ay |
1.0 T T T T T
The solution of Eq. (10) for an axisymmetric, spheroida 0.0 0.2 o4 0.6 0.8

shaped bunch can most easily be written in the sphericat

coordinatesz, ¢ for which Figure 1. Longitudinal halo extent for different mis-

z=Rcosf,r = Rsinb, (12) matches.

as ) [11]. The code runs on parallel computers, and in particu-
G(x) = (ks/K7)g(x) (13)  Jar, the space charge calculation has been optimized for par-
where allel platforms using the Ferrell-Bertschinger method [12].

Some details about the code can be found in [13]. Details
about effects of non-linear RF fields can be found in [14].
We initially populate the 6-D phase space according to
Eqg. (1), and then mismatch they, z coordinates by fac-
HerePy(cos #) are the even (fore-aft symmetric) LegendrelOrS ju; = p, = 1+ da/a, i, = 1 + dc/c and the corre-
polynomials and., (kR) are the spherical Bessel functionssponding momenta by/ u, = 1/, 1/ 1., with a, ¢ being
(regular atR = 0) of imaginary argument. the minor and major semiaxes of our spheroidal bunch, re-
Sinceg(x) is proportional to the charge density, the edgépectively.
of the bunch is defined as the bordgr:) = 0, closest to

g(x) =1+ arPa(cos)iz(kR). (14)
(=0

the origin. We therefore choose the’s so that the surface 3 ORBIT SIMULATIONS
of the bunch reproduces, as closely as possible, the ellip-
soidal surface. 3.1 Longitudinal halo

We also note that(z?) = m(y?) = m(2?) = m(v?)/3
becaused depends only on? andz. Thus our choice of
a stationary distribution of the fornfi(H) automatically
corresponds to equipartition (equal average kinetic ener
in the three spatial directions).

Due to the fact that longitudinal tune depression is always
less than the transverse one for elongated equipartitioned
bunches the longitudinal halo is our primary focus. An im-
gi}/ortant quantity is the ratio of the halo radius to that of the
matched distribution. We performed a systematic study for
differentc/a and mismatch factors in the range of inter-
est [15], by looking at the halo extent at the time when the
We have developed a 3-D particle-in-cell (PIC) codédeam comes to a roughly saturated state after the develop-
HALOS3D to test the analytic model described above, anchent of a halo. Our new result is the dependence of the
to explore halo formation [9]. The single-particle equation$alo extent on tune depression shown in Fig. lcfer= 3

of motion are integrated using a symplectic, split-operataand mismatch parametesis= 1.2, 1.3, 1.4 being the same
technique [10]. The space charge calculation uses ar@mall directionsz, y, z. One sees a significant increase in
weighting (“Cloud-in-Cell”) and implements open bound-halo extent for severe tune depressions. In addition the halo
ary conditions with the Hockney convolution algorithmextent clearly depends on the mismatch parameter. The

2.2 Numerical implementation
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Figure 2: Dependence of halo intensity on the mismatchigure 3: Dependence of halo intensity on tune depression
for c/a = 3, n, = 0.65, 7. = 0.49 (with 32,768 particles for ¢/a = 3, p = 1.2. a)n. = 0.87. b)n. = 0.65. c)
plotted). a)jy =1.1.b)p=1.2. c)p=1.3. d)p = 1.4. . = 0.49. d)n, = 0.32.

approximately linear dependence of the halo extent on the Another important characteristic of the longitudinal halo

mismatch factoy indicates that a serious effort should beis its dependence on the mismatch when there is no mis-

made to match the beam to the channel as accurately @&tch in the radial direction. The number of particles in the

possible. Similar investigation for othefa can be found halo drops dramatically with... In fact, we see no halo for

in [9]. 1, < 1.2 (< 20% longitudinal mismatch). Note that the
Simulation results show that the halo intensity (roughlgituation changes when the effect of coupling is significant.

defined as the fraction of particles outside the core in

phase space) depends primarily on the mismatch. FiguB® Transverse halo

2 presents the phase space diagram (with only 32,768 P#Re transverse halo closely duplicates all the features ob-

ticles plotted) after the halos have stabilized, fgr = served for non-linear stationary distributions in 2-D simu-

0'63’ 221 72014?? ;cia S:evi)rewr':i]s;Z\;i;]a;snr;rgitghsfv_lations [16]. The agreement between 2-D and 3-D simu-
pro= 518 10y R . T lations is very good. The only two significant differences
eral percent of the particles in the halo, which is clearl

. - ) %een are related to the rate of halo development. In the
outside acceptable limits. In Fig. 3 we present thé . . .

. . . present 3-D simulations there is a clear dependence on the
phase space diagram for different tune depressigns:

: N - : tune depression which was not the case in the correspond-
0.87,0.65,0.49,0.32 with . = 1.2 (¢/a = 3) for which ing 2-D simulations [16]. The second difference is that

) ; . ) 0 .
the fraction of particles in the halo is about 0.5 %. No 9% e transverse halo in the 3-D simulations develops signif-

pificantdependence of halo intensity.on the tune depre55|?cnantly faster than in 2-D for comparable mismatches and
IS seen. .Howevgr, for tune.depressmng 0.4 the clear tune depressions. More details can be found in [9].
peanut diagram in the longitudinal phase space now has a

chaotic behavior. :
One more important feature is how fast the halo devel‘ﬂ?'3 Coupling effects
ops. We first make the observation that for comparable miga performing 3-D simulations we encounter halo forma-
matches the longitudinal halo develops much faster than thien in a beam bunch, where we clearly see coupling be-
transverse halo when the mismatches and/or tune depréseen the longitudinal and transverse motion. It was al-
sions are not severe. Such behavior simply occurs becausady noted [9] that due to the coupling betweeandz, a
for fixed charge we havg, < 7, for elongated equiparti- transverse or longitudinal halo is observed even for a very
tioned bunches. For severe mismatches and/or tune deprestall mismatch (less than 10%) as long as there is a signif-
sions both the longitudinal and transverse halos develdpant mismatch in the other plane. Further numerical inves-
very quickly. A typical picture is shown in Fig. 4. tigation of this question showed that the effect of coupling
Of particular interest is the clear dependence on tune dbecomes extremely important for nearly spherical bunches
pression. Specifically, for more severe tune depression tiie/a < 2) which is typical of the parameter range of in-
halo starts to develop earlier as can be seen in Fig. 5 wheerest for the APT design [15]. For example, for the short
the development of the halo is shown &g = 3, . = 1.2 bunch withc/a = 2, with only a longitudinal initial mis-
and different tune depressions. match {t. = 1.5, u, = p, = 1.0), one finds particles
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Figure 4: Halo development for comparable mismatcheSigure 5: Dependence of the rate of halo development on
(¢/a=3,1n, =0.65,7n, =049). a)u = 1.1. b)u = 1.2.  tune depressions far/a = 3, p = 1.2. a)n, = 0.79,
cp=13.dp=14 n. = 0.65. b)n, = 0.65, 7. = 0.49. ¢)n, = 0.53,

n. = 0.39. d)n, = 0.45, 7, = 0.32.

at large amplitude in both the longitudinal and transvers @ (b)
directions, as can be seen in Fig. 6 for the 6-D statior * 2

ary distribution. Of course, the intensity of particles in the 3 1

transverse halo is much smaller than it is when there is i~ i -
addition a transverse initial mismatch. (In our example ir ? < Om‘?

Fig. 6, we have).05 percent of the particles in the trans- £ -1 T

verse halo with zero transverse mismatch compared wi

several percent in the longitudinal halo.) A similar effect % 200 40 600 800 % o5 1 15 2
due to coupling was seen for the non-stationary distribu- ' '

tions [17].

Figure 6: Coupling effect for the 6-D stationary distribution
with zero transverse mismatgh, = p, = 1.0, u, = 1.5
4 SUMMARY (c/a = 2,71, = 0.55, ., = 0.45) a) maximumz andz b)

. . . r — p, diagram att = 800 for particles with the angular
Most of the previous studies were concerned with halos 'Hwomentun1L~| < 0.1 (with 25,000 particles plotted).

long beams. In the current work we address the question

of halo formation in a beam bunch which is of particular

interest for the Accelerator Production of Tritium projectis mismatched in both the transverse and longitudinal direc-

where relatively short bunches are proposed [15]. tions, and find that both transverse and longitudinal halos
We have constructed, analytically and numerically, @an develop, depending on the choice of tune depressions

new class of 6-D phase space stationary distributions fand mismatches. We also found that the effect of coupling

an azimuthally symmetric beam bunch of arbitrary chargbetween the andz planes is very important in the halo de-

in the shape of a prolate spheroid [9]. The stationary distrirelopment mechanism and can lead to serious consequen-

bution allows us to study the halo development mechanisgies, especially as the bunch shape becomes more spheri-

in 3-D beam bunches where no phase space redistributioal.

takes place. Our choice of parameters automatically as-Our main conclusion is that the longitudinal halo is of

sures equipartition. In our calculations the beam remaingreat importance because it develops earlier than the trans-

equipartitioned through the channel. We therefore studyerse halo for elongated bunches with comparable longi-

the halo development in 3-D beams which are in thermalidinal and transverse mismatches, and because it occurs

equilibrium, without the redistribution introduced by anyeven for mismatches of order 10%. In addition, the control

equipartition process which may take place. Such an apf the longitudinal halo could be challenging if the phase

proach gives us an excellent chance to investigate the maidth of a beam bunch in the RF bucket cannot be made

jor mechanism of halo formation associated purely with theufficiently small.

beam mismatch. After we established the parameters which lead to halo
We then use a PIC code with smoothed linear extern&rmation in 3-D beam bunches for the self-consistent 6-

focusing forces, in which the initial stationary distributionD phase space stationary distribution [9], we explored rms
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