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An algorithm that tests the hypothesis that two multivariate point samples 

were drawn from the same unknown probability density, is described. The 

algorithm provides a measure of the discrepancy between the two point dis-

tributions, as well as providing information concerning the regions of the 

multivariate space where the discrepancies occur. A procedure for calcu-

lating the significance level of the test in any given situation is pre-

sented. On multivariate normal data, this nonparametric test is found to 

be considerably more powerful than the normal theory likelihood ration test 

when the two samples differ primarily in scale. 



Introduction 

Consider two samples of Nl and N2 observations taken on vector random 

variables X! and 'Y with unknown probability density functions f(;c) and g(y>. 

We wish to test the null hypothesis, H , that f(;c) 
o 

g(y> for all X! and 'Y. 
It is often useful in data analysis problems to compare two multi-

variate point sets to determine to what extent they are similar or different. 

At the most straightforward level, two experiments can be compared for their 

compatibility. Since the test is able to make the comparison in the full 

dimensionality of the data measurement space, all of the information con-

tained in the experiments is used. 

More generally, one usually wishes to determine if changing a property, 

y, of the data has any effect or consequences on the resulting joint proba

bility density function, p(;c), of the experimental measurements,~. That is, 

whether these experimental measurables can be used in any way as predictors 

for y. Although it may be impossible to formulate a specific model for the 

dependence (as one does with regression), it may still be important to know 

-7 
if there exists any information in the aggregate of measured variables, x, 

having a bearing on the response variable, y. 

This can be accomplished by partitioning the data set on the value of 

the dependent variable, y, and treating the resulting data sets as independent 

samples. These samples can then be compared for compatiblilty in the full 

dimensionality of the data space. If these multivariate point sets are 

shown to be compatible, then there exists no relationship between the measure-

ment variables, X!, and the response or dependent variable, y. 

If, on the contrary, a relationship is shown to exist, then it is often 

useful to be able to determine those simultaneous values of the measurement 

variables where the response is strongest. That is, those regions of the 
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multivariate data space where data samples most disagree in their relative 

densities. This information can often give considerable insight as to the 

---7 
nature of the dependence of y on the measurement variables, x, as well as 

allCJ'oling the ye-sea'Yche'Y to maximize the predictive power of his observations. 

As an example, consi.der discrimination analysis in pattern classifi-

cation. Here the dependent variable, y, is an indicator of the correct 
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classification of a pattern, and the measurement variables, x, are a chosen 

set of pattern features. Different patterns can be compared in the feature 

space to determine the discrimination ability of the chosen set of features. 

Those regions of the feature space that yield the lowest error rate for each 

pattern can be identified. The relative merits of various different feature 

spaces can also be evaluated. 

For another example, consider medical diagnosis. Here the data is par-

titioned into two samples on the basis of incidence of a disease. In this 

case, the dependent variable, y, is binary and simply indicates the presence 

or absence of the disease. These two samples are then compared in the data 

---7 
space, x, of all clinical measurements performed on the subjects. If the 

two samples are shown to be compatible, then that particular set of clinical 

observations cannot be used to diagnose the disease. If the samples are 

different, then the set of simultaneous values of the measurements that are 

most likely to indicate the presence (or absence) of the disease can be 

identified. This information can be used to diagnose future patients. 

When f{X) snd g(~ are both mulUvariate normal, the point distributions 

can differ only in their location vectors and dispersion matrices. For non-

normal distributions the data sets can differ in a variety of ,.;ays. The 

identity of location vectors and of dispersion matrices, while necessary, is 

not sufficient to guarantee the identity of the two distributions. For many 
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applications, the underlying density functions may not be known, requiring 

more general techniques for comparing distributions. For these cases, non-

parametric procedures are usually required. Nonparametric procedures do not 

work in terms of a set of parameters and require few assumptions about the 

underlying multivariate distributions. A desirable property of these pro-

cedures is that they be at least roughly distribution-free in the sense that 

they perform similarly (at least as far as the probability of falsely finding 

a significant distinction) for differing underlying multivariate distribu-

t " 1 lons. In the multivariate case, nonparametric procedures often have been 

difficult to implement and have proved to be far from distribution-free. 

This report describes a nonparametric procedure for comparing two 

multidimensional point distributions that is straightforward to implement 

and whose test statistic distribution is reasonably independent of the under-

lying density function. In addition, a permutation technique is described 

for estimating the significance level of the test in any given application. 

This procedure not only gives a measure of the compatibility of the two-

point distributions, but also gives information as to those regions of the 

multidimensional data space where the correspondence between the point sets 

is good (in terms of their relative densitiesh and where they are most dis-

crepant. 

The finite sample statistical properties of this test are studied by 

applying it to a wide variety of simulated data. These simulations show 

that when applied to multivariate normal data this nonparametric test has 

comparable power to the normal theory likelihood ratio test for location 

differences and is considerably more powerful for differences in scale. 
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Comparison Procedure 

The algorithm for testing the null hypothesis, H , that two multivariate 
o 

point samples (classes) were drawn from the same unknown probability density 

function (p.d.f.), proceeds as follows. The two samples of size Nl and N2 

respectively, are combined into a single sample of size N = N + N with 
1 2 

each pOint tagged as to the class from which it originates. The closest k 

points to each point are examined and the number, k
l

, originating from class 

one (or the corresponding number, k2 = k-k
l

, originating from class two), is 

determined. Thus, associated with each point in this combined sample is a 

measure of the composition of the points closest to it. The observed fre-

quency distribution of kl , n(kl ), for all the sample pOints, is recorded. 

This frequency distribution is then compared to that expected under the null 

hypothesis. 

There ere a variety of ways of testing whether the observed distribution 

for kl conforms to that expected under Ho' One technique involves comparing 

the frequency distribution of kl , nl(kl ), evaluated in the neighborhoods 

centered at class one points to the frequency distribution of k
l

, n
2

(k
l

), 

evaluated in the neighborhoods centered at class two points. Under H 
o 

these two distributions are expected to be the same. Asymptotically, 

differing multivariate p.d .f.'s for the two classes results in higher con-

centrations of class one points in near neighborhoods of class one centers 

and, similarly, higher concentrations of class two points in near neighbor-

hoods of class two centers. This causes nl(kl ) to be shifted towards higher 

values of kl while n
2

(k
l

) will be shifted toward lower values, from their ex

pected distributions, n (kl ), under H. This leads naturally to at-statistic 
o· 0 

of the form 
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as a candidate for a test statistic comparing the two distributions. Alter-

natively, anyone of the many Hell knOl-Tn statistical techniques for directly 

testing the compatibility of two univariate distributions can be used. 

Although, asymptotically, this procedure may be optimal, for finite 

sample sizes it works well only when the two classes differ primarily in 

their locations. The test is relatively insensitive to differences in scale 

(extent) between the two multivariate point samples. This is caused by the 

tendency of near neighboring to choose points preferentially in regions of 

higher density. Even points in the relatively sparse regions of the space 

will tend to choose nearest neighbors preferentially in dense regions. Only 

those sparse points that lie very far from a dense region will have mostly 

sparse points as nearest neighbors. For the case where the two point samples 

differ mainly in scale, the class with smaller scale (for example, class one) 

will populate the space mainly in regions of high density, while the points 
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from the other class (class two) will lie principally in regions of lower 

density. The class one points will clearly have an excess of class one 

neighbors. However, due to the tendency of near neighboring to choose points 

from regions of high density, the class two points will also have an excess 

of class one neighbors. In fact, for small to moderate differences in scale 

between the multivariate distributions, there is very little difference be

tween nl(k
l

) and n
2

(k
l

) even though they both deviate from the expected 

null distribution, no(k
l

). This deficiency can be overcome by directly 

comparing the detailed distributions of nl(kl ) and n2(kl ) to their expected 

distribution, nO(kl ), under Ho. The problem of comparing two multivariate 

point distributions is, in this way, reduced to a univariate goodness-of-fit 

test. 

If each of the N k-neighborhoods were mutually exclusive, then the 

relative frequency of the possible values of kl would (under the null hy

pothesis) conform to a binomial distribution over 0, 1, 2, ... , k with 

probability p = Nl/N; that is, no(kl ) would be a binomial distribution with 

k-degrees of freedom. These neighborhoods cannot be mutually exclusive, 
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however I since the;re are N neighborhoods - each contain ing k points - with 

only N total sample points. Thus, there is no reason to expect the distri-

bution of kl values to be compatible with such oa binomial distribution. 

The precise distribution in the general case is difficult to derive, but 

Monte Carlo calculations for a wide variety of cases indicate very little 

discrepancy between the true distribution and a binomial. Thus, a differ-

ence between the two multivariate samples can be measured by comparing 

the distribution observed for the kl values with the corresponding binomial 

distribution. Anyone of the many well known univariate goodness-of-fit 

tests may be used for this purpose. 

For the experiments described in this report, the two kl-distributions, 

nl(kl ) and n
2

(kl ) were summed to a single distribution, n(kl ) = nl(kl ) + n
2

(kl ), 

and the resulting sum compared to that predicted by the null hypothesis, 

no(kl ). Counting each sample point itself as one of its k-nearest neighbors 

and appl ying bincm1811 s t atistics, one obtains 

with the conventions k-l 
l-l 

distribution is 

I 

(
kk- l 

::= 0 and 

k 

== o. The mean value of kl for this 

as expected for a binomial precess. 
-~--
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The observed number of counts, n(kl ), for each value :01' kl is then 

compared to no(kl ). This comparison can be made using any goodness of fit 

test statistic. For the experiments described in this report, a statistic 

analogous to Pearson's x2 test statistic 

2 was used. 

In order for this algoritbm til) be useful, t he Bignifi~ance level (p-

value), a(T), for the experimentally obtained value of the test statistic, T, 

must be determined. This can be accomplished by employing a permutation pro-

cedure to estimate the significance level of the test for each application, 

directly from the' datal< This perm\iltatiCDn test proceeds8s follows: the two 

samples (classes) 'are combined into ,a single semple of size N = Nl +N
2

, as 

described above. But instead of ~ssign:1.ng each semple point to the class 

from which it originated, it is randomly assigned to one of the two classes. 

These random assignments are made subject to the constraint that the assign-

ments preserve the original proportion Nl /N2 " The comparison procedure is 

then applied to these two newly defined samples and a test statistic value 

(eqn 3) is obtained. The points are then given another such random assign-

ment and the test re-applied, obtaining another permuted test statistic 

value. Repeated application of this random permutation procedure yields a 

series of test statistic values that closely approximate the null test sta-

tistic distribution for the given problem. In particular, the fraction of 

these permuted test statistic values that are larger than the value, T, 

obtained for the unpermutated case, is an estimate of the significance level, 

a(T), for the test. 
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This comparison procedure can also be used to identify those regions of 

the multidimensional space where the two point samples most disagree (or 

agree) in their relative densities. This is because the algorithm assigns 

such an estimate to each point in the combined sample. Those points for 

which kl is near its expected mean value, kl = (Nl/N)k are located in regions 

where the agreement is good, while those points for which kl is far from 

this expected mean value are located in regions of the multidimensional 

space where the agreement is bad. One can use the experimentally determined 

values of kl for each point to select and isolate those points that give rise 

to the most disagreement (or agreement) between the two point sets. The co-

ordinates of these selected points can then be examined to determine where 

these points lie in the multidimensional space. 

Statistical Properties 

In order to investigate the variation of the null test statistic cumu-

lative distribution with sample size, dimensionality, and underlying p.d.f., a 

large number of simulations were performed. 3 Tables 1 - 3 show the cumulative 

distribution of the test statistic, T, (eqn 3) for a wide variety of simu

lated data samples. Each of these samples were randomly divided into two 

subsamples of equal size, and these halves were then compared. (For all 

comparisons, except in Table 7, the number of near neighbors used was k=20.) 

The T-distributions were obtained by calculating the value of T (eqn 3) for 

100 independent samples for each situation. The corresponding distributions 

in parentheses are for 100 repeated random permutations of a single sample. 

In all cases, the distributions obtained from the random permutation pro

cedure are not significantly different (to within the simulation accuracy) 

from those obtained from the independently drawn samples. 
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Table 1 shows that the T-distribution seems to have very little de-

pendence on sample size. On the other hand, Table 2 shows that the T-dis-

tribution exhibits a marked dependence on the dimensionality, d, of the data 

for very low dimensionality. This dependence rapidly diminishes with in-

creasing dimensionality. Table 3 shows the T-distribution for several 

different underlying multivariate p.d.f's, which are simply the d-fold pro-

ducts of the corresponding univariate p.d.f's. These results indicate that 

there is some dependence on the underlying p.d.f., but at least for those 

cases considered, this dependence is rather small. 

These tables are not meant to provide an exhaustive summary of the 

statistical properties of the test. They do, however, give an indication 

that the null T-distribution remains remarkably similar in a wide variety of 

situations. The algorithm can be applied to any situation, of course, since 

the permutation procedure can be employed to determine the significance level 

of the test directly from the data for any particular case. 

The discussion, so far, has centered on determining the significance 

level under the null hypothesis. For a goodness-of-fit test this is all 

that can be determined. For the test to be useful, however, it must be able 

to discriminate against hypotheses alternate to H. The class of all alter
o 

nate hypotheses is sufficiently general for some alternate hypothesis to 

give an arbitrarily good comparison. Thus this test (like any goodness-of-

fit test) cannot rule out all alternate hypotheses. It is, however, instruc-

tive to consider various classes of alternate hypotheses that continuously 

approach H and to study the ability of the test to discriminate between 
o 

each of them and H . 
o 

For this purpose the test statistic distributions for various alternate 

hypotheses were compared with the corresponding null distribution. This is 

summarized by estimating the significance level from the null distribution 
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of the estimated 50% power points (medians) of the alternate test statistic 

distributions. (See Appendix for details of these calculations.) Table 4a 

shows the results when a sample drawn from a la-dimensional norma~ located 

at the origin with unit dispersion matrix, is compared to another similarly 

drawn sample whose location is systematically displaced a distance 6 along 

one axis. (6 = a represents the null hypothesis.) Shown in Table 4a is the 

median value estimated for the alternate T-distribution and its corresponding 

significance level from the null distribution. Also shown for the same value 

of 6 is the corresponding quantity for the likelihood ratio test assuming 

normally distributed data.
4 

Asymptotically, this likelihood ratio test is 

the most powerful parametric test. Table 4b similarly compares two multi-

variate normal point samples, put where their locations are the sam~ and the 

scale of one is systematically varied along each axis by the same factor, 0. 

(0 = 1 represents the null hypothesis.) 

As one might expect, the median T-value for the alternate hypothesis in-

creases with its deviation from the null hypothesis, resulting in a decrease 

in its corresponding significance level (under the null hypothesis). Also, 

as expected, this effect is enhanced for larger sample size. When the alter-

nate hypothesis represents a difference in location, this nonparametric test 

is seen to have somewhat leas power than the normal t heory test on the normally 

distributed data (as is usuaJ. for ncmparslnet:ric pr,ocedures). For differences 

in scale between the two mUltivariate distributions, however, this nonpara-

metric test is seen to be considerably more powerful than the normal theory 

test on the normal data. The nonparametric test has 50% power with 9% 
acceptance at 0 = 1.07, while the corresponding point for the normal theory 

test is around 0 = 1.15. This high relative efficiency for differences in 

scale of the nonparametric test is a property of the finite size of samples 
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(since asymptotically the likelihood ratio test is uniformly most powerful) 

and is related to the tendency (described above) for the near-neighboring 

algorithm to choose nearest neighbors, preferentially, in regions of rela

tively high density. This causes the difference between the observed kl 

frequency distributions, nl(kl ) and n2(kl ), and the null distribution, 

no(k
1

), to be increased, res,ulting in higher values of the' test statistic, T. 

Table 5 shows the results of comparing a point sample drawn from this 

same multivariate normal p.d.f. to another sample drawn from a p.d.f. whose 

location and scale are the same as the normal, but where its shape system

atically approaches the mUltivariate normal. This second p.d.f. is a 

"multivariate" Student's t-distribution where the number of degrees of free

dom, n, is systematically increased. This "multivariate" Student's distri

bution is formed by simply taking the product of ten one-dimensional dis

tributions with zero location and unit scale. As n approaches infinity, 

this distribution approaches a multivariate normal. For finite n it has 

larger kurtosis along each axis and departs from spherical symmetry. For 

the extreme case (n = 1), it becomes a product Cauchy distribution. Shown 

in Table 5 for various values of n, are the kurtosis along each axis, a 

measure of the spherical symmetry of the multivariate Student's t-distri-

bution, and the value of the test statistic obtained in its comparison 

with the mUltivariate unit normal. The spherical symmetry measure is the 

ratio of the radial variance along a line at 45 0 
to all axes, to the variance 

along the axes. Since the radial variance is minimal along such a diagonal 

and maximal along the axes, this variance ratio is most sensitive to 

departure from spherical symmetry_ Values of zero for kurtosis and one for 

the var~ance :ratio correspond to the multivariate normal p.d.f. 
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The results in Table 5 show that the test is reasonably sensitive to 

small departures in shape between the two multivariate distributions under 

comparison. 

In the above simulations, the samples under consideration were drawn 

from radially symmetric p.d.f.'s. Table 6 compares samples that are drawn 

from the radially skew "multivariate" log-normal, 

1 
x. 

1 

x. > O. 
1 

For the null hypothesis, ~=O and cr=l for Goth samples. In Table 6a, the 

log-location along the first axis of one of the samples is systematically 

displaced by a distance ~, while in Table 6b the log-scale, cr, is varied 

along all axes. 

Table 7 canpares the per ormance of the test for differing number, 

k, of near neighbors. Here the results of Table 4 (k=20) are compared t o 

the results of the test for k=5 and k=lO. It is seen that the performance 

of the test tends to be reduced with smaller values of k but the effect 

is not dramatic. 

These experiments, while not exhaustive, do indicate that the comparison 

procedure performs reasonably well in determining whether the UlO multi-

variate point distributions were drawn from the same underlying p.d.f. The 

test appears to be sensitive to differences of location, scale, and shape 

between the two distributionso The performance of the test seems to have 

only a moderate dependence on the choice of the number of near neighbors. 

To the accuracy of the simulations, the test appears to be unbiased for the 

cases tested. The test is also very robust against extreme outliers. Since 

the procedure involves only ordering and counting and does not use the dis-

tances directly, it is easy to see that a few extreme outliers will have 

little effect on the results. 
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Measurement Variables Scaling and Metric 

This procedure leaves to the researcher's discretion the choice of the 

coordinate variables and metric, as well as the number of nearest neighbors, 

k. As shown in Table 7, this procedure is reasonably insensitive to the 

choice of k, provided that it is not too small. In order for the test to be 

consistent, k should be a function of the total sample size such that5 

lim 
N-7 0) 

k(N) 0), and lim 
N-7O) 

k(N) 
N 

o. 

Experimentation has shown that the choice of k is not important so long as 

k > 10-20. Clearly, k should be small compared to the total sample size, N. 

This algorithm is somewhat more sensitive to choice of measurement 

variables and metric. Unfortunately, there are no good guidelines for their 

choice. For very large sample size, the algorithm is clearly invariant to 

changes in coordinate variables and metric since these changes simply alter 

the shape of the volume element containing the evaluation point. Since these 

volumes are infinitesimally small, their shape doesn't matter. 

For finite sample sizes, however, the shape does matter. Changes in the 

volume shape that result in changes of the identities of the nearest neighbors 

can have an effect on the performance of the algorithm. Fukunaga and 

6 Hostetler show that for those data distributions that can be made spheri-

cally symmetric by a linear transformation, the optimum metric is the inverse 

covariance matrix of the underlying distribution, p(Xj. If this covariance 

matrix is estimated by the data sample covariance matrix, then this is 

equivalent to scaling each of the coordinates so that they have equal 

variance along the principal axes of the data (sphericalizing the data). 

If there is no a priori information concerning the data, then this is 

probably the best procedure. Another reasonable procedure is to simply scale 
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the data to have equal variance along the original measurement coordinates. 

On the other hand, different experimental measurement accuracy or different 

characteristic length of density variation can dictate unequal scales among 

the various coordinates. Changing the scale of a coordinate changes its 

relative importance in determining the goodness-of-fit. Thus, if the re-

searcher has information as to which coordinates are most important, they 

should be given larger scales. 

The number and specific choice of coordinate variables also affect the 

performance of this test. Increasing the number of coordinates only 

improves the performance when those variables contain information concerning 

the hypothesis under test. In fact, coordinates that do not contain such 

information (noise coordinates) dilute the power of the test. This is be-

cause these dimensions add statistical uncertainty to the kl estimates with-

out providing information helpful to the comparison. Even a coordimte that 

does contain some additional information may not help because the increase 

in statistical variance that it introduces hurts more than the information 

increase helps. The precision of this test can be increased greatly if the 

researcher's knowledge and intuition lead him to a judicious choice of co-

ordinate variables. 

After the specific measurement variables and their scales are chosen, 

there is still the choice of the metric or multidimensional dissimilarity 

measure. That is, given a one-dimensional dissimilarity measure for each 

coordinate, how are these combined to define a distance in the multidimen-

sional space. One-dimensional distance is nearly always defined as the 

absolute value of the difference in coordinate values 
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where the subscripts label the points and the superscripts label the co-

ordinate. The most commonly used multidimensional distance measures are the 

Minkowski p-metrics, 

d (~ ,~ ) 
p m n 

Of these, the three most popular are the 

p == 1 (city block or taxi cab distance) 

p 2 (Euclidean distance measure) 

p CD (maximum axis distance measure) 

i.e. , (
-7 -7 

d x ,x ) 
CD m n 

The advantage of the p == 1 measure is that it can be calculated rapidly with 

no multiplications. It is also relatively robust against changes in relative 

axis scales. The advantage of the p == 2 distance measure is that it is the 

natural extension of the familiar Eu~lidean dis,tGlnce mea sure use.d in plane 

and solid geometry. It is scmewhat less robust to changes in axis scales 

than the p = 1 metric. Like the p = 1 metric, the p = 00 metric can be cal-

culated rapidly with no multiplication~ and it has the additional advantage 

that the nearest neighbors can be found much more efficiently for this dis-

tance measure (especially for high dimensionality) than with the other 

p-metrics. 7,8 This metric has the greatest sensitivity to the relative co-

orainate scsles. 

'The best choice for a distance measure depends upon the problem at hand, 

and is related to the underlying density distrioution of the multidimensional 

data. As for the choice of variables and scales, there are no good 

guidelines. It can be shown that the p == 2 metric is optimal when the data 

points are multivariate normal. However, there are no general results for 

other types of distributions. 
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Although the choice of measurement variables, scales and metric is 

arbitrary, they can have an effect on the performance of the test. There is 

usually an optimum choice for each particular problem. Fortunately, one can 

use the algorithm itself to determine the effect of differing choices and 

even search for the best one. The test can be applied with various differing 

choices to observe the extent to which the significance level, a(T), changes. 

If there is little change, then the specific choice is probably not important 

while if there is a great deal of change, then the particular set that mini-

mizes the significance level is a good candidate for the best choice. In 

particular, by choosing various sets of measurement variables, one can search 

for the best feature space for pattern classification. 

Computational Requirements 

Almost the entire computational cost of employing this procedure is in 

the calculations required for finding the k-nearest neighbors to each sample 

point. The most straightforward procedure is to simply calculate the dis-

tance from each point to all of the other points and identify the k-smallest. 

This is known as the brute force (BF) method and requires computation pro-

portional to the dimensionality, d, and proportional to the square of the 

sample size, 

Recently, several new algorithms for finding nearest neighbors have been re

ported 7,8 that are faster than the brute force method for sufficiently large 

N and small d. The method of Friedman, Baskett, and Shustek (FBS)7 finds 

the k-nearest neighbors with computation 

1 

lkdr2(~)J d N2-~ 
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8 
while the method of Bentley (B) finds them with computation 

The advantage of the BF-method is it's low overhead requirements in 

both computation per distance calculation and additional memory. The FBS 

method introduces a small amount of computational overhead and a substantial 

increase in memory requirements (depending upon the optimization level used 

with the algorithm). The B-algorithm introduces a large computational over-

head per distance calculation and requires an amount of additional memory 

comparable to the FBS method. 

The best algorithm to use depends upon the combined sample size, 

N = N
l

+N
2

, the dimensionality, d, to a smaller extent the number of near 

neighbors, k, and on the amount of memory available. Simulations have shown 

(see reference 9) that for dimensionalities less than ten and combined sam-

ple sizes less than 3000 to 5000, the FBS algorithm performs the best. For 

the same range of dimensionalities but larger sample sizes, the B algorithm 

is fastest. For high dimensionalities and small sample sizes, a brute force 

method that is highly tailored to a particular computer is most effective. 

For very large sample sizes, one might consider an "egg crating" tech-

nique. That is, the multivariate space is partitioned into several cells 

and the comparison performed separately on the sample points in each cell. 

The results of the several comparisons can then be statistically combined to 

yield a significance level for the test over the entire multivariate space. 
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APPENDIX 

This section details the calculational procedure used to obtain the re

sults presented in Tables 4 - 7. 

For Table 4, three hundred normally distributed samples of size 200 

were generated and each sample equally divided into two 100-point samples. 

The comparison procedure was applied to each pair yielding 300 values for 

the test statistic (eqn 3). These values were ordered and the median estimate 

was taken to be the average of the 150th and 151st values. For the alternate 

hypotheses, the first 100 points of each sample were either translated along 

the first axis a distance, ~, (Table 4a) or were scaled in all axes by a 

factor, G, (Table 4b). The second 100 points of each sample remained un

translated and unscaled. The median T-value, med(T), was estimated, as 

above, from these 300 two-sample comparisons. Next, the second 100 points 

of each sample were similarly translated or scaled while the first 100 points 

remained untranslated and unscaled. Another med(T) was estimated from these 

300 comparisons and averaged with the previous estimate. The identical set 

of three hundred 200-point samples was used for all hypotheses. This mini

mizes the statistical uncertainty in relative values of med(T) due to sampling 

fluctuations. The significance levels were estimated by the fraction of T

values in the 300 null comparisons that were larger than med(T) for each 

alternate hypotheses. The notation <0.3% indicates no null T-values from 

the 300 were larger than med(T) for that alternate hypothesis. 

The calculations for the 1000 point estimates were obtained in a simi-

lar manner by dividing twenty-four 1000-point samples each into two 500-point 

samples and estimating med(T) as the average of the 12th and 13th ordered value 

in each case. The log normal calculations (Table 6) were identical to the 

normal ones except that the coordinates of each point were exponentiated be-
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fore performing the comparison. The calculations in Table 7 were identical 

to those in Table 4 except that differing numbers of near neighbors were 

used. 

The Student's-t calculations of Table 5 were performed in a similar 

manner, except that n/2+1 uniform random numbers are required to obtain one 

random number distributed according to a Student's distribution with 

n-degrees of freedom. For a given value of n, the uniform random numbers 

generated for all smaller values of n were reused to minimize relative 

sampling fluctuations. 

For the purpose of the relative comparison with the nonparametric pro

cedure, the calculations for the parametric normal theory estimates (Table 4) 

were performed in the identical manner on the identical data as the nonpara

metric estimates to which they are compared. 

As a consistency check on this procedure, the values for the parametric 

normal theory test were recalculated using 1000 (instead of 300) 200-point 

samples for the null as well as all alternate hypotheses. The values so 

obtained differed very little from those presented in Table 4, obtained 

using the more approximate procedure. 

- 22 -



TABLE 1 

Dependence of the percent points of the test statistic 
null distribution on total sample size for 10-dimensional 
spherical normal distributions. The corresponding values for 
the permutation tests are in parentheses. 

Total 100 Points 250 Points 500 Points 
Area per Sample per SamEle per SamEle 

75% 16 (17) 16 (16) 15 (16) 

5~ 22 (25 ) 23 (25 ) 21 (24) 

25% 33 (35) 33 (38) 34 (36) 

10% 49 (53) 51 (58) 57 (58) 

TABLE 2 

Dependence of the percent points of the test statistic 
null distribution on dimensionality of data space for spherical 
normal distributions with 100 points per sample. The corres
ponding values for the permutation tests are shown in parentheses. 

Total One Five Ten 
Area Dimension Dimensions Dimensions --

75% 27 (34) 17 (15 ) 16 ( 17) 

5afo 42 (44) 23 (21) 22 (25 ) 

25% 64 (64) 33 (31) 33 (35) 

10% 108 (107) 43 (41) 49 (53) 



TABLE 3 

Dependence of the percent points of the test statistic 
null distribution on underlying multivariate distribution in 
la-dimensions with 250 points per data sample. The corres
ponding values for the permutations tests are shown in paren
theses. 

Total log-
Area Normal Uniform Cauchy normal --

75% 16 ( 16) 15 ( 16) 21 (22) 17 (17) 

50f6 23 (25 ) 22 ( 21) 29 (30) 27 (25 ) 

25% 33 (38) 31 (29 ) 42 (43 ) 36 (35) 

10f6 51 (58) 44 (41) 68 (82) 55 (52) 



TABLE 4 

Variation of the median (50~ power point) of the test statistic dis
tribution and corresponding null significance level, obtained in comparing 
a 10-dimensional spherical normal distribution with zero location and unit 
scale to various other 10-dimensional spherical normals. Also shown are 
the corresponding significance levels for the normal theory likelihood ratio 
(L.R .) test. (See Ref. 4) 

a) Variation in Location 

100 data points per sample 500 data points per sample 

Signifi- Signifi- Signifi- Signifi-
cance Level cance Level cance Level cance Level 

location This L.R. This L.R. 
difference med{T) Test Test med(T) Test Test 

0.0 22 5010 50% 21 5016 5~ 

0.4 24 46% 29% 71 6% 0.696 

0.6 40 17% rfo 262 < 0.3% < 0.3% 

0.8 89 3~ 1% 

1.0 234 < 0.3% < 0.3% 

b) Variation in Scale 

Scale 
Factor 

1.0 22 50% 50% 21 50% 5~ 

1.05 37 21% 44% III 1% 16% 

1.07 55 9% 35% 200 < 0.3% 4% 

1.10 96 1% 25% 

1.15 231 < 0.3% 7% 



TABLE 5 

Variation of test statistic value obtained in comparing 
a 10-dimensional spherical normal distribution to a 10-dimen
sional "Student's-t" distribution with the same location and 
scale, but varying degrees of freedom. 

100 Points per Sample 

Diagonal to Axis Test 
Degrees of Kurtosis Variance Ratio Statistic 

Freedom Along Axes ~ S:eherica li t;y) Value 

(Cauchy) 
6 

1 co 0.000 4·9xlO 

2 co 0.000 2.2xl05 

4 co 0.426 1200 

6 3·00 0·597 479 

8 1.50 0.690 178 

12 0·75 0·787 75 

16 0·50 0.838 49 

24 0.30 0.891 39 

32 0.21 0·917 31 



TABLE 6 

Variation of the median (50% power point) of the test 
statistic distribution and corresponding null significance 
level) obtained in comparing a 10-dimensional "product log 
normal" distribution with zero log-location and unit log
dispersion to various other 10-dimensional "product log 
normal" distributions. 

100 Data Points per Sample 

a) Variation in log location b) Variation in log scale 

Log Location Significance Log Scale Significance 
Difference med(T) Level Factor med(T) Level 

-1.0 128 1% 1/1.15 126 1% 

-0.8 62 7% 1/1.10 66 7% 

-0.6 41 17% 1/1.07 43 15% 

-0.4 31 36% 1/1.05 36 2~ 

0.0 25 5010 1.00 25 50% 

0.4 29 39% 1.05 28 39% 

0.6 48 12]6 1.07 35 29% 

0.8 212 0.3% 1.10 47 13% 

1.0 1177 < O.~ 1.15 91 4% 



TABLE 7 

Variation of the null significance level of the 50% power point obtained 
in comparing a 10-dimensional spherical normal distribution with zero location 
and unit scale to various other 10-dimensional spherical normals) for several 
different numbers of near neighbors k. 

100 Data Points per Sample 

a) Variation in Location 

Location 
S i g n i f i can c e Level 

Difference k = 5 k = 10 k = 20 

0.4 4516 41% 46Jb 

0.6 3~ 2416 17J6 

0.8 ~ 5% J/o 

1.0 1$6 ~ < 0·310 

b) Variation in Scale 

Scale 
Factor 

1.05 32% 2516 21<Jb 

1.07 18;6 1356 g% 

1.10 6'fo 416 116 

1.15 0.7% 0.316 < 0.3% 


