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This working group is divided into two parts: the first concerning aspects of as-
trophysics of interest is summarised here; summary of the second part concerning
physics under intense electromagnetic fields is give elsewhere.

1 Introduction

This year the QABP Workshop has expanded to include subjects from the
astrophysics discipline. Although at first sight it has not much to do with
beam physics, the two disciplines do share some common themes: the investi-
gation of high energy and high intensity phenomenon. As can been from the
contributions to this Workshop, much progress has been made in the theoret-
ical understanding and observational study of energetic astrophysical events.
These observations, however, have been limited to physical processes taking
place in an un-controlled environment. The purpose of this Working Group
is study the possibility of using high energy and high intensity particle and
photon beams to study astrophysical phenomenon in a laboratory setting.

2 High energy and high intensity phenomenon

2.1 Relativistic Jets in Microquasars

Quasars are extremely bright objects that lie in the centers of remote galaxies.
They have much higher luminosities compared to ordinary galaxies, but they
extend over a size smaller than our Solar system. Highly collimated jets
have been observed to emanate from the nuclei of these objects at relativistic
speeds which extend over a distance of millions of light years. It is believed
that quasars are powered by central black holes with several million solar
masses.

Recently, relativistic jets have also been observed in stellar-mass binary
systems in our own Milky Way 1. These systems are termed microquasars,
because they mimic many of the phenomena observed in quasars on scales mil-
lions of times smaller. It is believed that they are powered by spinning black
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holes with up to 10 solar masses. The proximity of microquasars eliminates
some of the uncertainties in the interpretation of the nature of relativistic
jets associated with quasars due their extreme distances. The study of mi-
croquasars could lead to a better understanding of relativistic jets observed
elsewhere in the Universe.

In his talk, Felix Mirabel discussed the major progress in the understand-
ing of accretion/ejection phenomenology based on multi-wavelength observa-
tions of two-sided relativistic jets in microquasars. He also reviewed open
questions and future perspectives for this new field of research.

2.2 Gamma-ray Bursts and Ultra-high energy cosmic rays

Gamma-ray bursts (GRBs) are short, intense bursts of low energy photons
(up to 1 MeV). GRBs at cosmological distances release approximately 1051

to 1053 ergs in a few seconds, making them the most luminous objects (elec-
tromagnetically) in the Universe 2. Much progress in GRB observations has
been made since its accidental discovery in the late sixties using the BATSE
detector on the Gamma-Ray Observatory and, more recently, the BeppoSAX
satellite. However, the origin of GRB’s is still not understood.

In his talk, Livio Scarsi discussed recent results from BeppoSAX, includ-
ing the discovery in the X-ray after-glow of GRBs and the observed shift in
iron spectral lines. Because GRBs are such energetic events, it is likely that
they are associated with the production of ultra-high energy cosmic ray par-
ticles. Proposal for a new satellite observatory, EUSO (Extreme Universe
Space Observatory), is also presented in this talk. The EUSO will observe,
from above, the fluorescence light in showers produced by > 1019 eV particles
in the Earth’s atmosphere. It promises to open up a new window to the high
energy neutrino universe.

2.3 Black holes - a theoretical model and observation

In addition to the two talks on observations, there was a presentation of
theoretical models that might help explain some properties of the jets and
gamma-ray bursts.

In his talk, Remo Ruffini presented recent progress towards a model of
the black hole that he and his collaborators proposed sometime ago 3. In this
model, a region outside the horizon of a black hole with super critical field, the
“dyadosphere” is postulated. The vacuum polarization process creates a dense
shell of e+e− pairs. The ensuing relativistic Coulomb expansion can extract
up to 50% of the mass-energy of the black hole. This burst of electromagnetic
energy will interact with surrounding baryonic matter; and the associated
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emission could be the source of Gamma-ray bursts. It is also suggested that
the continuing dissipation of electromagnetic energy could contribute to the
acceleration of cosmic rays or the propulsion of jets.

3 The Unruh effect - black hole physics in the laboratory?

Following Hawking’s discovery that black holes can emit radiation with a
blackbody spectrum at a temperature kTH = h̄g/2πc, it was realized that
the Minkowski vacuum may correspond to a thermal bath of elementary par-
ticles at temperature kTD = h̄a/2πc as measured by uniformly accelerated
observers with proper acceleration a. Unruh proposed that an accelerated
system (such as an electron) can interact with such a non-trivial vacuum to
produce radiation of elementary particles observable in the laboratory frame 4.

Because of its connection to Hawking radiation, the study of Unruh ra-
diation is of fundamental importance. In his talk, Pisin Chen presented his
recent proposal to detect such radiation by violently accelerating electrons
using peta-watt lasers 5. Detailed theoretical calculations of the signal and
Larmor background levels for this experimental setup was presented by Alek-
sandr Yashin. Investigations into the feasibility of such an experiment were
presented by Johnny Ng. Although the signal-to-background level turned out
to be favorable, the total flux is extremely small and difficult to detect with
current technology.

The Unruh effect has been discussed by many authors for over more than
20 years. But, for various theoretical reasons, the existence of this radiation
is still being debated. B.-L. Hu argued in his talk that there is no radiation in
this case, when the detector (the accelerated observed) has reached a steady
state. The case of transient or non-uniform accelerated motion, in which there
is emitted radiation, was discussed in the talk of Philip Johnson.

Although the simple connection between acceleration and temperature is
strictly true only for linearly accelerated systems, it is also interesting to look
at circularly accelerated systems such as an electron in a storage ring. In this
case, the electron’s spin degree of freedom can be used as a probe of the Unruh
effect. In particular, could the fact that the equilibrium spin polarization is
lower than the predicted 100% be due to heating by the interaction with a
thermal bath? These are other issues were addressed in Jon Leinaas’ talk.
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B. L. HU

Department of Physics, University of Maryland, College Park, MD 20742, USA
Email: hub@physics.umd.edu

ALPAN RAVAL

Keck Graduate Institute, 535 Watson Drive, Claremont, CA 91711, USA
Email: raval@tki.org

The thermal radiance felt by a uniformly accelerated detector/oscillator/atom—
the Unruh effect 1 — is often mistaken to be some emitted radiation detectable by
an observer/probe/sensor. Here we show by an explicit calculation of the energy
momentum tensor of a quantum scalar field that, at least in 1+1 dimension, while
a polarization cloud is found to exist around the particle trajectory, there is no
emitted radiation from a uniformly accelerated oscillator in equilibrium conditions.
Under nonequilibrium conditions which can prevail for non-uniformly accelerated
trajectories or before the atom or oscillator reaches equilibrium, there is conceivably
radiation emitted, but that is not what Unruh effect entails.

1 Introduction

The title question has realistic significance in light of recent experimental pro-
posals on the detection of ‘Unruh radiation’ emitted by linear uniformly accel-
erated charges2. Earlier findings of ours 3,4 and others had already addressed
this issue, with the results that, at least in 1+1 dimension model calculations,
there is no emitted radiation from a linear uniformly accelerated oscillator in
a steady state, even though there exists a polarization cloud around it. There
could be radiation emitted in nonequilibrium conditions, which arise for non-
uniformly accelerated atoms ( for an example of finite time acceleration, see5),
or during initial transient time for a uniformly accelerated atom, when its in-
ternal states have not yet reached equilibrium through interaction with the
field. For a review of earlier work on accelerated detectors, see e.g.,6. For a
discussion of nonequilibrium processes beyond the Unruh effect, see7,8.

After Unruh and Wald’s9 explication of what a Minkowski observer sees,
Grove10questioned whether an accelerated detector actually emits radiated
energy. Raine, Sciama and Grove11(RSG) analyzed what an inertial observer
placed in the forward light cone of the accelerating detector would measure,
and concluded that the detector does not radiate. Unruh12, in an indepen-
dent calculation, basically concurred with the findings of RSG but he also
showed the existence of extra terms in the two-point function of the field
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which could contribute to the excitation of a detector placed in the forward
light cone. Massar, Parentani and Brout13 (MPB) pointed out that the miss-
ing terms in RSG constitute a polarization cloud around the accelerating
detector. Further discussion were conducted by Hinterleitner14, Audretsch,
Müller and Holzmann15 Massar and Parentani13.

Both RSG and RHA treated particle- field interaction as a quantum dis-
sipative system. RSG attributed the lack of radiation from the accelerated
detector to the existence of a fluctuation-dissipation relation (FDR) governing
its dynamicsa. Using the open system concept RHA constructed the influence
functional and derived a set of coupled stochastic equations for a system of
n-detectors in arbitrary (yet prescribed) states of motion in a quantum field.
One subcase they studied related to Unruh effect was the influence of an ac-
celerated detector on a probe (which is not allowed to causally influence the
accelerated detector itself) via the quantum field. They found that most of
the terms in the correlations of the stochastic force acting on the probe can-
cel each other, owing to the existence of a correlation-propagation relation,
related to the fluctuation-dissipation relation for the accelerated detectorb.
The remaining terms, which contribute to the excitation of the probe, are
shown to represent correlations of the free field across the future horizon of
the accelerating detector.

Here, we will use the simpler Heisenberg operator method to calculate the
two point function and the energy momentum tensor of a massless quantum
scalar field in a 1 + 1 - dimensional Minkowski spacetime minimally coupled
to an accelerated particle with internal oscillator coordinates. Our analysis
(based on Chapter 2 of Alpan Raval’s thesis3) is more general than that of
MPB in that the two-point function is calculated for the two points lying in
arbitrary regions of Minkowski space, and not restricted to lie to the left of
the accelerated oscillator trajectory. We show where the extra terms in the
two point function are which were ignored in the RSG analysis. More relevant
to answering the title question, we show that at least in two dimensions the
energy momentum tensor vanishes everywhere except on the horizon. This

aThere is a common misconception that a FDR can be used to explain the cancellation of
radiation reaction by vacuum fluctuations, not realizing that the former is classical in nature
while the latter is a quantum entity. The FDR in our work exists at the quantum stochastic
level and relates the quantum dissipation in a particle’s trajectory 8 or an atom’s internal
degrees of freedom 4 to the vacuum fluctuations in a field. It does not involve radiation
reaction, which vanishes for a uniformly accelerated charge because of special conditions
existing for the classical acceleration fields 7.
bSuch a relation can be equivalently viewed as a construction of the free field two-point
function for each point on either trajectory from the two-point function along the uniformly
accelerated trajectory alone.
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means that beyond the initial transient, there is no net flux of radiation emit-
ted from the uniformly accelerated oscillator.

2 Correlations and Stress Energy of Quantum Field

2.1 Minimal coupling particle- field model

As in RHA, we consider the scalar electrodynamic or “minimal” coupling
of oscillators to a scalar field in 1+1 dimensions. This coupling provides
a positive definite Hamiltonian, and is of interest because it resembles the
actual coupling of charged particles to an electromagnetic field. We assume
that the field and the detector are initially decoupled from each other, and
that the field is initially in the Minkowski vacuum state.

The complete action of the minimally coupled field - particle system is

S = 1
2 dτ ( dQdτ )

2 −Ω20Q2 + e dτ dQdτ φ(x(τ), t(τ))

+ 1
2 dx dt (∂φ∂t )

2 − (∂φ∂x )2 . (1)

where Ω0 is the bare frequency of the oscillator and e its coupling constant
to the field. Under uniform acceleration, the particle trajectory parametrized
by the proper time τ is

x(τ) = a−1 coshaτ ; t(τ) = a−1 sinhaτ. (2)

Variation of the action leads to the following equations of motion:

d2Q

dτ2
+Ω20Q = −edφdτ (x(τ), t(τ)) (3)

∂2φ

∂t2
− ∂2φ

∂x2
= e dτ dQdτ δ(x− x(τ))δ(t − t(τ)). (4)

Because the action is a quadratic functional of the field and oscillator variables,
these are also the Heisenberg operator equations of motion for the system. We
shall thus view the above equations as operator equations from now on.

The field equations are solved by introducing the retarded Green function
of a massless scalar field in 1 + 1 dimensions:

φ(x, t) = φ0(x, t) + e
∞

−∞
dτ
dQ

dτ
Gret(x, t; x(τ), t(τ)) (5)

where φ0 is a solution to the homogenous field equations corresponding to
Q = 0. We will find it convenient to introduce the null coordinates u = t− x
and v = t+x. Correspondingly, we also find it convenient to define the regions
F,P,R and L of Minkowski space as (R is called the Rindler wedge)

CapHRnew: submitted toWorld Scientific on April 4, 2001 3



F : u > 0, v > 0 P : u < 0, v < 0

R : u < 0, v > 0 L : u > 0, v < 0. (6)

In terms of the (u, v) coordinates, the retarded Green function for a massless
scalar field in 1 + 1 dimensions takes the form:

Gret(x, t; x(τ), t(τ)) =
1
2θ(t− t(τ)− x+ x(τ))θ(t− t(τ) + x− x(τ))

= 1
2θ(u+ a

−1e−aτ )θ(v − a−1eaτ ). (7)

With this substitution, an integration by parts in Eq. (5) yields:

φ(x, t) = φ0(x, t) +
e
2 θ(−u)θ(−λ)Q(−a−1ln(| au |))

+ θ(v)θ(λ)Q(a−1ln(| av |)) (8)

where we have also defined λ = 1 + a2uv. The oscillator trajectory satisfies
λ = 0. The quantities −a−1ln(| au |) and a−1ln(| av |) are just the retarded
times of the point (x, t), according to whether it lies to the right or the left of
the accelerated trajectory, respectively. These two cases are distinguished by
the appearance of the step functions with argument ∓λ. The step functions
in u and v distinguish the cases when the point lies anywhere in the past
light cone or anywhere in the forward light cone of the accelerated particle
(these two conditions are simultaneously satisfied only in the Rindler wedge).
With this in mind, we see that the first term linear in the coupling constant
contributes only for points to the right of the oscillator trajectory, whereas the
second term contributes only for points to the left of the oscillator trajectory
and within the forward light cone of the oscillator. In particular, as expected,
there is no correction to the field operator in the region L ∪P , which cannot
be causally influenced by the accelerated trajectory.

Along the accelerated trajectory, the solution for φ reduces to

φ(x(τ), t(τ)) = φ0(x(τ), t(τ)) +
e

2
Q(τ). (9)

Putting this back to the equation of motion for Q, (3), we obtain:

d2Q

dτ2
+
e2

2

dQ

dτ
+Ω20Q = −e

dφ0
dτ
(x(τ), t(τ)). (10)

The term linear in the proper velocity of the oscillator degree of freedom
arises from the oscillator - field interaction and corresponds to dissipation of
a quantum origin in the oscillator.
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2.2 Equation of motion for the detector

The above equation of motion is easily solved. If the oscillator field interaction
has always been switched on, the oscillator has reached a steady state at any
finite time. We can then ignore transient terms in the solution for Q and
obtain:

Q(τ) = − e
Ω

τ

−∞
dτ sinΩ(τ − τ )e−γ(τ−τ )

dφ0
dτ

(x(τ ), t(τ )) (11)

where we have defined the dissipation constant γ = e2

4 , and the frequency

Ω = Ω20 − γ2. We may also solve equation (10) in frequency space. Ignoring
transients as before, we obtain

Q̃(ω) ≡ 1

2π

∞

−∞
dτe−iωτQ(τ) = χωJ̃(ω) (12)

where

J̃(ω) = − e

2π

∞

−∞
dτe−iωτφ0(x(τ), t(τ)) (13)

and χω is the impedance function of the oscillator, given by

χω = iω(−ω2 + Ω20 + 2iωγ)−1. (14)

It satisfies the identity

χω + χ∗ω = 4γ | χω |2 (15)

which has the form of a fluctuation- dissipation relation. We now expand φ0
in Minkowski normal modes:

φ0(t, x) = φ
(+)
0 + φ

(−)
0 =

∞

−∞

d2k

(2π)22ωk
ake

i(kx−ωkt) + h.c. (16)

where h.c. denotes Hermitian conjugate and φ
(−)
0 is the Hermitian conjugate

of φ
(+)
0 . The operators ak annihilate the Minkowski vacuum. Based on this

separation of the field into positive and negative frequency parts, we obtain
the corresponding separation of the oscillator degree of freedom:

Q(τ) = Q(+)(τ) +Q(−)(τ) (17)

where

Q(+)(τ) = − e
Ω

τ

−∞
dτ sinΩ(τ − τ )e−γ(τ−τ )

dφ0
dτ

(+)

(x(τ ), t(τ )) (18)

and Q(−) is the Hermitian conjugate of Q(+).
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On the accelerated trajectory, Eq. (16) gives

φ
(+)
0 (x(τ), t(τ)) =

∞

−∞

d2k

(2π)22ωk
ak[e

ik
a e
−aτ

θ(k) + e
ik
a e

aτ

θ(−k)]. (19)

Introducing the Fourier transforms of e
ik
a e
−aτ

and e
ik
a e

aτ

, we get

φ
(+)
0 (x(τ), t(τ)) = 1

2πa

∞
−∞

d2k√
(2π)22ωk

ak
∞
−∞ dωe

−iωτe
πω
2a ×

Γ(− iωa ) | ka |
iω
a θ(k) + Γ( iωa ) | ka |−

iω
a θ(−k) . (20)

Differentiating with respect to τ and substituting in the equation for Q(+)(τ),
(18), we obtain, after carrying out the integration over τ , an expression of
Q(+)(τ) . Then we can substitute it back into the equation for the field
operator (8) and get

φ
(+)
int (x, t) = − γ

πa

∞
−∞

d2k√
(2π)22ωk

ak
∞
−∞ dωe

πω
2a χ∗ω

× Γ(− iω
a ) | ka |

iω
a θ(k) + Γ( iωa ) | ka |−

iω
a θ(−k)

× | au | iωa θ(−u)θ(−λ)+ | av |− iω
a θ(v)θ(λ) (21)

where φ
(+)
int (x, t) = φ(x, t)−φ(+)0 (x, t) accounts for the interaction of the quan-

tum field with the oscillator.

2.3 Two point function of the field

In order to evaluate the two-point function φ(x, t)φ(x , t ) in the Minkowski
vacuum, we first recognize that it is equal to φ(+)(x, t)φ(−)(x , t ) . This is
because only operator products of the form akak† contribute when taking the
expectation value in the Minkowski vacuum. Denoting φ(x, t)φ(x , t ) by
G(x, t;x , t ) and φ0(x, t)φ0(x , t ) by Gf(x, t;x , t ), we obtain

G(x, t; x , t )−Gf(x, t; x , t ) = φ
(+)
0 (x, t)φ

(−)
int (x , t )

+ φ
(+)
int (x, t)φ

(−)
0 (x , t ) + φ

(+)
int (x, t)φ

(−)
int (x , t ) . (22)

Using the expression for φ
(+)
0 (x, t) and φ

(−)
int (x , t ) we obtain

G(x, t;x , t )−Gf(x, t;x , t = − γ

2π

∞

−∞

dω

ω
(1− e− 2πω

a )−1×

| auau | iωa θ(−u)θ(−u ) χ∗ωθ(−λ) + χωθ(−λ )− 4γ | χω |2 θ(−λ)θ(−λ )
+ | avav |− iω

a θ(v)θ(v ) χ∗ωθ(λ) + χωθ(λ )− 4γ | χω |2 θ(λ)θ(λ )
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+ | a2uv | iωa θ(−u)θ(v ) χ∗ωθ(−λ) + χωθ(λ )− 4γ | χω |2 θ(−λ)θ(λ )
+ | a2u v |− iω

a θ(−u )θ(v) χ∗ωθ(λ) + χωθ(−λ )− 4γ | χω |2 θ(λ)θ(−λ )
− γ
4π

∞
−∞

dω
ω
(sinh πω

a
)−1 ×

[ | au
au

| iωa {χ∗ωθ(−u)θ(−λ)θ(u ) + χωθ(−u )θ(−λ )θ(u)}
+ | av

av
|− iω

a {χ∗ωθ(v)θ(λ)θ(−v ) + χωθ(v )θ(λ )θ(−v)}
+ | a2uv | iωa {χ∗ωθ(−u)θ(−λ)θ(−v ) + χωθ(v )θ(λ )θ(u)}
+ | a2u v |− iω

a {χ∗ωθ(u )θ(λ)θ(v) + χωθ(−u )θ(−λ )θ(−v)}]. (23)

The role of the relation (15) in the cancellation of various terms in the first
half of the above expression is thus made explicit. Different terms will vanish
depending on which region of Minkowski space each of the two points is in, and
according to whether these points are to the left or the right of the accelerated
trajectory.

The above result can also be obtained via a different quantization proce-
dure. Instead of expanding the field in Minkowski modes, as above, we can
use Unruh modes which are linear combinations of Rindler modes and pos-
itive frequency with respect to Minkowski time (see, for example16). These
modes are easier to handle in the manipulations involved. However, they have
the disadvantage of being defined differently in each region (F, P,R and L).
Although the Rindler modes are defined only in R and L, the Unruh modes,
as linear combinations of Rindler modes, can be analytically extended to the
entire spacetime. One then computes the two point function in a desired
region by expanding the field in a complete set of Unruh modes as defined
by analytic extension to that region. Of course, one always needs the mode
decomposition in R, because the field operator at an arbitrary point depends
both on the free field operator at that point as well as on the accelerated
trajectory, which lies in R (see equations (8) and (18)). This procedure will
not be repeated here, as it leads to the same result.

2.4 Energy Momentum Tensor

Let us first consider the coincidence limit of the two point function. In that
case all terms involving u and u or v and v vanish as a consequence of the
relation (15). The remaining terms can be simplified to give:

ϕ2(x, t) − ϕ20(x, t) = −
γ

2π
q(v)

∞

−∞

dω

ω
(1− e− 2πω

a )−1×

[| a2uv | iωa {χ∗ωθ(−u)θ(−λ) + χωθ(λ)(θ(u)e
−πω

a + θ(−u))}
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+ | a2uv |− iω
a {χωθ(−u)θ(−λ) + χ∗ωθ(λ)(θ(u)e

−πω
a + θ(−u))}]. (24)

This corresponds to a static polarization cloud confined to the region F ∪R,
i.e. v > 0. It is static because it is a function of uv = t2 − x2 in each region.
Thus it is constant along any accelerated world line in particular. In F , the
curves t2−x2 = constant are spacelike curves and therefore do not correspond
to world-lines of physical particles. Therefore any physical detector in F will
respond to the field in a non-trivial, time-dependent way.

However, it is simple to show that the renormalized energy-momentum
tensor of the field vanishes everywhere except at the past null horizon v = 0
of the accelerated trajectory, and on the accelerated trajectory itself. The
energy-momentum tensor is renormalized by subtracting out the free field
contribution. It is thus given by

Tuu = limu →u,v →v ∂u∂u (G(x, t; x , t )−Gf(x, t; x , t ))
Tvv = limu →u,v →v ∂v∂v (G(x, t; x , t )−Gf(x, t; x , t ))
Tuv = 0. (25)

Going back to the expression (23) for the two-point function, we find,
in P ∪ L (i.e. v, v < 0), that G(x, t; x , t ) − Gf(x, t; x , t ) = 0. Thus the
renormalized energy momentum tensor trivially vanishes there. In the region
F ∪R, and to the left of the trajectory, λ,λ > 0, we have

G (x, t;x , t )−Gf (x, t;x t ) = − γ
2π

∞
−∞

dω
ω 1− e− 2πω

a

−1
(26)

×[ a2uv iω
a χω θ (−u) + θ (u) e−

πω
a

+ a2u v
− iω

a χ∗ω θ (−u ) + θ (u ) e−
πω
a ].

The terms involving u, u and v, v all vanish as a consequence of (15). The
remaining cross-terms do not contribute to the energy-momentum tensor, as
can be checked by straightforward differentiation.

Similarly, to the right of the trajectory, (λ,λ < 0), we obtain

φ(x, t)φ(x , t ) − φ0(x, t)φ0(x , t ) = − γ
2π

∞
−∞

dω
ω (1− e−

2πω
a )−1 (27)

× a2uv
iω
a χ∗ω + a2u v

− iω
a χω].

The energy-momentum tensor vanishes here as well, in a similar fashion.
If we therefore consider a world-tube formed by two accelerated world-

lines with λ > 0 and λ < 0 in the Rindler wedge, then this tube encloses
the accelerated trajectory λ = 0. Also the energy-momentum tensor vanishes
everywhere on the boundary of the tube. Hence there is no flux of energy-
momentum, or radiation from the oscillator at λ = 0.
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The cross-terms in u, v and u , v which appear in the above expressions
are missing in RSG. Although we have found that they do not contribute to the
energy-momentum tensor, they do signal the presence of a polarization cloud
around the oscillator. These results support those of Unruh12and MPB13.
However, the above analysis has the advantage of clearly displaying the role
of the “fluctuation-dissipation relation” (15) in the cancellation of terms which
would naively be expected to contribute to the energy-momentum. Also, we
have here computed an expression for the two-point function which is valid
over the entire spacetime. This is a generalization of previous work.

Calculation is underway in four dimensional spacetime, which is certainly
more physical. In this case17 we expect to see the ordinary classical radiation
of the Larmor type from a uniformly accelerated charge, but the question of
interest to us is whether in 4D there is emitted radiation. If there were it
should manifest in the content of the energy momentum tensor and, being of
quantum nature, discernible from the classical radiation. This would further
clarify any existing confusion on the nature of Unruh radiation.
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Notes added in Proof:

Additional earlier work addressing the title question18 were kindly brought to
the attention of the authors by G. E. Matsas after this paper was submitted
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Plasmas offer the possibility of high acceleration gradients. An intriguing suggestion is to use 
the higher plasma densities possible in solids to get extremely high gradients. Although solid 
state plasmas might produce high gradients they would pose daunting problems. Crystal 
channeling has been suggested as one mechanism to address these challenges. There is no 
experimental or theoretical guidance on channeling in intense electron and laser beams. A 
high density plasma in a crystal lattice could quench the channeling process. An experiment is 
being carried out at the Fermilab A0 Photo-Injector Test Facility to observe electron 
channeling radiation at high bunch charges. An electron beam with up to 8 nC per electron 
bunch has been used to investigate the electron-crystal interaction. No evidence has been 
found of significant quenching of channeling at charge densities several orders of magnitude 
larger than in earlier experiments. 

 

1 Introduction 

Recently there has been interesting progress in studies of plasma acceleration in 
gasses [1]. This has been due in part to the development of terawatt laser technology 
[2] a decade ago.  Gas plasmas have already delivered gradients in the 1 GV/cm 
range [3], one to two thousand times higher than RF cavities.  Since accelerating 
gradients are approximately ���������	
���� �� �� �
�� ��������������� �������� ��
solids can potentially deliver gradients 100 times higher than gas plasmas. For 
example, for ne = 1022/cm3, the gradient would be 100 GV/cm. 

At the plasma densities required for acceleration there are severe material 
limitations. This has led to speculation about utilizing channeling [4] as an adjunct 
to solid state plasma acceleration [5]. Channeling could mitigate the problems and 
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perhaps also introduce focusing to prevent beam blow-up from multiple scattering.  
At the intensities needed for solid state accelerators there will be significant 
channeling problems since the crystal lattice will be severely disturbed or vaporized. 
As the bunch intensity rises energy loss and plasma generation with the concomitant 
rise in crystal disorder will cause degradation in channeling [6] so that channeling 
might be quenched. 

If channeling is to be considered for solid state acceleration more information is 
needed on the character and limitations of channeling under extreme conditions.  
Although existing channeling theory can serve as a guide, no channeling studies 
have been done under the non-equilibrium conditions that couple intense electron or 
laser energy into a crystal. Understanding of the behavior of solids under the 
conditions required for acceleration is in its early stages [7]. These processes are 
complicated but have been investigated in connection with terawatt laser technology 
and pellet fusion. 

A systematic study of channeling with increasing bunch charge was carried out 
at Darmstadt [8] using the Darmstadt superconducting linac. A planar channeling 
experiment has also been done at relatively high bunch charge at Stanford on the 
Stanford Mark III accelerator [9]. Both groups investigated channeling radiation 
from electron beams in the 5-30 MeV energy region. The experiments were some 
orders of magnitudes away from the plasma acceleration regime. 

The new Fermilab A0 Photo-Injector [10] produces a bunch intensity high 
enough to approach the plasma acceleration regime more closely. The accelerator 
typically operates with kinetic energy of 16.5 MeV. An experiment is now being 
carried out at the photo-injector to observe channeling radiation in this regime. 
Channeling radiation is studied as a function of electron bunch intensity to 
investigate whether it quenches as the bunch intensity is increased. If crystal 
disorder reaches the stage where channeling is quenched or extinguished the 
channeling radiation signal will diminish or disappear. A later stage of the 
experiment may attempt solid-state plasma acceleration although the available beam 
intensities are still far from those required for interesting acceleration. 

2 The Experiment  

Channeling radiation is straightforward to observe.  Particles moving along a crystal 
plane or axis oscillate about the plane and radiate in the same way synchrotron 
radiation is produced in an undulator. The electron beam is deflected by a magnet 
after it passes through the crystal. The undeflected channeling radiation is detected 
by an x-ray detector. In the relativistic regime the "line energy" of the radiation [11] 
goes as p3/2  where p is the electron momentum. At A0 the channeling x-ray energies 
are in the 10-200 keV range. Channeling x-rays are separated from other sources 
such as bremsstrahlung by scanning the crystal through the characteristic channeling 
angular distribution that has a width related to the Lindhard critical angle. The 
expected channeling radiation x-ray yield per electron for Si is on the order of 10-4. 



Capri  paper with figures.doc.dot submitted to World Scientific : 7/5/01 : 8:40 
AM  3/9 

At A0 there are characteristically 5*1010 electrons in a bunch so that there are of 
order 5*106 channeling x-rays per bunch.  These are concentrated in a cone that has 
an angular ha��� 	��
� ��� �� � ��� �������������� ��� �� ���-second long pulse 105 
photons will strike a 125 mm2 detector 1.47 m downstream of the crystal. 

Conventional single x-ray detectors do not work in the extremely high x-ray 
flux environment of the A0 photo-injector. Instead two other x-ray detector systems 
have been used. One  employed an absorption-based, energy-resolved x-ray detector 
(AberX) using a Ross filter system [12] and a lens-coupled scintillating screen-CCD 
system. This detector was developed by Freudenberger [13] to study its feasibility 
for mammography. The Ross filter technique takes advantage of the K-edge 
absorption of x-rays by thin metallic foils. A result has been obtained with that 
detector [14]. The second approach employs x-ray detectors made with Calcium 
Tungstate scintillation films monitored by photomultipliers (AberX-lite) and a Ross 
filter wheel. The experiment reported here using the second approach is continuing.  

The A0 photo-injector normalized rms beam emittance with 6 nC/bunch is 
εn = 12 mm ��������������������������15]. This is in line with simulations using 
the program HOMDYN [16]. The beam spot size at the crystal is typically 0.5 mm 
� �� ��� �
��� �
�� ������������� ��� ���� �!�������� �� � ��"� ����������� This is 
somewhat smaller than the axial channeling critical angle which is about 3 mrad for the 
Si <100> axis at A0 energies. The bunch length for a 5 nC bunch measured using a 
streak camera is typically σt = 7 ps.  

Figure 1 shows a schematic of the Fermilab channeling radiation experiment. 
This apparatus consists of a crystal mounted in a remotely controlled goniometer, a 
spectrometer magnet to deflect the electron beam, and an x-ray detector system. 
Beam current is measured with an integrating current transformer (ICT) and a 
Faraday cup. The 20 µm thick, 25 mm diameter Si crystal was obtained from 
������#������ ������$
�� ����������
��� �	����� ��������������� ��������� x 
���� y. The goniometer design has been dictated by the requirements of the photo-
injector dust-free, very high vacuum system. 

The AberX-lite detector system has been calibrated in two separate ways. In 
one, the detector system was placed in a monoenergetic x-ray beam at the Argonne 
Advanced Photon Source with variable energy. The x-ray flux was measured by a 
calibrated ion chamber. The detector calibration extended over the 12-92 keV 
region. This gave the absolute response of the detector as a function of energy and 
the calibration of the Ross absorber system. The detector response was consistent 
with the foil thickness and the expected light yield of Calcium Tungstate.  
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  Figure 1. A0 channeling radiation apparatus. 

 
In the second method the calibration is determined by integrating the x-ray 

yield over the bremsstrahlung spectrum and the channeling radiation spectrum 
determined from the 6.7 MeV Si <111> data of Genz et al. [17] extrapolated to 16.9 
MeV and the 16.9 MeV diamond <100> data from Klein et al. [18] The response of 
the photomultiplier system can be determined from the bremsstrahlung yield. That 
in turn can be used to obtain the total number of channeling x-rays per electron. For 
this preliminary presentation the results from the two calibrations have been 
averaged and error bars shown that span the two methods. The Argonne light source 
calibration gives a lower response. Investigation of the differences between the 
calibrations is continuing. 

Signal information from the Calcium Tungstate was collected using a digital 
oscilloscope. The scope integrated over the CaWO4 pulse, collected data from the 
integrating current transformer (ICT in Figure 1) and normalized the ICT signal to 
get the charge. The scintillation light time distribution for the CaWO4 has two time 
components; a short one with a time constant of 1.5 microseconds and a stronger 
one with 7.5 microsecond decay.  The time structure of the A0 Photoinjector bunch 
train consists of a series of laser-driven pulses, each several pico-seconds long 
separated by one microsecond intervals. There is a background of dark current 
pulses coming at the 1.3 GHz frequency of the RF. Typically the amplitude of a 
dark current pulse is 10-4-10-5 of the amplitude of a laser-driven pulse. The relative 
amplitudes of the two sets of pulses can be controlled by changing the amplitude of 
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the RF on the photo-injector RF gun and the laser pulse intensity. Since the 
principal aim of the experiment is to observe the channeling signal as a function of  

 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
      Figure 2. Planar and axial scans. 

 
bunch charge it is desirable to operate over as wide a range of bunch charges as 
possible. This is done in two ways-by changing the laser intensity and by measuring 
the dark current yields. For the laser case care is taken to suppress the dark current 
and then subtract the residual by measuring the dark current just before the laser 
pulse and with no laser pulse. Typically measurements are made on the first laser 
pulse in a train and averaged over 10 cycles (A0 currently operates at 1 Hz). 

3 Analysis 

 
Data is taken by first scanning the crystal through x����� y to find a plane, an axis, 
or a random orientation of the crystal. The “no crystal” background is typically 17% 
of the yield on axis. Even a small electron or x-ray halo is multiplied significantly 
because the crystal holder is more than 100 times the thickness of the crystal. Most 
of the random background is due to bremsstrahlung in the crystal. Figure 2 shows 
typical scans through several planes and the <100> axis. In the axial scan the crystal 
moves from the axis along a (110) plane because these planes are oriented in the 
horizontal and vertical directions. The peak is fitted with two co-located gaussians 
to ���� ��� ���� �
�� ���������������������$
����%������	��
� � ����� �
���&��� �����
curve is consistent with the axial critical angle convoluted with the beam divergence 
and resolution due to other effects. The planar widths are slightly larger than 
expected. The ratio of the widths of the (100) and the (110) planes is consistent with 
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the fact that the 45 degree planes are scanned diagonally. The ratio of planar height 
to axial height is consistent with theory and the results of earlier experiments. 

 

Figure 3. Channeling radiation yield as a function of bunch charge. 
 
Figure 3 shows the x-ray yield per electron'������������(�����������
���������

experiments as a function of electrons/bunch (n). The A0 results are represented by 
a laser driven axial channeling case with a bunch charge of 5 nC (open triangle) and 
a dark current measurement with a bunch charge of 1.5*10-4 nC (solid triangle). The  
dots are Darmstadt data taken at 5.4 MeV for diamond <110>. The yield has been 
�������)�� 5/2 to account for the yield energy dependence. This has been further 
multiplied by a factor of 8.62 to give the total x-ray yield rather than a 10% band. 
The square is a Stanford Si (110) planar point [19] taken at 30 MeV and scaled to 
16.9 MeV. The spectrum was integrated over all the x-rays and multiplied by 3.3 to 
account for the relative planar to axial yield. This assumption may overestimate the 
expected yield. It should be noted that both the Darmstadt and Stanford 
extrapolations introduce significant uncertainties by comparing different elements, 
orientations, and energies. The solid line is a schematic illustration of how the 
channeling radiation yield might quench with increasing bunch charge. 

The A0 channeling radiation yield by itself is essentially flat over 4-5 decades 
while the combined Darmstadt-A0 set is flat to within 25% over ten decades. No 
evidence has been found of significant quenching of channeling at charge densities 
several orders of magnitude larger than in earlier experiments. This data is 
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preliminary. More data is being gathered and the relationship between the two 
calibrations is still under investigation. 

This experiment has reached bunch charges of up to 8 nC in a beam spot with a 
sigma of 0.5 mm2 and a pulse length of σ = 7 ps. This corresponds to a current on 
the order of 1000 A and a current density of 105 A/cm2. The effective power density 
at A0 is typically 4*1011 W/cm3. Achieving a 1 GeV/cm gradient could require 
power densities in the range of 1019-1021 W/cm3 so that the experiment is still a 
factor of 107-1010 away from where significant channeling acceleration could 
happen. 

4 Outlook 

4.1 Solid State Plasma Acceleration 

Several approaches to solid state plasma acceleration have been discussed.  One, 
particle wake field acceleration, uses a particle beam as a plasma driver.  A laser 
beam can also be used to drive a plasma.  Another approach is to use a side injected 
laser to avoid problems with pump depletion and particle dephasing [20]. Pump 
depletion is particularly troubling for the high plasma densities in solids. 
Approaches using laser beams are limited by the optical absorption depth for 
materials like Si and Ge as well as surface reflection. 

As noted above, the A0 experiment is still far from the regime where 
significant solid state acceleration might occur. At A0 bunch compression can be 
used to reduce the bunch length to about 1 ps and the spot size might be reduced by 
a factor of two so that it may be possible to go one order of magnitude further. A 
major problem for studying solid state acceleration is the bunch length. Getting into 
the plasma regime requires bunch lengths of O(10 fs). An approach to higher bunch 
charge densities is to go to a higher energy accelerator such as SLAC. There one 
might obtain beams with transverse sizes on the order of 5 µm and bunch lengths of 
50 fs [21]. This would increase the power densities by 105 over the A0 result and 
approach much closer to the solid state plasma regime. Another approach would be 
to use a fairly modest electron beam coupled with extremely intense laser 
illumination.  

Although the experiment is still far from the plasma regime in both current and 
pulse length, an initial search for plasma acceleration at A0 could  be performed by 
assuming the beam itself would generate a plasma. The putative wake field could 
affect the tail end of the bunch so that it gained or lost energy.  This could be 
observed by using the spectrometer magnet to look for a changing shape of the 
momentum distribution after the spectrometer with higher bunch intensities and 
with the crystal aligned for channeling or a random direction. The rms multiple 
scattering angle for the crystal produces a projected multiple scattering angle of 12 



Capri  paper with figures.doc.dot submitted to World Scientific : 7/5/01 : 8:40 
AM  8/9 

mrad. This is equivalent to a momentum resolution of 0.6 MeV/c. A plasma density 
of about 1017 e/cm3 would give a gradient of 0.3 GV/cm to give an equivalent 
��������������
��*�� � crystal. This could be achieved with a side coupled laser 
with an intensity of 3*1015 W/cm2. The A0 laser can reach 108-109 watts/cm2 for a 
1.8 ps pulse.  Thus at present it is not possible to reach into the acceleration regime 
at A0 with the existing A0 laser. 

4.2 Other Applications 

Channeling radiation may be able to provide sub-picosecond x-ray fluxes that are 
higher than some other approaches now under development [22].  Sub-picosecond 
x-ray processes are interesting because they can probe lattice vibration phenomena 
over a single oscillation.  Existing synchrotron light sources are several orders of 
magnitude away from this possibility.  Potential study topics include lattice 
vibration measurements, time-resolved chemistry, and 3-D motion of atoms. These 
types of experiments could not be done with the present pulse length at A0, which is 
currently longer than 1 ps. 
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INTEGRAL CHARACTERISTICS OF BREMSSTRAHLUNG
AND PAIR PHOTOPRODUCTION IN A MEDIUM
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The bremsstrahlung of an electron and e−e+-pair creation by a photon in a medium
is considered in high-energy region, where influence of the multiple scattering on the
processes (the Landau-Pomeranchuk-Migdal (LPM) effect) becomes essential. The
integral characteristics: the radiation length and the total probability of radiation
and pair photoproduction are analyzed under influence of the LPM effect.

1 Introduction

When a charged particle is moving in a medium it scatters on atoms. With
probability ∼ α this scattering is accompanied by a radiation. At high en-
ergy the radiation process occurs over a rather long distance, known as the
formation length lc:

lc =
l0

1 + γ2ϑ2
c

, l0 =
2εε′

m2ω
, (1)

where ω is the energy of emitted photon, ε(m) is the energy (the mass) of a
particle, γ = ε/m is the Lorenz factor, ε′ = ε − ω, ϑc is the characteristic
angle of photon emission, the system h̄ = c = 1 is used.

Landau and Pomeranchuk were the first who showed that if the formation
length of bremsstrahlung becomes comparable to the distance over which the
multiple scattering becomes important (when the mean angle of multiple scat-
tering is of the order of the characteristic angle of photon emission ∼ 1/γ),
the bremsstrahlung will be suppressed 1. Migdal 2 developed the quantitative
theory of this phenomenon.

New activity with the theory of the LPM effect (see 3, 4, 5) is connected
with a very successful series of experiments performed at SLAC recently (see
6, 7). In these experiments the cross section of the bremsstrahlung of soft
photons with energy from 200 keV to 500 MeV from electrons with energy
8 GeV and 25 GeV is measured with an accuracy of the order of a few percent.
Both LPM and dielectric suppression are observed and investigated. These
experiments were the challenge for the theory since in all the mentioned pa-
pers calculations are performed to logarithmic accuracy which is not enough
for description of the new experiment. The contribution of the Coulomb cor-
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rections (at least for heavy elements) is larger than experimental errors and
these corrections should be taken into account.

We developed the new approach to the theory of the Landau-
Pomeranchuk-Migdal (LPM) effect 8 basing on the quasiclassical operator
approach 9. In this paper the cross section of the bremsstrahlung process
in the photon energies region where the influence of the LPM is very strong
was calculated with a term ∝ 1/L , where L is characteristic logarithm of
the problem, and with the Coulomb corrections taken into account. In the
photon energy region, where the LPM effect is ”turned off”, the obtained
cross section gives the exact Bethe-Maximon cross section (within power ac-
curacy) with the Coulomb corrections. This important feature was absent in
the previous calculations. Some important features of the LPM effect were
considered also in 10, 11, 12, 13.

The crossing process for the bremsstrahlung is the pair creation by a
photon. The created particles undergo here the multiple scattering. It should
be emphasized that for the bremsstrahlung the formation length (1) increases
strongly if ω � ε. Just because of this the LPM effect was investigated at
SLAC at a relatively low energy. For the pair creation by a photon with energy

ω the formation length lp =
2ε(ω − ε)
m2ω

attains maximum at ε = ω/2 and this

maximum is lp,max = (ω/2m)λc. Because of this even for heavy elements
the effect of multiple scattering becomes noticeable at photon energies ω ≥
10 TeV. Starting from these energies one has to take into account the influence
of a medium on the pair creation and on the bremsstrahlung hard part of
the spectrum in electromagnetic showers being created by the cosmic ray
particles of the ultrahigh energies. These effects can be quite significant in
the electromagnetic calorimeters operating in the detectors on the colliders in
TeV range.

In the present paper the radiation length is calculated under influence of
the LPM effect. The total probability of photon radiation and the integral
probability of the pair creation are considered also.

2 Influence of the multiple scattering on the bremsstrahlung

2.1 Bremsstrahlung spectrum at high energy

The spectral radiation intensity obtained in 8 (see Eq.(2.39)) has the form

dI = ωdW =
αm2xdx

2π(1 − x)
Im

[
Φ(ν) − 1

2Lc
F (ν)

]
, x =

ω

ε
, (2)
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where

Φ(ν) =
∫ ∞

0

dze−it

[
r1

(
1

sinh z
− 1
z

)
− iνr2

(
1

sinh2 z
− 1
z2

)]

= r1

(
ln p− ψ

(
p+

1
2

))
+ r2

(
ψ(p) − ln p+

1
2p

)
,

F (ν) =
∫ ∞

0

dze−it

sinh2 z
[r1f1(z) − 2ir2f2(z)] ,

f1(z) =
(
ln 
2

c + ln
ν

i
− ln sinh z − C

)
g(z) − 2 cosh zG(z),

f2(z) =
ν

sinh z

(
f1(z) − g(z)

2

)
, g(z) = z cosh z − sinh z,

G(z) =
∫ z

0

(1 − y coth y)dy

= z − z2

2
− π2

12
− z ln

(
1 − e−2z

)
+

1
2
Li2

(
e−2z

)
,

t =
z

ν
, r1 = x2, r2 = 1 + (1 − x)2, t = t1 + t2, z = νt. (3)

here α = 1/137, z = νt, p = i/(2ν), ψ(x) is the logarithmic derivative of
the gamma function, Li2 (x) is the Euler dilogarithm. Use of found form
of Φ and the last representation of function G(z) simplifies the numerical
calculation. The term with Φ(ν) in (2) describes the intensity in logarithmic
approximation, the term with F (ν) is the first correction. The parameters in
these formulas are

ν2 = iν2
0 , ν2

0 = |ν|2 � ν2
1

(
1 +

ln ν1
L1

ϑ(ν1 − 1)
)
, ν2

1 =
ε

εe

1 − x

x
,

εe = m
(
8πZ2α2naλ

3
cL1

)−1
, Lc � L1

(
1 +

ln ν1
L1

ϑ(ν1 − 1)
)
, L1 = ln

a2
s2

λ2
c

,

as2

λc
= 183Z−1/3e−f , f = f(Zα) = (Zα)2

∞∑
k=1

1
k(k2 + (Zα)2)

, (4)

here Z is the charge of the nucleus, na is the number density of atoms in
the medium, λc = 1/m is the electron Compton wavelength. The LPM effect
manifests itself when

ν1(xc) = 1, xc =
ε

εe + ε
. (5)

In the case ε � εe in the hard part of spectrum (1 ≥ x � xc) the
parameter ν2

1 � xc/x� 1 and the contribution into the integral (3) give the
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region z � 1.

Im Φ(ν) � r1
ν2
1

6
+ r2

ν2
1

3
, −Im F (ν) = −1

9
(r2 − r1)ν2

1 (1 +O(ν4
1 )). (6)

Substituting into (2) we have

dI

dx
=

2Z2α3naε

3m2

[
r1

(
L1 − 1

3

)
+ 2r2

(
L1 +

1
6

) ]
(7)

This is the Bethe-Maximon intensity spectrum (with the Coulomb correc-
tions) in case of complete screening (if one neglects the contribution of atomic
electrons) written down within power accuracy (omitted terms are of the or-
der of powers of 1/γ), see e.g. Eq.(18.30) in 14. So, to obtain it in the limit
considered one has to take into account the both terms in brackets in (2).

At very strong multiple scattering ν0 � 1 or ε� εe one can omit e−it in
the integrand of function F(ν) (3). Integrating over z we obtain

−Im F (ν) =
π

4
(r1 − r2) +

ν0√
2

(
ln 2 − C +

π

4

)
r2, (8)

where we take into account the next terms of the decomposition in the term
∝ r2. Under the same conditions (ν0 � 1) the function Im Φ(ν) is

Im Φ(ν) =
π

4
(r1 − r2) +

ν0√
2
r2. (9)

Thus, at ν0 � 1 the relative contribution of the first correction
dW 1

dω
is defined

by

r =
dW 1

dW c
=

1
2Lc

(
ln 2 − C +

π

4

)
� 0.451

Lc
. (10)

In the case ε ≥ εe the intensity spectrum differs from the Bethe-Maximon
one at x ∼ 1 also. When ε � εe we find in the interval not very close to the
end of the spectrum (x = 1):

dI

dx
� 2

√
2Z2α3naε

m2

√
εex

ε(1 − x)

(
1 +

1
4L1

ln
ε(1 − x)
εex

) [
x2

+2(1 − x)
(

1 − π

2
√

2

√
εex

ε(1 − x)

) ]
, ε(1 − x) � εex. (11)
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2.2 Integral characteristics of bremsstrahlung

Now we turn to the integral characteristics of radiation. The total intensity
of radiation in the logarithmic approximation can be presented as (see (2))

I

ε
L0

rad = 2
εe

ε
Im

[∫ 1

0

dx

g

√
x

1 − x
(2(1 − x) + x2)

+
∫ 1

0

x3dx

1 − x

(
ψ(p+ 1) − ψ

(
p+

1
2

))
+ 2

∫ 1

0

xdx (ψ (p+ 1) − ln p)

]
,(12)

where

p =
gη

2
, η =

√
x

1 − x
, g = exp

(
i
π

4

)√
L1

Lc

εe

ε
,

L0
rad is the radiation length in the logarithmic approximation. The relative

energy losses of electron per unit time in terms of the Bethe-Maximon radia-

tion length L0
rad:

I

ε
L0

rad in gold is given in Fig.1 (curve 1), it reduces by 10%

(15% and 25%) at ε � 700 GeV (ε � 1.4 TeV and ε � 3.8 TeV) respectively,
and it cuts in half at ω � 26 TeV. This increase of effective radiation length
can be important in electromagnetic calorimeters operating in detectors on
colliders in TeV range. The contribution of the correction terms r (see (10))
is r � 0.451/Lc.

In Eqs.(7) and (11) we can use the main terms of decomposition only.
The main term in (7) gives after the integration over x the standard ex-

pression for the radiation length Lrad without influence of multiple scattering.

I

ε
=
αm2

4πεe

(
1 +

1
9L1

− 4π
15

ε

εe

)
� L−1

rad

(
1 − 4π

15
ε

εe

)
,

1
Lrad

=
2Z2α3naL1

m2

(
1 +

1
9L1

)
=

1
L0

rad

(
1 +

1
9L1

)
(13)

The integration over x of the main term in (11) gives (terms ∝ √
εe/ε in

the square brackets are neglected)

I0 � 9πZ2α3na
√
εεe

4
√

2m2
L1

[
1 +

1
4L1

(
ln

ε

εe
− 46

27

)
+ r0

]
, (14)

where r0 = (ln 2 − C + π/4) /2L1. The corrections (without terms ∝ 1/L1) to
(14) are calculated in Appendix B of 13(see Eq.(B.11)). The complete result
is

I

εLrad
� 5

2

√
εe

ε

[
1 − 2.37

√
εe

ε
− 4.57

εe

ε
+

1
4L1

(
ln

ε

εe
− 0.3455

)]
(15)
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Figure 1. The relative energy losses of electron per unit time in terms of the Bethe-Maximon

radiation length L0
rad

:
I

ε
L0

rad in gold Eq.(12) vs the initial energy of electron (curve 1) and

the total pair creation probability per unit time W c
p (see Eq.(22))in terms of the Bethe-

Maximon total probability of pair creation W BH
p0 in gold vs the initial energy of photon

(curve 2).

Although the coefficients in the last expression are rather large at two first
terms of the decomposition over

√
εe/ε this formula has the accuracy of the

order of 10% at ε ∼ 10εe.
The integral probability of radiation in terms of the Bethe-Maximon ra-

diation length can be obtained from Eq.(12) dividing the integrand in all
integrals by x. It is given in Fig.2. It should be mentioned that the standard
Bethe-Maximon integral probability doesn’t exist at all (the integral over ω
has the logarithmic divergence at ω → 0). Due to the LPM effect the soft
part of the spectrum is damped and integral over ω exists.

The integral probability of radiation for ε� εe was calculated in 11:

W =
4

3L0
rad

(
ln
εe

ε
+ C2

)
,
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C2 = 2C − 5
8

+ 12
∫ ∞

0

ln z
(

1
z3

− cosh z
sinh3 z

)
dz � 1.96 (16)

In the case ε � εe we can calculate the integral probability of radia-
tion starting with Eq.(11). Conserving the main term, dividing it by xε and
integrating over x we find

W0 =
11πZ2α3na

2
√

2m2

√
εe

ε
L1

[
1 +

1
4L1

(
ln

ε

εe
+

8
11

)
+ r0

]
(17)

The correction terms to Eq.(16) are calculated in Appendix B of 13(see
Eq.(B.13)). Substituting them we have

W =
11πZ2α3na

2
√

2m2

√
εe

ε
L1

[
1 − 1.23

√
εe

ε
+ 1.65

εe

ε
+

1
4L1

(
ln

ε

εe
+ 2.53

)]
.

(18)
Ratio of the main terms of Eqs.(15) and (18) gives the mean energy of

radiated photon

ω̄ =
9
22
ε � 0.409ε. (19)

3 Influence of multiple scattering on pair creation process

The probability of the pair creation by a photon can be obtained from the
probability of the bremsstrahlung with help of the substitution law:

ω2dω → ε2dε, ω → −ω, ε→ −ε, (20)

where ω is the initial photon energy, ε is the energy of the created electron.
Making this substitution in Eq.(2) we obtain the spectral distribution of the
pair creation probability (over the energy of the electron)

dW c
p

dε
=

αm2

2πεε′
Im

[
Φp(ν) − 1

Lc
Fp(ν)

]
,

Φp(ν) = ν

∫ ∞

0

dte−it

[
s1

(
1

sinh z
− 1
z

)
− iνs2

(
1

sinh2 z
− 1
z2

)]

= s1

(
ln p− ψ

(
p+

1
2

))
+ s2

(
ψ(p) − ln p+

1
2p

)
,

Fp(ν) =
∫ ∞

0

dze−it

sinh2 z
[s1f1(z) − 2is2f2(z)] ,

s1 = 1, s2 =
ε2 + ε′2

ω2
, ε′ = ω − ε. (21)
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Figure 2. The total probability of photon emission W0 in terms of the Bethe-Maximon
radiation length L0

rad in gold vs the initial energy electron .

All entering functions are defined in (3).
The total probability of pair creation in the logarithmic approximation

can be presented as (see (21))

W c
p

WBH
p0

=
9
14
ωe

ω
Im

∫ 1

0

dy

y(1 − y)

[(
ln p− ψ

(
p+

1
2

))

+
(
1 − 2y + 2y2

) (
ψ (p) − ln p+

1
2p

) ]
, p =

bs

4
, (22)

where

s =
1√

y(1 − y)
, b = exp

(
i
π

4

) √
L1

Lc

ωe

ω
, ωe = m

(
2πZ2α2naλ

3
cL1

)−1
,

here WBH
p0 is the Bethe-Maximon probability of pair photoproduction in the

logarithmic approximation. Note that ωe is four times larger than εe, in gold
ωe = 10.5 TeV. This is just the value of photon energy starting with the
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LPM effect becomes essential for the pair creation process in heavy elements.
The total probability of pair creation W c

p in gold is given in Fig.1 (curve 2),it
reduced by 10% at ω � 9 TeV and it cuts in half at ω � 130 TeV.

4 Conclusion

In this paper we considered the influence of multiple scattering on the
bremsstrahlung process at any energy including the high-energy region (ε ≥
εe), where all the spectrum of radiation is distorted. In this region the total in-
tensity of radiation diminishes and respectively the radiation length increases.
The cross section of e−e+ pair creation by a photon changes essentially if the
photon energy ω ≥ ωe = 4εe, see Eq.(4).

If we restrict to the main terms of the decomposition Eq.(15) in asymp-
totic region ε � εe, then the intensity of radiation and the corresponding
radiation length can be written as

I � 9
16

√
π

2
Zα2

(
εna ln

(
9πZ2α2εnaa

4
s2

))1/2
, Lrad =

ε

I(ε)
. (23)

The integral cross section of radiation follows from the integral probability of
radiation (18)

σ =
W

na
� 11

8

√
π

2
Zα2

√
εna

(
ln

(
100πZ2α2εnaa

4
s2

))1/2
. (24)

We have from for the total probability of pair creation by a photon at ω � ωe

and the corresponding cross section

Wp � 3
4

√
π

2
Zα2

(na

ω
ln

(
2πZ2α2ωnaa

4
s2

))1/2

, σp =
Wp

na
(25)

The Eqs.(23)-(25) don’t depend on the electron mass and the cross sections of
bremsstrahlung and pair creation diminish with energy and density na growth.

In this paper we considered the case of an infinitely thick target where
the formation length is much shorter than the thickness of a target. Because
of this we neglected the boundary effects. These effects were considered in
detail in 8,10, they can give quite essential contribution in the soft part of
spectrum depending on the target thickness. We neglected also by effects of
the polarization of a medium. They were considered in detail in 8. The relative
contribution of polarization of a medium into probability of pair creation is
discussed in 15

ω2
0εε

′

ω2m2
≤ ω2

0

m2
< 10−7 � 1, ω2

0 =
4πe2ne

m
, (26)
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where ne is the number density of electron in the medium, ω0 is the plasma
frequency. The contribution of polarization of a medium into the total energy
losses in thick target is of the order ω0/m. The polarization of a medium
affects at the soft part of the spectrum only at ω ≤ ωp = γω0 (x ≤ ωp/ε =
ω0/m). Even for heavy elements ω0/m ∼ 2 · 10−4. This contribution was
analyzed in 8.
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THE COULOMB CORRECTIONS TO THE E+E− PAIR
PRODUCTION IN ULTRARELATIVISTIC HEAVY-ION

COLLISIONS

R.N. LEE

Budker Institute of Nuclear Physics, 630090 Novosibirsk, Russia

We manifest the origin of the wrong conclusion made by several groups of authors
on the absence of Coulomb corrections(CC) to the cross section of the e+e− pair
production in ultrarelativistic heavy-ion collisions. The source of the mistake is
connected with an incorrect passage to the limit in the expression for the cross
section. When this error is eliminated, the CC do not vanish and agree with the
results obtained within the Weizsäcker-Williams approximation.

The investigation of the process of e+e− pair production in ultrarelativis-
tic heavy-ion collisions is one of the by-product purposes of such projects as
RHIC and LHC. This circumstance explains the increased theoretical inter-
est to this process in last two years. Extremely high energies of nuclei give
one a hope, that the calculation of the cross section of this process can be
done analytically. Recently there was a set of publications1−3 in which the
cross section of the process was calculated exactly in the parameters αZA,B

(ZA,B being the charge numbers of the nuclei A and B, α is the fine-structure
constant). In these papers the nuclei were treated as sources of the external
field, moving with the speed, close to that of light (light-fronts approach),
and the amplitude was calculated at a fixed impact parameter of the nuclei.
After that the cross section was obtained by the integration over the impact
parameter. As a result, the conclusion was made that the exact cross section
coincides with that calculated in the lowest order perturbation theory with
respect to αZA,B (Born cross section). On the other hand, in the Weizsäcker-
Williams approximation with respect to one of the nuclei, the cross section
of the process is proportional to the well-known cross section of the e+e−

pair production by a photon in a Coulomb field4 and, therefore, contains the
CC. This obvious circumstance was noted by Ivanov et al.5, who calculated
the CC in the process under discussion. Though the existence of the CC is
out of doubt, the source of the disagreement between the results was not re-
vealed so far.This report is based on the results of the paper by R.N. Lee and
A.I. Milstein6, where the solution of this puzzle was presented.

Let the ultrarelativistic nuclei A and B move in the positive and negative
directions of the z axis, respectively. Then the expression for the cross section
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of the e+e− pair production, obtained in light-fronts approach1−3, reads

dσ =
m2d3pd3q

(2π)6εpεq

∫
d2k

(2π)2
|FB(k)|2|FA(q⊥ + p⊥ − k)|2|M(k)|2 , (1)

M(k) = u(p)
α (k − p⊥) + γ0m

−p+q− − (k − p⊥)2 −m2 + iε
γ−u(−q) +

+u(p)
−α (k − q⊥) + γ0m

−p−q+ − (k − q⊥)2 −m2 + iε
γ+u(−q) .

Here p and εp (q and εq) are the momentum and energy of the electron
(positron), u(p) and u(−q) are positive- and negative-energy Dirac spinors,
α = γ0γ, γ± = γ0±γz, γµ are the Dirac matrices, p± = εp±pz, q± = εq±qz,
m is the electron mass, k is a two-dimensional vector lying in the xy plane, and
the function F (∆) is proportional to the electron eikonal scattering amplitude
in the potential V (r) of the corresponding nucleus:

F (∆) =
∫
d2ρ exp[−iρ∆] {exp[−iχ(ρ)] − 1} , (2)

χ(ρ) =

∞∫
−∞

dzV (z,ρ) .

For the potential V (r) = Vc(r) = −Zα/r, the integral in χ(ρ) becomes diver-
gent and requires a regularization. This regularization can be made by using
the potential V (r) = −Zα exp(−r/a)/r. Performing the integration in (2),
and taking the limit a → ∞ at fixed ∆ �= 0, one obtains (up to the constant
phase depending on a):

F (∆) = F(∆) ≡ iπZα
Γ(1 − iZα)
Γ(1 + iZα)

(
4

∆2

)1−iZα

. (3)

Actually, to obtain this result one can use any regularization of the phase
χ(ρ) for which χ(ρ) → 0 at ρ → ∞. Since |F(∆)|2 = (4πZα/∆2)2 ∝ Z2,
then the substitution (3) into (1) would lead to the wrong conclusion 1−3 that
the exact cross section coincides with the Born result. Let us show that, in
order to obtain the CC in (1), it is necessary first to take the integral over
k using the functions F (∆) with the regularized phase and then remove the
regularization.

Consider the integral

G =
∫

d2k

(2π)2
k2

(|F (k)|2 − |F 0(k)|2) , (4)
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where F 0(∆) = −i ∫ dρ exp(−i∆ρ)χ(ρ) is the first term of the expansion
of F (∆) with respect to the potential. For F = F and, correspondingly,
F 0 = F0 ≡ 4iπZα/∆2, the integrand in (4) vanishes. Let us show that
the integral G is not equal to zero for the regularized F and is independent
of the regularization method, if V (r) → −Zα/r at r → 0 ( when χ(ρ) →
2Zα ln(ρ) + const at ρ → 0).

Integrating by parts over ρ, one can easily prove that

F (k) = − 1
k2

∫
dρ exp[−ikρ](k∇χ(ρ)) exp(−iχ(ρ)) , (5)

The function F 0(k) can be obtained from (5) by omitting the exponent in the
integrand. Substituting (5) into (4), we obtain

G =
∫

dk
(2π)2

∫ ∫
dρ1 dρ2 exp[−ik(ρ1 − ρ2)] ×

× (k∇χ(ρ1))(k∇χ(ρ2))
k2

{exp[−iχ(ρ1) + iχ(ρ2)] − 1} . (6)

If one changes naively the order of integration over k and ρ1,2 and takes the
integral over k, then,due to the δ-function appeared, the integration over ρ
results in zero. To demonstrate that the change of the integration order in (6)
is invalid, we restrict the region of integration over k by the condition k < Q.
After that one can change the order of integration in (6). Integrating over the
angles of k and then over k, we obtain

G =
∫ ∫

dρ1 dρ2

2πρ2
(∇χ(ρ1))i(∇χ(ρ2))j {exp[−iχ(ρ1) + iχ(ρ2)] − 1} (7)

[
[1 − J0(Qρ)]

(
δi j − 2

ρiρj

ρ2

)
+QρJ1(Qρ)

ρiρj

ρ2

]
,

where ρ = ρ1 − ρ2. Substituting ρ1,2 → ρ1,2/Q, and taking the limit Q→ ∞
with the use of the asymptotics of χ, we find

G = 4(Zα)2
∫ ∫

dρ1 dρ2

2πρ2ρ2
1ρ

2
2

{(
ρ2

ρ1

)2iZα

− 1

}
×

×
[
[1 − J0(ρ)]

(
ρ1ρ2 − 2

(ρ1ρ)(ρ2ρ)
ρ2

)
+ ρJ1(ρ)

(ρ1ρ)(ρ2ρ)
ρ2

]
. (8)

Integrating the term ∝ [1 − J0(ρ)] in square brackets by parts over the angle
between ρ1 and ρ2 and using the relation

∫ 2π

0
dφ cos φ

J1(
√
ρ2
1 + ρ2

1 − 2ρ1ρ2 cos φ)
(
√
ρ2
1 + ρ2

1 − 2ρ1ρ2 cos φ)
= (9)
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=
2π

ρ2
1 − ρ2

2

ρ2J0(ρ2)J1(ρ1) − ρ1J0(ρ1)J1(ρ2) ,

we obtain

G = 8π(Zα)2
∞∫
0

∞∫
0

dρ1 dρ2

ρ2
1 − ρ2

2

{(
ρ2

ρ1

)2iZα

− 1

}
×

× [ρ2J0(ρ2)J1(ρ1) − ρ1J0(ρ1)J1(ρ2)] . (10)

Making the change of variables ρ1,2 = r exp(±t/4), and integrating over r, we
obtain the non-zero result for the quantity G:

G = 8π(Zα)2
∞∫
0

dt
cos(Zαt) − 1
exp(t) − 1

= (11)

= −8π(Zα)2[Reψ(1 + iZα) + C] = −8π(Zα)2f(Zα) ,

where C is the Euler constant, ψ(x) = d ln Γ(x)/dx. Thus, we come to the
remarkable statement: although the main contribution to the integral in (4)
comes from the region of small k, where |F (k)| differs from |F(k)| = 4πZα/k2

and depends on the regularization parameters (the radius of screening), nev-
ertheless, the integral G itself is a universal function of Zα. Note that the
approximate formula for the integral (4) was found by Moliere7 at the inves-
tigation of multiple scattering.

Now it is clear, how to derive the CC starting from the expression (1).
Let us calculate the CC related to the nucleus B (the contribution of the
higher order perturbation theory with respect to the parameter ZBα). For this
purpose one should replace in (1) the functions |FB |2 and |FA|2 with |FB |2 −
|F 0

B |2 and |F0
A|2, respectively, keeping the regularization in the functions FB

and F 0
B . The main contribution to the integral is given by the region of small

k. Therefore, we can neglect k in the argument of F0
A and expand the matrix

element M at small k:

M(k) ≈ kL , (12)

L = u(p)
{

α (γ−/p+ − γ+/q+)
(p− + q−)

+
2γ−(p⊥/p+ − q⊥/q+)

(p− + q−)2

}
u(−q) .

Using (11) and (12), and performing the summation over electron and positron
polarizations, we obtain the following expression for the CC related to the
nucleus B:

dσc
B =

2GBd
3p d3q

(2π)6εpεq

|F0
A(p⊥ + q⊥)|2

[p+q+(p− + q−)]2
{
p+q+(p⊥ + q⊥)2 − (13)
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−2(p⊥q+q− + q⊥p+p−)2

(p− + q−)2
}
.

Here GB denotes the function G in (11) at Z = ZB. The CC related to the
nucleus A can be obtained from (13) by the substitution ZA ↔ ZB and the
replacement of indices − ↔ +.

It is necessary to note the following circumstance. Actually, in the ex-
pansion over ZAα and ZBα of the differential cross section dσ/dpdq in (1) ,
only the lowest (Born) term is correct. As for the higher order terms in (1)
(CC), they give the correct result only after the integration over the direc-
tions of the positron (electron) momentum. This is due to the fact that the
asymptotic form of the wave functions used1−3 corresponds to the problem of
scattering, but not to the problem of pair production. If one calculates the
cross section integrated over the direction of q, then, due to the completeness
relation, it is possible to replace the set of functions containing in asymptotics
the converging spherical wave with the set of functions containing the diverg-
ing spherical wave. Thus, (13) should be integrated over the angles of q or
p. The same trick was made at the recalculation of the bremsstrahlung cross
section integrated over the photon momentum from the cross section of pair
photoproduction integrated over the positron momentum8. It explains why
the CC (13) are given by the region of small k, while at the calculation of the
CC using the wave functions with the correct asymptotic behavior the main
contribution would come from the region k ∼ m. The same situation occurs
at the calculation of bremsstrahlung and pair photoproduction cross sections,
where the CC come from different regions of momentum transfers.

Let us calculate within the logarithmic accuracy the CC to the cross sec-
tion dσ/dεpdεq at εp,q 
 m. At the integration over the transverse momenta
the main contribution comes from the region ∆ = |p⊥ + q⊥| � p⊥, q⊥ ∼ m.
The integral over ∆ requires regularization at ∆ → 0. It is obvious that
the lower limit of integration over ∆ coincides with that in the Weizsäcker-
Williams method. In the rest frame of the nucleus B it has the form
∆min = (ε0p +ε0q)/γ̃, where ε0p,q are the energies of the electron and positron, γ̃
is the Lorentz factor of the nucleus A in this frame. In the laboratory frame,
where the nuclei A and B have the Lorentz factors γA and γB, respectively,
one has ∆min = (p+ + q+)/γA. Using this cutoff, we obtain

dσc
B = − 4

πm2
(ZAα)2(ZBα)2f(ZBα)

dεpdεq

(εp + εq)2
× (14)

×
(

1 − 4εpεq

3(εp + εq)2

) [
ln

m2

∆2
1min

+ ln
m2

∆2
2min

]
.

The sum of logarithms in this formula corresponds to the contributions of
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two kinematic regions: pz, qz > 0 and pz, qz < 0. In the first case ∆1min =
(εp +εq)/γA, and the corresponding term in (14) is valid at m� εp,q � mγA.
In the second case ∆2min = m2/(εp + εq)γA, and the corresponding term is
valid at m� εp,q � mγB. Performing the integration over εp,q in the regions
indicated, one has

σc
B = − 28

9πm2
(ZAα)2(ZBα)2f(ZBα) ln2(γAγB) . (15)

The formulas (14) and (15) can be easily obtained in the Weizsäcker-Williams
approximation using the well-known result for the exact in Zα pair photo-
production cross section in the field of a nucleus5,9. It also follows from the
Weizsäcker-Williams method that the contribution of the terms, containing
the higher orders of ZA and ZB simultaneously, can be neglected within our
accuracy.

In the light-fronts approach1−3 the amplitude of e+e− pair production was
obtained at fixed impact parameter between the nuclei.In this amlitude there
is no need to keep any regularization. The CC are obtained by subtracting
from the exact matrix element squared the Born term. After that subtraction
the integral over the impact parameter b converges in contrast with the case
of Born term, for which it logarithmically diverges at large b. Let us show,
that, due to the convergence, this integral gives the correct CC.

The CC related to the nucleus B have the form

dσc
B =

m2d3p d3q

(2π)6εpεq

∫
d2b

∫∫
d2k1

(2π)2
d2k2

(2π)2
exp[i(k1 − k2)b]M(k1)M∗(k2) ×

×[FB(k1)F∗
B(k2)−F0

B(k1)F0 ∗
B (k2)

]F0
A(q⊥+p⊥− k1)F0 ∗

A (q⊥+p⊥− k2). (16)

Again, changing the order of integration would lead to zero result. Indeed,
taking the integral over b first, we get the factor δ(k1 − k2) in the integrand,
and, therefore, the integral over k1 vanishes due to the relation |FB|2 = |F0

B|2.
Let us demonstrate that, similar to the case of the integral (4) calculation,
the change of the integration order in (16) is incorrect, and the result (13)
also follows from (16). For this purpose, we restrict the region of integration
over b by the condition b < R. After that it is possible to change the order of
integration and take the integral over b. Then the main contribution to the
integral over k1,2 comes from the region k1,2 ≤ 1/R. Since we are going to
take the limit R → ∞, we can replace M(k1,2) with k1,2L and neglect k1,2

in F0
A(q⊥ + p⊥ − k1,2). Then, we have

dσc
B =

m2d3pd3q

(2π)6εpεq
|F0

A(q⊥ + p⊥)|2 |L|
2

2
G̃B , (17)
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G̃B = 8π(ZBα)2
∞∫
0

∞∫
0

dk1dk2

k2
1 − k2

2

{(
k1

k2

)2iZBα

− 1

}
×

× [k2RJ0(k2R)J1(k1R) − k1RJ0(k1R)J1(k2R)] .

Comparing the expression for the function G̃B with (10), we see that G̃B =
GB. After the summation over the electron and positron polarizations the
formula (17) comes into (13). Note that the expression (13) can be obtained
directly from (16) by taking the integral over k1,2 in the region k1,2 < k0 �
|p⊥ + q⊥| and then integrating over b in the infinite limits.

Thus, the light-fronts approach1−3 can be used for the calculation of the
CC to the e+e− pair production cross section integrated over the direction of
the positron (electron) momentum. Its careful application leads to the correct
result.
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SPIN DEPOLARIZATION DUE TO BEAM�BEAM

INTERACTION IN NLC
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Calculations of spin depolarization e�ects due to the beam�beam interaction are
presented for several NLC designs� The depolarization comes from both clas�
sical �Bargmann�Michel�Telegdi precession� and quantum �Sokolov�Ternov spin�
�ip� e�ects� It is anticipated that some physics experiments at future colliders will
require a knowledge of the polarization to better than ���	 precision� We com�
pare the results of CAIN simulations with the analytic estimates of Yokoya and
Chen for head�on collisions�� We also study the e�ects of transverse o�sets and
beamstrahlung�induced energy spread�

� Introduction

In this note we give simulation and analytic results for the depolarization due to
the beam�beam interaction in NLC nominal designs and some high�luminosity
variations� Such depolarization e�ects are negligibly small in the SLC� However
for precision tests of the Standard Model in NLC� it will be necessary to know
the beam polarization to within a few tenths of a percent� which is comparable
to the amount of luminosity�averaged depolarization due to the beam�beam
interaction in NLC� Furthermore� the beam disruption is higher in NLC than
in SLC� which makes it more di�cult to obtain accurate measurements of the
�nal polarization using a Compton polarimeter in the extraction line� hence
accurate calculations of the beam�beam depolarization are needed�

We will compare analytic estimates� of the depolarization with the results
of the beam�beam simulation program CAIN�� At present� CAIN is the only
beam�beam simulation program that calculates beam�beam depolarization ef�
fects�

The strength of the beam�beam interaction may be characterized by

� � e	h

m�c�

q
jF��p� j� 
 �

E �B

Fc
� ��

where p� 
 �E���p � is the ��momentum of the incoming electrons or positrons�
m is the electron mass� � � E�mc� is the Lorentz factor� F�� is the energy�
momentum tensor of the electromagnetic �eld produced by the oncoming beam�
and Fc � m�c��	he � ������� Gauss is the Schwinger critical �eld� Sometimes





the parameter � is used instead�

� � uc
m�

� ���

Here uc is the critical energy of the classical synchrotron radiation spectrum�
� and � are relativistic invariants and are related by � 
 �

�
�� For small

disruption and gaussian beams� the e�ective value of � is given by�

�eff 

�Nr�e�

���z��x � �y�
� ���

whereN is the number of particles per bunch� re is the classical electron radius�
� is the �ne�structure constant� �x�y are the transverse bunch sizes� and �z is
the bunch length�

� Analytic estimates for beam�beam depolarization

There are two signi�cant mechanisms of beam�beam depolarization� One� the
BMT e�ect� arises from the classical precession of the longitudinally�polarized
electrons in the beam�beam �eld� in accordance with the Bargmann�Michel�
Telegdi equation� The other� Sokolov�Ternov spin��ip �ST e�ect�� tends to
polarize electrons along the magnetic �eld �e� parallel� e� anti�parallel� and
thus degrades the longitudinal polarization since the magnetic �eld is perpen�
dicular to the longitudinal axis� Analytic estimates for both these e�ects have
been previously derived by Yokoya and Chen��

Following Yokoya and Chen �YC�� the �nal outgoing depolarization will
be denoted by angle brackets� i�e� � �P 	� and the luminosity�weighted
depolarization by square brackets� i�e� ��P �� According to YC� � �P 	 and
��P � are related by

��P � � ����� � �P 	 � ���

This is valid for both the BMT and ST contributions provided that the hori�
zontal disruption Dx �� �

YC�s estimate of the depolarization due to the BMT e�ect is

� �PBMT 	� �

��
�
n�cl

�
a��eff �

a���

��
� �����n�cl

�
a��eff �

a���

��
� ���

The factor in square brackets was calculated by V�Baier� �see the CAIN man�
ual�� and ncl is the average number of synchrotron photons emitted per elec�
tron according to classical synchrotron radiation theory� which is given in YC
as�

ncl 

�
p



�
p
�
�
p
�� �

�reNp
�x�y

f�R� � ���

�



where R 
 �x��y and f�R� � �
p
R

��R
�

YC�s estimate of the depolarization due to the ST e�ect is

� �PST 	� �Uf ��eff �ncl 
 �
Uf ��eff �

U���eff �
n� � ���

which is always less than ����n�� Uf ��� and U���� may be expressed in terms of
modi�ed Bessel functions� formulas for and plots of these functions are given by
YC�� Note that the actual number of synchrotron photons emitted per electron
is given by n� 
 U����ncl�

� Basic parameters for six baseline designs and variations

We give some luminosity�related parameters for the basic NLC designs� near
���� ��� and �� TeV center of mass energy in Tables � �� and �� The quantities
LD and LD are the luminosity per bunch �in units m���� with and without
the pinch enhancement due to disruption� The quantity LD is the luminosity
�in units cm��sec��� taking into account the repetition rate and number of
bunches per train�

Parameters for some alternative designs that are also under consideration
for NLC are given in Table �� These are designs which have equal beta functions
in the horizontal and vertical directions� and thus the beams are less �at� This
leads to signi�cantly higher disruption and beamstrahlung� as well as higher
depolarization�

� Polarization Results

In Table � we give the �nal outgoing depolarization for the nominal NLC de�
signs� For comparison we show the results from the analytic formulas discussed
above� as well as the results from CAIN simulations� The ST depolarization
in CAIN simulations can only be done if BMT depolarization is also turned
on� so the simulation result quoted for ST alone� � �PST 	� is simply the
di�erence � �Ptot 	 � � �PBMT 	� where � �PBMT 	 is the result with
only BMT turned on� and � �Ptot 	 is the result with both BMT and ST
turned on� In Table � we give the luminosity�weighted outgoing depolariza�
tion for the nominal NLC designs� again including the results from both the
analytic formulas and CAIN simulations� The analytic results are somewhat
higher than the simulation results for the BMT case� it is expected that the
analytic BMT result may be an overestimate since it does not take account
of the fact that the polarization vector will oscillate back and forth across the
longitudinal axis when the disruption is high� Apart from this� the agreement

�



Table 
� IP parameters for three �
� TeV c�m� NLC designs

A���� B���� C����
Ebeam �GeV� ����� ����� ����
N ����� ���� ���� �
��x���y ��m�r� �������� ������ �������
x�y �mm� ���� ����� �����
�z ��m� ��� ��� ���
�x��y �nm� ������� ������� �������
L� ���� m��� ���� ���� ����
Ax�Ay ���������� ������� ��������
Dx�Dy ��������� ������� ��������
�eff ��� �� ����
LD ���� m��� ��� ���� ���
HD ��� ��� ���
n� ��� �� ���
�B ���� ���� ����
Bunches�train �� �� ��
Rep� rate �� �� ��
LD ����cm��sec��� ���� ���� ����

Table � IP parameters for three �
 TeV c�m� NLC designs

A���� B���� C����
Ebeam �GeV� ���� ���� ����
N ����� ���� ���� �
��x���y ��m�r� �������� ������ �������
x�y �mm� ������ ����� �����
�z ��m� ��� ��� ���
�x��y �nm� ������ ������� ������
L� ���� m��� ���� ���� ����
Ax�Ay ���������� �������� ���������
Dx�Dy ��������� �������� ��������
�eff ���� ���� ����
LD ���� m��� ��� �� ���
HD ��� ��� ���
n� �� �� ��
�B ���� ���� ����
Bunches�train �� �� ��
Rep� rate �� �� ��
LD ����cm��sec��� ��� ��� ��

�



Table �� IP parameters for two �
�� TeV c�m� NLC designs

A���� B����
Ebeam �GeV� ��� ���
N ����� �� ����
��x���y ��m�r� ������� ������
x�y �mm� ����� �����
�z ��m� ��� ���
�x��y �nm� ������� ������
L� ���� m��� ��� ���
Ax�Ay ���������� ���������
Dx�Dy ������� �������
�eff ���� ���
LD ���� m��� ��� ���
HD �� ���
n� ��� ��
�B �� ��
Bunches�train �� ��
Rep� rate �� ��
LD ����cm��sec��� ��� ���

between analytic and simulation results is quite good �of course this does not
prove that they agree with nature� but does give some degree of con�dence��

In Table � we give the �nal outgoing depolarization and in Table � the
luminosity�weighted depolarization� for the two designs shown in Table ��
These have signi�cantly higher depolarization than the nominal designs� Since
the beam�beam disruption and consequent pinching of the beam are much
higher in this case� a better analytic approximation can be obtained by taking
the modi�cation of the e�ective transverse beam size into account according
to a prescription given by Chen�� This beam size correction to the analytic
estimate is negligible for the NLC nominal designs� but is signi�cant for the
higher luminosity designs� Including the correction brings the analytic and
simulation results into good agreement for the EqBetas case� but there is still
some discrepancy for the EqBetas� case� which has the highest depolarization�

Since there is always some jitter in the beam position at the IP� it is
also of interest to look at the depolarization as a function of the o�set of the
two beams� CAIN simulation results for depolarization versus horizontal and
vertical o�sets� for the NLC�B���� design� are shown in Figure � In this
�gure� plots for horizontal o�sets are on the left and vertical o�sets on the
right The two plots on the top show the outgoing depolarization� the middle

�



Table �� IP parameters for two modi�ed �
�� TeV c�m� NLC designs� with equal beta
functions

EqBetas EqBetas�
Ebeam �GeV� ��� ���
N ����� ����� ����
��x���y ��m�r� ������ ������
x�y �mm� ����� �����
�z ��m� ��� ���
�x��y �nm� ����� �����
L� ���� m��� ���� ����
Ax�Ay ����������� �����������
Dx�Dy �������� ��������
�eff ���� ����
LD ���� m��� ���� ���
HD ��� ���
n� ��� ���
�B �� ���
Bunches�train �� ��
Rep� rate �� ��
LD ����cm��sec��� ��� ���

plots show the luminosity�weighted depolarization� and the bottom plots show
the ratio of the luminosity�weighted to the outgoing depolarization� Total
depolarization is shown as a solid curve and BMT�only depolarization as a
dashed curve� The di�erence between total and BMT�only �representing ST
depolarization� is shown as a dotted curve� Only the vertical o�set gives a
noticeable e�ect on the luminosity�weighted depolarization� and even here it
is quite small  only ���� for a �y 
 ��y o�set�

The depolarization as function of beamstrahlung�induced energy spread
is illustrated by Figure �� which shows the correlation between energy and
depolarization of the macroparticles in an NLC�B���� simulation� Figure �
shows histograms of the average depolarization �top� and number of electron
beam macroparticles �bottom�� as a function of macroparticle energy� This
dependence of depolarization on energy of individual beam particles is a very
signi�cant e�ect that would need to be taken into account in studies of pro�
cesses whose cross sections peak signi�cantly below the nominal CM energy�

�



Table �� Final outgoing electron beam depolarization � �P �� for nominal NLC designs�
�anlyt� denotes analytic results� �sim� denotes CAIN simulation results�

BMT ST TOTAL BMT ST TOTAL
anlyt anlyt anlyt sim sim sim

NLC�A���� ���� ���� �� ���� ������ ����
NLC�B���� ���� ���� �� ���� ������ ����
NLC�C���� ���� ���� �� ���� ������ ����

NLC�A���� ���� ���� ���� ���� ����� ���
NLC�B���� ��� ��� ���� ���� ����� ����
NLC�C���� ��� ��� ���� ���� ����� ���

NLC�A���� ��� ���� ���� �� ������ ����
NLC�B���� ��� ��� ���� ���� ������ ����

Table �� Luminosity�weighted electron beam depolarization ��P �� for nominal NLC designs

BMT ST TOTAL BMT ST TOTAL
anlyt anlyt anlyt sim sim sim

NLC�A���� ���� ��� ���� ��� ����� ����
NLC�B���� ���� ��� ���� ��� ����� ����
NLC�C���� ���� ��� ���� ��� ����� ����

NLC�A���� ���� ���� ���� ��� ������ ����
NLC�B���� ���� ���� ���� ��� ������ ����
NLC�C���� ���� ���� ���� ���� ������ ����

NLC�A���� ���� ��� ��� ���� ������ ��
NLC�B���� ���� ���� ���� ��� ������ ����
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Table �� Luminosity�weighted electron beam depolarization ��P �� for two equal�beta NLC
designs� Starred values are analytic estimates with reduction of transverse beam size due to
disruption taken into account�

BMT ST TOTAL BMT ST TOTAL
anlyt anlyt anlyt sim sim sim

EqBetas ���� ���� ��� ���� ���� ���
���� � ��� � ��� �

EqBetas� ��� ��� ���� ���� ������ ����
���� � ���� � ���� �

�



Figure 
� Top� Final outgoing polarization� Middle� Luminosity�weighted polarization� Bot�
tom� Ratio of luminosity�weighted polarization to �nal outgoing polarization� as a function of
horizontal ��gures on left� and vertical o�set ��gures on right� for NLC�B�
��� design� Total
depolarization �solid curve�� BMT�only depolarization �dashed curve�� Di�erence between
total and BMT�only representing ST depolarization �dotted curve��
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Figure � Depolarization and energy of ���
 electron beam macroparticles� for NLC�B�
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design�

Figure �� Histograms of average depolarization �top� and number of electron beammacropar�
ticles �bottom�� as a function of macroparticle energy� for NLC�B�
��� design�
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Section 4

Quantum Methodologies

in Beam Physics
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By using the Wigner transform� the modulational instability analysis for a wide
class of nonlinear Schr�odinger equations describing di�erent physical situations is
carried out in phase space� In this framework� a kinetic�like description similar to
the one based on the Vlasov equation which is used for describing the collective
longitudinal dynamics of charged�particle bunches in acceleratingmachines is pro�
vided� In particular� the modulational instability �MI� corresponds to the usual
coherent instability of the particle bunch� The main result od this analysis is the
prediction of the phenomenon of Landau damping �LD� which seems to be in com�
petition with the MI� This approach provides stability charts fully similar to the
ones describing charged�particle beams in accelerating machines� Recent investi�
gations on MI and LD in nonlinear Schr�odinger equations including memory�e�ect
terms are reviewed and new results are put forward�

� INTRODUCTION

During the last three decades special attention has been devoted to the nonlin�
ear propagation of wavepackets governed by a nonlinear Schr�odinger equation
�NLSE� in several di�erent branches of scienti�c and technological applica�
tions� The typical form of a NLSE can be cast as follows ���D�	

i
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�x�
� F
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 �  � ���

where s and x are the time�like and the space�like variables� respectively�
the dispersion term P is a real constant and F is an arbitrary functional of
j
�x� s�j�� The most known NLSE is the one obtained with �cubic NLSE�

F
�
j
j�

�
� q

�
j
j� � j
�j

�
�

� ���

where the nonlinear�term coe�cient q and 
� are real and complex constants�
respectively� The above applications have been mainly done in nonlinear
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optics �especially in the theory of optical �bers�� in plasma physics� in
mesoscopic physics and in the quantumlike theory of charged�particle beam
dynamics�

	
	 Nonlinear optics

It is well known that the propagation of an electromagnetic wavepacket can
be described by a Schr�odinger�like equation for the �complex� electromagnetic
wave amplitude� where �h and potential energy are replaced by the inverse of
the wave number � � ���� � ��k and refractive index� respectively �� In
general� the refractive index depends on the wave amplitude� and the corre�
sponding equation becomes the nonlinear Schr�odinger equation �NLSE�� Due
to the interplay between nonlinearity and di�raction� a wide spectrum of ef�
fects may be produced during the nonlinear propagation of a wavepacket� such
as self�compression and self�modulationof electromagnetic �e�m�� wavepackets
in nonlinear media � �see �bre optics and transmission line theory ��� Special
attention has been devoted to the longitudinal dynamics of a wavepacket dur�
ing its propagation in a nonlinear medium� e�g� modulational instability and
soliton formation ��� The typical ��D NLSE for a complex electromagnetic
�eld amplitude which governs this nonlinear propagation is the one obtained
by Eq�s ��� and ��� with �P � �����k� and q � ����j
�j

� �� and k being
frequency and wavenumber� respectively�� Thus� ��� becomes �	
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The quantity
�
����j
�j

�
� �
j
j� � j
�j

�
�
plays the role of nonlinear refractive

index of the medium� Modulational instability for small perturbation of a
monochromatic wave train arises when the Lighthill criterion � is satis�ed�
i�e�

Pq �  � ���

whilst the stability is obtained with the opposite inequality� Modulational
instability evolves toward an asymptotic stage which is represented by the
envelope soliton� which is a very stable structure�

	
� Plasma physics

Nonlinear propagation of Langmuir wavepackets in plasma physics has been
extensively investigated with the Zakharov equations � which in some limits
may be reduced to appropriate NLSEs �� Also in this case the typical form
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for the nonlinear refractive index is given by ���� whose physical origin is here
due to the ponderomotive e�ect produced by the inhomogeneity of large am�
plitude waves traveling in the plasma� Self�focusing and self�modulation can
be described in a way formally identical to the general case of nonlinear media
���� In particular� the electro�acoustic wavepacket propagation in the plasma
is governed by the following NLSE for the complex electric �eld amplitude �	

i
�
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�x�
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��pmM �c�s � V ��
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j
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 �  � ���

where �P � v�e���p� q � e��
�
��pmM

�
c�s � V �

��
� additionally� ve is the

electron thermal velocity� �p is the electron plasma frequency�m is the electron
mass� M is the ion mass� cs the ion sound velocity� and c is light speed�
The �nal stage of modulaltional instability of electro�acoustic envelope waves
are the well�known Langmuir solitons ��

	
� Mesoscopic physics

Collective states in mesoscopic physics has been studied within the Ginzburg�
Landau theory 	 where several nonlinear phenomena are governed by the
Ginzburg�Landau equation which basically represents a wide family of nonlin�
ear Schr�odinger equations� for instance� special cases of such a family are given
by the complex Ginzburg�Landau equation 
� Ginzburg�Pitaevskii equation
��� and Gross�Pitaevskii equation ��� The n�Dimensional Complex Ginzburg�
Landau equation has been recently considered for investigating the existence
of new soliton solutions ��� Again� the typical form of this equation is similar
to the one given by ��� and ��� ��	

i
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where 
 is a complex function which plays the role of order parameter and �
is the di�usion coe�cient�
Recently� the interest in the literature for the Gross�Pitaevskii equation in�
creased very much in connection with the intensive research devoted to the
Bose�Einstein condensation ��� The usual form of this nonlinear equation is	

i�h
�


�s
�

�h�

�m
r�
 � NU�

�
j
j� � V �r�

�

 �  � ���

where m is the atom mass� N is the number of atoms in the condensate� U�
accounts for the interaction between atoms� and V �r� describes an e�ective
external ��D potential well� In particular� for very low temperatures U� has
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the following form	 U� � ���h�a�m� typically� V �r� has the form of harmonic
trap potential� i�e� V �r� � m��t r

���� where �t is the �isotropic� angular trap
frequency�

	
� Nonlinear collective dynamics of charged�particle beams

The nonlinear longitudinal dynamics of a relativistic particle bunch in circular
accelerating machines has been recently described in terms of a NLSE of
the cubic form� within the context of the thermal wave model ��� For the
case of purely reactive impedance� neglecting radiation damping and quantum
excitation� the nonlinear interaction between the bunch and the surroundings
�potential well and wake �elds� is governed by the following NLSE equation
fully similar to the ones quoted above ��	

i	

�


�s
� �

	�
�

�

��


�x�
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 � 
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j
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 � ���

where 	 is the longitudinal emittance� 
 is the slip factor� qe is the particle
charge� X is the total coupling purely reactive impedance �n being the har�
monic number�� E� is the synchronous particle energy� and I is the beam
current� The e�ective potential well VRF �x� is due to the radio frequency
�RF� cavity� usually it can be assumed harmonic� i�e� VRF �x� � Kx��� �
where K is the RF strength�
When the RF is o� the well known conditions of the coherent instability
�stability� both for monochromatic coasting beams and for bunched beams
have been recovered ��� In particular� for monochromatic coasting beams the
conditions for coherent instability �stability� are summarized by the following
inequality


X �  �

where 
 �  �
 � � means below �above� the transition energy and X � 
�X � � corresponds to a purely inductive �capacitive� total longitudinal
coupling impedance� In the analogy with the electromagnetic case �see Eq�
��� �� it corresponds to the Lighthill criterion �modulational instability��
Additionally� under the condition 
X � � a soliton�like pro�le for the beam
density is predicted as a �nal stage of the coherent instability ���

	
� The NLSE with a memory term

Recently� a new type of NLSE of integro�di�erential form have been considered
in both nonlinear optics �� and in the quantumlike description of charged�
particle beam physics �� for modulational instability investigations� For these
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cases� the functional F�j
j�� has the following form	

F
�
j
j�
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� � X�
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j
j� � j
�j
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�
� R�

Z �
j
j� � j
�j

�
�
dx � ���

where the coe�cients �� X � and R are real constant� At the right�hand side�
the �rst term is the stardard one accounting for the cubic nonlinearity� whilst
the integral one is a sort ofmemory term� Consequently� nonlinear wavepacket
propagation is governed by the following integro�di�erential NLSE	
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Z x
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j
�x�� s�j� � j
�j

�
�
dx� �  

���
Other kind of memory e�ects have been taken into account also in the pio�
neeristic works on four�photon parametric processes �i�e� modulational insta�
bility� in nonlinear media� such as Kerr media �see f�i� molecular orientation
Kerr e�ect� ���
The modulational instability analysis carried out in Ref� �� with Eq� ���
was capable of reproducing all the results of the coherent instability theory
for a coasting beam in circular accelerating machines in case of longitudinal
coupling impedance with non�zero resistive part� This approach improved the
one described in Ref� �� in which only a purely reactive coupling impedance
has been considered� In particular� X and R appearing in ��� are the reac�
tance and the resistence per unity length� respectively� Furthermore� in the
charged�particle beam dynamics� the physical origin of the integral�memory
term is that it accounts for the resistive tension per unity length along the
pipe of the machine�
It is whorth to remark that these approches to the modulational instability
analysis with memory e�ects have been carried out with the standard tech�
niques in con�guration space� In this framework� no phenomena of the kind
of Landau damping �	 was possible to predict� Only more recently� a Landau�
type damping has been predicted for e�m� wavepackets whose propagation is
governed by Eq� ��� �
� The analysis has been carried out in phase space
making use of the Wigner transform and the von Neumann equation� As a
consequence of this result� the Landau damping phenomenon �	 is automati�
cally predicted for all the NLSEs ���� ���� ���� and ���� quoted above� in the
special case of constant or zero external potential�
In this paper� we present in a review form all the results concerning both
the modulational instability analysis and the Landau damping prediction ob�
tained with the above NLSEs�
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� FORMULATION OF THE PROBLEM

In order to include all the physical cases quoted in the sections �������� we
carry out the approach starting from Eq ��� with an arbitrary functional
F
�
j
j�

�
�

We assume that an equilibrium state for the system exists and is represented
by a wavefunction 
��x� s� for which

F
�
j
�j

�
�

�   ����

For simplicity we con�ne our analysis to the case of constant or zero external
potential� Thus� we want to show that	

� Nonlinear wavepacket propagation can be also suitably described in phase
space with a kinetic�like equation

� MI of a monochromatic wavetrain is formally identical to CI of a coasting
beam

� The concept of coupling impedance for the wavepacket propagation can
be naturally introduced

� A sort of Landau damping for a wavepacket is predicted

� WIGNER PICTURE ASSOCIATED WITH NLSE

According to the last part of section ���� to provide for a Landau damping
description within the context of the nonlinear dynamics governed by an arbi�
trary NLSE a transition to the phase�space framework is very helpful � Such
a kind of transition can be easily performed by using the Wigner transform
of the complex amplitude 
�x� s�� This allows us to write a sort of von Neu�
mann equation for the Wigner function �w�x� p� s� ��� p � dx�ds being the
conjugate momentum associated with x� First of all� we observe that Eq� ���
can be cast in the form	
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where U is the following arbitrary nonlinear potential	
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with � � �P and F
�
j
j�

�
obeys to the condition ����� namely	

F �
�� �   ����
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Note that� in particular� the nonlinear potential with the memory term
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�j
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associated with ��� and ��� obeys to this condition�
We now transit from con�guration space to phase space by the following
Wigner�like transform �� 	
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The following normalization condition is also assumed	Z
�
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dx
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We observe that� if 
 satis�es Eq�n ����� then �w satis�es the following von
Neumann�like equation 	
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On the other hand� ���� implies that
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Consequently� ��� can be expressed as a functional of �w	
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where j
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���p� dp�

In particular� the nonlinear potential with the memory term ���� can be cast
as	

U � �X�

Z
�
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��w � ��� dp �R�

Z
dx

Z
�

��

��w � ��� dp � � ����

which trivially satis�es the condition ����� Thus� ���� and ��� �or� in par�
ticular� ���� and ���� � constitute a set of coupled equations governing the
nonlinear propagation of an electromagnetic wavepacket� In order to get the
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linear dispersion relation of the system� we can perform the Fourier analysis�
after linearizing the set of equation ���� and ��� �or� in particular ���� and
���� �� The procedure is similar to the one of Vlasov�Poisson used in plasma
physics �	���� Likewise� in the longitudinal dynamics description of charged�
particle beams� travelling through the pipe of a circular accelerating machine�
Vlasov equation is usually coupled with a relationship which connects the
longitudinal electric voltage per turn with the beam current ���

� LINEARIZATION

Let us start from the equilibrium state	 �w � ���p�� U � U� � U ���� � �
and perturb the system according to	

�w�x� p� s� � ���p� � ���x� p� s� � ����

U �x� s� � U� � U��x� s� � U��x� s� � ����

where ���x� p� s� and U��x� s� are �rst�order quantities� Consequently� ����
and ���� can be linearized as follows	
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where �
�n���
� � d�n�����dp

�n��� Additionally� linearization of Eq� ���� gives
�with obvious meaning of symbols� that	

n�x� s� � j
�x� s�j� �

Z
�

��

�w�x� p� s� dp � n� � n��x� s� � ����

where n� � j
�j
� and n��x� s� �

R
�

��
���x� p� s� dp is the density perturbation

in con�guration space �i�e�� the perturbation of the e�m� power density in case
of e�m� wavepacket��

�
	 The concept of coupling impedance

Let us introduce the Fourier transform of U �x� s� and ���x� p� s�� i�e�	

U��x� s� �

Z
�

��

dk

Z
�

��

d� fU��k� �� exp �ikx� i�s� � ����

���x� p� s� �

Z
�

��

dk

Z
�

��

d� e���k� p� �� exp �ikx� i�s�  ����
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Note that
R
�

��
e���k� p� �� dp is the Fourier transform of the density pertur�

bation n��x� s�� Thus	

n��x� s� �

Z
�

��

dk

Z
�

��

d� eikx�i�s
Z
�

��

e���k� p� ��dp  ����

Let us now observe that� by de�nition� the Fourier transform of the density
n�x� s� is the characteristic function G�k� ��� Thus� it follows that G��k� �� �R
�

��
e���k� p� �� dp is its �rst�order perturbation� We de�ne the wavepacket

coupling impedance Z as the following ratio	

Z �
k

�

fU��k� ��
iG��k� ��

� Z�k� ��  ���

Consequently� Z�k� �� plays the role of transfer function of the system� its
analytical properties account for stability features� Since it is evident that Z
is a complex quantity� let us put	 Z � ZR � i ZI � ZR and ZI being real and
imaginary part� respectively�
It is easy to see that in the special case of potential with the memory term
given by ���� we have	

fU��k� �� �
k

�
�R� ikX � iG��k� �� � ����

which implies that	

ZR � R � and ZI � i kX  ����

�
� Linear dispersion relation

Fourier transform of ���� gives

e���k� p� �� �
�� �p� �k��� � �� �p� �k���

�

fU��k� ��
kp� �

� ����

which combined with ��� �or in particular with ���� � allows us to get the
following dispersion relation	

� � i Z�

Z
�

��

�� �p� �k��� � �� �p� �k���

�k

dp

kp� �
 ����

This relation plays a role similar to the one played by the dispersion relations
obtained in the linear Vlasov theory for both plasma waves �� and charged�
particle beams ��� In the next sections we carry out an analysis in phase space
to describe the modulational instability in a new way �with respect to the
standard approach given in con�guration space� and predict a phenomenon
fully similar to the one known as Landau damping �	�
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� MODULATIONAL INSTABILITY ANALYSIS FOR

MONOCHROMATIC WAVE TRAINS

In the limiting case of monochromatic wavetrain the equilibrium distribution
function is a delta�function� i�e�

���p� � n���p� � ����

n� being constant�Thus� ���� reduces to	

� � � i n�
Z

k

	
�

�k��� � �
�

�

�k���� �



� ����

which can be cast in the form	

�� �
��k�

�
� i�n�kZ  ����

From ���� we can see that � can be complex� namely we can write	

� � �R � i �I  ����

By separating ���� in its real and imaginary parts� we �nally get

ZI � �
�k

�n���I
Z�
R �

��I
�n�k

�
�k�

�n�
 ����

The dispersion relation ����� for given value of � and k� determines a con�
nection between ZI � ZR� and the growth rate �I � In the �ZR� ZI��plane we
have a family of symmetric parabolas around ZI �axis� whose concavity orien�
tation depends on the sign of �� parametrized with respect to �I � with the
following features� Eq� ���� fully recovers the results of the modulational
instability analysis that has been recently carried out in con�guration space
for the NLSE with the nonlinear potential including the memory term similar
to the one de�ned by Eq� ���� �
�

Since the condition �I ��  ��I � � gives the instability �stability� of
the system� ���� provides for universal charts of instability �stability� in the
�ZR� ZI��plane� which are very similar to the ones obtained in particle acceler�
ators with the standard Vlasov theory for coherent instability ��� In fact� for
�I � � the parabolas collapse into a vertical straight line on ZI�axis given
by the condition	 �� � ZI � �k���n�� for � � � and �k���n� � ZI � ��
for � � �

The above straight line represents the stability region of the system which
is enclosed by all the parabolas� This means that all the points in the �ZR� ZI��
plane for which ZR �� � represent unstable states of the system�
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In the case ZR � � we are dealing with the cubic NLSE� It is easily
seen from ���� that ��I �

�
ZI�� ��k���n�

�
n�k� Consequently� the instabil�

ity condition is now ZI � � ��k���n�� Of ourse� the opposite inequality
represents the stability condition�

If �k �� �� ���� gives the instability charts which formally coincide with
the ones of coherent instability of a coasting beam� i�e

ZI � �
n��k

���I
Z�
R �

��I
�n�k

 ���

This relation shows clearly that the stability region �for ZR � � corresponds
to the interval of ZI satisfying the condition	

ZI � �  � ����

and� consequently� instability is obtained for

ZI � �  � ����

which coincides with the well known Lighthill criterion �� of modulational in�
stability associated with the cubic NLSE� Eq�s ���� and ���� formally coincide
with coherent stability and instability conditions� respectively� provided that
ZI and � are formally replaced by the longitudinal coupling impedance and
the slip factor of a coasting beam� respectively�

� MODULATIONAL INSTABILITY ANALYSIS FOR

NONMONOCHROMATIC WAVE TRAINS AND LARGE

PHASE VELOCITIES� PREDICTION OF WEAK

LANDAU DAMPING

In this section we con�ne our attention to the case of non�monochromatic
wavetrains which correspond to the assumption that ���p� is not a della func�
tion but has a �nite spread in the p�space� Additionally is assumed that
each Fourier component of perturbation of the wave train has a very large
phase�velocity� which corresponds to the condition ��k �� ��

�
	 Case of �k �� �

Since �k �� �� we have	

�� �p� �k��� � �� �p� �k���

�k
� d���dp � �

�

�  ����
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Consequently� Eq� ���� becomes	

� � i�Z�k� ��

Z
�

��

�
�

�

kp� �
dp  ����

Eq� ���� is formally identical to the linear dispersion relation that holds for
warm plasma waves �� or for non�monochromatic charged�particle bunches in
circular accelerating machines ��� the former being related to the case of a
purely imaginary Z and the latter being related to a more general complex
Z�
We note that the limit of small wavenumbers here considered allows us to
predict a sort of weak Landau damping� as described in plasma physics as
well as in charged�particle beam physics� We call this phenomenon quantum�

like Landau damping �QLLD��

A� If we assume that ZR � � thus Z � iZI � ���� becomes	

� � � �ZI

Z
�

��

�
�

�

kp� �
dp  ����

Provided that � ZI � � by replacing �� ZI with the ratio ��p�k
� ��p being

the electron plasma frequency�� Eq� ���� becomes formally identical to the
linear dispersion relation for a warm unmagnetized electron plasma� which
predicts the existence of Landau damping �	���� Consequently� following the
well known Landau method �	���� and using the small wavenumber approxi�
mation� we easily get the following dispersion relation	

� � � � k X
h
D��� k� � i

�

k
�

�

����k�
i

� ����

where

D��� k� �

Z
PV

�
�

�

kp� �
dp ����

is the principal value of the integral in �����

B� In the case ZR �� � the analysis can be carried out as in the case of a
charged�particle beam in a circular accelerating machine� Thus� following the
standard treatment of accelerator physics ��� we have	

VR � i VI � �

�
ZR
k

� i
ZI
k

�
� �

�
i

Z
PV

�
�

�

p � �ph
dp � � �

�

���ph�

���
�

����
where VR � �ZR�k� VI � �ZI�k� and �ph � ��k� This equation determines a
relationship between VR� VI � and �ph � In principle� �ph is a complex quantity�
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Thus� we put	 �ph � �R � i �I � Consequently� we can plot curves in the
VR�VI plane for a given equilibrium distribution funtion ���p� and for di�erent

growth rates �I � For instance� we assume ���p� �
�
�� p���

��
����� which

is plotted in Figure �� Figure � shows these curves� for �k � � and for
the smooth distribution plotted in Figure �� This picture is analogous to the
one for charged�particles in circular accelerating machines in which coherent
instabilities �for instance� the negative�mass instability� competes with Lan�
dau damping to produce stability diagrams ��� We would like to stress that
Figure � represents a sort of universal stability chart for the nonlinear wave
packet propagation as described by NLSE ���� Any impedance Z leading
to a �VR� VI� pair belonging the area surrounded by the curve with �I � 
corresponds to a stable operation�

�
� Case of arbitrary �k

When the �k assumes arbitrary values� approximation ���� is no longer valid�
In this case� the instability analysis must be carried out directly with Eq� �����
To perform the integration� the residui theory can be applied as in the previous
case� Figure � shows the instability charts in the �VR� VI� plane produced by
����� for �k � ��and for �� plotted in Figure �� Note that the stability region
are enlarged with respect to the one corresponding to �k � ��
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Figure �� Instability chart for �k 	 ��� and for �� plotted in Figure �� The area inside
the curve with �I 	 � represents the stability region� For increasing values of �I ��I 	
�� ��� ��� ���� the curves plotted cover in the instability region� They are a sort of �deformed
parabolas�� However� as �I increases more and more� their shapes become more and more
similar to the parabolas described by Eq� ���� as given in the monochromatic case� We
note that in the present case the stability region is larger� This e�ect� together with the
deformation of the above parabolas� is due to the stabilizing e�ect of the quantum	like
Landau damping of the wave packet which exists for a p	distribution with non
negligible
spread� In fact� in this case� the stabilizing e�ect is in competition with the modulational
instability�

	 CONCLUSIONS

In this paper an analysis to describe modulational instability and predict
the phenomenon of Landau damping in a wide class of nonlinear Schr�odinger
equations has been carried out� This has been done in phase space by us�
ing the Wigner transform to get a von Neumann equation� The main results
of recent investigations of MI in NLSEs has been reviewed� In particular� a
recently proposed integro�di�erential NLSE� containing a memory term� has
been taken into account� The above phase�space framework has provided for
a kinetic�like description of the nonlinear dynamics governed by NLSE which
is very natural for predicting the Landau damping in a way fully similar to
the one in plasma physics and in particle accelerators� Remarkably� in this
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Figure �� Instability chart for �k 	 �
� �� plotted in Figure �� and for encreasing values
of �I ��I 	 �� ��� ��� ���� In this case� the area inside of the stability region ��I 	 �� is
larger than the one of �k �� � �compare with Figure ��� The �deformed parabolas� do
not coicide with the case of Figure �� However� as �I is encreasing� also in this case the
deformation becomes more and more negligible and the parabolas shown is Figure � are
exactly recovered for very large values of this parameter�

framework the concept of coupling impedance comes out very easily� Insta�
bility charts in the normalized impedance plane� similar to the accelerator
ones� have been plotted for a tipical smooth ���p�� The plot corresponding
to the case �k �� � �see Figure � where �k � �� exactly reproduces the
corresponding charts of particle accelerators� whilst the case corresponding to
larger values of this parameter �see Figure � where �k � ��� shows a larger
stability region�
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Introducing a description of the collective transverse dynamics of charged �proton�
beams in the stability regime by suitable classical stochastic �uctuations� we show
that the transition probabilities associated to Nelson processes can be exploited
to model evolutions suitable to control the transverse beam dynamics� In partic�
ular we show how to control� in the quadrupole approximation to the beam��eld
interaction� both the focusing and the transverse oscillations of the beam� either
together or independently�

� Introduction

In this paper we study the intermediate� but physically relevant� regime of
beam dynamics in which a balance is realized� on the average� between the
energy dissipation and the external RF energy pumping �� We thus describe
the beam dynamics exploiting the theory of classical stochastic dynamical sys�
tems with time�reversal invariance� which has been introduced and extensively
studied in the context of Nelson stochastic mechanics �� The study of these
dynamical systems is based on an extension of the variational principles of
classical mechanics to include the case of a di�usive kinematics replacing the
deterministic one �� This is remarkable since variational principles are a very
powerful tool in the description of physical systems� Here the stochastic vari�
ational principle yields two coupled hydrodynamic equations� respectively for
the density and for the forward drift� which provide an e�ective description of
the transverse oscillations of the beam pro�le in the regime of stability�

On the other hand� it is also interesting to remark that the two real�
nonlinearly coupled hydrodynamic equations of the stochastic mechanics are
equivalent to one complex� linear equation of the form of a Schr�odinger equa�
tion� with the Planck action constant replaced by the di�usion coe�cient of

	



the random kinematics� This fact connects our stochastic approach� which is
developed in full detail elsewhere �� to the recently developed quantum�like
approaches to beam dynamics �� Moreover� since this description involves not
only a Fokker�Planck equation but also a dynamical prescription� i�e� the
speci�cation of the external potential� it allows to implement the powerful
techniques of active control � also to beam dynamics� This is at variance with
the case of a purely dissipative Fokker�Planck dynamics which only describes
a passive� irreversible evolution of the state ��

In fact� once we obtain the description of the collective dynamics of the
beam in terms of the hydrodynamic equations of Nelson stochastic mechanics
with the proper di�usion coe�cient� we can implement techniques of control
already developed in the general context of stochastic dynamical systems ��
These techniques exploit the transition probabilities� a fundamental object in
the theory of di�usion processes� in order to drive the beam toward a spec�
i�ed and controlled evolution� In particular� we construct time�dependent
potentials which drive the system from an initial state with a certain degree
of collimation towards a �nal state characterized by a better focusing� At the
same time� and independently� also the transverse betatron oscillations can be
controlled and varied�

� Stochastic collective dynamics in the stability regime

In this section we model the spatial 
uctuations through the random kinemat�
ics performed by a representative particle that oscillates� in a reference frame
comoving with the bunch� around the closed ideal orbit� This representative
particle is identi�ed with the collective degree of freedom by letting the as�
sociated probability density coincide with the real density of particles in the
bunch� This last step is achieved by rescaling the normalization of the total
number of particles� Before proceeding� we establish the notations that will be
used in the following� according to the standard conventions�

We denote by r � �x� y� a point in the transverse section orthogonal to the
beam direction� We then measure the time in units of length through the arc
length s along the design orbit �curvilinear coordinate�� We now consider the
�two�dimensional� di�usion process q�s� which describes the transverse motion
of the representative particle and whose probability density coincides with the
particle density of the bunch in the transverse direction� The evolution in the
time� s of the process q is described by the It�o stochastic di�erential equation

dq�s� � v�	
�q�s�� s�ds�
p
Edw�s� � �	�

where v�	
 is the �forward� drift� and dw�s� � w�s � ds� � w�s� is the ��
correlated time increment of the standard white noise� and where we have
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�xed the di�usion coe�cient to be the characteristic transverse emittance�
Equation �	� de�nes the random kinematics performed by the collective degree
of freedom�

In the stability regime the energy lost by photonic emissions is regained in
the RF cavities� and on average the dynamics is time�reversal invariant� We
are thus in a situation in which there are both a random kinematics and time
reversal invariance� Therefore the dynamics must be independently added
to the kinematics �at variance with the purely dissipative Fokker�Planck or
Langevin case� by introducing a stochastic generalization of the least action
principle �� The latter is obtained as a generalization of the variational princi�
ple of classical mechanics� by replacing the classical deterministic kinematics�
dqc�s� � vc�s�ds� with the random di�usive kinematics of equation �	�� The
equations of motion thus obtained take the form of two coupled hydrodynamic
equations describing the evolution in time of the beam density and of the
velocity �eld of the beam pro�le�

As a �rst consequence of the stochastic variational principle � we �nd that
the current velocity has a gradient form�

mv�r� s� � rS�r� s� � ���

The two �nonlinearly coupled� Lagrange equations of motion for the density �
and for the current velocity v� of the form ��� are� the continuity equation

�s� � �r � ��v� � ���

and a dynamical equation

�sS �
m

�
v� � �mE�r

�p�p
�

� V �r� s� � � � ���

This dynamical equation is typical for time�reversal invariant di�usion pro�
cesses �Nelson processes�� It has the same form of the Hamilton�Jacobi�
Madelung �HJM� equation� originally introduced in the hydrodynamic descrip�
tion of quantum mechanics by Madelung �� It can also be shown that ��� it is
equivalent to the standard Fokker�Planck equation

�s� � �r � �v�	
�� � E r�� � ���

The time�reversal invariance is assured by the fact that the forward drift ve�
locity v�	
�r� s� is not a �eld given a priori� as usual for di�usion processes
of the Langevin type� On the contrary� given a certain initial condition� it is
dynamically determined at any instant of time by the HJM evolution equa�
tion ����
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The equations ��� and ��� describe the collective behaviour of the beam
at each instant of time through the evolution of both the beam pro�le and the
velocity �eld of the beam�

It is �nally worth noticing that� introducing the trivial representation �

��r� s� �
p
��r� s� eiS�r�s
��mE � ���

the coupled equations ��� and ��� are equivalent to a single linear equation of
the form of the Schr�odinger equation in the function �� with the Planck action
constant replaced by the emittance E �

i�mE�s� � ��mE�r�� � V � � ���

In this formulation the wave function� � carries the information on both the
dynamics of the bunch density �� and of the velocity �eld of the bunch� where
the velocity �eld is determined through equation ��� by the phase function
S�r� s�� This shows� as previously claimed� that our procedure� starting from
a di�erent point of view� leads to a description formally analogous to that of
the quantum�like approaches to beam dynamics ��

� Controlled beam dynamics in the quadrupole approximation

We now move on to construct explicit examples of controlled beam dynamics�
In considering an accelerating machine we assume� as usual� that the longi�
tudinal and the transverse dynamics can be deemed independent with a high
degree of approximation� We will work in the framework of the quadrupole
approximation� with the further simpli�cation of considering decoupled evo�
lutions along the radial direction x and the vertical direction y in the local
reference frame�

Under these conditions� we can separate the original� two�dimensional
di�usion process into two independent� one�dimensional processes respectively
along x and y� each ruled by a harmonic potential� The con�gurational variable
� of the previous section can here indi�erently be either x or y depending on
the considered transverse direction� The potential in each transverse direction
has� in units of mass� the general form�

V ��� s� �
	

�
m���s��� �mf�s�� �mU�s� � ���

We have considered here a time�dependent frequency �parametric oscillator�
in order to describe also the e�ects due to strong focusing �� Our aim is now
to exploit the hydrodynamic equations ��� and ��� as control equations for the
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beam dynamics� In particular� we will show how to compute a controlling�
time�dependent potential which allows to drive a bunch prepared in a state
with a certain degree of collimation towards a �nal state with better focusing�

We consider a Gaussian shape for the initial density pro�le of a bunch in
each transverse direction� with constant dispersion� and with the centre of the
pro�le which performs a classical harmonic motion with the same frequency
associated to the initial potential ���� The motion of the centre models the
betatron oscillations of the bunch� In our quantum�like approach� the state
of the bunch is thus formally represented by a coherent state� As anticipated
at the end of the previous section� we will now consider an instance of con�
trolled evolution that does not require an extra smoothing procedure for the
driving velocity �eld� i�e� the transition between pairs of Gaussian densities�
In particular we will describe transitions from a coherent oscillating packet to
another Gaussian state with a better collimation �smaller dispersion�� It is
worth noticing that we can also implement a procedure that allows to vary in�
dependently the dispersion �collimation� of the bunch density and the motion
of the centre of the density pro�le �characteristics of the betatron oscillations��

To this end we will recall that if the velocity �eld of a Fokker�Planck
equation ��� with constant di�usion coe�cient E �the transverse emittance�
has the linear form v�	
��� s� � A�s� � B�s��� with A�s� and B�s� continuous

functions of s� then there are always Gaussian solutions N �
	�s�� 
�s�

�
� where

	�s� is the displacement of the centre of the Gaussian distribution and 
�s� is
the variance of the Gaussian distribution�

As previously stated� all along the time evolution our states keep a Gaus�
sian shape for the density� and the centre of the density pro�le performs an
arbitrarily assigned motion� Then� if we adopt the concise quantum�like rep�
resentation of the bunch state ��� it is straightforward to show that the general
form for the wave packet will be�

���� s� � ���
����� exp

�
� �� � 	��

�

�

i

�mE
�
m	�� �m


�

�

�� � 	�� � �

��
�

���
while the forward velocity �eld reads

v�	
��� s� � 	� �

� � �E
�


�� � 	� � �	��

Here the s�dependent functions 	�s� and 
�s� describe respectively the motion
of the centre of the density pro�le and the spreading of the bunch density in
the chosen transverse direction� on the other hand ��s� plays the role of an
arbitrary integration constant� Of course a suitable potential must also be
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tailored in order to keep the evolution of the wave function ��� on the right
track� we will show that in fact this control potential has the form suggested
in ����

The equation ��� represents the most general Gaussian packet� with a given
generic motion 	�s� of its centre and with a given dispersion 
�s�� associated
to a linear form of the forward velocity in the Fokker�Planck equation ����
This also allows us to keep independent the initial and the �nal motion of
the centre of the packet from the dispersions� As a �rst example let us now
consider the transitions between two states of the form ��� with constant dis�
persion and with a harmonic motion of the centre of the pro�le� If initially
�namely for s �  � where from now on  is the transition instant� we start
with 
�s� � 
� and 	�s� � a� cos���s�� we will have an initial Gaussian density
pro�le with spreading 
� and with harmonic betatron oscillation of frequency
�� � E�
�� We now want to drive the system towards a �nal �for s � �
state of the form ���� but with a spreading 
� � 
� �better collimation� and
a new betatron oscillation 	��s�� To this end we only need to put in the
solution N �	�s�� 
�s�� two functions 	�s�� 
�s� which interpolate between the
corresponding initial and �nal functions of the motion of the centre� and of the
spreading respectively� Moreover� with a suitable choice of the ��independent
part of the phase function in ���� the forward velocity �eld will also smoothly
interpolate between the initial and the �nal velocity �elds �� The control po�
tential which drives the solution toward the required end is �nally obtained
with �� given by the interpolating solution N �	�s�� 
�s��� and with v�	
 given
by the associated forward velocity� Of course there is a large number of pos�
sible choices for the interpolating functions 	�s�� 
�s�� this will allow us to
single out the forms that better realize speci�c requirements� For example� it
is possible to choose a characteristic transition time �the time needed to go
from the initial to the �nal state� by inserting exponential relaxation terms in
the interpolating functions�

We will now present a few explicit examples of transitions� Our initial
�s� � Gaussian� coherent� oscillating wave function has the form

����� s� � ���
��
���� exp

���� � a� cos��s�
�

�
�

�
� �		�

�i exp ��a�� sin��s� a�� sin ���s� �
���s

�
�
� �

where we must also remember that

�� �
E

�

� �	��
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The relation �	�� means that our initial potential is purely harmonic with
frequency ��� From the wave function �		� we have

	�s� � a� cos��s � a� cos

�Es

�

�
� 
�s� � 
� � �s� � � �	��

As for the initial phase function� by inspection of equations �		� and ���� and
by taking �	�� into account� we immediately get

S��� s� � m��

�
a��
�
sin ���s� Es� a�� sin��s

�
� �s� � � �	��

First of all we want to describe the �smooth� transition of our initial wave
function to a �nal one of the same form but characterized by a new set of
parameters�

a� � a� � 
� � 
� � �� �
E

�
� �� �

E

�

� �	��

The choice �	�� also means that the �nal potential is still purely harmonic
with a new frequency ��� In order to achieve that we consider for example the
function

 �s� �
	

	 � e��s��
��
�	��

which smoothly goes from � �for s � � to 	 �for s � � with a 
ex point
in s �  and a transition velocity equal to 	��� Of course here  and � are
completely free parameters� a suitable choice of them will allow to �ne tune
the timing and the velocity of the transition� Now the required transition is
implemented by choosing 	�s� � a� cos�Es�
���	�  �s�� � a� cos�Es�
�� �s��
and 
�s� � 
��	�  �s�� � 
� �s�� which clearly interpolates between the two
initial and �nal Gaussian� coherent� oscillating states�
The phase function can now be calculated from ��� and we have

S��� s� � m
�
��s��� � ��s�� �H�s� � ��s�

�
�	��

��s� �

�

�

� ��s� � 	� � 	
�

�

� H�s� �


�	�

�

� �	��

Since �� � and H are now �xed by the chosen interpolating 	�s� and 
�s�� a
comparison between �	�� and �	��� and in particular between the asymptotic
�s � �	� expressions of the ��independent term of the phase� will suggest
the following form for the arbitrary ���s� function �where ���s� � ��s� �H�s���

��s� �

�Ea��
�
�

sin

�
�Es

�

�
� E

�s


�

�
�	�  �s�� �

�Ea��
�
�

sin

�
�Es

�

�
� E

�s


�

�
 �s��

�	��

�



Finally the potential will have the form

Vc��� s� � m

�
	

�
G�s��� � F �s�� �W �s�

�
� G�s� �

E�

�
� 
��

�

�


��

�
�
� ����

F �s� � 	�� � 	G � W �s� �
G	�

�
� 	��

�
� E

�



� ���s� � ��	�

where now all the terms are given by the previous relations�
As already remarked this potential has exactly the form ���� The functions
��s�� ��s�� G�s�� F �s� and W �s�� which determine the potential� can now be
explicitly calculated� However their analytic expressions are by far too long
�albeit elementary�� and we do not report them here� They are plotted in ��

The potential Vc has the required time behaviour since it is a simple har�
monic potential for s �  and s �  �albeit with two di�erent frequencies��
and shows some extra terms only in a limited interval around the transition�
Of course this does not constitute the only potential we can obtain in this
way� For example the function 	�s�� instead� could be chosen in such a way
that the oscillation of the centre of the pro�le be slower than the initial one�
despite the fact that the better collimation requires a �nal potential associated
to a frequency �� � E�
� larger than the initial one and then to a stronger
betatron oscillation� This can be achieved by keeping a suitable forcing part
F �s� di�erent from zero also for s�  � namely in this case the �nal potential
does not reduces itself to a simple harmonic one� It is easy to show that if the
�nal oscillation has the generalized form

	�s� � a cos��s� �
b

m
sin��s�� ����

with � not coincident with E�
� the forcing function F �s� calculated from ����
will correspondingly be

F �s� � m

�
�� � E

�


�

��
a cos�s�

b

m
sin�s

�
� ����

In this case the potentials are more complicated but can still be suitably ex�
plored by means of our method� As an example we consider the case where
the �nal state is characterized by two independent parameters� �� for the fre�
quency and 
� for the packet spreading� Now a relation similar to �	�� will be
no longer satis�ed� As a consequence the original choice of interpolating 	�s�

and 
�s� will be changed in 	�s� � a� cos
	
Es
��



�	 �  �s�� � a� cos ���s�  �s�

and 
�s� � 
��	 �  �s�� � 
� �s�� while we get a new determination for the
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arbitrary ���s� function�

���s� �

�Ea��
�
�

sin

�
�Es

�

�
� E

�s


�

�
�	�  �s�� �

�
��a

�
�

�
sin ����s�� E��s

�
 �s��

����
The functions de�ning the time evolution of both the phase and the potential
can now be calculated once more and we �nd that� the functions ��s�� ��s�
keep a form very similar to the previous one� Instead the new G�s� displays
an opposite behaviour� since the �nal frequency �� is smaller than the initial
frequency ��� and thus the betatron oscillations are suppressed� Regarding
the functions F �s� and W �s�� they do not disappear any more for s �  �
so that asymptotically we do not have a purely harmonic potential since now
in ��� both the term linear and that constant in � will be present for every
s �  � However it is clear that other choices are always possible� for example
the arbitrary function ��s� could be de�ned so that in ���� the ��independent
term W �s� of the potential Vc be identically zero� Of course there would be a
price to pay for that� in fact now in the phase function S the ��independent
term will no more follow an asymptotic behaviour of the type �	�� since the
relation ���� will no more be satis�ed�
In the most general case of transitions between states with non constant dis�
persion �strong focusing� it is clear that the procedure can also be suitably
extended� In fact it is su�cient to exploit for instance the expressions for the
interpolating dispersion� but with time dependent initial and �nal dispersions

��s� and 
��s�� The general form ���� of the controlling potential is thus cal�
culated� but with a new expression for 
�t�� Finally� also the initial and �nal
laws of motion of the pro�le centre� 	��s� and 	��s�� can always be chosen as
in the previously discussed example� However� in this case� a forcing part F �s�
is needed to retain the oscillatory motion ���� for s�  �

In future work we will study the extension of these control techniques
beyond the quadrupole approximation and address in detail problems related
to dynamical instabilities and halo formation� This latter problem has recently
been addressed in the framework of a quantum�like approach ��
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A general procedure for construction of the formalism of quantum beam optics for

any particle is reviewed� The quantum formalism of spin� �
�
particle beam optics is

presented starting ab initio with the Dirac equation� As an example of application

the case of normal magnetic quadrupole lens is discussed� In the classical limit the

quantum formalism leads to the well�known Lie algebraic formalism of classical

particle beam optics�

� Introduction

Whenever the possibility of a quantum formalism of particle beam optics is
mentioned the immediate response� invariably� in the accelerator physics com�
munity is to ask what is the need to use quantum mechanics when classical
mechanics has been so successful in the design and operation of numerous
accelerators� Of course� this is a natural question and� though the system
is quantum mechanical at the fundamental level� in most situations classical
mechanics is quite adequate � since the de Broglie wavelength of the �high
energy� beam particle is very small compared to the typical apertures of the

cavities in accelerators as has been pointed out clearly by Chen� � But� the re�
cent attention to the sensitivity of tracking of particle trajectories to quantum
granularities in the stochastic regions of phase space � and the limits placed
by quantum mechanics on the achievable beam spot sizes in accelerators �

clearly indicates the need for a formalism of quantum beam optics relevant
to such issues� � Besides this� with ever increasing demand for higher ener�
gies and luminosity and lower emittance beams� and the need for polarized
beams� the interest in the studies on the various quantum aspects of beam
physics is growing� � So� it is time that a quantum formalism of particle beam
dynamics is developed in which all aspects �optical� spin� radiation� � � �� etc��
are considered in a uni�ed framework�

The grand success of the classical theories accounts for the very few quan�
tum approaches to the charged�particle beam optics in the past� Notable
among these are�
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� 	
�� Glaser� Quantum theory of image formation in electron microscopy
� Semiclassical theory based on the nonrelativistic Schrodinger equation� �

� 	
�� Rubinovicz� 	
�� Durand� 	
�� Phan�Van�Loc� Studies on electron
di�raction based on the Dirac equation� �

� 	
�� Ferwerda et al�� Justi�ed the use of scalar �Klein�Gordon� equation
for image formation in practical electron microscopes operating even at
relativistic energies� �

� 	
�
�
� Jagannathan et al�� The �rst derivation of the focusing theory
of electron lenses using the Dirac equation� � 	

�� Quantum theory of
aberrations to all orders using the Klein�Gordon theory and the Dirac
Theory� 	 	

�� Spin dynamics of the Dirac particle beam� �


The formalism of quantum theory of charged�particle beam optics devel�
oped by Jagannathan et al�� based on the Klein�Gordan and Dirac equations�
provides a recipe to work out the quantum maps for any particle optical sys�
tem up to any desired order� ����� The classical limit �de Broglie wavelength
�� �� of this quantum formalism reproduces the well�known Lie algebraic
approach of Dragt et al� �� for handling the classical beam optics� Spin evolu�
tion� independent of orbital motion� can also be treated classically using the
Lie algebraic approach� �� This brief note is to present the essential features
of the quantum formalism of spin� �� particle beam optics based on the Dirac
equation�

� The general formalism of quantum beam optics

In many accelerator optical elements the electromagnetic �elds are static or
can be reasonably assumed to be static� In such devices one can further ignore
the times of �ights which may be negligible� or of no direct relevance� as the
emphasis is more on the pro�les of the trajectories� The idea is to analyze the
evolution of the beam parameters of the various individual charged�particle
beam optical elements �quadrupoles� bending magnets� � � �� along the optic
axis of the system� Let us consider a charged�particle at the point �r�� sin�
where r� is the transverse coordinate and s refers to the coordinate along
the optic axis� After passing through the system this particle arrives at the
point �r�� sout�� Note that �r�� s� constitute a curvilinear coordinate system�
adapted to the geometry of the system� Given the initial quantities at an sin�
the problem is to determine the �nal quantities at an sout� and to design an
optical device in such a way that the relations between the initial and �nal
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quantities have the desired properties� Since we want to know the evolution of
the beam parameters along the optic axis of the system the starting equation
of the quantum formalism should be desirably of the form

i�h
�

�s
��r�� s� � �H��r�� s�� �	�

linear in ���s� irrespective of the basic time�dependent equation �Schrodinger�
Klein�Gordon� Dirac� � � �� governing the system� So the step � I of building
the quantum formalism is to cast the basic equation of quantum mechanics�
relevant for the system under study� in the form �	�� Once this is done the
step � II would be to obtain the relationship for the quantities at any point s to
the quantities at the point sin� This in the language of the quantum formalism
would require to obtain the relationship for an observable fhOi �s�g at the
transverse plane at s to the observable fhOi �sin�g at the transverse plane at
sin� This can be achieved by integrating �	�� Formally�

� �r�� s� � �U �s� sin�� �r�� sin� � ���

which leads to the required transfer maps

hOi �sin� �� hOi �s� � h� �s� jOj� �s�i �
D
� �sin�

��� �U yO �U
���� �sin�

E
� ���

Equation �	� is the basic equation of the quantum formalism of charged�
particle beam optics and we call it as the beam optical equation� �H as the
beam optical Hamiltonian and � as the beam optical wavefunction�

To summarize� we have a two�step algorithm to build a quantum formal�
ism of charged�particle beam optics� On may question the applicability of
the two�step algorithm� Does it always work� From experience we know that
it works for the Schrodinger� Klein�Gordon and Dirac equations� The above
description gives an oversimpli�ed picture of the formalism than� it actually
is� There are several crucial points to be noted to understand the success of
the two�step algorithm� The �rst step in the algorithm to obtain the beam op�
tical equation is much more than a mere mathematical transformation which
eliminates �t� in preference to a variable �s� along the optic axis� There has
to be a clever set of transformations ensuring that the resultant s�dependent
equation has a very close physical and mathematical analogy with the origi�
nal t�dependent equation of the standard quantum mechanics� Without this
guiding requirement it would not be possible to execute the second step of
the algorithm which ensures that we can use all the rich machinery of the
quantum mechanics to compute the transfer maps characterizing the optical
system� This summarizes the recipe of obtaining the quantum prescriptions
for the optical transfer maps� Rest is mostly a computational a�air which
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is inbuilt in the powerful algebraic machinery of the algorithm� As in any
computation� there are some reasonable assumptions and some possible ap�
proximations coming from physical considerations� It is important to note
that in the case of the Schrodinger� Klein�Gordon and Dirac equations the
beam optical forms obtained are exact� Approximations necessarily enter
only in the step � II of the algorithm� i�e�� while integrating the beam optical
equation and computing the transfer maps for the quantum averages of the
beam observables� As in the classical theory� the approximations arise due
to the fact that only the �rst few terms are retained in the in�nite series
expansion of the beam optical Hamiltonian� The beam optical Hamiltonian
is obtained as a power series in j����p
j where p
 is the design �or average�
momentum of the beam particles moving predominantly along the optic axis
of the system and ��� is the small transverse kinetic momentum� The leading
order contribution gives rise to the paraxial or the ideal behavior and higher
order contributions give rise to the nonlinear or aberrating behavior� Both
the paraxial and the aberrating behaviors deviate from their classical nature
by quantum contributions which are in powers of the de Broglie wavelength
of the beam particle ��
 � ���h�p
�� The classical formalism is obtained from
the quantum formalism by taking the limit �
 �� ��

� Formalism of the Dirac particle beam optics

Now we shall see how the above algorithm works for the Dirac particle� Let
us consider a monoenergetic beam of Dirac particles particles of mass m�
charge q and anomalous magnetic moment �a� transported through a magnetic
optical element with a straight optic axis characterized by the static potentials
�	�r��A�r��� The beam propagation is governed by the stationary Dirac
equation

�HD j�Di � E j�Di � ���

where j�Di is the time�independent ��component Dirac spinor� E is the total
energy of the beam particle and the Hamiltonian �HD� including the Pauli
term� is given by

�HD � 
mc� � c� � ��i�hr� qA�� �a
� �B � ���

where the symbols have their usual meanings� �� To cast ��� in the required
beam optical form �	� we multiply �HD �on the left� by �z�c and rearrange
the terms to get

i�h
�

�z
j�Di � �HD j�Di �
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�HD � �p

��z � qAzI � �z�� � ��� � ��a�c�
�z� �B � ���

where � is a diagonal matrix with elements �� ��	���	�� and  �p
�E �mc����E �mc��� Equation ��� is still not in a completely desirable

form� So we resort to a further transformation�

j�Di �� j��i � M j�Di � M �
	p
�
�I � ��z� � ���

Then we obtain

i�h
�

�z
j��i � �H� j��i � �H� � M �HDM

�� � �p

 � �E � �O � ���

where the nonvanishing matrix elements of the even term �E and the odd term
�O are given by

�E�� � �qAz	l� ��a��c�
��
 � ��

�
� � �B� �

�
 � ��

�
�zBz

�
�

�E�� � �qAz	l� ��a��c�
��
 � ��

�
� � �B� �

�
 � ��

�
�zBz

�
�

�O�� � 
�
� � � ��� � ��a��c�

�
i
�
 � ��

�
�Bx�y �By�x�

� � � ��
�
Bz	l

��
�

�O�� � ���
�
� � � ��� � ��a��c�

�
i
�
 � ��

�
�Bx�y �By�x�

�
�
 � ��

�
Bz	l

��
� �
�

The e�ect of the transformation ��� is to make the lower components of
a Dirac spinor corresponding to a quasiparaxial beam moving in the positive
z�direction negligible compared to the upper components and thus e�ectively
making the ��component spinor as a ��component spinor� Now one may ob�
serve the close analogy�

Standard Dirac equation Beam optical form

mc�
 � �ED � �OD �p

 � �E � �O
Positive energy Forward propagation
Nonrelativistic� c j�j � mc� Paraxial beam� j��j � p

mc�� Note i�h��

�t
� mc�� �p
� Note i�h���z � �p
�

Nonrelativistic motion Paraxial behavior
� Relativistic corrections � Aberration corrections

This completes the step � I of the algorithm� To execute the step � II we proceed
as follows�

The above analogy suggests that� as the most systematic way to under�
stand the Dirac Hamiltonian as a nonrelativistic part plus relativistic correc�
tion terms is to use the Foldy�Wouthuysen �FW� transformation technique� ��
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we should adopt a similar FW�like approach in the beam optical case to un�
derstand the beam optical Hamiltonian as a paraxial part plus nonparaxial
correction terms� This leads to a procedure to obtain the paraxial behavior
accompanied by a systematic method to compute the aberrations to all or�
ders in powers of the expansion parameter 	�p
� To leading order� the �rst
FW�like transformation is�������

E
� exp

�
�
 �O��p


	
j��i � �	��

Then

i�h
�

�z

�������
E
� �H���

�������
E
� �H��� � �p

 � �E��� � �O��� �

�E��� � �E � 	

�p


 �O� � � � � � �O��� � � 	

�p





h
�O� �E

i
� i�h

�

�z
�O
�
� � � � �		�

It is to be noted that the transformation �	�� keeps the upper components of
the beam optical wavefunction large compared to its lower components� One
can proceed with further FW�like transformations and stop at any desired
stage� Let us denote the ��component spinor comprising the upper compo�
nents of the �nal ��component spinor obtained in the above process as j ��i�

Up to now� all the observables� the �eld components� time etc�� have been
de�ned in the laboratory frame� The covariant description of the spin of the
Dirac particle has the simplest operator representation in the rest frame of
the particle� Thus� in accelerator physics the spin is de�ned in the rest frame
of the particle� So we make a further transformation which takes us from the
beam optical form to the accelerator optical form�����A�

E
� exp



� i

�p

���x�y � ��y�x�

� ��� ��E � �	��

Thus� up to the paraxial approximation the accelerator optical Hamilto�
nian �
��� is

i�h
�

�z

�����A�
E
� �H�A�

�����A�
E
�

�H�A� �
�
�p
 � qAz �

	

�p

�� �
�


�
�m

p

�s � S � �	��

where �s � � �
�m

�
qB � �

�
Bk � �B�

��
� � � E�mc� and � � �m�a��h�

� An example of application	 Magnetic quadrupole lens

Let an ideal normal magnetic quadrupole of length �� characterized by the
�eld B � ��Gy��Gx� ��� be situated between the transverse planes at z � zin
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and z � zout � zin � �� The associated vector potential can be taken to be
A �

�
�� �� ��G

�
x� � y�

��
with G as constant inside the lens and zero outside�

The accelerator optical Hamiltonian �
 is

�H�z� �

���
��

�HF � �p
 � �
�p�

�p �
� � for z � zin and z � zout �

�HL�z� � �p
 � �
�p�

�p �
� � �

�qG
�
x� � y�

�
� �p�

�
�y�x � x�y� �

for zin � z � zout � with � � �q � ���G��h��p�
 �

�	��

The subscripts F and L indicate the �eld�free and the lens regions respectively�
Best way to compute the z�evolution operator �U is via the interaction

picture� used in the Lie algebraic formulation �� of classical beam optics�
Using the transfer operator thus derived �
 we get the transfer maps for the
averages of the transverse phase�space components� with the subscripts in

and out standing for �zin� and �zout�� respectively��
BBBBBBBBBB�

hxi

h�pxi�p


hyi

h�pyi�p


�
CCCCCCCCCCA

out

� TQ

�
BBBBBBBBBB�

�
BBBBBBBBBB�

hxi

h�pxi�p


hyi

h�pyi�p


�
CCCCCCCCCCA

� �

�
BBBBBBBBBB�

�
cosh �

p
K ����

K�


h�yi

�
�

sinh �
p
K ��p

K �


h�yi

�
�

cos �
p
K ����

K�


h�xi

�
�

sin �
p
K ��p

K �


h�xi

�
CCCCCCCCCCA

�
CCCCCCCCCCA

in

�

TQ �M�MQM� � M�

�
�

�
BBB�

	 �z�
�
� �

� 	 � �
� � 	 �z�

�

� � � 	

�
CCCA � �	��

MQ �

�
BBB�

cosh�
p
K�� �p

K
sinh�

p
K�� � �p

K sinh�
p
K�� cosh�

p
K�� � �

� � cos�
p
K�� �p

K
sin�

p
K��

� � �pK sin�
p
K�� cos�

p
K��

�
CCCA �

Thus we have got a fully quantum mechanical derivation of the combined e�ect
of the focusing action of the quadrupole lens �note the traditional transfer
matrices� and the Stern�Gerlach force� It may be noted that the quantum
formalism of spinor beam optics supports� in principle� the idea of a Stern�
Gerlach spin�splitter device to produce polarized beams� �� The transfer map
across the quadrupole lens for the spin components computed using the above
accelerator optical Hamiltonian describes the well known Thomas�Bargmann�
Michel�Telegdi spin evolution� �
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� Concluding remarks

In �ne� we have seen how one can obtain the formalism of quantum beam op�
tics for any particle� starting ab initio from the relevant basic quantum equa�
tion� at the single�particle level� A two�step algorithm for this purpose has
been suggested� Using the general principle� the construction of a spinor the�
ory of accelerator optics� starting from the Dirac equation and taking into ac�
count the anomalous magnetic moment� has been demonstrated� As an exam�
ple of application of the resulting formalism the normal magnetic quadrupole
lens has been discussed� In the classical limit the quantum formalism leads
to the Lie algebraic formalism of charged�particle beam optics�

To get a formalism taking into account the multiparticle e�ects� par�
ticularly for the intense beams� it should be worthwhile to be guided by
the quantum�like approaches to the particle beam transport� Thermal Wave
Model �� and Stochastic Collective Dynamical Model ��� Recently the
quantum�like approach has been applied to construct a Di	raction Model for
the beam halo� �� This model provides numerical estimates for the beam
losses� In this context� another useful approach could be to use the Wigner
phase�space distribution functions� Heinemann and Barber �	 have initiated
the derivation of such a formalism for the Dirac particle beam physics starting
from the original work of Derbenev and Kondratenko �
 who used the FW
technique to get their Hamiltonian for radiation calculations�

The present study is con�ned to systems with straight optic axis� An ex�
tension to the curved optic axis systems should be done� This would involve
the subtlities of quantization in curvilinear coordinates� Then there are the
well known questions related to the position operator in the relativistic quan�
tum theory� Also� there are doubts about the exact form of the Stern�Gerlach
force for a relativistic particle� �� To address such questions from the point
of view of experiments using particle beams the right platform would be the
formalism of quantum beam optics�
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SINGLE�PARTICLE QUANTUM DYNAMICS IN A

MAGNETIC LATTICE

M� VENTURINI AND R� D� RUTH

SLAC� Stanford University� Stanford CA ������ USA�

E�mail� venturin	slac�stanford�edu

We study the quantum dynamics of a spinless charged�particle propagating

through a magnetic lattice in a transport line or storage ring� Starting from the

Klein�Gordon equation and by applying the paraxial approximation� we derive a

Schr�odinger�like equation for the betatron motion� A suitable unitary transforma�

tion reduces the problem to that of a simple harmonic oscillator� As a result we

are able to �nd an explicit expression for the particle wavefunction�

� Introduction

Continuing progress in beam cooling techniques could lead in the future to
regimes in which quantum e�ects will start to become important� At that
point a fully quantum mechanical description of the beam dynamics will be
required�� As a contribution to that description� in this paper we lay out a
framework to compute the wavefunction for a single charged particle con�ned
in a magnetic lattice transport line or storage ring� The expression we �nd may
be useful as a basis to calculate transition rates in processes like synchrotron
radiation emission� or intrabeam scattering as well as to assess the limitations
to a machine performance caused by di�raction phenomena��

In our analysis we neglect spin e�ects so that the particle wavefunction
is properly described by the Klein�Gordon �KG� equation� The KG equation
can be solved in the paraxial approximation by exploiting the fact that in
an accelerator the particle momentum is mostly longitudinal� The problem
amounts to studying a non�relativistic quantum harmonic oscillator with a
time�dependent restoring force � �time	 in this context is the location of the
particle along the lattice� The solution can be found in the literature� and has
already been applied in the �eld of quantum optics and ion traps� Here we
present a method of solving the problem that involves a language more famil�
iar to the accelerator physicist and emphasizes the correspondence with the
classical motion� Previous work in this area using di�erent methods includes
that of Jagannathan and Kahn�� The methods employed here are more similar
to those introduced by Fedele et al�� in their �quantum�like	 beam models�

In Sec� 
���� we treat a particle dynamics in a straight channel� In Sec� �
we discuss the coherent�state solutions and �nally in Sec� ��� we extend the
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results to circular machines�

� The Reduced Klein�Gordon Equation for a Particle in a

Straight Transport Line

Neglecting spin e�ects a relativistic quantum particle can be described using
a wavefunction that satis�es the KG equation� In general� if the charged
particle is coupled to an external static magnetic �eld B � r � A the KG
equation reads

� �E��c� �m�c� � ��p� eA�����t�x� � �� ���

with the operators �E and �p de�ned as usual as �E � i�h�t and �p � �i�hr�
In a straight transport line consisting of quads and drifts with the particle

traveling along z one can choose a gauge for which the vector potential has
the form Ax � Ay � � and Az � ��p��e�k�z��x� � y���
 with p� being
the design particle momentum and k�z� the focusing function� Such a vector
potential is consistent with Maxwell	s equations through second order terms�
In the absence of external focusing a solution of ��� representing a particle
propagating along the z�axis with the design energy E� and momentum p�
is given by the wavefunction

� � ��e
i�p�z�E�t	�
h� �
�

where �� is a normalization constant� As the interaction with the con�ning
magnetic �eld is turned on it is natural to look for solutions of ��� in the form

� � ���x� y� z�ei�p�z�E�t	�
h� ���

We can expect that the z�dependence in ���x� y� z� results in variations taking
place over distances of the order of the betatron wavelength �� � This de�nes
the long�length scale of our problem� which should be compared with the
short�length scale given by the De Broglie wavelength �p � h�p�� After

substituting ��� into ���� we use the fact �� � �p to neglect �
�
z
�� compared

to �z ����p and �x
� � y���z �� compared to �x

� � y�� ����p� Moreover� we can
neglect the term containing �zk�z� because the distance over which k�z� varies
substantially � the magnet fringe �eld region � is also much longer than the De
Broglie wavelength� Finally� we disregard terms more than quadratic in x and
y because we are only interested in the linear approximation of the transverse
dynamics� As a result we obtain the following Schr�odinger�like equation for
the amplitude ���x� y� z��

i�h
� ��

�z
�

�
� �h

�


p�

��

�x�
� �h�


p�

��

�y�
� p�

k�z�



�x� � y��

�
��� ���
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where z is now interpreted as the independent �time�like	 variable� From
Eq� ��� we can write o� the e�ective Hamiltonian �H for the system

�H � �p�x

p�

�
�p�y

p�

� p�
k�z�



�x� � y��� ��

� The Classical Motion

The classical Hamiltonian H corresponding to �� leads to the Hill equations
x�� � k�z�x � �� and y�� � k�z�y � �� a the solutions of which� i�e� x �p
�x�x�z� cos�	x�z��	xo� and y �

p
�y�y�z� cos�	y�z��	yo�� can be written

in terms of the Courant�Snyder betatron functions �x�y�z� and phase functions
	x�y�z� de�ned by 	�x�y � ���x�y� In turn� the betatron functions �x�y are
solutions of

���x�y �
�
��
x�y


�x�y
� 
k�z��x�y � 


�x�y
� �� ���

where the � sign in front of the focusing function applies to �x and the � sign
to �y� The solutions are determined upon speci�cation of the appropriate ini�
tial or boundary conditions� We know from the accelerator theory literature
� that the betatron functions can be used to de�ne canonical transformations
that cast the original Hamiltonian into a simpler form� We also know that
canonical transformations correspond in quantum mechanics to unitary trans�
formations �� Therefore� we can use such a correspondence to build a suitable
unitary operator that turns the quantum Hamiltonian into a simpler form as
well� We desire a Hamiltonian that has the z�dependence fully factored in
order to simplify the solution of the corresponding KG equation�

Consider the classical case �rst� For simplicity we will focus only on
the horizontal motion� extension to the vertical plane is trivial� The canon�
ical transformation� that produces the desired Hamiltonian can be decom�
posed into a linear momentum kick that leaves x unchanged followed by a
scaling� In particular the �rst transformation �x� px� � �x�� px�� is given
by x� � x� and px� � px � p�x�

�

x�z��
�x�z�� and has generating function
F��x� px�� z� � xpx� � p�x

���x�z����x�z�� The transformed Hamiltonian H�

in the new variables is

H� � H � �F�
�z

�
p�x�

p�

�
��x

�x

px�x� �
p�

��x

x��� ���

aThe prime � means di�erentiation with respect to z�
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The scaling x� � x��
p
�x and px� � px�

p
�x� then removes the cross term

and factors out the z�dependence in the Hamiltonian at same time� Such a
transformation has generating function F��x�� px�� � x�px��

p
�x� The result�

ing Hamiltonian reads

H� � H� �
�F�
�z

�
�

�x�z�

�
p�x�

p�

�
p�


x��

�
� ���

� The Quantum Motion

First� let us recall how the quantum Hamiltonian transforms under unitary
transformations� If the abstract vector j�i satis�es the Schr�odinger equation
i�h�z j�i � Hj�i the ket j��i � U��j�i transformed under unitary operator
U�� satis�es the Schr�odinger equation i�h�zj��i � H�j��i� with the Hamilto�
nian H� given by

H� � U��HU � i�hU�� �U

�z
� ���

We are now ready to write the quantum equivalent of the canonical
transformation introduced in the previous Section� The unitary operator U�

generating the momentum kick is de�ned by U��
� �xU� � �x and U��

� �pxU� �
�px � p��

�

x�x��
�x�� where we have used�to denote the quantum observables�
Provided that �x�z� obeys Eq� ���� as in the classical case� it can be easily
veri�ed that

U� � exp

�
i
p�
�h

��x
��x

�x�
�
� ����

leads to the intermediate Hamiltonian

�H� �
�p�x

p�

�
��x
��x

��px�x� �x�px� �
p�

��x

�x�� ����

In turn� the scaling U��
� �xU� � �x

p
�x and U��

� �pxU� � �px�
p
�x de�nes the

unitary operator

U� � exp

�
� i

��h
log��x���x�px � �px�x�

�
� ��
�

The transformed Hamiltonian �H� is the quantum correspondent of H��

�H� �
�

�x�z�

�
�p�x

p�

�
p�


�x�
�
� ����
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�H� has the form of a Hamiltonian for a simple oscillator times a pure function
of z� If we denote with


n�x� �
� p�
��h

� �

� �p

nn�

Hn

�
x

r
p�
�h

�
e�p�x

���
h ����

the eigenfunctions of the harmonic oscillator part we can easily verify that
we can write the solutions of the Schr�odinger equation i�h�zj ����	i � �H�j ����	i
corresponding to the n�excited level of the betatron oscillations� as

����	
n �x� z� � 
n�x�e

�i�n���	�x�z	� ���

We recall that 	x�z� �
R
dz��x�z��

By applying in sequence the transformations U� and U�� we then recover
the wavefunctions relative to the intermediate Hamiltonian �H� and original

Hamiltonian �H� In particular� we have j���	
n i � U�j���	

n i or�
����	
n �x� z� � �

�
�

�

x ���	
n �x�

p
�x� z�� ����

i�e�

����	
n �x� z� �

�
p�

��h�x�z�

� �

� �p

nn�

Hn

�
x

r
p�

�h�x�z�

�
�

exp
��p�x���
�h�x�z��� exp ��i�n� ��
�	x�z�� � ����

Finally� the solutions of the original Schr�odinger equation ��� are �j�ni �
U�j���	

n i�
��n�x� z� � exp

�
i
p�
�h

��x�z�

��x�z�
x�
�
����	
n �x� z�� ����

One can verify that indeed this is a solution of ��� by direct substitution�

� Coherent�States

The wavefunctions ���� can be combined linearly to obtain localizedwavepack�
ets both longitudinally and transversally� For simplicity we will focus only on
localization in the transverse plane� i�e� we consider only eigenstates of p�� Of
particular interest are those linear superpositions leading to coherent states�
One way to introduce coherent states for a simple harmonic oscillator is to
de�ne them as eigenfunctions of the creation operator�� Here we can proceed
in a similar way by using the creation operator a de�ned in terms of the
observables �x and �px relative to Hamiltonian �H��

a �
�p



�r
p�
�h
�x� i

�p
p��h

�px

�
� ����
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The coherent states for the original system �H are then recovered by applying
the unitary operators U� and U� introduced in Sec� �� Equivalently� one can
introduce coherent states by means of the displacement operator

D��� � e�i�x�z	��e�a
y
���a� �
��

where � is the function ��z� � �� exp��i	x�z��� with �� being a complex
constant number� One can show that the coherent states j��i result from
applying D��� to the harmonic oscillator ground state j��i � D���j
�i� Use
of the displacement operator allows one to quickly obtain the wavefunction

representation �
��	
�� �x� z� � hxj��i�

���	
�� �x� � e�i�x�z	��e��

��
���	��e

p
p���
h����

�	x
�

�
x�

s
�h


p�
�� � ���

�
�

�
��

where 
��x� � hxj
�i � �p����h� �� exp��p�x��
�h� is the wavefunction of the
harmonic oscillator ground state� If we then act with U� and U� on �

��	
�� �x�

we �nd the coherent states in the original variables

����x� � exp

�
i
p�
�h

��x�z�

��x�z�
x�
�
�
�

�

�

x ���	
�� �x�

p
�x� z�� �

�

The function � is related to the expectation values x � h�xi�� and px � h�pxi��
for the coherent state�s

�h


p�
�� � ��� �

xp
�x

� �
��

r
�hp�


�� � ��� � i

p
�xpx � ip�

��x


p
�x

x� �
��

It can be shown that two above equations indicate that x and px evolve
according to the classical trajectory� as expected from Ehrenfest	s Theorem ��

For a simple harmonic oscillator the coherent states have the property that
the wavepacket spread in both position and momentum is constant and has
the minimum value consistent with the Heisenberg uncertainty principle� This
is not true in our case because of the dependence of the betatron function on
z and only where ��x�z� � � the wavepacket spread is minimum� In particular�
we have �with � x�� � h��x�x��i�� � etc��� � x�� � �h�x�z��
p� and � px�� �
��hp��
�x�z���� � �

��
x ��� and therefore  x px � ��h�
�

p
� � ���

x ��� On the
other hand the quantum quantity corresponding to the unnormalized rms
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emittance evaluated on these states has the constant value

x �
	
� x��

� px�
�

p��
� �
�
h ��px � px�

p�
��x � x� � ��x� x�

��px � px�

p�
i���


 �

�

�
��c
�

�

�
�
where �c � h�mc is the Compton wavelength and � the relativistic factor�

� Charged particle in uniform bending and periodic focusing

The calculation carried out in the previous Sections can be extended to include
the dynamics of a charged particle in a storage ring� We assume a simpli�ed
model of storage ring for which in addition to a periodic focusing we now
impose a bending provided by a uniform magnetic �eld of strength B�� We
assume that the magnetic �eld is pointing in the y�direction so that the
classical equilibrium orbit for a charged particle is a circle of radius �� in
the x � z plane� We select the �classical� reference orbit to be centered at
x � z � �� In cylindrical coordinatesb a vector potential A � �A�� A�� Ay�
associated with the magnetic �eld that provides the desired con�nement and
focusing is given� through second order in terms of the deviations from the
equilibrium orbit� by A� � Ay � � and

A� �
B�



�� b��
�

��

�
���� ���

� � y��� �
��

Our starting point is the KG equation� which now is expressed best in terms
of cylindrical coordinates� Because the energy E of a particle does not depend
on time we can still write the solution of the KG equation as

! � e�iEt�
h �!��� 
� y� �
��

as in Sec� � � To avoid possible confusion from now on we will use the cap�
italized letter ! to denote the quantum wavefunction for the system with
bending� With this ansatz the KG equation becomes�

��h� �
�

�

��
�
�

��
�

�
�h

i�

�

�

� eA�

��

� �h� ��

�y�

�
�! � p� �!� �
��

where p is the particle mechanical momentum� We alert the reader that
we will allow the possibility for the particle energy and momentum to be
di�erent from the design values E� and p�� In analogy with Eq� ��� we make
the following ansatz

�! � ei�� �!��� 
� y�� �
��

bde�ned by x � � cos�� z � � sin�� y�
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which spells out a decomposition of the wavefunction into fast ��rst term on
the RHS� and slow �second term on the RHS� 
�varying component� That is�
we are assuming � � � and �� �!� ��!� On the basis of the exact solution of
the problem �
�� for the case with vanishing focusing �b� � ��� we expect that
the particle mechanical momentum to be related to the quantum number �
by� p� � 
�hjejB���� ��
� � 
�hjejB���

We can now proceed as in Sec� � and neglect the second order derivatives
���
�! compared to ��� �! and the term ��A� compared to �A�� As a result the

KG equation then reads

i�h

�
�h�

�
� eA�

�



�

� �!

�

�

�
��h� ��

���
� �h� ��

�y�
� V ��� y�� p�

�
�!� ����

where V ��� y� is an e�ective potential that has the form

V ��� y� � � �h
�

���
�
�

��
��h�� eA���

� � �

��
��h�� eA���

�� ����

The last equality holds because we are assuming � � �� At this point we
expand the e�ective potential V around its point of minimum� � � �min �p

�h��jejB�� By requiring �min � �� �i�e� we want the expansion of V to be

centered on the classical reference orbit� the equation above identi�es �� �

����jejB��
�h�
�

� � p����
�h� as the quantum number relative to the state of an
on�momentum particle� We write � � �� � � and in the expansion for V we
keep only terms quadratic in the variables �� y� and � � ��� ����
�� �  p�p��
After some algebra we then obtain the reduced KG equation in the form of
the following Schr�odinger�like equation

i�h
� �!

�s
�

	
� �h�


p�

��

�x�
� �h�


p�

��

�y�
�

p�



�
�

���
� k�s�

�
x�

� p�


k�s�y� � p�

�

��
x�

p�


��


�!� ��
�

In writing ��
� we have rescaled the independent variable 
 according to

 � s���� written the focusing function as k�s� � eb��s�����p�� and �nally
re�christen � as x� In conclusion� the desired solution of the KG equation �
��
around the reference orbit is

�! � ei�s��� �!��� y� s��
p
�� � � � ei�s��� �!��� y� s��

p
��� ����

with �! given by the solution of ��
��
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	 Treatment of Dispersion

The Schr�odinger equation ��
� di�ers from ��� because of the coupling term
�x� A way to solve Eq� ��
� is to �rst introduce a suitable unitary trans�
formation that remove the coupling� In complete analogy with the classical
case� such a transformation consists of one translation in position and one in
momentum� The �rst� U��

� �xU� � �x� �D and U��
� �pxU� � �px is generated by

U� � exp ��i��pxD�s���h� � The second transformation is generated by U� �
exp �i��xp�D

��s���h� � yielding U��
� �xU� � �x and U��

� �pxU� � �px � p��D
��z��

In both cases D�s� is the dispersion function de�ned as a solution of the
inhomogeneous equation

D�� � kx�s�D �
�

��
� ����

By virtue of ���� the transformed states j�!��	
n i � U�U�j�!ni obey the

Schr�odinger equation i�h�z j�!��	
n i � �H�j�!��	

n i with

�H� �
�


p�
�p�x �

�



p�kx�s��x

� �
p��

�




�
kxD

� �D
�� � 
D

��

�
� ���

This Hamiltonian has the same form as Hamiltonian �� apart from the last
purely s�dependent term on the RHS� Therefore� a solution of the resulting
Schr�odinger equation is given by

�!��	
n �x� s� �

��n�x� s� exp

	
� i

�h

p��
�




Z s

�

�� � kx�t�D
��t��D

���t�� 
D�t�
��

�dt



����

where ��n�x� s� is the same as in Eq� ���� with s replacing z� By undoing
the transformations U� and U� we can �nally obtain the solutions j�!ni �
U�U�j�!��	

n i of the original Schr�odinger equation ��
��
�!n�x� s� � ei	p��x�	D	D��
h �!��n�x� �D� s�� ����

Next we combine Eq�	s ���� and ���� and upon including the vertical
degree of freedom we �nally recognize that the wavefunction corresponding
to the nx and ny transverse levels of excitation reads

!�x� y� s� �
Cp
��
ei�s��� �!nx�x� s�

��ny �y� s�� ����

with �!nx�x� s� given by Eq� ���� and
��ny �y� s� by Eq� ����� we have introduced

the constant C to guarantee a proper normalization� Enforcing periodicity
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upon the wavefunction !�x� y� �� � !�x� y� 
���� yields the following quanti�
zation condition on the particle momentum �through �rst order in  p � p���

 p �
�h

��

	
�m� ��� �

�
nx �

�




�
�x �

�
ny �

�




�
�y



� ����

where �x and �y are the tunes and m�nx� ny are integers�
In conclusion� we have succeeded in deriving an explicit expression for the

wavefunction of a quantum particle con�ned in a storage ring or transport
line� We have stressed the correspondence between classical and quantum
motion by showing that they can both be described in terms of the functions
�x�y�z� and D�z�� which obey the same equations in both cases� With the
appropriate choice of the boundary conditions these can be identi�ed as the
lattice functions one is familiar with from accelerator theory�
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useful discussions during the Workshop and in particular R� Fedele for point�
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It has been found that quantum corrections can substantially a�ect the classical

results of tracking for trajectories close to the separatrix� Hence the development

of a basic formalism for obtaining the quantum maps for any particle beam optical

system is called for� To this end� it is observed that several aspects of quantum

maps for the beam optics of spin� �
�
particles can be studied� at the level of single

particle dynamics� using the proper formalism based on the Dirac equation�

� Introduction

The theory of particle beam optics� currently used in the design and oper�
ation of various beam devices� from electron microscopes to accelerators� is
largely based on classical mechanics and classical electrodynamics� Such a
treatment has indeed been very successful in practice� Of course� whenever it
is essential� quantum mechanics is used in accelerator physics to understand
those quantum e�ects which are prominent perturbations to the leading clas�
sical beam dynamics� � The well�known examples are quantum excitations
induced by synchrotron radiation in storage rings� the Sokolov�Ternov e�ect
of spin polarization induced by synchrotron radiation� etc� Recently� atten�
tion has been drawn by Hill � to the limits placed by quantum mechanics on
achievable beam spot sizes in particle accelerators� and the need for the for�
mulation of quantum beam optics relevant to such issues� � In the context of
electron microscopy scalar wave mechanics is the main tool to understand the
image formation and its characteristics� and the spin aspects are not generally
essential� �

In the context of accelerator physics it should be certainly desirable to
have a uni�ed framework based entirely on quantum mechanics to treat the
orbital� spin� radiation� and every aspect of beam dynamics� since the con�
stituents of the beams concerned are quantum particles� First� this should help
us understand better the classical theory of beam dynamics� Secondly� there
is already an indication that this is necessary too� it has been found � that
quantum corrections can substantially a�ect the classical results of tracking
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for trajectories close to the separatrix� leading to the suggestion that quantum
maps can be useful in �nding quickly the boundaries of nonlinear resonances�
Thus� a systematic formalism for obtaining the relevant quantum maps is re�
quired� This problem is addressed here for the case of spin� �

�
particle beams�

at the level of single particle dynamics as the �rst step towards a more com�
prehensive theory�

� Quantization of the classical particle beam optics

If the spin is ignored� one may consider obtaining the relevant quantum maps
for any beam optical system by quantizing the corresponding classical treat�
ment directly� The best way to do this is to use the Lie approach to classical
beam dynamics� thoroughly developed by Dragt et al�� � particularly in the
context of accelerator physics� Ignoring the e�ect of spin on the orbital mo�
tion� the spin motion has also been treated classically� independent of the
orbital motion� using Lie methods� �

Let the single particle optical Hamiltonian corresponding to a classical
beam optical system be H�r�� p�� z	� where z is the coordinate along the
optic axis of the system� and r� 
 �x� y	 and p

�

 �px� py	 represent the

coordinates and conjugate momenta� respectively� in the transverse �x� y	�
plane� We shall assume the beam to be moving in the positive z�direction�
Then for any observable of the system� O�r�� p�	� not explicitly dependent
on z� the z�evolution equation� or the beam optical equation of motion� is

dO

dz

� �H � O � ��	

where the Lie operator � f � associated with any function of the transverse
phase�space variables� f�r�� p�	� is de�ned through the Poisson bracket�

� f � g 
 ff� gg 


�
�f

�x

�g

�px
�

�f

�px

�g

�x

�
�

�
�f

�y

�g

�py
�

�f

�py

�g

�y

�
� �	

When the Hamiltonian H is z�independent the solution of Eq� ��	 can be
written down as

O �zf 	 
 exp�� � �H �	O �zi	


 O �zi	 � ��� �H � O	 �zi	 �
�
����

� �
� �H �� O

�
�zi	

�
�
�����

� �
� �H �� O

�
�zi	 � � � �


 O �zi	 � � �f�H�Og	 �zi	 �
�
����

�
�f�H� f�H�Ogg	 �zi	

�
�
�����

�
�f�H� f�H� f�H�Oggg	 �zi	 � � � � � ��	
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relating O �zi	� the value of O at an initial zi� with O �zf 	� its value at a �nal
zf � where zf � zi and � 
 �zf � zi	� When the Hamiltonian depends on z we
would have

O �zf 	 


�
�

�
exp

�Z zf

zi

dz � �H �

��
O

�
�zi	 
 �M �zf � zi	O	 �zi	 � ��	

where the transfer map� M �zf � zi	� a Lie transformation� is now an z�ordered
exponential�

To obtain the quantum mechanical formalism for the above system we
can follow the canonical quantization rule f � g �� �

i�h
� � � where � � �

represents the commutator bracket between the corresponding quantum op�
erators� This turns Eq� ��	 into the Heisenberg equation of motion

d �O

dz



i

�h

h
�H� �O

i
� ��	

where the quantum Hamiltonian operator �H� and �O for any observable� are
obtained from their respective classical counterparts by the replacement

r� �� �r� 
 r� 
 �x� y	 � p
�
�� �p

�

 �i�hr� 


�
�i�h

�

�x
��i�h

�

�y

�
�

��	
followed by a symmetrization to ensure that the quantum operators are her�
mitian�

From the Heisenberg picture of Eq� ��	 let us go to the Schr�odinger picture
in which a wavefunction � �r�� z	 is associated with the transverse plane at
z� The z�evolution of j��z	i is governed by the beam optical Schr�odinger
equation

i�h
�

�z
j��z	i 
 �Hj��z	i � ��	

Since j� �r�� z	j
�

will represent the probability density in the transverse plane
at z the average of any �O at z will be

h �Oi�z	 


Z Z
dxdy���z	 �O��z	 
 h��z	j �Oj��z	i � ��	

with � �r�� z	 normalized as h��z	j��z	i 
 ��
The formal solution of Eq� ��	 is� with j�ii 
 j��zi	i and j�f i 
 j��zf 	i�

j�f i 
 �U �zf � zi	 j�ii 
 �Ufij�ii � �Ufi 
 �

�
exp

�
�
i

�h

Z zf

zi

dz �H

��
� ��	
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Thus� we get

h �Oif 
 h �Oi�zf 	 
 h�f j �Oj�f i 
 h�ij �U
y
fi

�O �Ufij�ii 
 h �Uy
fi

�O �Ufiii � ���	

From the correspondence between Eq� ��	 and Eq� ��	 it follows immediately
that

�Uy
fi

�O �Ufi 


�
�

�
exp

�Z zf

zi

dz �
i

�h
�H �

���
�O 
 �M �zf � zi	 �O � ���	

with the de�nition � i
�h

�H � �O 
 i
�h

h
�H� �O

i
� Note that in the classical limit�

when � i
�h

�H � �O �� � �H � O� the quantum Lie transformation �M �zf � zi	
becomes the classical Lie transformation M �zf � zi	� This shows that if a
system corresponds classically to a map

�r�i� p�i
	 �� �r�f � p�f

	 
 �R��r�i� p�i
	� P��r�i� p�i

		 � ��	

then it will correspond to a map of quantum averages as given by

h�r�ii �� h�r�if 
 h �R���r�� �p
�

	ii � h�p
�
ii �� h�p

�
if 
 h �P���r�� �p

�
	ii � ���	

To see what Eq� ���	 implies let us consider� for example� a classical Lie
transformation exp

�
� a
�
x� �

�
corresponding to a kick in the xz�plane by a thin

sextupole� This leads to the classical phase�space map

xf 
 xi � pf 
 pi � ax�i � ���	

as follows from Eq� ��	� This would correspond to the quantum Lie transfor�
mation exp�� a

�
�x� �	 which leads� as seen from Eq� ���	� to the following map

for the quantum averages�

h�xif 
 h�xii � h�pif 
 h�pii � ah�x�ii 
 h�pii � ah�xi�i � ah��x � h�xi	�ii � ���	

Now� we can consider the expectation values� such as h�xi and h�pi� as corre�
sponding to their classical values �a la Ehrenfest� Then� as the above simple
example shows� generally� the leading quantum e�ects on the classical beam
optics can be expected to be due to the uncertainties in the initial conditions
like the term ah��x�h�xi	�ii in Eq� ���	� As pointed out by Heifets and Yan� �

such leading quantum corrections involve the Planck constant �h not explicitly
but only through the uncertainty principle which controls the minimum limits
for the initial conditions� This has been realized earlier also� 	�
��� particularly
in the context of electron microscopy� 	�
 In a detailed study � of a simple ex�
ample it has been found that trajectories close to the separatrix are strongly
perturbed in spite of very small initial rms ������	 and small �����	 number
of turns�
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As is clear from the above� a quantum formalism derived from the classi�
cal beam optics can be expected to give all the leading quantum corrections
to the classical maps� The question that arises is how to go beyond and ob�
tain the quantum maps more completely starting ab initio with the quantum
mechanics of the concerned system since such a process should lead to other
quantum corrections not derivable simply from the quantization of the clas�
sical optical Hamiltonian� Essentially� one should obtain the quantum beam
optical Hamiltonian �H of Eq� ��	 directly from the original time�dependent
Schr�odinger equation of the system� Once �H is obtained Lie methods ��� can
be used to construct the quantum z�evolution operator �Ufi and study the

consequent quantum maps� Derivations of �H for the Klein�Gordon and Dirac
particle beams will be discussed in the following sections�

A more complete theory� even at the level of optics� must take into account
multiparticle e�ects� To this end� it might be pro�table to be guided by the
models developed by Fedele et al� ����� �thermal wave model � TWM	 and
Cufaro Petroni et al� �� �stochastic collective dynamical model � SCDM	 for
treating the beam phenomenologically as a quasiclassical many�body system�
Though the details of approach and interpretation are di�erent� both these
models suggest phenomenological Schr�odinger�like wavefunction descriptions
for the collective motion of the beam� In TWM the beam emittance plays the
role of �h� In SCDM it is argued that �h is to be replaced by an e�ective unit
of beam emittance given in terms of the Compton wavelength of the beam
particle and the number of particles in the beam� It may be noted that Lie
algebraic tools can be used to handle any Schr�odinger�like equation�

� Using the Klein�Gordon equation ignoring the spin

One may consider getting a theory of quantum maps for spin� �
�

particle beam
optical system based on the Klein�Gordon equation ignoring the spin� For
this� one has to transform the equation�

i�h
�

�t
� q �	

��

� �r�� z� t	




�
c�

�
�
�� �

�
�i�h

�

�z
� q �Az

��
	

� m�c�



� �r�� z� t	 � ���	

into the beam optical form in Eq� ��	� in Eq����	 q is the charge of the
particle� �
� 
 ��
x� �
y	 
 ��px � q �Ax� �py � q �Ay	� �
�� 
 �
�x � �
�y � and 	 and
A 
 �Ax� Ay� Az	 are� respectively� the scalar and vector potentials of the
electric and magnetic �elds of the optical system �E 
 �r	� B 
 r � A	�
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In the standard relativistic quantum theory� �� Feshbach�Villars and Foldy�
Wouthuysen techniques are used for reducing the Klein�Gordon equation to
its nonrelativistic approximation plus the relativistic corrections� Applying
analogous techniques in the special case of a quasiparaxial �jp

�
j � pz	 mo�

noenergetic beam propagating through a system with time�independent �elds
one can reduce Eq� ���	 to the beam optical form of Eq� ��	 with �H containing
a leading paraxial part followed by nonparaxial parts� 	�
��� In this case the
wavefunction in Eq� ���	 can be assumed to be of the form

��r�� z� t	 
 ��r�� z	 exp

�
i

�h
�p�z �Et	

�
� ���	

where p� is the design momentum of the beam and E 
 �
p
c�p�

�
� m�c��

Then the resulting time�independent equation for ��r�� z	 can be regarded as
describing the scattering of the beam particle by the system and transformed
into an equation of the type in Eq� ��	� 	�
���

For example� for a normal magnetic quadrupole lens with A 

��� �� �

�
K�x��y�		� where K is nonzero inside the lens region and zero outside�

�H �
�

p�

�
�p�x � �p�y

�
�

�


qK

�
�x� � �y�

�
�

�

�p�
�

�
�p�x � �p�y

��
�
qK�h�

�p�
�

�
�p�x � �p�y

�
�

���	
It must be noted that while the �rst three terms of �H in Eq� ���	 are ex�
actly the terms derivable by direct quantization of the classical beam optical
Hamiltonian the last� �h�dependent� term is a quantum correction not deriv�
able from the classical theory� Though such �h�dependent terms may seem to
be too small� particularly for high energy beams� they may become e�ective
when there are large �uctuations in the initial conditions since they essentially
modify the coe�cients in the classical maps�

� The proper theory using the Dirac equation

For a spin� �
�

particle beam the proper theory should be based on the Dirac
equation if one wants to treat all the aspects of beam optics including spin
evolution and spin�orbit interaction� In such a case the Schr�odinger equation
to start with is

i�h
d

dt
� �r�� z� t	 
 �H� �r�� z� t	 � ���	

where � is now a ��component spinor and �H is the Dirac Hamiltonian

�H 
 �mc� � q �	 � c�� � �
� � c�z

�
�i�h

�

�z
� q �Az

�
� a�� � B � ��	
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including the Pauli term to take into account the anomalous magnetic moment
a� In Eq� ��	 all the symbols have the usual meanings as in the standard
Dirac theory� �� Considering the special case of a quasiparaxial monoenergetic
beam we can take � �r�� z� t	 to be of the form in Eq� ���	� Then the ��
component ��r�� z	 satis�es the time�independent Dirac equation�
�mc� � q �	 � c�� � �
� � c�z

�
�i�h

�

�z
� q �Az

�
� a�� � B

�
� �r�� z	


 E� �r�� z	 � ��	

describing the scattering of the beam particle by the system�
Actually Eq� ��	 has the ideal structure for our purpose since it is already

linear in �
�z

� So one can readily rearrange the terms in it to get the desired
form of Eq� ��	� However� it is di�cult to work directly with such an equa�
tion since there are problems associated with the interpretation of the results
using the traditional Schr�odinger position operator� �� In the standard the�
ory the Foldy�Wouthuysen �FW	 transformation technique is used to reduce
the Dirac Hamiltonian to a form suitable for direct interpretation in terms of
the nonrelativistic part and a series of relativistic corrections� Derbenev and
Kondratenko �DK	 �� used the FW technique to get their Hamiltonian for ra�
diation calculations� Heinemann and Barber �	 have reviewed the derivation
of the DK Hamiltonian and have used it to suggest a quantum formulation
of Dirac particle beam physics� particularly for polarized beams� in terms of
machine coordinates� observables� and the Wigner function�

In an independent and di�erent approach an FW�like technique has been
used to develop a systematic formalism of Dirac particle beam optics in which
the aim has been to expand the Dirac Hamiltonian as a series of paraxial
and nonparaxial approximations 	�
�����
���� This leads to the reduction of the
original ��component Dirac spinor to an e�ective �component ��r�� z	 which
satis�es the accelerator optical Schr�odinger equation ��

i�h
�

�z
� �r�� z	 
 �H� �r�� z	 � � �r�� z	 


�
�� �r�� z	
�� �r�� z	

�
� �	

where �H is a � matrix operator incorporating the Stern�Gerlach �SG	 spin�
orbit e�ect and the Thomas�Bargmann�Michel�Telegdi �TBMT	 spin evolu�
tion� As is usual in accelerator theory the spin operator S 
 �

�
�h� entering

the accelerator optical Hamiltonian �H refers to the rest frame of the moving
particle� Further� ��x� �y	 and ��px� �py	 in �H correspond to the observed particle
position and momentum components in the transverse plane� It should be
noted that the �component ��r�� z	 of Eq� �	 is an accelerator optical ap�
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proximation of the original ��component Dirac spinor� valid for any value of
the design momentum p� from nonrelativistic to extreme relativistic region�

For the normal magnetic quadrupole lens the accelerator optical Hamil�
tonian reads

�H �
�

p�

�
�p�x � �p�y

�
�

�


qK

�
�x� � �y�

�
�

�

�p�
�

�
�p�x � �p�y

��
�
q�K��h�

�p�
�

�
�x� � �y�

�
�

�q � ��	K

p�
��xSy � �ySx	 � ��	

where � 
 E�mc� and � 
 ma��h� The last spin�dependent term accounts
for the SG kicks in the transverse phase�space and the TBMT spin evolution�
As in the Klein�Gordon case of Eq� ���	� �H of Eq� ��	 also contains all the
terms derivable from the classical theory plus the quantum correction terms�
But� it must be noted that the scalar quantum correction term in Eq� ��		
��th term	 is not the same as the �th term in Eq� ���	� Thus� besides in the
�h�dependent e�ects of spin on the orbital quantum map �e�g�� the last term
in Eq� ��		� even in the �h�dependent scalar quantum corrections the Dirac
particle has its own signature di�erent from that of the Klein�Gordon particle�

� Conclusion

The problem of obtaining the quantum maps for phase�space transfer across
particle beam optical systems has been reviewed� The leading quantum cor�
rections to the classical maps are mainly due to the initial uncertainties and
involve the Planck constant �h not explicitly but only through the minimum
limits set by the uncertainty principle� These corrections can be obtained by
direct quantization of the Lie algebraic formalism of classical particle beam
optics� The Klein�Gordon and Dirac theories add further subtle� �h�dependent�
corrections which may become e�ective when there are large �uctuations in
the initial uncertainties� Contrary to the common expectation the scalar
approximation of the Dirac theory is not completely equivalent to the Klein�
Gordon theory� All aspects of quantum maps for spin� �

�
particle beams� in�

cluding spin evolution and spin�orbit e�ects� can be studied� at the level of
single particle dynamics� using the proper formalism based on the Dirac equa�
tion�
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The application of tomographic map introduced recently in quantum mechanics

is discussed in connection with classical problems which are described by equa�

tions formally coinciding with the equations of quantum theory� Examples of the

classical problems such as the charged�particle�beam transport and analytic�signal

analysis are reviewed�

� Introduction

The aim of this contribution is to discuss some quantumlike aspects of the
classical charged�particle�beam transport and to point out that there exists
the quantumlike formalism in another classical domain � signal analysis� The
consideration presented is based on new results obtained recently in quantum
mechanics and related to the so�called tomographicmethod of measuring quan�
tum states of photons in quantum optics and trapped ions in atomic physics�
Recent progress in these quantum domains gave the possibility of theoretical
progress in the description of quantum states in terms of tomographic prob�
abilities �which are conventional positive probability distributions� instead or
alternatively to the description in terms of wave functions or density matrices�

The well�known quantumlike phenomenon is the classical propagation of
beams of electromagnetic radiation in optical �bers and in the other types
of optical waveguides� The propagation of these beams �which are paraxial�
is described in the Fock�Leontovich approximation��� by the Schr�odinger�like
equation	 where the Planck
s constant is replaced by the wavelength� Re�
cently in the charged�particle�beam transport the thermal wave model was
suggested	� which also corresponds to the quantumlike description of the clas�
sical phenomenon� The last quantumlike example which will be discussed is
classical signal analysis	 where the main object of investigation is analytic sig�
nal� It is known that analytic signal is described by a complex function of time
mathematically identical to the wave function of quantum mechanics�

Thus	 we will discuss the classical but quantumlike phenomena of beam
physics making accent on a more detailed review of the thermal wave model
of the charged�particle�beam transport� Also a new approach of noncommu�
tative tomography� of analytic signal will be discussed as an example of the
application of new results obtained in quantum mechanics to signal analysis�

�



The quantumlike description of states of the charged�particle beam was also
considered within the framework of tomographic probability	��� used in the to�
mographic representation of quantum states	 where the standard probability
stands instead of the wave function���� Noncommutative tomography of ana�
lytic signal introduced by Mendes and Man
ko� was used for the description
of analytic signal depending both on time and the spatial variable�	

The paper is organized as follows� The wave function and Sch�odinger
equation of quantum mechanics are reviewed and the thermal wave model
for charged�particle beams is discussed in Sec� �� Properties of the Fock�
Leontovich approximation for paraxial beams of electromagnetic radiation are
studied in Sec� � The density matrix and Wigner function in quantum me�
chanics are considered in Sec� �� In Sec� � the Moyal�like equation for the
Wigner function is derived� Tomographic probability for the charged�particle�
beam transport is presented in Sec� �� Quantumlike integrals of motion for
the charged�particle�beam transport are introduced in Sec� � and the charged�
particle�beam propagators in di�erent representations are studied in Sec� ��
Noncommutative tomography of analytic signal is reviewed in Sec� �� Conclu�
sions	 remarks	 and perspectives are presented in Sec� ���

� Wave Function and Thermal Wave Model

The state of a quantum particle is described by a complex wave function ��x� t�
which obeys the Schr�odinger evolution equation

i�h
���x� t�

�t
� � �h�

�m

����x� t�

�x�
� U �x� t���x� t� � ���

where x and m are the particle
s position and mass	 respectively	 t is time	 �h is
the Planck
s constant	 and U �x� t� is the particle
s potential energy which can
vary with time�

The thermal wave model was suggested to describe the charged�particle�
beam transport in the pioneer work by Fedele and Miele�� A year later the
similar model was considered by Datolli et al��
 The thermal wave model was
developed in series of publications �see	 for example	������� Within the frame�
work of thermal wave model	 the electron beam is described by a beam wave
function ��x� z� where x and z are transversal and longitudinal coordinates	
respectively	 �we consider the planar situation�� The complex beam wave func�
tion obeys the Schr�odinger�like equation �for a particle with mass m � ��

i�
���x� z�

�z
� ���

�

����x� z�

�x�
� U �x� z���x� z� � ���
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where the parameter � is the beam emittance � � �
�hx�ihp�i � hxpi�����	

with hx�i and hp�i being the dispersion of coordinate and momentum	 respec�
tively	 and the momentum being p � dx�dz �a dimensionless variable�� Thus	
emittance plays a role of the beam size in the phase space	 which describes the
thermal spreading of electronic rays� It is small for small temperatures being
scaled as

p
T � In view of the physical meaning of the beam wave function	

j��x� z�j� dx � P �x� z� dx is the number of charged particles at the longitudi�
nal coordinate z in the interval dx around the transversal coordinate x in the
beam
s cross�section�

� Fock�Leontovich Approximation for Paraxial Beams of Electro�

magnetic Radiation

There exist examples of classical processes such as electromagnetic paraxial
beams propagating in media	 which can be described using the formalism of
quantum�mechanics equations	 as it was shown by Fock and Leontovich in their
study of the propagation of electromagnetic waves along the Earth
s surface����

Another example was considered in our group in Lebedev while studying the
electromagnetic��eld propagation in the so�called active waveguides �active
region of diode lasers based on the heterostructures in compound semiconduc�
tors� and passive waveguides ��ber optics�������

Fock and Leontovich have shown that the wave equation for paraxial beams
of the electromagnetic �eld radiation can be reduced to a Schr�odinger�like
equation �the so�called parabolic approximation�	 where the Planck
s constant
is replaced by the inverse of the wave number and time is replaced by the
longitudinal coordinate z�

i�
���x� z�

�z
� � ��

�n
�z�

����x� z�

�x�
� U �x� z���x� z� ��

�again we cosider the planar con�guration�� In Eq� ��	 � � ���k is the wave�
length in vacuum and U �x� z� is an e�ective potential related to the refractive

index of mediumn�x� z� as U �x� z� � ��n
�z��
�� �

n�
�z� � n��x� z�
�
	 with n
�z�

being the refractive index of medium at the beam axis� The complex function
��x� z� is slowly varying amplitude of the electric �eld

E�x� z� � �n
�z��
����

��x� z� exp

�
ik

Z z



n
��� d�

�
	 ���

Thus	 one can see that the thermal wave model for the charged�particle�beam
transport plays the same role as the Fock�Leontovich approximation does in
the theory of electromagnetic�wave propagation in media�





� Density Matrix and Wigner Function in Quantum Mechanics

Another motivation for the possibility to use the thermal wave model is clear
from the arguments	 which we adopted from a review paper�� and present be�
low� First of all	 one needs to remind the notion of density matrix�� andWigner
function�� in quantummechanics� The density matrix of a pure quantum state

� �x� x�� t� is related to the wave function � �x� t� as


� �x� x�� t� � � �x� t� �� �x�� t� 	 ���

The Wigner function W �x� p� is related to the wave function � �x� t� as

W �x� p� �

Z
��x� u�� � t� �� �x� u�� � t� e�ipu��h du��h � ���

and it obeys the equation found by Moyal��
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where U is potential energy and the argument of this potential energy is re�
placed by the di�erential operators�

� Moyal�like Equation for Charged�Particle Beam

Now we duscuss the possibility to associate the quantumlike equation to the
classical kinetic equation������� We consider the classical Boltzman equation for
the classical distribution function 
 �x� p� z� with a coordinate z instead of time

�


�z
� p

�


�x
�
�
�U

�x

�
�


�p
� � � ���

this equation describes the phase�space evolution of electronic rays�
The key ansatz if the following� The derivative of the potential can be

replaced by the di�erence term

�U

�x
� U �x� ����� U �x� ����

�
� ���

where a parameter � �called emittance� describes a size of beam spreading in�
side which the electronic rays are indistinguishable due to thermal �uctuations�
Since for small �	
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which is the other important step	 one obtains the equation
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In fact	 the presented procedure is a logic jump	 but it is compatible with the
approximate formulas discussed� Nevertheless	 this logic jump provides the
clear picture how the quantumlike equation can �naturally emerges from the
classical equation�

� Tomographic Probability for Charged�Particle�Beam Transport

The beam wave function can be mapped on the probability density �tomo�
graphic probability� w �X��� �� in the form

w �X��� �� �
�

��j�j

����
Z

��y� exp

�
i�

� �
y� � ix

�
y

�
dy

����
�

	 ����

The physical meaning of the real variable X and real parameters � and �
is the following� The beam wave function is an analog of the wave function
in quantum mechanics which is a function of the particle
s position� If one
measures the particle
s position X in scaled and rotated reference frame in the
particle
s phase space	 the relationship arises

X � �q � �p � � � e� cos  � � � e�� sin  � ���

where  is a rotation angle of the reference frame and � is a scaling parameter�
Thus	 for the charged�particle beam	 the random variable X and parameters
� and � are quantumlike analogs of the quantum particle
s position measured
in the reference frame in the phase space labeled by two real parameters �
rotation and scaling� One can invert the map �up to a constant phase factor��

��y����y�� �
�

��

Z
w �X��� y � y�� exp

�
i

�
X � �

y � y�

�

��
d� dX 	 ����

Transform

��y� � w �X��� �� is related to the fractional Fourier transform�	

For the normalized states	 the tomographic probability is also normalized
and it can be used to reconstruct the beam Wigner function as well���

�



	 Quantumlike Integrals of Motion for the Charged�Particle�Beam

Transport

Within the framework of quantumlike thermal wave model	 one can describe
the integrals of motion of charged�particle beam	 which are operators bI�z� with
the property

d

dz
hbI�z�i � d

dz

Z
���x� z� bI�z���x� z� dx � � 	 ����

Equation ���� means that the average value of the quantumlike observable bI�z�
does not change along the longitudinal coordinates z�

For example	 for z�dependent quadrupole lens with the potential

U �x� z� � k��z�x
���� ����

one has two linear in position bx and momentum bp integrals of motion�

bA�z� � ip
�

�
��z�

�
�i �

�x

�
� !��z�x

�
� ����

bAy�z� � � ip
�

�
���z�

�
�i �

�x

�
� !���z�x

�
� ����

with ���� being the Hermitian conjugate operator of �����

In Eqs� ���� and ���� the function ��z� satis�es the di�erential equation

���z� � k��z� ��z� � � � ����

where we take units with k���� � �� � � �� The initial conditions for the
solution of Eq� ���� ���� � � � !���� � i provide the commutation relations of
the oscillator
s creation and annihilation operators to the integrals of motion
���� and ����� The integrals of motion bA�z� and bAy�z� are related to the initial
position and momentum operators�

bx
�z� � bA�z� � bAy�z�p
�

� bp
�z� � bA�z�� bAy�z�

i
p
�

	 ����

There exist other integrals of motion for the electronic beam	 which are arbi�
trary functions either of the initial position and momentum operators bx
�z�
and bp
�z� or of the operators bA�z� and bAy�z��

�




 Charged�Particle�Beam Propagator

In quantum mechanics	 there exists the notion of quantum propagator �or
the Green function of the Schr�odinger evolution equation�� Also there exists a
propagator for the Wigner function �the Green function of the Moyal evolution
equation�� The quantumlike propagator G �x� x�� z� describes the evolution of
the beam wave function ��x� z� �

R
G �x� x�� z���x�� �� dx��

The propagator is connected with the integrals of motion

bx
�z�G �x� x�� z� � x�G �x� x�� z� � ����

bp
�z�G �x� x�� z� � i�
�

�x�
G �x� x�� z� 	 ����

There exist two other propagators�
�i� " �x� p� x�� p�� z� for the Wigner function of the quantum particle

W �x� p� z� �

Z
"�x� p� x�� p�� z� W �x�� p�� �� dx� dp�� ���

�ii� " �X��� ��X�� ��� � �� z� for the tomographic probability of the charged�
particle beam

w �X��� �� z� �

Z
"�X��� ��X �� ��� � �� z� w �X�� ��� � �� �� dX� d�� d�� 	 ����

The in�uence of the aberration potential V �x�� z�� can be described by
means of perturbation theory analogously to the case of quantum mechanics�
Thus	 the in�uence of aberration for the beam wave function ��x� z� in a �rst
approximation is given by the relationship�

��x� z� � �
�x� z� �
�

i

Z z




dz�
Z

G
 �x� x
�� z� z�� V �x�� z���
�x
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where �
�x� z� and G
 �x� x�� z� z�� are the beam wave function and the beam
propagator without aberration	 respectively�

The same procedure for the in�uence of aberration potential can be devel�
oped for the Wigner function and tomographic probability� The result of the
consideration� follows

�i� for the Wigner�like function�
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where 

�� is the solution of the Moyal�like equation for unperturbed Hamilto�
nian H
 and "
 corresponds to unperturbed Hamiltonian H
�

�ii� for the tomographic probability�
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where the propagator e"
 corresponds to the evolution of unperturbed tomo�
graphic probability

w
�X��� �� z� �

Z e"
�X��� ��X
�� ��� ��� z� z��w
�X

�� ��� � �� z�� dX� d�� d�� 	

The function w
�X��� �� z� is the solution of the Fokker�Planck�like equation
with unperturbed Hamiltonian H
��� The formulas obtained correspond to a
�rst Born approximation of the perturbation series�

� Noncommutative Tomography of Analytic Signal

In information processing	 the main object to investigate is analytic signal
which is described by a normalized complex function of time f�t�� Ville intro�
duced a map of the analytic signal onto the quasidistribution function of two
variables � time t and frequency ���

W �t� �� �

Z
f �t� u��� f� �t� u��� e�i�u du � ����

which has the inverse �up to a constant phase factor�

f�t� f��t�� � ������

Z
W �t� t��� � �� ei�t�t

�� d� 	 ����

The notion of analytic signal in information processing mathematically is anal�
ogous to the notion of wave function in quantum mechanics	 and the Ville
quasidistribution corresponds to Wigner function of quantum mechanics���

In view of the analogy of quantum mechanics and analytic signal theory	
the tomographic approach was introduced into signal analysis by using the
probability distribution density
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which is a simple replacement y � t� � � f in the corresponding formula
of quantum mechanics��

Thus	 one has relationships between the Ville�Wigner function W �t� ��
and the tomographic probability density w �X��� �� in signal analysis�

W �t� �� �
�

��

Z
w �X��� �� e�iX��t���� dX d� d� � ���

w �X��� �� �

Z
W �t� �� � �X � �t� ���

dt d�

��
� ���

which are mathematically identical to the formulas of quantum mechanics�

�� Conclusions and Perspectives

We have demonstrated that there exists a possibility to describe quantumlike
processes �classical in their nature� using notions of quantummechanics such as
well�known quasidistributions �like Wigner function� and recently introduced
tomographic probabilities� The analytic signal theory is an example where
the quantum notion can be used to visualize better the signals
 properties�
Tomograms of analytic signal can be used to detect noisy signals with small
signal�to�noise ratio��

There exists the important perspective to use quantumlike processes to
imitate many aspects of purely quantum phenomenon	 which are relevant in
quantum computing� As we have shown	 the electromagnetic radiation in op�
tical �bers obeys to the Schr�odinger�like equation due to the Fock�Leontovich
approximation� This means that the purely classical signal in optical �bers
can be used to code the information analogously to coding the information in
quantum computing by the wave function� Several optical �bers imitate then
the quantum system with many degrees of freedom� The superposition of elec�
tromagnetic �elds in optical �ber imitates the phenomenon of entanglement�
Tomographic detection of the electromagnetic �eld in optical �bers is analo�
gous to tomographic measuring the quantum states in quantum computers and
quantum communication lines�

Not only optical �bers can be used as imitators of elements of quantum
computer� The charged�particle�beam transport within the framework of ther�
mal wave model can be also discussed as an object	 which is appropriate to
imitate some quantum phenomena� The study of these perspectives needs
deeper understanding of the applicability of the quantumlike superposition
principle within the framework of thermal wave model�
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Abstract  The physics of radiation reaction for a point charge is discussed within the context of 
classical electrodynamics. The fundamental equations of classical electrodynamics are first 
symmetrized to include magnetic charges: a double 4-potential formalism is introduced, in terms of 
which the field tensor and its dual are employed to symmetrize Maxwell's equations and the 
Lorentz force equation in covariant form. Within this framework, the symmetrized Dirac-Lorentz 
equation is derived, including radiation reaction (self-force) for a particle possessing both electric 
and magnetic charge. The connection with electromagnetic duality is outlined, and an in-depth 
discussion of  nonlocal 4-momentum conservation for the wave-particle system is given. 

1 Introduction 

Recently, close attention has been paid to the concept of duality in quantum field 
theories, as summarized by Witten [1]. In particular, recent work in superstring theory 
has resulted in the convergence of four main themes: electromagnetic duality in four 
dimensions, the symmetries of supergravity, dualities in superstring theory, and gauge 
theory dynamics in four dimensions. Occurrence   

The concept of duality in electrodynamics results from the symmetry between the 
electric and magnetic components of the field tensor: the source-free equations of the 
Maxwell set are symmetrical in vacuum under the transformation E B→  and 
B E→ −  in addition, the symmetry can be maintained in the presence of 4-currents, 
provided that both electric and magnetic monopoles are introduced, thus suggesting a 
deeper hidden symmetry. Since Dirac's brilliant insight on charge quantization [2-4], the 
role and importance of magnetic monopoles and duality in electrodynamics have taken 
on a much more profound significance. Feynman and Wheeler first demonstrated the 
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deep connection between time reversal and charge conjugation [5], while Schwinger 
proposed to associate the electric and magnetic charge in a single electrically charged 
monopole, referred to as a dyon [6]. Such a particle should exhibit the full symmetries 
of the electromagnetic interaction. 

Although magnetic monopoles have never been observed, it can be argued that the 
apparent quantization of electric charge might represent indirect evidence for the 
existence of magnetic charge. The argument, originally put forth by Dirac [2,3] and later 
simplified by Saha [7], can be summarized as follows: if a magnetic field with non-zero 
divergence is added to an electric field with the same property, the total field has non-
zero angular momentum, even in the static case. The field angular momentum turns out 
to be proportional to the product of the charges of the electric and magnetic sources 
involved, and independent of distance. Since angular momentum is quantized, and 
assuming that the amount of magnetic charge in the universe is finite, it follows that 
electric charge must be quantized. Although other explanations have been proposed for 
the observed quantization of charge, Dirac's argument remains the most elegant. In 
addition, in 1977, Montonen and Olive showed that in a limiting case of electroweak 
interaction theory, a particle of electric charge q and magnetic charge g, acquires a mass 

2 2
m q gψ= +  under spontaneous symmetry breaking, where ψ  is a constant 

measuring the gauge symmetry breaking [8]. 
Within this theoretical context, there exists a beautiful and compelling case for 

studying fully symmetrized versions of classical and quantum electrodynamics (CED 
and QED); in addition, these theories might also provide the correct approach to 
demonstrating that CED indeed represents the classical limit of QED, a problem that is 
still unresolved. This is because the duality of fully symmetrized QED implies that if the 

electric fine structure constant, 
2

0

1
137.0362

e
hcεα = ≅ , and its magnetic counterpart, 1

α . 

are exchanged, electric and magnetic phenomena will appear to be switched, for a 
classical observer. This, in turn can be related to the notion of running coupling 
constants, used in gauge theory dynamics, where two important limiting cases might 
shed some light on the exact relation between QED and CED: the case where α → ∞ , 
and quantum effects disappear, and the case where the full symmetry between electricity 
and magnetism is restored, with 1α = . 

Thus, the main thrust of this paper is to present a classical derivation of radiation 
reaction for electric and magnetic monopoles, as well as dyons. The approach used here 
includes a generalization of Dirac’s derivation of classical radiation reaction for a point 
charge from general principles, including gauge invariance and Lorentz covariance [9], 
where the double 4-potential introduced by Cabbibo and Ferrari [10] is further extended 
by introducing a complex electromagnetic tensor unifying the conventional 
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electromagnetic tensor and its dual. In addition, the electric and magnetic 4-currents are 
unified into a single complex 4-vector, and the connection with electromagnetic duality 
is now completely explicit: electric and magnetic charges can be rotated into one 
another, while preserving the global invariance of the symmetrized form of Maxwell’s 
equations. One advantage of the complex 4-potential formalism over Dirac’s well-
known model of magnetic monopoles is the absence of string-like singularities; in 
addition, within this framework, one can readily derive a Hamiltonian for dyon-dyon 
interactions. Finally, our complex notation proves extremely compact, allowing for an 
elegant derivation of the symmetrized Dirac-Lorentz equation. 

This paper is organized as follows: in Section 2, we develop the aforementioned 
complex double 4-potential formalism; the symmetrized form of the Dirac-Lorentz 
equation, which describes the dynamics of a dyon with radiation reaction, is derived in 
Section 3, while the conceptual difficulties associated with this classical model for a 
point charge are briefly reviewed in Section 4, including electromagnetic mass 
renormalization, runaways, and acausal effects; finally, conclusions are drawn in 
Section 5, where the implications of electromagnetic duality for QED are also outlined. 
In addition, a few technical points and a physical interpretation of the Schott term in 
terms of nonlocal 4-momentum conservation are presented in Appendices. 

2 Symmetrized Electrodynamics 

Here, and throughout the remainder of this paper, we use electron units, where length is 

measured in units of the classical electron radius, 2 2

0 0 0
4/r e m cπε= , while time is 

measured in units of r0/c, mass is measured in units of  m0, electric charge is measured 

in units of e, and magnetic charge in units of / eh . In these units, 
0

1 / 4ε π= , 
0

4µ π= , 

and  for a particle of mass m0, the 4-momentum is equal to the 4-velocity: 

p u d xµ µ µτ= = , where ( )xµ τ  is the world-line of the particle, and τ  is its proper time. 

We now focus on the problem of a dyon, having both electric and magnetic charges 
q  and g , respectively [6]. If magnetic sources are allowed, Maxwell's equations 
become symmetrized as follows: 
 

 4 ,       4F j F gµν µ µν µ
ν νπ π∂ = ∂ =% , (1) 
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where j µ  and g µ  correspond to the electric and magnetic 4-current densities, and 

where F µν%  is the dual electromagnetic tensor. Here, the 4-gradient operator [11,12] is 

defined as ( , )
tµ∂ ≡ −∂ ∇ . 

Now introducing the electric 4-potential ( , )Aµ φ= A , and its magnetic counterpart, 

( , )V µ ϕ= V , the field tensor and its dual may be written as 
 

 F A A Vµν µ ν ν µ µναβ
α βε= ∂ − ∂ − ∂  (2) 

and 

 F A V Vµν µναβ µ ν ν µ
α βε= ∂ + ∂ − ∂% , (3) 

where µναβε  is the completely antisymmetrical Levi-Civita tensor [13]. Applying the 

Lorentz gauge condition to the 4-potentials, we have 0Aµ
µ∂ =  and  0V µ

µ∂ = ; and the 

symmetrized version of Maxwell’s equations become 
 

 4A jν
ν µ µπ∂ ∂ = −  (4) 

and 

 4V gν
ν µ µπ∂ ∂ = − .  (5) 

 
At this point, we note that Eqs. (4) and (5) are invariant under the dual transformation 
 

 cos sin ,         cos sinA A V V V Aµ µ µ µ µ µθ θ θ θ′ ′= + = −  (6) 

 
provided that the charges and 4-currents are also transformed: 
 

 cos sin ,         cos sinj j g g g jµ µ µ µ µ µθ θ θ θ′ ′= + = − . (7) 

 
By analogy with the idea that Lorentz invariance becomes manifest in covariant 
notation, dual-invariance can be clearly expressed in complex notation: since the dual 
transformation is essentially a rotation in the complex charge plane, this suggests the 

notation q q ig= + , which yields the complex 4-current density j j igµ µ µ= + ; 

similarly, the complex 4-potential is defined as A A iVµ µ µ= + , from which the complex 

electromagnetic field tensor is derived as: 
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 aF F iF A A i Aβ
µν µν µν µ ν ν µ µναβε= + = ∂ − ∂ + ∂% . (8) 

 
Within this context, the dual transform reduces to 
 

 ,         i i' 'F F e j j eθ θ
µν µ µµν

− −= = . (9) 

 
This notation also proves extremely compact: the symmetrized form of Maxwell’s 
equations takes the form 
 

 4F A jµν ν µ µ
µ ν π∂ = −∂ ∂ = , (10) 

 
and it is now obvious that Eqs. (8) and (10) are dual-invariant. Within this context, the 
dual-invariant Lorentz force equation takes the form 
 

 ( ) 

*( )F qF gF u q F uν ν
µ µν µν µν= + =% R . (11) 

 
Note that whenever a product between any two complex electromagnetic quantities 
defined previously is taken, one of the quantities must be complex-conjugated so that its 
magnetic component changes sign. This operation is analogous to raising and lowering 
an index in covariant notation, when contracting tensors, so that the sign of the time-like 
component is reversed: in both cases, the sign reversal ensures the invariance of the 
product under the respective transform. The duality and Lorentz transforms are both 
rotations, in 2 and 4-dimensional spaces, respectively. 

3 Symmetrized Dirac-Lorentz Equation 

To derive the radiation force, two different approaches can be used. First, one can 
follow Dirac's treatment [9,14] and derive the radiation reaction from general principles 
including gauge invariance and Lorentz covariance; this is the focus of the present 
section. The second type of derivation relies on a careful study of the conservation of 
the 4-momentum of the electromagnetic field [15-18] during the interaction. 

In the case of a classical point dyon [6], which possesses both an electric charge q , 

and a magnetic charge g , the complex 4-current is given by 
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4
( ) ( ) ( )j x q u x x x dµ ν µ ν ν νδ τ

+∞

−∞
′ ′ ′= −∫ , (12) 

 
where the integral over proper time allows the use of the invariant 4-dimensional Dirac 
delta-function, as discussed in Appendix 1. 

Now assuming, as Dirac did, that a particle acts on itself through the Lorentz force 
[9], but using the symmetrized expression thereof, the self-force is 
 

 ( )*s
s s sF q A A i A u
µ µ ν µ ν µναβ

α β νε= ∂ − ∂ + ∂ 
 R , (13) 

 
where the complex self-potential satisfies the driven wave equation 
 

   4 ( ) ( )s
A q u x x x d

ν
ν µ ν ν νπ δ τ

+∞

4−∞
′ ′ ′∂ ∂ = − −∫ . (14) 

 
Equation (13) can be written as 
 

 ( )* * *s
s s sF q A A u iq A uµ µ ν ν µ µναβ

ν α β νε= ∂ − ∂ − ∂  R , (15) 

 
while the driven wave equation (14) can be solved in terms of Green functions: 
 

   ( ) 4 ( ) ( )s
A x q u x G x x dµ λ µ λ λ λπ τ

+∞

−∞
′ ′ ′= − −∫ , (16) 

 

where G  is the Green function formally defined as 
1

4
( ) ( )G x x x x

ν
λ λ ν λ λδ

−′ ′− ≡ − ∂ ∂ −   . Using this Green function solution in Eq. (15), it 

becomes clear that the last term in the square brackets is pure imaginary: 

 

2* *s
iq A u iq q i q

µναβ
α β νε− ∂ ∝ = ; thus, the self-force reduces to 

 

 ( )* *

s s sF q A A uµ µ ν ν µ
ν= ∂ − ∂  R . (17) 

 
Lest this manipulation appears as slight of hand, we depart momentarily from our 
elegant shorthand to elucidate the reason for the vanishing of the last term in Eq. (15): in 
terms of real quantities, the self-force reads 
 

 ( ) ( )s s
s s s s sF q A A V u g A V V uµ µ ν ν µ µναβ µναβ µ ν ν µ

α β α β νε ε= ∂ − ∂ − ∂ + ∂ + ∂ − ∂ ; (18) 
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where the electric and magnetic self-potentials are driven by the dyon electric and 
magnetic 4-currents, with 
 

   ( ) 4 ( ) ( )

s
A q

x u x G x x d
V g

λ µ λ λ λ

µ

π τ
+∞

−∞
′ ′ ′= − −

   
       ∫ , (19) 

 

which implies that ( / )s sV g q Aµ µ= . This last relation allows some cancellation in Eq. 

(18), yielding the simpler expression 
 

 ( ) ( )s
s s s sF q A A u g V V uµ ν ν µ µ ν ν µ

µ ν ν= ∂ − ∂ + ∂ − ∂  (20) 

 
in agreement with Eq. (17). 
 

Physically, the disappearance of the cross-terms involving the action of the 
magnetic self-potential on the electric charge, and that of the electric self-potential on 
the magnetic charge, is due to the fact that the corresponding ponderomotive self-forces 
exactly cancel out. This decoupling of the radiation reaction forces is to be expected 
because the polarization of the radiation generated by the dyon’s electric charge is 
always orthogonal to that radiated by the magnetic charge; thus, there is no interference 
between the electric and magnetic components of the dyon self-electromagnetic field.  
Using the explicit form of the Green function in the force equation, we have 
 

 [ ]    

2
( ) 4 ( )s

F x q u u u G x x d
ν

µ λ ν µ µ ν λ λπ τ
+∞

−∞
′ ′ ′ ′= − ∂ − ∂ −∫ , (21) 

 

where we have used the notation ( )u u xµ µ λ
′ ′= . 

We now apply Dirac's procedure for finding the self-force in the point limit. The 

Green function in Eq. (21) depends on the space-time interval 2 ( ) ( )s x x x x µ
µ

′ ′= − − ; 

using 2s  as the independent variable, the 4-gradient operator reads  22( )
s

x xµ µ µ
′∂ ≡ − ∂ , 

and the self-force is 
 

 [ ] 

2

2 8 ( ) ( )s

s
F q d u u x x u x x Gν

µ ν µ µ µ ν νπ τ
+∞

−∞
′ ′ ′ ′ ′= − − − − ∂∫ . (22) 
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At this point, we introduce the new variable τ τ τ′′ ′= − , so that the range of integration 
explicitly includes the electron (singular point at 0τ ′′ = ). To evaluate the integral in Eq. 
(22), we can now use Taylor-McLaurin expansions in powers of τ ′′ : we first have 
 

  

2 31 1
2 6( ) ( )x x x x u a d aµ µ µ µ µ µ µττ τ τ τ τ τ′ ′′ ′′ ′′ ′′− = − − = − + +K , (23) 

 
where we have used the 4-velocity and 4-acceleration. For the 4-velocity, we have 
 

  

21
2( )u u u a d aµ µ µ µ µττ τ τ τ′ ′ ′′ ′′= − = − + +K . (24) 

 
Using expansions (23) and (24), and factoring, we have 
 

 

[ ] ( )
( ) ( )

( ) ( )

 

 

 

2

2 3

1 1
2 6

1 1
2 2

1
6

( ) ( ) ( )

( )

.

u
u x x u x x u u u a d a

u d a u u a d a u u

u d a u

ν
ν

ν µ µ ν ν ν ν µ µ µ

ν ν
ν µ µ µ µ ν

ν
ν µ

τ

τ τ

τ

τ τ
τ

τ τ τ

τ τ

2

2

′ ′ ′ ′ ′′ ′′− − − = − +
′′

′′ ′′ ′′+ − − +

′′ ′′− +O

 (25) 

 

We now use the Lorentz invariant 1u uµ
µ = − . Differentiating this equation with respect 

to the proper time τ , we first find that  0u d u u aµ µ
µ µτ = = ; this result corresponds to 

the fact that the derivative of a vector with fixed length is orthogonal to the original 
vector: the 4-acceleration is always perpendicular to the 4-velocity. Differentiating a 

second time with respect to τ , we also have  a a u d aµ µ
µ µ τ= −  [11,14,17]. Grouping 

terms, we finally obtain the important result 
 

[ ] { } ( )2 41 1
2 3( ) ( ) ( )u u x x u x x a d a u a aν ν

ν µ µ µ ν ν µ µ µ νττ τ τ′ ′ ′ ′ ′′ ′′ ′′− − − = − + − +   O .(26) 

 

The relation between the space-time interval 2s  and the proper time difference τ ′′  can 

be expanded as well: ( )2 2 3 41
2( ) ( )s u u u a a uµ µ µ

µ µ µτ τ τ′′ ′′ ′′= − + +O ; using the 

orthogonality of the 4-velocity and 4-acceleration, this reduces to ( )2 2 4s τ τ′′ ′′= − +O , 

and we have [ ]
 

2 (1 / 2 ) ( )
s

G Gττ τ ′′′′ ′′∂ = − + ∂O . 
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With this, the expression for the self-force reads 
 

 ( ){ }
 

2 2 3
 

1 1
2 34 ( )s

F q d a d a u a a G
ν

µ µ µ µ ντ τπ τ τ τ τ
+∞

−∞ ′′′′ ′′ ′′ ′′= − + − + ∂  ∫ O . (27) 

 

We can integrate Eq. (27) by parts, according to 
 

 ( )d f Gττ τ ′′′′ ′′ ∂∫  

( )  ( )d f Gττ τ′′′′ ′′= − ∂∫ , and obtain 

 

 ( ){ } 

2 21 2
2 34 ( ) ( )s

F q d a d a u a a G
ν

µ µ µ µ ντπ τ τ τ τ
+∞

−∞
′′ ′′ ′′ ′′= − − + − +  ∫ O . (28) 

 
We now use the retarded (causal) Green function [9,14]; Eq. (28) reads 
 

 
( ){ }

( ) ( )[ ]  

2 21 2
2 3 ( )

( ) 1 ,/ /

s
F q d a d a u a a O

ν
µ µ µ µ νττ τ τ

δ τ τ τ τ

+∞

−∞
′′ ′′ ′′= − + − +

′′ ′′ ′′ ′′× +

  ∫  (29) 

 

where we have used 
0 0 0 0

( ) / /x x x x τ τ′ ′ ′′ ′′− − = , and ( ) ( )2 2sδ δ τ ′′= −  

( ) /δ τ τ′′ ′′= . This last identity has to be defined mathematically with care, as discussed 

in Appendix 2. 
 
We now proceed with the integration of Eq. (29) to obtain 
 

 ( )2 21 2
2 3( ) ( )/sF q d a q d a u a aν

µ µ µ µ ντδ τ τ τ
+∞

−∞
′′ ′′ ′′= − + −     ∫ , (30) 

 
which is the sought-after expression for the self-force. Note that we have dropped the 

antisymmetrical terms in ( ) ( )/τ τ δ τ′′ ′′ ′′  and ( )1 ( )/ τ δ τ′′ ′′ , and that this expression is 

exact because all the higher-order terms in the expansion integrate out; this fact is rarely 
appreciated in the literature. The momentum transfer equation, including the radiation 
reaction, now reads 
 

( ) ( )  

2 2*1 2
2 3( ) ( )/m q d a q F u q d a u a aν ν

µ µν µ µ ντδ τ τ τ
+∞

−∞
′′ ′′ ′′+ = + −     ∫ R .(31) 
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Equation (31) clearly exhibits the infinite electromagnetic mass, in the form of the 
divergent integral multiplying the 4-acceleration. 

4 Conceptual Difficulties: Electromagnetic Mass Renormalization, 
Runaways, Acausal Effects 

In this section, the main conceptual problems associated with the classical Dirac-
Lorentz electron model are reviewed and discussed. The Dirac-Rohrlich asymptotic 
condition [9,16] is then introduced to determine the physical solutions of the Dirac-
Lorentz equation. 

As shown in Eq. (31), the mass term contains an infinite contribution from the self-
electromagnetic fields of the point dyon. There are two different ways to circumvent this 
difficulty. First, we can consider that the infinite potential energy associated with a point 
charge model must be balanced by an infinite binding energy -W, such as that produced 
by the Poincaré stress tensor [16,19,20], so that the finite observed rest mass of the dyon 

is given in units of m0 by ( )  

21
2 ( ) /m q d Wδ τ τ τ′′ ′′ ′′= −∫ . This procedure is 

essentially equivalent to mass renormalization in QED. The divergent electromagnetic 
mass, which is produced by the singular part of the Green function can also be removed 

by considering the time-symmetrical Green function 1
2 ( )G G G− += − , as first proposed 

by Dirac [9]; here G ±  represent the retarded and advanced Green functions. There is 
little doubt that the removal of the infinite self-energy of the (non-radiative) Coulomb 
field is deeply connected to the charge conjugation and time reversal properties of 
electrodynamics, as exemplified by the Wheeler-Feynman electrodynamics [21,22]; 
however, the connection is not entirely clear. 

Using either approach to renormalize the electromagnetic mass, we finally obtain 
the complete equation of motion for a particle with arbitrary electric and magnetic 
charge: 
 

 ( )  

2* 2
3 ( )ma q F u q d a u a a

ν ν
µ µν µ µ ντ= + −  R , (32) 

 
where m is the renormalized dyon mass. It is manifest that Eq. (32), like the generalized 
form of Maxwell’s equations, is invariant under a duality transform. In the case of an 
electron, 1q = − , which yields the well-known Dirac-Lorentz equation: 
 

 
0

( )a F u d a u a aν ν
µ µν µ µ νττ= − + −   , (33) 
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where 
0

2
3τ =  is the Compton time-scale, expressed in the units of 

0
/r c  used here. In 

MKSA units, 2 23

0 0 0
6 0.626 10  s/e m cτ µ π −= = × . The first term on the right-hand side 

is the Lorentz force, while the radiation reaction contain the Schott term [9-12,14-20,23] 
and the radiation damping force [11,17-19,24]. 

A very important property of the Dirac-Lorentz equation is the fact that it satisfies 
energy-momentum conservation, as is easily seen by contracting Eq. (33) with the 4-
velocity; we then have 
 

  

2
30 ( )( )u a u F u u d a u u a aµ µ ν µ µ ν

µ µν µ µ ντ= = − + −   , (34) 

 

which is satisfied by virtue of  the antisymmetry of the electromagnetic field tensor Fµν  

and the orthogonality of uµ  and aµ . 

We now briefly review some of the conceptual difficulties associated with the 
Dirac-Lorentz equation itself. First, it is easily seen that, in the absence of an external 

field, Eq. (33) can be contracted with aµ  to obtain  
0

1
2 ( )a a d a aµ µ

µ µττ= , which admits 

the so-called "runaway" solution ( )a aµ
µ τ    ( )

0 0exp 2 /a a
µ

µ τ
τ τ

=
=    . Note that this 

self-excited motion implies that 
0

0a a
µ

µ τ =
≠   , and can be eliminated through the use 

of the appropriate asymptotic conditions,  lim ( ) 0aµτ
τ

→±∞
= , as suggested by Dirac [9] and 

Rohrlich [16]. This type of boundary condition on the electron motion also satisfies the 
law of inertia: the electron velocity remains constant when no external force is applied. 
A detailed analysis of Eq. (33) [16,20] also reveals the existence of acausal, or "pre-
acceleration" solutions. This is directly connected to the implicit electromagnetic mass 
renormalization underlying the Dirac-Lorentz equation: the self-force can be explicitly 

derived by using the time-symmetrical Green function 1
2 ( )G G G− += −  [14], as first 

noted by Dirac [9]. As a result, although the electron is modeled as a point charge, it can 
interact electromagnetically with external fields localized within its classical radius: to 
show the implicit acausality of the Dirac-Rohrlich solution, we recast the Dirac-Lorentz 
equation in the form [16,20] 
 

  
0

,         ( )a d a K K F u u a aν ν
µ µ µ µ µν µ νττ τ 0− = = − − . (35) 
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Multiplication by the integrating factor 0/
e

τ τ−  yields 
 

 ( )0
0 0/ /( ) 1 ( )/d a e e Kµ µ

τ τ τ τ
τ τ τ τ− −= −   . (36) 

 
Equation (36) can now be formally integrated to obtain 
 

 ( ) ( ) ( )  

0 0 0
( ) exp exp 1 ( ) ( )/ / /a u F u a a d

ν ν
µ µν µ ν

τ
τ τ τ τ τ τ τ τ

−∞
′ ′ ′= − +  ∫ . (37) 

 
The structure of this formal solution, which implicitly satisfies the Dirac-Rohrlich 
asymptotic condition, clearly exhibits the acausal convolution integral operator 

( )0
exp /d

τ
τ τ τ

−∞
′ ′−∫  which "weighs" the externally applied electromagnetic field 

exponentially within a characteristic space-time interval equal to the classical electron 
radius. This type of solution does not run away because the pre-acceleration of the 
electron over the Compton time-scale "launches" it on a stable trajectory. In other 
words, the preacceleration exactly compensates the runaway instability, and when the 
external field is applied, the electron executes a motion which conserves the total 4-
momentum, including the pump and scattered fields, and asymptotically satisfies the 
law of inertia. 

5 Discussion 

At this point, the connection between duality and the fully symmetrized version of 
electrodynamics can be discussed within the context of a dynamical gauge theory, 
where the fine structure constant is now a running coupling constant. We start from the 
Dirac-Schwinger charge quantization condition [6] for electric and magnetic 
monopoles: 
 

 ( )* 1

1 2 1 2
ˆ ˆ,         q q z n z nα −× = = ∈q q NI  (38) 

 

In Eq. (38) the ˆ-axisz  corresponds to angular momentum; this is schematically 
illustrated on Fig. 1 (top) where two different charge state vectors are shown in the 

complex charge plane for a positron, with [ ]1 1 1
ˆ ˆ ˆ( ) ( )x q y q x= + =q R I , along the 

electric axis, and a magnetic monopole, [ ]2 2 2
ˆ ˆ ˆ( ) ( )x q y q y= + =q R I , along the 

magnetic axis. The / 2π  angle between both charge states corresponds to the 
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orthogonality of the electric and magnetic axes. The total angular momentum of the 

system is now represented by the cross product of 
1 2

and q q , and is quantized according 
to Eq. (38). It is clear that a duality transform simply rotates the electric and magnetic 
axes, as shown in Fig. 1 (top); however, the cross product remains unchanged, as the 
relative angle between the monopole charge states and their length are preserved by this 
rotation. Therefore, to fully symmetrize electrodynamics, one needs to take 1α = , as 
first observed by Dirac [2,3], in which case the distinction between electric and 
magnetic charges disappears. In this case, radiation reaction are equal for an electric or a 
magnetic point charge interacting with external fields, and the full symmetry of 
electrodynamics is realized, as illustrated in Fig. 1 (bottom). One of the deepest 
questions associated with this theory is the exact connection with spin and the Dirac 
equation of QED [25]. 

In conclusion, the basic electrodynamic equations for a dyon was presented within 
the context of a covariant formalism in the complex charge plane. A double-potential 
formalism has been introduced which aids in the symmetrization of the calculations. An 
expression for the general self-force of a dyon was derived, and it was found that this 
expression is proportional to Dirac's expression for the self-force on an electron, 
differing only by a factor involving the electric and magnetic charge. Dirac's procedure 
for taking the point limit of the self-force was applied, and the complete electrodynamic 
equation of motion for a dyon was obtained. Finally, the connection with 
electromagnetic duality was outlined. 
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Figure Captions 

Figure 1. Illustration of the Dirac-Schwinger quantization condition and the duality 
transform. 
Figure 2. Top: dipole radiation pattern, as observed in the instantaneous rest frame of 
the accelerated electron. Bottom: the same pattern, as observed in a frame where γ = 
1.01. 
Figure 3. Scattering of a laser pulse by an electron initially at rest. 
 
 

Figure 1 Figure 2 
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Appendix 1: Dyon 4-Current  

In Section 2, the dyon 4-current is modeled by the integral over the dyon proper time of 
a 4-dimensional delta function; here, we show how to go from a 3-dimensional point 
charge model to an invariant delta function. In general, the 4-current density can be 
expressed in terms of 4-velocity and charge density as 
 

 [ ]  ( ) ( ) ( ) ( )/j x u x x xµ λ µ λ λ λγ ρ= , (A1) 

 
which can be formally expressed as an integral over all times if we use the properties of 
the Dirac δ-distribution: 
 

 ( )  ( ) ( ) ( ) ( ) /j x u x x t t dtµ λ λ λρ δ γ
+∞

−∞
′ ′ ′ ′ ′= −∫ . (A2) 

 

Figure 3 
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Here, [ ]( ) , ( )x x t t tλ λ
′ ′ ′ ′= ≡ x , and is measured in units of r0. The charge density of the 

dyon is now modeled by a three-dimensional  δ-distribution, and we have 
 

    

3
( ) ( ) ( ) ( )s

j x q u x t t dµ λ λ δ δ τ
+∞

−∞
′ ′ ′ ′= − −∫ x x , (A3) 

 

where we have introduced the dyon proper time, defined by  dt dγ τ′ ′ ′= . The invariant 

4-dimensional δ-distribution can now be introduced, to yield 
 

   

4
( ) ( ) ( )s

j x q u x x x dµ λ λ λ λδ τ
+∞

−∞
′ ′ ′= −∫ . (A4) 

Appendix 2 

In Section 3, we have used the identity: 
 

 ( ) ( ) ( )2 2 ( ) /sδ δ τ δ τ τ′′ ′′ ′′= − = . (A5) 

 
The identity given by Eq. (A5) has to be defined mathematically with care. We need to 
show that, for a certain class of suitably defined functions, we have 
 

 ( ) ( )   

2( ) ( ) ( ) /f x x dx f x x x dxδ δ=∫ ∫ . (A6) 

 
Starting from the well-known identity [14,19,26,27] 
 

 ( ) [ ] ( )2 2 ( ) ( ) 2/x a x a x a aδ δ δ− ≡ − + + , (A7) 

 

and defining ( )( ) ( ) /g x f x x= , we first have 

 

 
( ) ( )

[ ] ( ) [ ]
    

 

2 2 2 2

1
2

( ) ( )

( ) ( ) 2 ( ) ( ) ./

f x x a dx x g x x a dx

a g a g a a g a g a

δ δ− = −

= + − = + −

∫ ∫
 (A8) 

 

Applying this result to a function ( )f x  such that ( )
0

lim ( ) (0)/
x

f x x g
→

=  exists, we can 

now write 
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( ) [ ]

( )
 

  

2 2

0 0

2

1
2lim ( ) lim ( ) ( )

(0) ( ) ,

a a

f x x a dx g a g a

g f x x dx

δ

δ
→ →

− = + −

= =

  ∫
∫

 (A9) 

 
which is identical to 
 

 ( )    ( ) ( ) ( ) ( ) (0)/f x x x dx g x x dx gδ δ= =∫ ∫ . (A10) 

 
In this sense, the identity (A5) is properly defined. 

Appendix 3: Schott term 

Here, we consider the exchange of 4-momentum between the electron, the external field 
and the scattered field. An elementary treatment of this problem can be given in the 
instantaneous rest frame of the particle, as discussed by Jackson [19], where one can 
balance to zero the time-averaged work produced by the radiation force on the particle 
with the time-averaged radiated electromagnetic energy [19], to obtain the Schott term 
of the Abraham-Lorentz force [9,28-34]. The Schott term depends on the second time 
derivative of the particle velocity. However, it should be noted here that, strictly 
speaking, in the instantaneous rest frame ( )= 0β  where, by definition, both the particle 
velocity and kinetic energy are equal to zero, the infinitesimal variation of the work of 
the damping force,  dW dτ= ⋅ βF , must also be zero. In fact, it will be shown that in 
that frame, the dipole radiation pattern of the scattered field is symmetrical, and that 
there is no momentum exchanged between the charge and the radiated wave [17,18]. 
The method of derivation used here consists of evaluating the instantaneous variation of 
the energy-momentum of the radiated field first [11,17,18]. This can be done either by 
integrating the Poynting vector flux and the radiation pressure of the scattered field on a 
sphere of finite radius, then taking the limit where the radius tends to zero, assuming no 
internal particle structure [18], or by generalizing results obtained in the instantaneous 
rest frame in a covariant way [11,20]. 

For a point charge moving along a world line ( )xµ τ  with 3-velocity td=β x  and 

3-acceleration td=&β β , the radiative electric field at rµ  is obtained by deriving the 

Liénard-Wiechert 4-potential. In electron units, we have for the radiative field 
[11,12,15-17,19,24,35-39] 
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 [ ]{ }3( ) ( ) (1 )/r Rµ

−

= − × − × − ⋅  &E n n nβ β β , (A11) 

 

where the quantities in the bracket are evaluated at the retarded time t −  such that 

 ( ) ( )t t R t t− − −− = = −r x , and where n  is the unit vector in the direction of 

observation. 
The instantaneous electromagnetic momentum flux is given in terms of the 

Maxwell stress tensor [11,12,15-17,19,24,35-39], defined as 
 

 ( )2 21 1
4 2ij i j i j ijT E E B Bπ δ= + − +  E B . (A12) 

 
The total radiation pressure force applied to a sphere of radius R, corresponding to the 

momentum recoil of the photons emitted by the particle at t −  is given by 2

ij jT n R dΩ∫∫ , 

where jn  is the j-th component of n . From Reference [18], the instantaneous variation 

of the momentum of the scattered field can be written as 
 

 2

0
lim ( )t
R

d R d
→

= − Ω  ∫∫ oG n T , (A13) 

 
where o  denotes tensorial contraction. The details of the derivation are given in 
Appendix 4; the covariant form of the instantaneous variation of the scattered wave 4-
momentum is found to be 
 

 2
3 ( )td G a a uν

µ ν µ= . (A14) 

 
The corresponding radiation damping force acting on the charge is essentially a 
relativistic effect. Indeed, if we first consider the instantaneous rest frame of the particle, 
we see that this force vanishes, as indicated by Eq. (A14). This is due to the symmetry 
of the dipole radiation pattern in this particular frame, as shown in Fig. 2 (top): although 
electromagnetic energy is radiated by the particle, there is no net recoil force because 
for each photon radiated in a given direction of space there is a photon with the same 
momentum radiated in the opposite direction. In any other frame, as shown in Fig. 2 
(bottom), the relativistic Doppler effect breaks this symmetry: the photons radiated in 
the forward direction are blue-shifted and carry more momentum than their 
backscattered counterparts, resulting in a net radiation force opposite to the direction of 
motion. In the instantaneous rest frame, the electron merely mediates the transfer of 



capri-hartemann3.doc submitted to World Scientific : 12/12/01 : 1:47 PM  20/23 

energy from the external field to the radiated wave by scattering the incident photons. 
This physical picture is in agreement with the fact that in that frame the electron has no 
free energy to yield, and that the work of any force acting on the electron must be zero; 
it also clearly indicates that in that frame, energy is directly exchanged between the 
external field and the scattered wave. With this in mind, we now need to carefully 
investigate the conservation of the energy-momentum of the three interacting bodies.   

The covariant energy-momentum transfer equation between the charge and the 

electromagnetic field now takes the form a d p F u d G d Hν
µ µ µν µ µτ τ τ= = − − − , where 

the first term is the usual Lorentz force expressed in terms of the electromagnetic tensor, 
while the second term corresponds to the 4-momentum radiated away by the scattered 
wave as derived above, and where we have introduced a third term corresponding to the 
instantaneous variation of the energy-momentum of the external field resulting from the 

interaction. Within this context, the radiation force is defined as ( )sF d G Hµ µ µτ= − + ; 

here, we have also used the principle of action and reaction which holds as long as we 
consider the instantaneous interaction of a point particle: in that case, both the space-like 
and time-like intervals are zero and there is no propagation delay to consider. 

We now use the relations between the 4-velocity and its successive derivatives 
[11,14,17]; using Eq. (A14), and contracting the 4-momentum transfer equation with the 
4-velocity, we first have 
 

   

2
30 ( )( )u a u F u u d a u u u d Hµ µ ν ν µ µ

µ µν ν µ µτ τ= = − + − . (A15) 

 
The first term on the right-hand side is equal to zero, since the electromagnetic tensor is 

antisymmetrical; in the second term, we use 1u uµ
µ = −  to obtain 

  

2
3 u d a u d Hν µ

ν µτ τ= − . As noted by Pauli [11], the general solution is 

 

2
3d H u d a u Kν

µ µ µ µντ τ κ= − + , where we have introduced the antisymmetrical tensor 

  

2
3 ( )K u d a u d aµν µ ν ν µτ τ= − , and where κ  is an arbitrary constant. 

It is clear that 0κ =  yields the Dirac-Lorentz equation; in that case, we can 
identify the variation of the 4-momentum in the external field with the Schott term: 

 

2
3d H d aµ µτ τ= − . With this, the manifestly covariant expression for the radiation 

reaction becomes 
 

 2
3 ( )F d a u a aν

µ µ µ ντ= −   , (A16) 
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and it is easily seen that F u Kν
µ µν= . In addition, the antisymmetrical character of the 

tensor Kµν  guarantees that 0u Fµ
µ = . For completeness, we give the corresponding 

expression of the radiation reaction force in vector form, as expressed in electron units 

where the force is normalized to 2

0 0
/m c r : 

 

 ( ) ( ){ }22 2 2 2

0
3 3τ γ γ γ γ= + ⋅ + ⋅ + ⋅  && & & && &β β β β β β β β βF . (A17) 

 
It is easily verified that the variation of the electron energy due to the radiative effects 
(time-like component of the radiation force) satisfies the equation 
 

 ( )24 2

0
3td γ τ γ γ= ⋅ + ⋅ = ⋅  && &β β β β β F . (A18) 

 
Eq. (A16) corresponds exactly to the covariant expression of the Abraham-Lorentz 
force. The self-interaction nature of the radiation force is evident, as the expression 

derived scales with the square of the particle charge: 2

0 0 0
6/e m cτ µ π= . In the first term 

of Eq. (A16), we recover the Schott term which depends on the second time derivative 
of the particle velocity, and which is identified here with the depletion of energy-
momentum from the pump (accelerating) field, while we recover the quadratic scaling 
with  acceleration for the second term corresponding to the radiation damping force. As 
indicated by Eq. (A16), the total radiation force can be attributed to two distinct effects. 
On the one hand, energy-momentum is radiated away by the scattered wave, as 
described by Eq. (A14). The asymmetry of the Doppler-shifted dipole radiation pattern 
in any frame where the particle is not instantaneously at rest gives rise to this force, 
which dominates in the ultrarelativistic limit; it also has a non-zero value for a particle 
submitted to a constant acceleration, as opposed to the Schott term. On the other hand, 
the second term in Eq. (A16) is attributed to the energy-momentum exchanged between 
the scattered wave and the external field. This term allows for the local simultaneous 
conservation of energy and momentum during the radiation process. 

The physics of the interaction can be illustrated by considering the process shown 
in Fig. 3. Here, we consider the total energy and momentum of the electrodynamical 
system initially comprising a high intensity, short wavelength incoming laser pulse 
(pump) and an electron at rest. In general, after the interaction, the electron has gained 
some energy and momentum (in the minimal case, the electron would be left precisely 
at rest after the scattering), and is now moving at relativistic velocity, while the scattered 
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wave carries energy and momentum in all spatial directions. In this case, it is clear that 
all the energy and momentum gained by both the electron and the scattered wave come 
at the expense of the external field. It is equally clear that in such a process, the radiated 
electromagnetic power and the variation of the electron energy cannot be equal, 
therefore invalidating any theoretical model based on the local conservation of 4-
momentum between the electron and the radiated field only. We also note that while the 
backscattered radiation does not interfere with the laser pulse, the forward scattered 
radiation, which has the same spectral characteristics as the pump, and co-propagates in 
the positive z direction, does interfere destructively with the laser pulse and lowers its 
energy and momentum, yielding pump-field depletion. 

Finally, in the case of an external electric field deriving from a static potential 
( )ϕ r , the time-like component of the Dirac-Lorentz equation, which describes energy 

conservation, takes the simple form 
 

 [ ]  

0

22 2
03 3d d d G d d Gτ τ τ τ τϕγ γ ϕ γ+= ⋅ − = + −u ∇ , (A19) 

 
and can formally be integrated to yield the conservation law 

( ) [ ]0

2
3G dτγ ϕ γ

+∞

−∞
∆ − + = , which indicates that, provided the Dirac-Rohrlich 

asymptotic condition [ ]lim 0dττ
γ

→±∞
=  is satisfied, the electron potential energy is 

converted to kinetic energy and radiation. Within this context, the small value of the fine 
structure constant, which corresponds to the ratio of the classical to quantum electron 
scale (classical electron radius divided by the electron Compton wavelength), 
guarantees that the acausal effects related to the electromagnetic mass renormalization 
will be smeared by quantum fluctuations before the strong classical radiative correction 
regime is reached, thus preventing “naked acausalities”. If magnetic charges are 
considered, however, the radiation reaction dominate over the quantum effects because 

the effective coupling constant is now 1α − , which is a large number. 

Appendix 4: Maxwell Stress Tensor 

The instantaneous variation of the momentum of the scattered field can be expressed in 
terms of the electromagnetic stress tensor as: 
 

 
 

2

0
lim ( )t
R

d R d
→

= − Ω  ∫∫ oG n T , (A20) 
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where o  denotes tensorial contraction. Introducing the vector ξ , defined such that 
 

  

3(1 )/ Rβ= − ⋅  &E nξ β , (A21) 

 

and using the fact that = ×B n E , Eq. (A20) reduces to 
 

( )( ){ }  

 

2 2 61
4 (1 ) ./

t i

j ij i j j k k j k i i k t t

d G

n n n n n dπ β δ ξ ξ ξ ξ ξ ξ ξ −=
= − − − − − ⋅ Ω  ∫∫ & n β

(A22) 

Following Sommerfeld [15], we change variables, and express the variation of 
momentum as a function of the retarded time. After some straightforward vector 
calculations, we obtain 
 

 [ ]{ }2 51
4 ( ) (1 )/

t
d dπ β− = − × × − ⋅ Ω∫∫&G n nξ ξ β , (A23) 

 
which can be further reduced to 
 

 [ ]{ }22 51
4 ( ) (1 )/

t
d dπ β− = × − × − ⋅ Ω  ∫∫& &G n n n nβ β β , (A24) 

 

by noting that 2( ) ( ) ξ× × = ⋅ −n n nξ ξ ξ ξ  and 0⋅ =ξn . It is interesting to notice that 

Eq. (A24) can also be derived directly by using the Poynting vector = ×S E H  in the 

simpler equation ( ) 

2

0
lim
R

R d
→

Ω∫∫ S , as shown in reference [18]. To evaluate the integral 

in Eq. (A24), we expand the numerator using spherical coordinates 
 

 
[ ]{ } ( ) ( )

( ) ( )( )

   

   

2 22 2

2

( ) sin sin cos cos cos 1

1 cos 2 cos 1 cos sin sin cos cos cos .

β α θ φ α θ β

β θ β α β θ α θ φ α θ

× − × = + −

+ − + − +




& &n n β β
 (A25) 

 
Here, we have chosen the axis of the Galilean frame L such that we have 
 

 ( ) ˆˆ ˆ,           cos sinz z xβ β α α= = +& &β β , 
 

and ( ) ( )  ˆ ˆ ˆsin cos sin sin cosx y zθ φ θ φ θ= + +n . 

The integral over all solid angles is 



capri-hartemann3.doc submitted to World Scientific : 12/12/01 : 1:47 PM  24/23 

 

 [ ]{ }  

 

2 2 5

0 0

1
4 ( ) (1 ) sin/td d d

π π

π φ θ θ′ = × − × − ⋅  ∫ ∫ &G n n n nβ β β , (A26) 

 

where the explicit dependence of the numerator on θ  and φ  is given by Eq. (A25). The 

integral corresponding to the y-component averages to zero over φ , and the integral 

corresponding to the x-component averages to zero over θ . We are left with 
 

 ( )   

2 6 2 2 281
4 3ˆ 1 cos

t
d z π β π β γ β β α− = − +  &G . (A27) 

 
At this point it is important to note that, as the sphere radius tends to zero, the retarded 
time tends to the instantaneous interaction time; Eq. (A27) is easily shown to reduce to 
 

 ( ) 

 

24 2 22
3td γ β γ= + ⋅  & &G β β β . (A28) 

 
The instantaneous variation of the energy of the scattered wave can be derived in the 
same way by integrating the Poynting vector flux over all solid angles, and taking the 
limit where R tends to zero,  to recover the Liénard formula 
 

 ( )
 

24 2 22
3td W γ β γ= + ⋅  & &β β . (A29) 

 
The velocity-dependent term in Eqs. (A28) and (A29) can be expressed in terms of the 
4-acceleration as 
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The covariant generalization of Equations (A28) and (A29) then becomes quite 
straightforward. Following Becker [17], we combine Equations (A28) and (A29) to 
obtain the sought-after covariant form of the instantaneous variation of the energy-
momentum of the scattered wave: 
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4 Lqwurgxfwlrq dqg Vxppdu|

Lq wklv wdon zh zrxog olnh wr dgguhvv wzr vhwv ri lvvxhv/ rqh uhodwhg wr Xquxk
h�hfw/ wkh rwkhu uhodwhg wr prylqj fkdujhv lq d txdqwxp �hog/ zlwk wkh krsh ri
foduli|lqj vrph plvfrqfhswlrqv uhodwhg wr wkhvh sureohpv1 Xquxk h�hfw dwwhvwv
wkdw d ghwhfwru +pdgh ri dq rvfloodwru/ dwrp/ hohfwurq/ ru sduwlfoh vwdwhv ri d
txdqwxp �hog, prylqj zlwk d xqlirup surshu dffhohudwlrq ri pdjqlwxgh d

vhhv wkh ydfxxp vwdwh ri d txdqwxp �hog dv d wkhupdo edwk zlwk whpshudwxuh
WX @ |d@+5�fnE,1 Wklv h�hfw pd| eh xqghuvwrrg sxuho| dv d nlqhpdwlf dvshfw
ri ruglqdu| txdqwxp �hog wkhru| dqg grhv qrw uhtxluh wkh qrwlrq ri krul}rq/
ghvslwh wkh frqqhfwlrq zlwk wkh eodfn kroh Kdznlqj h�hfw;1 Lw lv lpsruwdqw
wr uhfrjql}h wkdw wkh Xquxk h�hfw lv d pdqlihvwdwlrq ri wkhupdo qrlvh lq wkh
ghwhfwru/ qrw udgldwlrq iurp wkh ghwhfwru1 Zh h{sodlq wklv srlqw ehorz1 Wkh
�uvw vhw ri lvvxhv ri lqwhuhvw duh=

4, Lv wkhuh udgldwlrq hplwwhg iurp d xqlirupo| dffhohudwhg ghwhfwru <B Wklv
lv wkh wlwoh ri wkh rwkhu wdon e| EOK/ frqwdlqhg lq d vxppdu| sdshu e| Kx
dqg Udydo lq wklv yroxph431 Wkh vlpsoh dqvzhu lv QR/ zkhq wkh ghwhfwru
kdv uhdfkhg d vwhdg| vwdwh1 Wkhuh lv hplwwhg udgldwlrq lq qrqhtxloleulxp frq0
glwlrqv dvvrfldwhg zlwk wudqvlhqwv ru qrqxqlirup dffhohudwhg prwlrq +wkrxjk
wkh wlph iru d xqlirupo| dffhohudwlqj fkdujh wr htxloleudwh pd| eh txlwh orqj,1
Rqh h{dpsoh ri qrqhtxloleulxp frqglwlrqv lv �qlwh wlph dffhohudwlrq1 Wklv
sureohp zdv wuhdwhg zlwk wkh lq�xhqfh ixqfwlrqdo phwkrg e| Udydo/ Kx dqg
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Nrnv61 Wkh rwkhu h{dpsoh ri qrqhtxloleulxp +wkrxjk vwdwlrqdu|, frqglwlrq
lv wkh fdvh ri flufxodu prwlrq/ wr zklfk rqh fdq dvn wkh txhvwlrq=

5, Lv wkhuh d flufxodu Xquxk h�hfw44B Wkh vwulfw dqvzhu lv QR/ lq wkh
vhqvh wkdw wkh ghwhfwru xqghujrlqj flufxodu prwlrq zloo QRW ghwhfw d wkhupdo
edwk/ dqg khqfh wkhuh lv vwulfwo| vshdnlqj qr dvvrfldwhg Xquxk whpshudwxuh1
Oderudwru| +h1j1/ vwrudjh ulqj, frqglwlrqv pd| doorz d udqjh ri sdudphwhuv
+udglxv yhuvxv dqjxodu dffhohudwlrq, vxfk wkdw d qhdu0htxloleulxp frqglwlrq
h{lvwv/ lq zklfk fdvh dqg rqo| lq vxfk fdvhv fdq rqh xvh wkh frqfhsw ri h�hfwlyh
whpshudwxuh/ vxfk dv zdv sursrvhg e| Xquxk 451 Xqghu jhqhudo frqglwlrqv/
wkh prylqj sduwlfoh2ghwhfwru zloo uhjlvwhu d froruhg qrlvh/ +zklfk wxuqv zklwh
lq olqhdu xqlirup dffhohudwlrq,/ dqg dftxluh d vwrfkdvwlf frpsrqhqw lq lwv
wudmhfwru| dqg rwkhu ghjuhhv ri iuhhgrp1

Iru wuhdwlqj wkhvh jhqhudo fdvhv/ rqh qhhgv wr lqyrnh vwdwlvwlfdo �hog wkhru|
dssolhg wr wkh qrqhtxloleulxp g|qdplfv ri prylqj fkdujhv ru ghwhfwruv lq d
txdqwxp �hog1 Wklv lv wkh vxemhfw pdwwhu ri wkh Sk1G1 wkhvhv ri Dosdq Udydo
dqg Sklols Mrkqvrq1 D sduwldo vxppdu| ri wkh odwwhu zrun/ vshfl�fdoo| rq wkh
ghulydwlrq ri wkh Deudkdp0Oruhqw}0Gludf +DOG, htxdwlrq46 dqg lwv vwrfkdvwlf
frxqwhusduw/ wkh DOG0Odqjhylq htxdwlrq/ lv frqwdlqhg lq rxu rwkhu sdshu lq
wklv yroxph1 Wr idflolwdwh rxu glvfxvvlrq ri wklv fodvv ri sureohpv/ lqfoxglqj
wkh _flufxodu Xquxk h�hfw%/ zh qhhg wr ghyhors vrph edvlf frqfhswv vxfk dv
edfnuhdfwlrq/ �xfwxdwlrqv/ glvvlsdwlrq dqg ghfrkhuhqfh/ dqg xqghuvwdqg wkh
ghpdufdwlrq ri txdqwxp/ vwrfkdvwlf dqg vhplfodvvlfdo uhjlphv1 Iru wklv zh
eulqj lq wkh vhfrqg vhw ri lvvxhv=

6, Duh udgldwlrq uhdfwlrq +UU, dqg ydfxxp �xfwxdwlrqv +YI, uhodwhg e|
d �xfwxdwlrq0glvvlsdwlrq uhodwlrq +IGU,B Wkh dqvzhu lv QR/ qrw gluhfwo|1 Lv
wkhuh d IGU dw zrunB \HV1 Exw lw uhodwhv ydfxxp �xfwxdwlrqv wr txdqwxp
glvvlsdwlrq glvwlqjxlvkhg dv wkh txdqwxp edfnuhdfwlrq zklfk lv ryhu dqg deryh
wkh fodvvlfdo udgldwlrq uhdfwlrq1 Lw edodqfhv wkh vwrfkdvwlf frpsrqhqw lq wkh
sduwlfoh wudmhfwru| vr wkdw wkh qrlvh0dyhudjhg phdq wudmhfwru| iroorzv d vhpl0
fodvvlfdo htxdwlrq ri prwlrq1

7, Duh uxqdzd| vroxwlrqv dqg suhdffhohudwlrq qhfhvvdu| hylov ri DOG htxd0
wlrqB QR/ li rqh dgrswv wkh fruuhfw frqfhswxdo iudphzrun dqg phwkrgrorj|1
Nh| wr wkh uhvroxwlrq ri wkhvh sx}}ohv lv wkh frqfhsw ri ghfrkhuhqw klvwru| dqg
hphujhqw fodvvlfdo ehkdylru iurp txdqwxp v|vwhpv1 Ydfxxp �xfwxdwlrqv qrw
rqo| eulqj derxw txdqwxp glvvlsdwlrq/ lw lv dovr d vrxufh iru ghfrkhuhqfh lq
wkh txdqwxp v|vwhp1 Ghfrkhuhqfh ohjlwlpdwl}hv d fodvvlfdo ghvfulswlrq vxfk
dv sduwlfoh wudmhfwrulhv1 Zh zloo glvfxvv wkh jlvw ri wkhvh lvvxhv lq wkh iroorzlqj
vhfwlrqv1 Ixoo ghwdlov fdq eh irxqg lq wkh ruljlqdo sdshuv1
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5 Txdqwxp/ Vwrfkdvwlf/ Vhplfodvvlfdo dqg Fodvvlfdo

514 Txdqwxp Rshq V|vwhp

D forvhg txdqwxp v|vwhp fdq eh sduwlwlrqhg lqwr vhyhudo vxev|vwhpv dffruglqj
wr wkh uhohydqw sk|vlfdo vfdohv1 Li rqh lv lqwhuhvwhg lq wkh ghwdlov ri rqh vxfk
vxev|vwhp/ fdoo lw wkh glvwlqjxlvkhg v|vwhp/ dqg ghflghv wr ljqruh fhuwdlq
ghwdlov ri wkh rwkhu vxev|vwhpv/ frpsulvlqj wkh hqylurqphqw/ wkh glvwlqjxlvkhg
v|vwhp lv wkhuhe| uhqghuhg dq rshq0v|vwhp1 Wkh ryhudoo h�hfw ri wkh frduvh0
judlqhg hqylurqphqw rq wkh rshq0v|vwhp fdq eh fdswxuhg e| wkh lq�xhqfh
ixqfwlrqdo whfkqltxh ri Ih|qpdq dqg Yhuqrq/ ru wkh forvho| uhodwhg forvhg0
wlph0sdwk h�hfwlyh dfwlrq phwkrg ri Vfkzlqjhu dqg Nhog|vk471 Wkhvh duh
lqlwldo ydoxh irupxodwlrqv1 Iru wkh prgho ri sduwlfoh0�hog lqwhudfwlrqv xqghu
vwxg|/ wklv dssurdfk |lhogv dq h{dfw/ qrqorfdo/ frduvh0judlqhg h�hfwlyh dfwlrq
+FJHD, iru wkh sduwlfoh prwlrq481 Wkh FJHD pd| eh xvhg wr wuhdw wkh
qrqhtxloleulxp txdqwxp g|qdplfv ri lqwhudfwlqj sduwlfohv1 Krzhyhu/ rqo|
zkhq wkh sduwlfoh wudmhfwrulhv ehfrph odujho| zhoo0gh�qhg +zlwk vrph ghjuhh
ri vwrfkdvwlflw| fdxvhg e| qrlvh, dv d uhvxow ri ghfrkhuhqfh gxh wr lqwhudfwlrqv
zlwk wkh �hog fdq wkh FJHD eh phdqlqjixoo| wudqvfulehg lqwr d vwrfkdvwlf
h�hfwlyh dfwlrq/ ghvfulelqj vwrfkdvwlf sduwlfoh prwlrq1 Lq wklv surjudp ri
lqyhvwljdwlrq zh wdnh d plfurvfrslf ylhz/ xvlqj txdqwxp �hog wkhru| dv wkh
wrro wr jlyh d �uvw0sulqflsohv ghulydwlrq ri prylqj sduwlfoh lqwhudfwlqj zlwk d
txdqwxp �hog iurp dq rshq0v|vwhpv shuvshfwlyh1

515 Ioxfwxdwlrq0Glvvlsdwlrq Uhodwlrqv

D frqvhtxhqfh ri frduvh0judlqlqj wkh +txdqwxp �hog, hqylurqphqw lv wkh ds0
shdudqfh ri qrlvh zklfk lv lqvwuxphqwdo wr wkh ghfrkhuhqfh ri wkh v|vwhp
dqg wkh hphujhqfh ri d fodvvlfdo sduwlfoh slfwxuh1 Dw wkh vhplfodvvlfdo ohyho/
zkhuh d fodvvlfdo sduwlfoh lv wuhdwhg vhoi0frqvlvwhqwo| zlwk edfnuhdfwlrq iurp
wkh txdqwxp �hog/ dq htxdwlrq ri prwlrq iru wkh phdq frruglqdwhv ri wkh sdu0
wlfoh wudmhfwru| lv rewdlqhg1 Wklv lv lghqwlfdo lq irup wr wkh fodvvlfdo htxdwlrq
lq wkh fdvh ri olqhduo| frxsohg wkhrulhv1 Edfnuhdfwlrq ri udgldwlrq hplwwhg e|
wkh sduwlfoh rq wkh sduwlfoh lwvhoi lv fdoohg udgldwlrq uhdfwlrq1 +Iru wkh vsh0
fldo fdvh ri xqlirup dffhohudwlrq lw lv htxdo wr }hur/ gxh wr d edodqfh ehwzhhq
wkh dffhohudwlrq �hog dqg wkh udgldwlrq �hog491, Udgldwlrq uhdfwlrq +UU, lv
riwhq uhjdughg dv edodqfhg e| ydfxxp �xfwxdwlrqv +YI, yld d �xfwxdwlrq
glvvlsdwlrq uhodwlrq +IGU,1 Wklv lv d plvfrqfhswlrq= UU h{lvwv douhdg| dw
wkh fodvvlfdo ohyho/ zkhuhdv YI lv ri txdqwxp qdwxuh1 Wkhuh lv qrqhwkhohvv
d IGU dw zrun edodqflqj txdqwxp glvvlsdwlrq +wkh sduw zklfk lv ryhu dqg
deryh wkh fodvvlfdo udgldwlrq uhdfwlrq, dqg ydfxxp �xfwxdwlrqv1 Exw lw �uvw
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dsshduv rqo| dw wkh vwrfkdvwlf ohyho/ zkhq vhoi frqvlvwhqw edfnuhdfwlrq ri wkh
�xfwxdwlrqv lq wkh txdqwxp �hog lv lqfoxghg lq rxu frqvlghudwlrq1 Ioxfwxd0
wlrqv lq wkh txdqwxp �hog lv dovr uhvsrqvleoh iru d vwrfkdvwlf frpsrqhqw lq
wkh sduwlfoh wudmhfwru| +eh|rqg wkh phdq,1 Wkhlu edodqfh lv hperglhg lq d vhw
ri jhqhudol}hg �xfwxdwlrq0glvvlsdwlrq uhodwlrqv1

516 Ghfrkhuhqw Klvwrulhv/ Suhdffhohudwlrq dqg Uxqdzd| Vroxwlrqv

Qrw rqo| fdq frduvh0judlqlqj ri wkh hqylurqphqw ohdg wr glvvlsdwlrq lq wkh
v|vwhp g|qdplfv/ lw lv dovr uhvsrqvleoh iru wkh ghfrkhuhqfh dqg hphujhqfh
ri fodvvlfdolw| lq wkh v|vwhp/ vxfk dv wkh dsshdudqfh ri d fodvvlfdo wudmhfwru|1
Zkhq wkh hqylurqphqw lv d txdqwxp �hog dqg wkh v|vwhp ghfrkhuhv/ wkhq
txdqwxp �xfwxdwlrqv fdq dfw h�hfwlyho| dv d fodvvlfdo vwrfkdvwlf qrlvh4:>4;1

Wkh ylhz wkdw vhplfodvvlfdo vroxwlrqv dulvh dv ghfrkhuhqw klvwrulhv4< dovr
vxjjhvwv d qhz zd| wr orrn dw wkh udgldwlrq0uhdfwlrq sureohp iru fkdujhg sdu0
wlfohv1 Wkh fodvvlfdo htxdwlrqv ri prwlrq zlwk edfnuhdfwlrq duh wkh Deudkdp0
Oruhqw}0Gludf +DOG, htxdwlrqv1 Wkh vroxwlrqv wr wkh DOG htxdwlrqv kdyh
surpswhg d orqj klvwru| ri frqwuryhuv| gxh wr vxfk sx}}olqj ihdwxuhv dv suh0
dffhohudwlrqv/ uxqdzd|v/ dqg wkh qhhg iru kljkhu0ghulydwlyh lqlwldo gdwd531 Lw
kdv orqj ehhq ihow wkdw wkh uhvroxwlrq ri wkhvh sureohpv pxvw olh lq wkh surjhq0
lwru| txdqwxp wkhru|1 Exw wklv vwloo ohdyhv rshq wkh txhvwlrq ri zkhq/ li hyhu/
wkh DOG htxdwlrq dssursuldwho| fkdudfwhul}hv wkh fodvvlfdo olplw ri sduwlfoh
edfnuhdfwlrq> krz wkh fodvvlfdo olplw hphujhv> dqg zkdw lpsulqwv wkh fruuh0
odwlrqv ri wkh txdqwxp �hog hqylurqphqw ohdyh1 Ixuwkhu txhvwlrqv shuwlqhqw
wr wkh fodvvlfdo ehkdylru dulvlqj iurp wkh txdqwxp uhdop/ lq wkh frqwh{w ri d
prylqj fkdujh lq d txdqwxp �hog/ lqfoxgh zkhwkhu wkh ghfrkhuhqw klvwrulhv
duh 4, vroxwlrqv wr wkh DOG htxdwlrq/ 5, xqltxh dqg uxqdzd| iuhh/ dqg 6,
fdxvdo +qr suh0dffhohudwlrq,1 Lq: zh vkrz krz wkhvh sx}}ohv dqg sdwkrorjlhv/
erwk whfkqlfdo dqg frqfhswxdo/ duh uhvroyhg lq wkh frqwh{w ri wkh lqlwldo ydoxh
txdqwxp rshq v|vwhp dssurdfk/ dqg wkdw txdqwxp fruuhfwhg DOG htxdwlrqv
vdwlvi|lqj wkhvh fulwhuld ghvfuleh wkh vhplfodvvlfdo olplw1

6 Udgldwlrq Uhdfwlrq dqg Ydfxxp Ioxfwxdwlrqv

614 Fodvvlfdo Udgldwlrq dqg Udgldwlrq Uhdfwlrq

Xqlirupo| dffhohudwhg fkdujhv fodvvlfdoo| udgldwh dffruglqj wr wkh Odupru iru0
pxod/ exw h{shulhqfh ydqlvklqj UU491 Wkhuh lv dq h{lvwlqj eholhi wkdw wkh
h{wud zrun grqh rq wkh fkdujh djdlqvw UU pxvw eh wkh gluhfw vrxufh ri udgl0
dqw hqhuj|/ exw wklv vwdwlf ylhzsrlqw lv lqdssursuldwh1 Ilhogv duh g|qdplfdo
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remhfwv dqg kdyh frpsoh{ lqwhudfwlrqv zlwk sduwlfohv1 Iru h{dpsoh/ wkh df0
fhohudwlrq �hog kdv ehhq vkrzq wr gr zrun rq fkdujhv +dqg ylvd yhuvd, dqg
wkhuhiruh rqh fdq qrw h{shfw d ghwdlohg edodqfh ehwzhhq sduwlfoh dqg udgld0
wlrq hqhuj| dorqh vlqfh wkdw zrxog uhtxluh d _iuhh}lqj% rxw ri wkh qhdu dqg
lqwhuphgldwh �hog ghjuhhv ri iuhhgrp lq d zd| lqfrpsdwleoh zlwk orfdolw| dqg
fdxvdolw|1

615 Txdqwxp Udgldwlrq dqg Ydfxxp Ioxfwxdwlrqv

Ohw xv qrz h{dplqh wkh txdqwxp surshuwlhv ri wklv v|vwhp1 Rxu uhvxow edvhg
rq vhoi0frqvlvwhqw edfnuhdfwlrq vd|v wkdw wkh vwrfkdvwlf htxdwlrqv zkhq dyhu0
djhg ryhu wkh qrlvh glvwulexwlrq +qrlvh0dyhudjh, jlyhv wkh +phdq0�hog, vhpl0
fodvvlfdo irup1 Lq wkh xqlirup dffhohudwlrq fdvh zlwk olqhdu frxsolqj wkh h{shf0
wdwlrq ydoxh ri wkh �hog +txdqwxp phdq, lv h{dfwo| wkh vdph dv wkh fodvvlfdo
ydoxh zkhuh wkh sduwlfoh2ghwhfwru lv wuhdwhg dv d _fodvvlfdo% vrxufh/ wkrxjk
wkh phdq sduwlfoh wudmhfwru| pxvw eh vhoi0frqvlvwhqwo| ghwhuplqhg dv zh kdyh
hpskdvl}hg1 Dw wkh vwrfkdvwlf ohyho/ wkh sduwlfoh ghwhfwru grhv �xfwxdwh lq lwv
zruogolqh/ dqg rwkhu ghjuhhv ri iuhhgrp1 Krz grhv wklv vwrfkdvwlf frpsrqhqw
d�hfw wkh �hogB Dv vkrzq e| Udyho/ Kx dqg Dqjolq5 +iru dq dowhuqdwlyh ghulyd0
wlrq/ vhh43,/ �xfwxdwlrqv lq d ghwhfwru prgli| wkh qhdu �hog fruuhodwlrqv~ d
srodul}dwlrq forxg lv irxqg durxqg wkh ghwhfwru wudmhfwru|1 Wkh vdph lv wuxh
iru vwrfkdvwlf sduwlfoh prwlrq lq wkh olqhdul}hg uhjlph1 Wklv txdqwxp h�hfw
ri prgl�hg �hog fruuhodwlrqv zrxog dgg rq wr wkh dyhudjh fodvvlfdo �hog ydoxh
+wkh wzr0srlqw ixqfwlrq lv gl�huhqw iurp wkh iuhh �hog ydoxh,1 E| h{wudsr0
odwlqj wkh UKD uhvxowv wr 6.4 glphqvlrqv/ rqh pd| vhh wkdw wkhvh dowhuhg
�hog fruuhodwlrqv vkrzlqj xs dv ydfxxp srodul}dwlrq gurs r� idvwhu wkdq 4@u5

dqg khqfh duh qrw vhhq e| revhuyhuv dw lq�qlw|541 Vlqfh wkh htxlydohqfh ri d
txdqwxp phdq wr wkh fodvvlfdo ydoxh krogv rqo| xqghu wkh rqh0orrs/ Jdxvvldq
dssur{lpdwlrqv/ zkhq wkhvh frqglwlrqv duh oliwhg/ wkhuh pd| eh qhz h�hfwv dv
|hw xqglvfryhuhg1

Zkhwkhu wkhuh lv txdqwxp0fruuhfwhg udgldwlrq iurp d qrqxqlirupo| dffho0
hudwhg fkdujh ru ghwhfwru lv wkhuhiruh zkdw rqh vkrxog irfxv rq khuh zkhq rqh
dvnv d txhvwlrq olnh _Lv wkhuh hplwwhg udgldwlrq lq Xquxk h�hfwB% Rxu uhvxow
rewdlqhg zlwk vhoi0frqvlvwhqw edfnuhdfwlrq ri txdqwxp �xfwxdwlrqv vkrzv wkdw
wkh +qrlvh0dyhudjhg, ri d ghfrkhuhg sduwlfoh wudmhfwru| reh|v wkh DOG htxd0
wlrq/ zklfk lv nqrzq wr eh frqvlvwhqw zlwk wkh fodvvlfdo Odupru irupxod +li rqh
lqfoxgh wkh qrqorfdo dffhohudwlrq �hog h�hfwv/ dv rqh pxvw,1 Wklv dssolhv wr
dq| dffhohudwhg wudmhfwru|/ xqlirup ru qrqxqlirup/ zklfk lpsolhv wkdw wkhuh lv
qr dgglwlrqdo _h{wud% dyhudjh udgldwlrq lq wkh vhplfodvvlfdo2vwrfkdvwlf uhjlph
eh|rqg wkh xvxdo fodvvlfdo txdqwlw|/ hyhq wkrxjk wkhuh duh �xfwxdwlrqv +qrlvh,
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lqgxfhg lq wkh sduwlfoh +wkh Xquxk h�hfw lq wkh xqlirup dffhohudwlrq fdvh,1 Lw
kdv ehhq yhul�hg wkdw wkh suhvhqfh ri ghwhfwru �xfwxdwlrqv lv qrw lqfrqvlvwhqw
zlwk wkh devhqfh ri dgglwlrqdo udgldwlrq1

Zkhq txdqwxp ghfrkhuhqfh lv lqfrpsohwh/ wkh phdq0�hog htxdwlrqv ri
prwlrq iru erwk udgldwlrq dqg sduwlfoh kdyh txdqwxp fruuhfwlrqv +dq h{dp0
soh ri wklv lv Vfkzlqjhu*v v|qfkurwurq udgldwlrq fdofxodwlrq55 zklfk pxvw eh
lqfoxghg wr dqvzhu txhvwlrqv eh|rqg wkh vhplfodvvlfdo ru vwrfkdvwlf grpdlq1

616 Qrqhtxloleulxp txdqwxp g|qdplfv ri fkdujhv

Rqh pdmru lpsuryhphqw ri rxu dssurdfk wr wkh sureohp ri prylqj fkdujhv lq
d txdqwxp �hog lv wkh frqvlghudwlrq ri ixoo edfnuhdfwlrq ri wkh txdqwxp �hog
rq wkh sduwlfoh lq wkh ghwhuplqdwlrq ri lwv wudmhfwru|1 G|qdplfdo edfnuhdfwlrq
hqvxuhv vhoi0frqvlvwhqf| ehwzhhq wkh sduwlfoh2ghwhfwru dqg wkh txdqwxp �hog1
Wkh odfn wkhuhri lv zkhuh pdq| ri wkh sureohpv dqg sdudgr{hv dulvh1 Zh dovr
�qg wkdw frqfhswxdo lvvxhv duh hdvlhu wr frqvlghu li zh ghdo zlwk vxfk sure0
ohpv dw irxu glvwlqfw ohyhov= txdqwxp/ vwrfkdvwlf/ vhplfodvvlfdo dqg fodvvlfdo/
dv h{sodlqhg hduolhu1 Frqixvlrq zloo dulvh zkhq rqh pl{hv sk|vlfdo surfhvvhv
ri rqh ohyho zlwk dqrwkhu zlwkrxw nqrzlqj wkhlu lqwhufrqqhfwlrqv/ vxfk dv
gudzlqj wkh htxlydohqfh ehwzhhq udgldwlrq uhdfwlrq zlwk ydfxxp �xfwxdwlrqv1
Ehiruh vxppdul}lqj rxu wkrxjkwv iru surfhvvhv xqghu qrqhtxloleulxp frqgl0
wlrqv/ zklfk fryhu prvw fdvhv vdyh d ihz vshfldo |hw lpsruwdqw rqhv/ vxfk dv
xqlirup dffhohudwlrq/ ohw xv uhpdun wkdw wkhvh zhoo0nqrzq fdvhv duh zkdw zh
zrxog fdoo cwhvw �hog* ru suhvfulehg +wudmhfwru|, fdvhv dqg qrw vhoi0frqvlvwhqw ru
edfnuhdfwlrq0vhqvlwlyh1 Wkhvh fdvhv duh hdvlhu wr vwxg| ehfdxvh wkh| srvvhvv
vrph vshfldo v|pphwu|/ vxfk dv lv suhvhqw iru wkh xqlirup dffhohudwlrq fdvh
+Ulqgohu vsdfhwlph,/ lqhuwldo fdvh +Plqnrzvnl,/ ru wkh hwhuqdo eodfn kroh fdvh
+Nloolqj whqvru,1 Wkh| duh ohjlwlpdwh rqo| li wkh edfnuhdfwlrq ri wkh �hog rq
wkh sduwlfoh shuplwv vxfk vroxwlrqv1 Xqghu wkhvh vshfldo frqglwlrqv/ d ghwhfwru
ihhov d wkhupdo edwk +lq wkh lqhuwldo fdvh lw lv wkh }hur0whpshudwxuh ydfxxp,1

Ohw xv dqdo|}h wkh sk|vlfv ri qrqhtxloleulxp surfhvvhv dw vhsdudwh ohyhov=
Fodvvlfdo ohyho0 wkh ghfrkhuhg vhoi0frqvlvwhqw +phdq, vroxwlrqv iru sduwl0

foh dqg �hog1 Li wkh v|vwhp lv vx�flhqwo| frduvh0judlqhg dqg ghfrkhuhg/ wkh
sduwlfoh reh|v fodvvlfdo htxdwlrqv ri prwlrq/ vxfk dv wkh DOG htxdwlrq iurp
THG91 Wkhuh lv qr Xquxk h�hfw ehfdxvh lw lv txdqwxp lq qdwxuh +dw wkh
fodvvlfdo ohyho wkh h�hfw ri txdqwxp �xfwxdwlrqv duh dyhudjhg rxw,1

Vhplfodvvlfdo ohyho ~ gh�qhg dv d fodvvlfdo v|vwhp +sduwlfohv ru ghwhf0
wruv, lqwhudfwlqj zlwk d txdqwxp �hog1 Frduvh0judlqlqj ryhu txdqwxp �hog
iru uhgxfhg sduwlfoh g|qdplfv dw rqh0orrs jlyhv edfn wkh fodvvlfdo htxdwlrqv ri
prwlrq iru wkh phdq wudmhfwru| ri wkh sduwlfoh1 Kljkhu0rughu txdqwxp fruuhf0
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wlrqv dulvlqj iurp qrqolqhdulwlhv prgli| wkh phdq ri wkh txdqwxp htxdwlrqv
ri prwlrq iru wkh sduwlfoh1 Txdqwxp fruuhfwlrqv pd| qrw krzhyhu vkrz xs
vljql�fdqwo| dw wkh orz hqhuj| pdfurvfrslf ghvfulswlrq ehfdxvh ghfrkhuhqfh
whqgv wr vxssuhvv wkhvh kljkhu0rughu +h1j1/ kljkhu0orrs, qrqolqhdu txdqwxp
h�hfwv1

Vwrfkdvwlf ohyho 0 zkhuh �xfwxdwlrqv ri wkh txdqwxp �hog pdqlihvw dv
vwrfkdvwlf qrlvh lq wkh v|vwhp g|qdplfv1 Frduvh0judlqlqj wkh �hog +wr vrph
exw qrw wkh ixoohvw ~fodvvlfdo ~h{whqw,/ rqh rewdlqv d fodvvlfdo vwrfkdvwlf htxd0
wlrq iru wkh v|vwhp +vxfk dv wkh Hlqvwhlq Odqjhylq htxdwlrq iru vhplfodvvlfdo
vwrfkdvwlf judylw|56>57 ru wkh DOG0Odqjhylq htxdwlrq iru THG9>:,1 Lw lv srv0
vleoh wr hqfrgh pxfk ri wkh txdqwxp vwdwlvwlfdo lqirupdwlrq ri wkh �hog dqg
wkh vwdwh ri prwlrq ri wkh v|vwhp lq wkh qrlvh fruuhodwru dqg wkh wzr srlqw
ixqfwlrq ri wkh sduwlfoh1 Wkxv h�hfwv ri erwk txdqwxp +�hog hqylurqphqw,
dqg nlqhpdwlf +sduwlfoh v|vwhp, qdwxuh vkrz xs dv d vwrfkdvwlf frpsrqhqw lq
wkh sduwlfoh wudmhfwru| zklfk lv vhoi0frqvlvwhqwo| ghwhuplqhg1 Wkh vwrfkdvwlf
htxdwlrqv ri prwlrq kdyh d txdqwxp glvvlsdwlrq whup +qrw fodvvlfdo udgldwlrq
uhdfwlrq$, wkdw edodqfhv wkh txdqwxp �xfwxdwlrqv/ dqg lv jryhuqhg e| d IGU1
Wkh odwwhu lv ghvfulehg e| wkh qrlvh nhuqho/ zklfk iru jhqhudo frqglwlrqv lv qrq0
orfdo/ hqwdlolqj wkdw wkh qrlvh lq wkh ghwhfwru lv froruhg dqg whpshudwxuh lv qr
orqjhu d yldeoh frqfhsw1

7 cFlufxodu Xquxk H�hfw* ~ Plvfrqfhswlrqv

Zh qrz dsso| wkhvh lghdv wr glvfxvv udgldwlrq iurp d sduwlfoh lq flufxodu
prwlrq lq d txdqwxp �hog dqg lq sduwlfxodu zh dgguhvv wzr frpprq vhwv ri
plvfrqfhswlrqv uhodwhg wr lw1 +Zh rqo| suhvhqw wkh pdlq srlqwv khuh/ vhh58 iru
fdofxodwlrqv dqg ixuwkhu glvfxvvlrqv1, Wkhvh plvfrqfhswlrqv dulvh iurp xqfohdu
glvwlqfwlrq ehwzhhq d, olqhdu xqlirup dffhohudwlrq dqg flufxodu prwlrq/ e,
wkhupdo udgldqfh ihow e| wkh ghwhfwru2fkdujh lq xqlirup dffhohudwlrq +Xquxk
h�hfw, yhuvxv hplwwhg udgldwlrq +plvfrqmxuhg dv Xquxk cudgldwlrq*, vhqvhg e|
surehv didu/ dqg f, hplwwhg udgldwlrq ri fodvvlfdo dqg txdqwxp ruljlq1

Lw kdv ehhq dvvhuwhg wkdw Xquxk udgldwlrq lv douhdg| revhuyhg lq vwrudjh
ulqjv441 Wklv lv wkh vr0fdoohg flufxodu Xquxk h�hfw1 Iru wklv glvfxvvlrq zh
dvvxph wkdw UI �hogv jlyh wkh sduwlfoh dyhudjh flufxodu +vwhdg| vwdwh, prwlrq
e| uhvwrulqj wkh hqhuj| orvv iurp v|qfkurwurq udgldwlrq1 Txhvwlrqv=

714 Lv wkhuh d flufxodu Xquxk h�hfwB

QR1 Lq idfw/ wkh flufxodu fdvh glvsod|v qrqhtxloleulxp +doehlw vwhdg| vwdwh,
txdqwxp �hog vwdwlvwlfv wkdw duh pruh jhqhudo wkdq wkh olqhdu xqlirup +wkhu0
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pdo, Xquxk fdvh1 Wkhuh lv d gl�huhqfh ehwzhhq olqhdu dffhohudwlrq dqg dqjxodu
dffhohudwlrq1 Mxvw iurp glphqvlrqdo jurxqgv/ wkhuh lv rqo| rqh sdudphwhu lq
wkh olqhdu fdvh/ wkh surshu dffhohudwlrq d/ exw wzr lq wkh flufxodu fdvh/ wkh
dqjxodu dffhohudwlrq � dqg wkh udglxv ri wkh ruelw U1 Lq wkh olqhdu fdvh/ dv wkh
yhorflw| ri wkh sduwlfoh lqfuhdvhv wr wkh vshhg ri oljkw/ dq hyhqw krul}rq irupv1
Lq wkh flufxodu fdvh/ wkh gluhfwlrq ri yhorflw| fkdqjhv exw lwv pdjqlwxgh uh0
pdlqv frqvwdqw/ wkhuh lv qr hyhqw krul}rq1 +Lqyrnlqj Nhuu phwulf wr ghvfuleh
flufxodu prwlrq lv xqqhfhvvdu| dqg plvohdglqj/ dv wkh sureohp lv edvlfdoo|
derxw nlqhpdwlfv lq uhodwlylvwlf txdqwxp �hog wkhru|1,

715 Lv whpshudwxuh d yldeoh frqfhswB

QR1 Wr wkh h{whqw wkdw wkh h{lvwhqfh ri dq hyhqw krul}rq lv wkh frqglwlrq iru
wkh dsshdudqfh ri dq Xquxk ru Kdznlqj whpshudwxuh +wklv lv wkh wudglwlrqdo
dujxphqw edvhg rq joredo jhrphwu|59/ wkh prghuq rqh lv yld nlqhpdwlf h�hfw/
zklfk hqdeohv rqh wr frqvlghu qrqhtxloleulxp frqglwlrqv;,/ rqh fdq douhdg| vhh
wkdw wkhuh lv qr zhoo0gh�qhg Xquxk whpshudwxuh lq flufxodu prwlrq1 Iru flufx0
odu prwlrq rqh qhhgv wr lqfrusrudwh wkh h�hfw ri d vhfrqg sk|vlfdo vfdoh rwkhu
wkdq dffhohudwlrq +h1j1/ wkh udglxv,1 Li wkh v|vwhp lv lq qhdu0htxloleulxp frqgl0
wlrqv/ rqh fdq lqwurgxfh dq ch�hfwlyh +iuhtxhqf| ghshqghqw, whpshudwxuh*451

716 Hplwwdqfh dqg Ydfxxp �xfwxdwlrqv

D uhodwhg srlqw lv wkh hplwwdqfh +vsuhdg, ri sduwlfoh ehdpv/ zklfk lv frp0
prqo| xqghuvwrrg wr uhvxow iurp txdqwxp �hog0 lqgxfhg �xfwxdwlrqv1 Rqh
fdq wuhdw ehdp hplwwdqfh zlwkrxw lqyrnlqj whpshudwxuh ru Xquxk h�hfw1 Iru
jhqhudo fdvhv wkhuh lv qr qhhg iru whpshudwxuh wr sod| wkh lqwhuphgldu| eh0
wzhhq txdqwxp �hog dqg lqgxfhg ehdp �xfwxdwlrqv +rq wklv srlqw zh frqfxu
zlwk Mdfnvrq5:,1

Ehdp hplwwdqfh lv lqghhg wkh zrunlqj ri nlqhpdwlf h�hfwv +sduwlfoh pr0
wlrq, rq ydfxxp �xfwxdwlrqv +txdqwxp qrlvh,1 +Iru ylhzlqj Kdznlqj 0Xquxk
h�hfw lq wklv oljkw vhh;,1 Ehdpv lq olqhdu xqlirup dffhohudwlrq duh h{shfwhg
wr vkrz wkhupdo vsuhdg +qhjohfwlqj srvvleoh vrxufhv ri qrq0wkhupdo qrlvh,1
Ehdpv lq flufxodu prwlrq gr qrw frph lqwr wkhupdo htxloleulxp/ wkrxjk wkh|
pd| dfklhyh d vwhdg| vwdwh edodqfh ehwzhhq ydfxxp �xfwxdwlrqv dqg txdq0
wxp glvvlsdwlrq1 Rxu suhglfwlrq lv wkdw wkh ghwhfwru +d sduwlfoh zlwk lqwhuqdo
ghjuhhv ri iuhhgrp vxfk dv dq hohfwurq zlwk vslq, zloo vhh froruhg qrlvh zkrvh
fruuhodwru lv uhodwhg wr wkh qrqwkhupdo hohfwurq srsxodwlrqv lq wkhlu wzr sr0
odul}dwlrq vwdwhv1 Wklv lv pruh jhqhudo wkdq wkh Xquxk h�hfw dv lw lv xqghu
qrqhtxloleulxp frqglwlrqv1
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717 Lvq*w v|qfkurwurq udgldwlrq Xquxk udgldwlrqB

Qr1 V|qfkurwurq udgldwlrq rffxuv iru fodvvlfdo v|vwhpv +zkhuh wkhuh lv qr {,>
ru dulvhv lq wkh vhplfodvvlfdo olplw ri txdqwxp v|vwhpv zkhuh txdqwxp qrlvh
kdv ehhq dyhudjhg rxw1 Wkh Xquxk h�hfw lv wkhupdo udgldqfh lq wkh v|vwhp
dulvlqj iurp txdqwxp �xfwxdwlrqv> lw lv vhhq lq wkh vwrfkdvwlf dqg txdqwxp
olplw1 Rqh dujxphqw ylhzv v|qfkurwurq udgldwlrq dv wkh vfdwwhulqj ri yluwxdo
ydfxxp �xfwxdwlrqv lqwr uhdo skrwrqv e| d prylqj fkdujh1 Exw lq wkh Xquxk
h�hfw wkhuh lv qr udgldwlrq diwhu wkh v|vwhp kdv htxloleudwhg/ |hw wkhuh duh
wkhupdo �xfwxdwlrqv lq wkh sduwlfoh1 Wklv kljkoljkwv wkh glvwlqfwlrq ehwzhhq
hplwwhg udgldwlrq +v|qfkurwurq ru Odupru, dqg wkhupdo udgldqfh ihow e| wkh
sduwlfoh2ghwhfwru +Xquxk h�hfw,1 Wkhuh lv qr gluhfw olqn ehwzhhq wkh fodvvlfdo
olplw ri udgldwlrq dqg wkh txdqwxp Xquxk h�hfw> exw dw wkh vwrfkdvwlf ohyho d
IGU uhodwhv txdqwxp glvvlsdwlrq dqg ydfxxp �xfwxdwlrqv:1

718 Lv wkhuh hplwwhg txdqwxp udgldwlrq iurp wkh fkdujhB

Dw wkh vwrfkdvwlf ohyho wkhuh lv qrqhtxloleulxp qrlvh lq wkh sduwlfoh2ghwhfwru>
wkhvh �xfwxdwlrqv dowhu �hog fruuhodwlrqv durxqg wkh sduwlfoh wudmhfwru| dv d
srodul}dwlrq h�hfw51 Dw wkh txdqwxp ohyho rqh fdq xvh wkh rshq v|vwhp ds0
surdfk exw frduvh0judlq wkh sduwlfoh/ dqg ghwhuplqh wkh txdqwxp fruuhfwlrqv
wr udgldwlrq1 Wdnh qrwh wkdw txdqwxp fruuhfwlrqv prgli|lqj erwk wkh phdq0
�hog udgldwlrq dqg qrlvh0dyhudjh wudmhfwru| pxvw eh irxqg vhoi0frqvlvwhqwo|1
Wkh uhvxow vkrxog eh frpsduhg zlwk Vfkzlqjhu*v55 dqg2ru wkh txdvl0fodvvlfdo
rshudwru phwkrg ehfdxvh glvfuhsdqflhv/ li dq|/ zloo eh ri frqvlghudeoh lqwhuhvw1

Dfnqrzohgjphqwv

Zh wkdqn Slvlq Fkhq iru klv lqylwdwlrq wr wklv lqwhuhvwlqj zrunvkrs dqg Vwh0
idqld Shwudffd iru khu zdup krvslwdolw|1 Wklv uhvhdufk lv vxssruwhg lq sduw e|
QVI judqw SK\<;033<9:1
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