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ABSTRACT

A minimal self-consistent set of covariant and unitary three-
particle equations is presented. Numerical results are obtained for
three-particle bound states, elastic scattering and rearrangement of
bound pairs with a third particle, and amplitudes for breakup into
states of three free particles.

The mathematical form of the three-particle bound state equations
is explored; constraints are set upon the range of eigenvalues and
number of eigenstates of these one parameter equations. The behavior
of the number of eigenstates as the two-body binding energy decreases

to zero in a covariant context generalizes results previously obtained

non-relativistically by V. Efimov.
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CHAPTER 1

INTRODUCTION

In the study of three-particle scattering theory, many subtleties
of quantum mechanics require careful attention for‘calculations. Tﬁrough
the understanding of the three-particle scattering problem, one can gain
insight into the foundations of quantum mechanics as a predictive science.
The three-particle problem probes the properties of two-particle systems,
as well as serves as a guide to the understanding of N-particle problems.
A description of certain physical systems often described as three-
particle bound states (for instance baryons, the triton, etc.) could
extend theoretical insight into some of the fundamental symmetries of
nature.

The formulation of a consistent three~body quantum mechanics was
achieved in a non-relativistic context by Faddeev! with considerable
mathematical rigor. Faddeev defined a specific channel decomposition of
the system through which physical observables could be extracted, within
a Hamiltonian scattering theory. Thus, given the Faddeev equations,
with specific two-body scattering input, one in principle obtains self
consistent three-body scattering amplitudes.

As numerical and analytic techniques developed to study the
three-particle problem, the differences bet&een two and three particle
dynamics became more apparent. Through an analysis of the configuration
space equations for the wave function, H. P. Noyes2 noted that long
range effects occur in the three-body system even if all pairwise inter-

actions are short range. This effect, called by Noyes 'the eternal



triangle," changes the interaction between a'given pair, if a third
(interacting) particle is brought into the system anywhere, regardless
of the range of the forces involved. By examining the scaling behavior
of the Hamiltonian eigenstates in the case of resonantly interacting
particles, Efimov>*% determined that the actual number N of three body
bound state solutions can become large as the magnitude of the scatter-
ing length ]a[ for a pair becomes large relative to the scale of

forces ro;

N~ log (|a|/ry) (1.1)

for Ey << l/r2, low three-body binding energy. This effect would
result in a logarithmic growth in the number of three-body bound
states as the two-body pairwise binding energy decreases to zero.
Efimov® subsequently demonstrated that effectively there is a long
range (1/R?) potential which is responsible for the effect. The range

of the bound states is large compared to r These results are con-

0
sistent with the eternal triangle effect discussed by Noyes, within
the context of the kinematics. - These effects appear in the low
energy limits, and thus should be conéistently reproduced in a
covariant formalism. A rigorous treatment of this effect will be
presented within the model to be examined in_Section III-A.

The development of a relativistically covariant formalism
requires that additional sets of constraints be satisfied, as well
as introducing the complicated analytic structure of relativistic

kinematics into the theory. An important question is the choice of

the covariant propagator which reduces correctly to the non-relativistic



situation. Often calculations have been done using the Blankenbecler-

6 Brayshaw7 used a propagator which involved a

Sugar prescription.
linear difference in the four-momentum variables, such that the form
of the equations satisfy certain clustering properties. A propagator
similar to that of Brayshaw is used in the development of Section II-A.
What will be presented is a general formulation of a consistent
relativistic quantum mechanics, along with an investigation into the
properties of a particular model involving separable, zero-range two-
body interactlons. The formulation of the relativistic problem in
terms similar to those presented by Faddeev will be the topic of
Sections II-A and II-B. Section II-C will present the particular

development of the model being explored. The numerical and analytical

results of the model will be examined in Section III.



CHAPTER II

FORMULATION OF BASIC EQUATIONS

A. General Development of Covariant Three-~-Particle Equations

The system to be considered will consist of éhree distinguishable
particles specified by momentum variables and a mass shell condition.
The particles will be labeled by Latin indices a,b,c,... which will
take on values from 1 to 3. Four-vectors will be denoted with arréws

and three-vectors will be underscripted

k =(e, k)

a a ~a

kK -k =n 2 s where X -3 =

>
*
=<}

(2.1)

1. Covariant States

The non-interacting eigenstates, which can be represented as a
direct product of single particle states, will be denoted

|§161; ko€ys §3e3> and will satisfy the following conditions:

3 >
lkl 15 K83 K lka ke kpeys 3>
3 (2.2)
(k815 Kofas kaealki 8103 Kygags kg €30) = lwae (k»m 87 (i a” Xa0)

a3k a3k a3k
- 1 3 . - .
1 _/ e, €, €5 k65 koeps kaeg) (1o Kpfps kyey

where ¢ (k_,m ) = ,/Ikzl + m2 =€ is the mass shell condition.
a‘~a’"a ~a a a



The physical problem will be examined in terms of boundary states
which satisfy the asymptotic conditions. Without loss of generality in
the formalism, it will be assumed that only one bound state can exist
for each of the pairs. The results will be easily generalizable to
include the entire discrete finite spectrum of each of the subsystems
in the case this condition does not hold. The possible asymptotic
situations consigz of bound pairs with a third non-interacting particle,
or three non-interacting particles. These boundary states will be

represented as follows:

e ke o

>
TRCTTR IR SRR

where wa represents the bound state of the two particles other than a;
these particles will be labeled a- and at+. The energy of the bound
. P2 2 P,
state is g, = 1k | + 17 , where k_ is the three-momentum of the
Ha ~a a ~a
pair state. The total four-momentum in the state |®0) is represented

by 3(0). The boundary states satisfy the following conditions:



. . - 3
(ko3 koeps kgealog: ey pe 03 Kyge,0s kag 30)’ )’ [1 e, (k -k )
a=1 ~a ~af
(kg3 kg5 K |® Pk og€08 ¥ (~a0’ ua0)> = (?.3)
3, 3 P L
eaO6 (Ba 1~<ao)euao6 (§a+ + 15a— Bao)wa(ga+’ 15a—’ ua)

where wa(ga+’ ga_; ua) is the palr bound-state covariant wave function.
The fully inte;écting scattering states will be representable in .
terms of these boundary states. The fully interacting states will be

eigenstates of the total four-momentum operator:

ﬁlewéi)’ (105105 K20%20° ¥30%30° *F (o)
=By %t o105 Eapfa0i Kaptag) B(g) )
ﬁfllwii): 1—faoeao; Il}aafla:()slirzxo) = i;alolwacii): kaosao; wa(kzoeua0)> (2.4)
where P(O) = :E: k 0 and PaO = (e 0 + Euao’kao + gio).
a

The difference between the interacting four-momentum and the non-interacting
four-momentum will define a quantity which determines the nature of the

interactions

1 . B _3 = 1 pry (I
Br=%, -F = ®,P) > ®,0

for eigenstates of three momentum. In the three-particle center of momentum

system (3-CMS), the states take on the following form:

o, (&), i = mlel®), . .
]PFIIWO . (k‘l ls kze 383)’ (M’9)> M“’O hd (1’?1813 1’5282’ 1_5‘363)! (M’9)>
(2.5)
0 1y (#)
PFIlwa

a'~a u

Pk s b (ke )Y = (e, + eua)]wéi): ke wa(BaP, euaj>



In the case of only pairwise interactions the term H' can be decomposed

into pairwise functions as follows:

where
o ' - — = . . —
(]PNI+ Ha)lq)a' ka&y5 ‘Pa( 1*‘(aeua)> (eg* Eua) l(I>a' 1"taea’ ll)a( Ba’eua»

(2.6)

2. Properties of Resolvants

To study the relationships between the eigenstates, use will be
made of the resolvants of the four-momentum operators defined as

follows:

> +>-1 0.3
6@ =[Q - (B - D] QB - ©
6 @ =[q- @ -d] @, -0 2.7)
a a ~a ~
6@ = [+ (B - V] (B - @

which will be well defined equations for Im Qo # 0. In the three-

particle CMS, these can be expressed:

o ~1.3 ) 3
Gyr(Z>0) = [Py = 2] 767 (Byp) = Ry (Byy)
o , -1.3 _ 3
G,(2,0) = [Py +H! - 2] 7767 (B,) = R_(2)67(B)) (2.8)

o) -1.3 - 3
Cpp(Z,0) = [Byy = 2] 87 (Byp = Rp(2)67 (Bgp)
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As previously mentioned, since all systems of covariant states are three-

momentum eigenstates, the following holds

Using these relations, the fully interacting eigenstates which satisfy

the asymptotic boundary conditions can be expressed formally as follows:

|w0(il<M,Q)> = Lim|¥ : M £ in))

>0
(2.9a)
(%) s ) :
IWa (sa + eua,Q)> = 11m|Wa. €, + g + 1n>
. >0
where
. = . - ' .
l¥o: 2) o : ) R (D)H IWO. Z)
lv,c z)= o : e + e,y = R (2) [}E:dabﬁé]lwa: N (2.9b)
b
3 = . \ =
S =1-6, o : M) = ]¢O(M,g)>

and momentum arguments in the states have been suppressed. These

equations can be reexpressed in the form

()

‘Wo : (glel; koeys k3€3),(MsQ)>

Hm(FInRE(M + 1n) [0 1 (kyeqs Kyeys kyeq), (4,00
n*0 -

(+) : . :
U 01,00 |6t (kjeqs kyeys Kaeq), (4,00

]

(). ) _ . s . . . _
l\Pa ) (Eaaa’ wa( EaEUa)> llm(”'n)RF(ea + g * 1n)|®a. Eaea’ wa( 1-Sael-la)>

n>0

(£) . . -
Ua (Ea + EUa’g)‘®a' 1~{aEa’ wa( 1~<aEUa)>

(2.10)



It is advantageous to examine some prbpérties of the resolvants,
since these will have direct relevance to the properties of- the system.
Suppose that only one pair interacts, and the third particle a, acts
only as a "spectator." One's physical intuition would suspect that
this particular three-body system should behave just as though the
spectator were not present, and that in the mathematical expressions
describing the pfacess the parameters involving the spectator should
not alter the two-particle observables. The behavior of any of the

resolvants is

¢ =[- (@, +% -1t

ks Q°53(ga0 +k  -Q (2.11)
0

..ao

where ;ao is the four-momentum operator of the (a0+, ao—) pair
subsystem. In the case being described (which will be called
"clustering") the momentum kao will remain unchanged. The center
of momentum system for the pair (ZaO—CMS) will be described by the

four-vector 6230—CMS with components

(Za +e ,k ) (2.12)

‘6 -
2-CMS 0 %0 0

and thus the resolvants can be denoted

- _ (230) ) o .-1 .3
CQpoue) 26 2, = (B -7, 17T

. 2, ) (2.13)

+ 3 ] »
where Pa operates only in the two-particle space. Examining this
0
expression it appears that the form of this resolvant is identical to

what would appear in a purely two-particle space. Since the scattering
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eigenstates of the full system depend tbroﬁgﬁ the resolvant upon the
boundary states, then i1f the boundary states satisfy these cluster

conditions so will the full scattering states.

-5

>
The operators P__ and P . are self adjoint if they are to be

FI NI

physical observables. This property reflects itself in the following

properties of the resolvants (Hilbert's identity):

R(Zy) - R(Z,) = (2 - Z,)R(Z))R (z,)

(2.14)
— —_ 3 —
Other properties also follow directly from the definition:
RT(Z) = R(Z*) star denotes complex conjugate
RF(Z) = RO(Z) - Ry (2) H'RF(Z) = Ry(2) - RF(Z) H'R, (Z)
(2.15)

RF(Z) Ra(Z) - RF(Z)[¥ gab H-l‘):l Ra(z)

Ra(Z) Ry (2) - Ry(2) H;Ra(z)

These relations will be useful in detérmining amplitudes for the

various physical processes.

3. Amplitudes and Channel Decomposition
The covariant probability amplitude for scattering from asymptotic

initial to final states is given by

+) 2 )3 -
<Wa (Psf)le (Psi)> B
(2.16)

(#)t

(@ @ T @ e @ )
o sf’'l"a sf’ B si B si
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where Greek indices a, B, ... will take on values from 0 to 3, and

-
momentum arguments of the states have been suppressed. Here, PS refers
to the four-momentum of the particular system examined. The scattering

operator will be related to the transition operator in the following way

> _ N Wss
S(P(O)) =1+ 2716 (PS - (0))A(P(0)) (2.17)

The components of-the scattering operator between boundary states can

be obtained from Eq. (2.16) as

(+)+

s _(Q) = @ v “(q) (2.18)

afB

From Eq. (2.15), the following identities can be shown

[1- @2 i @2 m] -

(2.19)
\) 1] _
[1 - R (2) H ][1 + RO(Z)H] = 1
Using these identities with Egs. (2.9b) it follows that
- |
zy)- 1Y, = ~[Rg(Zy) - RF(ZZ)];GabH’bIQa ey ey )
(2.20)
.
2,)- 1Y, = -[R,(2)) - Ry (Z,)] B'|e, M>
The overlap amplitude can now be expressed:
(¥, 1 2q0¥, zz> = (¥ z, ¥ : Z,) +
(2.21)
o ) S
v, = 2y | R (2)) = R (2,1 [Py - Pl log: By
where the operator P =P__. The physical overlap amplitudes are:

0 NI
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( W5+ P IW( ), Y = (W(+) P IW(+)

Yo+

(o) (0)

(2.22)
o +) o] o
2m18(P_-P ))<\y tP | [Pp - P ]|q> (O)

Thus, the covariant probability amplitude into boundary states can be

written as follows:

) 2 1) 2 e T 2
(e DY (B y)) = (v (Ps>|wB (B gy +

(2.23)
4 > > ) 2 >
2mi6 (B =P ) <¢a(Ps)|AaB (PS)I¢B(P(0))>
where the amplitude (&, ] B[@ ) represents the transition amplitude,
and is expressed:
§3(p €2, (P )|A(+)(P L (0)> (W(+)(P )l[n> - PZ]\@B: P%O)
or
o 3 -+ (+) -> -3 _
R0y By = Broy) (8 (BOIAL (R0, (B (1)) = (2.24)
+) > -> S 3 >
(¥ (PS)IP(O) (B, PB]I%(P(O)»

The states IW§+)(;S)> will shortly be shown to be covariantly ortho-
normal, and thus the amplitudes involving AaB represent the physical
transition amplitudes.

To develop equations for the amplitudes, consider the Lippman-

Schwinger equation for the operator T in the 3-CMS:

3 -+ | ] (o} 3 >
67(P - QT(Q) =H - H R (Q7) §7(P - T(Q) (2.25)

Q=0

~
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The channel decomposition proposed by Faddeev! for a system with only

pairwise interactions,
3
L '
H = H_ (2.26)

involves the definition of T as:

3
T(Q°,0) = » T, Q°,0) (2.27)

a,

These components satisfy the sets of equations
63(P -QT (6) =5 H' - BR (Q)H (2.28)
~ 9 ab ab a aRF b *

which can be reexpressed using Eq. (2.15) as:

1

S@-r, @ =8 B -HR Q) D @ - YT, Q (2.29)
Cc

Operators t can be defined for the subsystems which satisfy

63 - @ £, (@ =H - HR (Q)H]
(2.30)

'
a

' 0,.3 -
' - BR Q)67 - Qe (@

These equations can be rewritten

' 3 4 v} o : i 3 >
[+ RR @)16%@- T, @ = 1! [6,, -’ (@ >}§: 5,80 - @1, @]

L o3 N ' (2.31)
[1+ H R (Q°18° (B- ), (@) = K
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and the equations for Tab can be cast into a form dependent only on the

quantity t_

- > > > - >
T, @ =5, 6@ - t, Q6@ ; 0e Tep @
(2.32)
> -
@ =2, T, @
a,b
Using Eqs. (2.25) and (2.15), the fully interacting resolvant can

be expressed in terms of the operator T

RL(Q%) = Ry (Q%) - Ry(Q”) 8” (2 - O) T@R,(Q")

(2.33a)
> > -> > >
or GFI(Q) = GNI(Q) - GNI(Q) T(Q) GNI(Q)
Similarly, the '"channel" resolvant can be expressed in terms of t,
R () = R, - RQ) 63 @ - O &, Ry (Q)
a 0 0 ~ <~ "a 0
(2.33b)
> > > > >
or 6 (@ = 6 (@ - 6@ t, @ 6y @
The relations (2.14) imply conditioms on the operators Tab through
Eq. (2.29). Using the easily verifiable relations (for Q = Q)
(o} 3 > . o} '
Ry (Q );5 ®-QT, @ = RQIH
" (2.34)

Ty <3 Oy _ ' )
CZTaC(Q>6 (2 - DRy @) = W R, (@)

the form of the Hilbert identity in relation to the operators Tab

becomes
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@1 (2,0 - (@)1, (Z,,0
ab ab "2 (2.35)

_ 3 3
- 7y - 2D T, (2L OCEREDR 2@ Y 12,0
c' c
Likewise
s3(®)t (2.,0) - 62(P)t_(Z.,0) (2.36)
~’ " a "1l =’ a "2’ '
_ 3 3
= 2y - 2t (2 O DR (2R, (25 B, (7,0

B. Physical Observables

1. Interacting Eigenstates

Once the singularity structure of the operators is determined, the
relationship of the operators with the physical observables of the system
can be extracted. Examining Eq. (2.32) the expressions for Tab can be

diagrammatically represented:

Tab - CSabta —Z ta(sacGNIch

The structure of the fully (three-particle) connected piece will be
examined.
O - "
W (@ = T (@) - 8t (Q) (2.37)
A formal relationship between operators and observables can be

established using Eq. (2.10) expressed in the form

lWét): M> = lim R (M & in) [PQI - M3 in]|®o: M> (2.38)
n*0
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() . o . 0 . ,
lWe ey + euc> ii? RF(ec + suCi in) Pc €, = By T in l@c. € + EUC>
- (2.39)
The resolvant can be expressed, using Eq. (2.33a):
Rg(2) = R (2) - R (2) Z :e (BT, (Z,0)R (2) ' (2.40)

Using these expressions, the fully interacting eigenstate which asymptoti~

cally represents three non-interacting particles can directly be represented

¥ (() )(kl €5 kyeys 363),(M,9)> = [1 - lim Ry(M * in)

n>0

<3 @m0 1,0 legr (e kyeys ey, 04,0)
ab

(2.41)

To determine formal expressions for fully interacting eigenstates
which asymptotically represent a bound pair with a third particle, use will
be made of the full resolvant expressed in terms of the "channel' resolvants

3
= + - - 2.42
RL(2) = R (2) Z;[Ram R0<z>] R (D) 6B, (Z,0R (2) (2.42)
a ab

The actions of the resolvants RO and Ra on the boundary states can be

determined

. .o__’¢.]: ) _
ii? Ro(eC + €ue + 1n)[?c €. €le in |@C €. + Euc> 0 (2.43)

1im Ra(e tey. t 1n)[ €ue ¥ 1n]l®cz e+ suc>

N0 (2.44)

= GaCIQC: e+ euc>

Use will be made of the operator Kab formally defined by

> > > ->
W @6, @ =k, @6, @ (2.45)

With these relations, the fully interacting eigenstates are
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197 o5 By () - [1 T Hm R (e F Ewy E A (2.40)

x:Z;:53(g)Kab(eb + ey * in,Q)]l@b: kieys wb(—gbeub)>

Thus the operators which transform the boundary states into fully inter-

acting eigenstates can be expressed
U(i)(§ )= 1+ -1lim G (P° + in,P ) T (P° + in,P )
0 (0) 0 NI\ (0) >~ (o) ab\" (0) >~ (0)
ab ’
(£) P (2.47)
Ub (eb + Eub’Eb + Eb)

n>0

P P
= ~-11 + + 2
1 ~1lim GNI(Eb +oeg * in,}jb + 15b) z :Kab(eb +Eeg f 1n,1~cb + 1§b)
a

Next, formal expressions will be developed for operators which directly
yield physical amplitudes. These amplitudes will be extracted from operators

uﬂ&ﬁ defined by

> > o > > > -

Expectation values of(n% between boundary states contain information on

B
physical observables through Egqs. (2.10) and (2.16). The following formal

definitions will be made:

- > - > -> >
Cgp W, @6 @ = 6 Dk, Qe @

[T

o, @K, @ey; @ (2.49)

i

> -5 -
6 (@ s, @6, @
Using expressions (2.40) and (2.42), the following sets of equations can be

shown valid
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Rp(ZDRR(Z,) = R (2D, (2,05 2,,00R(2,)

1 3, 3
Ro(zp {1+ [511752 - Ro(zz)]5 (®)7(2,,0) - 82(®)T(2,,0)

1
* [zl —z, " Ro(zl)]}Ro(Zz)

R (2R (Z)) +Z[Ra(zl)Ra(Z2) - Ro(zl)Ro(Zz)] + R (2))

a

1 3 3 ;
> {[ﬁgftfz;" Ro<zz)} STy (2920 = 8T(BIK,, (21, 0)
ab

1
) [zl -z, + Rb(zl)] } Ry (Z))

Ro(zl)RO(zz)-+Z[Ra(zl)Ra(zz) - RO(Zl)RO(Zz)] + Z R_(Z)

a ab

-~

1 3ok 3m%
"{[‘zl -z, Ra(zz)]‘5 (®)K,, (25,9 - 67(BIK,, (2),0)

1
x| =————+ R_(Z )] R, (Z,)
[zl—zz 01}02

R, (Z,)R(Z,) +Z[Ra'(zl)Ra(zz') - Ry(2)R (2))]
a

| 1 3 , 3
" Z Ra(zl){[zl-z2 } Ra(zz)]’5 (B) 3, (2550 = 87(R) L (21,0)
ab _

1
X [21 -z, + Rb(Zl)]}Rb(ZZ) (2.50)

With these relations, by cleverly choosing the limits on the parameters

Zl and 22, the amplitudes in Eq. (2.23) can be determined
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k

) -> +) . . ?
(041 Ueyogs Byops Ky=y)aP gyl Agg ( (:E‘))I HE10%105 K20%20° ¥30%30”F(¥))

2 \Af17 52525 555300 \T(my) 'R10710° S20720° $30730
ab
> > -
where E ka = P(F) = E kbO free asymptotic states
- a b
/® : (k,e.; k., (+)( ) o . P
Boi (K1813 Kpy3 Kq€q) P(B){A ®)| b KpoEhod VoW up0))

T Z (K1%15 Kp®p3 kst B\K(Jr)( (B))‘Qb: Kb0%b0% ¥ (pe%up0))

a
= e > >Pp
k = ? =
where 2 a (B) kbo + kbo breakup
a
/@ e ;U (kP £ )IA(+)/§ \]@ (ke . PO TR, v B \
Na® Tata’ Ta'va®va’'%a0 U (C)/ 'T07'210710° 2207200 %30%307°F(0)/

P ()
= - Z SRR RN ALY N ( (c))lklo 10° ¥20%20% ¥30%30)

kK +x =3 —Z:'* " coal
where =P = kbo coalescence
b

‘ ) (3 ; ; P
<®a. k e ’ 11) (ka ua)lA ( (E))IQb.l—SbOEbO, wb(bbogeubo)>

P
(+)( (E))Iq)b: K0%b0° lpb(gbo"’:ubow

£
o
(o]
o
oy
+
™
I
oY
I
~¥

bo + zio elastic and rearrangement scattering

(2.51)
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2. Primary Singularities of the Amplitudes

The singularity structure of these amplitudes remains to be examined.
Consider first the operator t, - From expression (2.30), the behavior of

ta in the vicinity of a bound pair can be determined

(kpes Komps K 31‘S (Bt (Z,0) [k 58103 Kp0%505 K30%30)

Pl
' o LIPS '
) _J/.d Kok <k1 15 Kpeps kaeglHilo,: kiels v Gk, e))

= ' Y v ’
€aEUa €a + €ua Z (2.52a)

ECRRIOE wa(ka EUa)I H) [ky 0105 908205 K30530)

+ (term non-singular for Z - €, + Eua)

Using the expressions (2.3), this can be written

lim (Z=-¢_ =¢€,.4)
ag Hal
Z+ea0+euao
x (kpegs Kyeps K |5 (®)t, (2,00 [k 58103 Kygfaps Ksg €30
(2.52b)
3 3 K K
= €408 (Ea - an)EUaod (Ea+ + Ea— T Zato T ~a—0)

X [(an + €HaO) - (El + ) + E3)]¢a(lfa+~a > M )w*(ka+0 a- 0)[(€a0 + Euao)

- (egg T eyt E30)]

where €uao ) Jllfa+0 + lfa—O12 + ui =J I-Ifaolz +ou

A normalization condition can be determined for the bound state wave

functions. By considering the expression

lim lim

(Z - - )(Z - € - £ )

»e + > H 0
Z1 Ea sua 22 € O+eu 0 1 a a 2 a0 Ua

3
x (kpeqs kyeys kae [R(2)) 87 (Rt (21,00R(2,)

3 . . (2.53a)
xR (2,)87 (B)t, (Zg, 00R(Z)) [y ey 05 K908205 K30%30)
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and recalling the relation (2.36), the following normalization condition

can be determined

d3ka+ d3ka— 3
ar @ oa= 4 [l v _ _ % (' ! . [T =
e;;eaL EUa6 (Ea+ + Ea— Ea+0 Ba—o)wa(5a+ga—’ ua)wa(lfa+1fa—’ ua) 1
(2.53b)
where e = ‘[[k' + k! |2 + uz
Ha ~at+  ~a- a

To examine the singularity structure of wab’ the equation satisfied by

wab can be determined using Eq. (2.32) to be

W@ = T e @6 @, @ - D 5, o @@ @50
c
As can be seen by the driving term, the singularities in ta and tb will
occur to all orders of iteration of Eq. (2.54). These singularities of Wab
which appear in all orders of iteration are called "primary singularities."
These singularities are due only to the factors from ta and tb. Using

Eq. (2.52b) with the definitions (2.49), expressions obtained for the

operators Kab and Ha

b will be free of primary singularities

lim (Z - €

- e )
. bo up 0
b0+€UbOilo

Z-e
x (kpeg3 kpens Kaea W, (2,00 kg5 Kyo€003 Kagesg)
9 (2.55a)

(o]

= - <¢ t (k.e,3 ke 3 k,e),(P 0 iK(i)(e +€ O)|¢ tk, e, 3¢, (~k € 0)>
0" “o1%1% 2252 237370\ (0)’~/'"ab “Tbo  MBO*IY'TbT <bo b0’ b ~b0’ Hb

* . —— p—
x Gk ok o3 By) [510 teynt E3p T By EUbOJ

O —3
where El + ez + 53 = P(O) EbO + EUbO
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lim (Z - -¢
a

Z»e +e, *i0
a “Ha

Ua)

x (kpeqs koens Kaea|W oy (2,00 [k geq 05 Kypen03 ka0€30) (2 = Epp = Eup0)

B [El + ) + €3 7 5 T EUa] 1pa(1§a+§a—; ua)

x (85 ke s ¥, (ke )\gf(t)(e +ey ,0 )0 k e 3 U (k€ O)>
a’ ~aa’ Ya' ~a Ma ab a Ha’l b” ~b0o b0’ b EbO Hb
* . - -
W0yl o5 1) [S10 ¥ 20 * 30 T Cbo T Subo) (2.350)
for Ea + eua = Eb + eub

(o]

The discrete spectrum {N%} of Po.

will correspond to poles in the full
resolvant RF(Mj)' Thus, the solutions to the homogeneous equation will

correspond to the discrete eigenvalues of P;I

>

Gp (@ = -6 DT @ (2.56)

» . + .
The projector onto the discrete spectrum of PFI will be denoted S?discrete'
To end the discussion of the fully-interacting system, it should be
noted that the relations (2.47) or (2.50) can be used to examine on shell

orthogonality and completeness relations. The operator expressions obtained

are

v 25 g (2.57)

3. Cross Sections

A final connection will be made with the amplitudes examined and the
standard cross section. The probability flux into a subset of final states

can be written
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A(probability flux) = HF Ao (2.58)
where & is the incoming probability flux per unit ared, and Ac is the

apparent cross sectional area. This expression can be rewritten

bo = Z Calie) (e ) - (2.59
£

y_ (v,
¥ eny g< i 1>

With the given state normalization and covariant flux, the standard co-
variant differential cross section is

N a3k (2-n)"<s‘*(§(f) - 'ﬁ(i)).jAfilz

do = U c 2 > > 2 > > > 1/2
=% [(Fayo - Faro) - (e * Fya) (e * Fo)]

where k(j)o is the four momentum of the incoming subsystem j.

(2.60)

C. Minimal Three-Particle Model

Given the analytic structure of the matrix elements of the operator ta’
one can in principal use Eq. (2.54) to determine a set of equations for the
matrix elements of the operators wab’ from which physical observables can

be extracted. The equations for Ta and Wa will be recalled for the

b b

present discussion
> > - > > >
Ty @ = e, @ -8, e, @0 @1, @
Cc

(2.61)

> - > > <> - -+ > >
W@ = -5 e @6 @t @ —Z 5.t @6 @u_, (@

ac a
(o4

The input from the two-particle subsystems is through the scattering
operators T, which occur in the two-particle space, and from which the

operators ta are obtained as follows
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.-+
(<1605 ko%g5 Kaegle Q) Ikypeq05 kypenns kapeqg)

> -

- (k - kao)<ka+ a+’ lfa—ea--lta(Q B kao)llfa+0€a+0’ Ea;osa-0>

- 3 S A

=e 8k, -k )T (k k. |ka+0§a_0, Q- Kk,) | (2.62)

The operators T, are the scattering operators which would occur in a purely

two-particle theory. The resolvant will have matrix elements

(k1815 Kpeps Kk |GNI(Q)|k10 105 X¥20%205 ¥30%30) 2.63)
5
67 (ko + kop + kon = Q 3.
] ST I 2 s TP PO
al ~a ~al

&1 + €y + €y - Qo a=1

These equations will be examined in the three-particle center of

momentum system. In the 3-CMS the parameter 3 will have the on-shell
behavior indicated

> . _ 3z
Q_cyg = M+ 10,00 = F
The behavior of the matrix elements of the operator W;:) in the free (non-

interacting) particle basis with this parametrization is as follows:

(+) .
(~a~a+ a—|kb kb+okb—o’ (4, O))

(+) : ) :
. (~a+~a—‘ka+0 -0’ of - an ) (kb+kb 1kb+o b~-0’ M - bo’5b0)>
Eab(sa + Eb + €ab ~ M - i0)
3 3 -
d k' d7k!
__at a- (+) r oLt . _ _ (2.64)
_[/ E,‘a+€;'a— Z 6atcTa ~a+ a—!ka+ka (x €a’ lfa'))

3 1 '
§T(kl F R+ k)

-~ ~a ~a (+)
e +e' +¢' -M- iO (~c~a~ac!kb0kb+0kb 0’ (, 0))
a a+ a-
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where k1o = 53
2 _ 2 2
€19 = lkl + E l m, etc., for 1, 2, 3 cyclic.

1. Equations for Separable Two-Body Input

Equation (2.64) represents a general integral relationship of the
elements of wab to the elements of T, The equation involves an integration
over three componerits of momentum, which could produce numerical complica-

tions. To simplify the numerical problem, it will be assumed that the two-

body input can be written in a separable form:

g (k k Dgx(kl k')
(+) (k k ‘k. ; 6 ) = a ~at~a a+ a-
a Qa)

~at-a-!Zlat~a-’ *a’ D(+)(Q (2.65)

->
The parameter Qa will be written in terms of the two-particle on-shell

invariant rest energy

3 . 33 = (ﬁ(o) - ﬁa) . (3(0) - ﬁa) = s, (2.66)

a

From Eq. (2.64) it directly follows that the elements of wab can be written

in terms of a reduced amplitude wab

(+) ]
Wap (ko Il ok k03 (01,0)) (2.67)

g( ) g g ( )
- D~?:~? wab(EaIEbO; M) . Eb?gkg :
a‘a bbb

~

The equation satisfied by the reduced amplitudes is

* k. .,
k[ 5 M) = -7, 2 sato’fas o)gb( b+ Sb-)
~a Ebo’ ab ab(Ea b - M- 10)

d3ké g (k!,~k kg (k_,~k!-k )

- ~c’ ~a ~¢ ~C ~a
- § : dac e'e! (e +e' +e' -M- 10)D (s! ) (k Ik M)
a ac * a c

- a0

(2.68)
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+ k! |2 + m2
ac ~a ~C ac

where v 2 I
It is now advantageous to perform an angular momentum decomposition

to reduce the number of integration variables. The reduced amplitudes can

be written in terms of angular momentum components

~ _ Z 27+1 A AT ]
wab(lfa"lsbo’ M) = 4w P (k kbo)wab(ka‘kbo’ M) (2.69)
J

Using some of the properties of the functions PJ(E)

1 26 J'Jg
fl Jv(E)P (g)dg = _2J—l

4m
Py kbo) T2+ 1 JM(ka)YJM(k‘b )
M

(2.70)

The equation for the angular momentum components of the reduced amplitudes

becomes:

1 8*(k kb H E )g (k k‘b s £ )P ()
J - 0 b 0 ab’"J"’ab
(k lkbo; M) = —2ﬂ6ab ./- dEab €, (Eab)[e + €y + €, (E ) - M - iO]

k! dk' W (k!
z : f cb kel (2.71)
D (s")
C C

: ) ',
/l gg(ka’kc':’ F’ac:)‘gc(ka’k-c’ _Eac)PJ(Eac)

+

dg [] \) — - 1
-1 ac eac(gac) [Ea + eC + E;C(Eac) M lo:l

If the kernels Rib are defined

Eab(gab)[ea +e + sab(gab) - M - iO]

RY (K ko3 M) = ./.1 gy (kg sky3 £ B (Koolys ) Py (Ep)
a’b
) (2.72a)
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then Eq. (2.71) can be expressed

~J = )
wab(ka‘lkbO’ M) = 21T(SabRab(ka’kb’ M + (2.72b)

(k k" M)

-ZnZ jdk' 'D( )( ') Wib(ké‘kbo; M)

2. Model Assumptions

The specific model for the two-body input to be explored reduces in
the non~relativistic limit to the case in which the pair can interact at
zero range only through zero relative angular momentum (s~waves). The

covariant model can be represented by amplitudes T, given by

+) vt L (3 >
Ta <}fa+lfa—‘1fa+lfa— (P(O) k

)) ) g,7s, 0 (s gk .79
: OLa(“a) - ‘J—Iga(sa + 10|2

The variable iqal represents the pair center-of-mass momentum and the

parameter a, reduces to the inverse scattering length:

~Aa 4,

m

ge

'

a- at

‘2 [Sa - (ma+ + ma—)zj[sa B (ma+ " ma—)2]
4s .
a

lg, (s 01" =
. 1/2
2 2 2 2
o (u) = si ( + _ ) [ua - (ma+ + ma-) ][ua - (ma+_ ma—) ]
a ua gn ma+ Ma- ua 4 2
U
a
—-b-—-l/aa scattering length.
0 s, <0
> - @ =
Mg - lma+ ma—l * (Sa)

1 s,>0 (2.74)
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The model has two-body bound state poles when the invariant on-shell pair
rest energy 5, is equal to the rest mass of the bound state e The
coupling constants ga are not arbitrary, since restrictions are placed
upon them by Eq. (2.62) through Eq. (2.36). This restriction can be-

expressed

(+) 3 _ (+) 3 >
<ka+”a_ Ea+0ka 0’ P(O) an) [ a ( a+ka—l§a+0ka 0’ P(O) - Bao)

3 3
d7k' d7k! :
= g at a- .—r 7 4(~, > 7 LT
ZWlJ{ el € t ( at+~ a—lka+ a-’ P(0) kao)(S ( ar T Eal ~ Koy ka—O)

*

at a-
* L k' . 3 — T 4
T3 (\Ba+~q=ll~(a+01fa;0’ P(D) kaO) (2:72)

For this model, the only integration involved is the two-particle phase

space

ENGRA
a

hel
N
n
~
]
o~
~
3]
~J
N
A

From this, it is easily determined that the functions required for Eq. (2.71)
have the form

|ga|2 = (1/2m)°

(2.77)
1 /S_a_o (Sa)

D;+)(Sa) ayug) = \quga(sa +10) |

Equations (2.72b) will be explored in this model for the case J = 0 in the

next chapter.
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CHAPTER III

RESULTS

To begin the investigation of this model, the kinematics of the
equations will be examined. Without sacrificing‘the formal generality,
the case of three kinematically and dynamically identical, but distin-
guishable, particles will be considered in what follows. With the
identification m = m and My = M for all a, the structure of equaﬁions

(2.74) simplifies:

(3.1)
2

a () = a() = sign(2m-)|5 - n?|?

For this system, the dynamic parameters of the model are u and M, which
represent the bound/virtual state mass of the two-particle subsystems
and the three-particle center of mass energy, respectively. The dynam-
ical regions are schematically represented in Fig. III-1. The line

M = 3m indicates the minimal kinematic situation with which to have
three asymptotically non—interactingAparticles. The vertical line

i =-2m indicates the kinematic threshold belo& which asymptotic two-
particle bound states may exist. The regipns will be explored for which
the particle states m represent the lowest energy states, and for which
pair creation will not occur.

A. Three-Particle Bound States

The first situation to be investigated will involve the three

particles fully bound in a J = 0 state. The kinematic region for bound
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states is below three-body scattering threshold (M < 3m) and bound
pair + spectator threshold (M < u + m).

1. Form of Bound State Equations

The discrete spectrum of the fully interacting system will corre-
spond to eigenstates which satisfy the homogeneous scattering equations.

The bound state equations for the amplitude Wizo for three equal masses

will reduce to three identical equations. The kernel Ribo can be cal-

culated from Eq. (2.72a), and after a simple integration becomes

J=0 .
Rab (ka,kb; M) R(ka,kb; M) = R(kb,ka, M)

‘2 \[;2 + (ka + kb)2 + £, + €y = M (3.2)
log

\En2+(ka-kb)2+ea+eb—m

Thus, the relation for the reduced amplitudes (2.72b) can be expressed

as a single variable homogeneous integral equation

~J=0 X - )
0 [k 5 M0 = WGk s M)
2n? '
2M k'2/sT R(k,Kk'; M) 3-3)
Wy (ks M) = -‘m[ dk’ 2 > Wp(k's M,u)
2
2 U 2 s'
0 E'[i’ Im —Tl - m ——4—

e'=4k'2+m2 , s'=M2+m2—2Ms-:'

where the * represents the sign of 2m - u. The analytic form of this

equation will be examined in the next subsection, and numerical solu-

tions will be presented in the subsection following.
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2. Mathematical Constraints and Predictions

The solutions of Eq. (3.3) will consist of a discrete set of non-
degenerate values {Mj} for a given two-body bound state mass p. Alter-
natively, one may obtain a discrete set of two-body bound state masses
{ur} which produce a three-body bound state of mass M. There will be a

maximum value for the two-body bound state mass Moax above which there

will be no three-body bound state solutions (this value will be shown

to be finite). As has been mentioned, the minimum value for the mass

Hoin is determined by the threshold for elastic scattering u+m = u+1

which occurs at M =y . + m.
min

@iy (D) = aQt - m) = 3/ Cn - M@ + 1

(3.4)

sz _ S(k: 0)

The form of the Egqs. (3.3) allow all param&ters to be scaled rela-
tive to the finite mass m. In studying the analytic form of the equa-
tions, it is convenient to use this scale freedom, along with the

symmetry of the equation, to define the following:

z = k R M = M , k(M) = M — L
m m M
a(u (M) - alu_. (M)
o — Y min
M LG ) S e ) 0 OS]

k Vs

- WB(k; M,ur)
2
a(ur) - \Jm __Z

V(z; M,Ar)
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\fmz——f;—%\/(3m—m)(m+m>

h(z; ﬁ = -
(2 10 a(u__ 0 - alu_ (D)

4ﬂ|gL2m

U(z,z'; M) = U(z',z; M) = Coalu (D) - alu o O0D)

x‘/t’ss' Tog Jl + (z+z')2 + Jl-i— z2 + Jl+z'2 -M
ee!

\H+ (z-2z")2 +\ll+zz+\ll+z'2 - M

finite for M <3

(3.5)

With these definitions, Eq. (3.3) can be expressed

. K (M) . . . -
X V(z; M,A0) =/ dz' U(z,z'; M)V(z'y M,A) - h(z; M)V(z; M,r.)
r r r T
0 (3.6)
The form (3.6) is particularly useful, since the following relation is

seen to be valid

K(ﬁ) - 5
()\r - XS) / dz V(z; M,Ar)V(z; M,)\s) =0 (3.7)
0

This condition amounts (for non-degenerate eigenvalues) to an orthogo-
nality condition for the functions V(z; M,Ar). These functions can be
normalized to satisfy the condition

. r,s = 1,...,NM)  (3.8)

K (M) y .
/ dz V(z; M,)\r)V(z; M,)\S) = 81‘
0

where N(M) is the number of three-body bound states of energy M.



Since the system generates a denumerable set of orthogonal func-
tions, the parameters of the equations can be explored more readily than
might otherwise have been the case. To obtain relationships between the

parameters, it is advantageous to define functions-which sum over the

N (M)
Azyz's W) = Z A (DV(zs B2 V("5 B,0)
r=1
(3.9)

N(M) V(z; ﬁ,xr)V(z'; ﬁ,xr)

r=1 t
- < () « (M)
Tr U"(M) = / dz/ dz' U (z,z"; M)
0 0

These functions are easily related through the integral equation (3.6).

Using Eq. (3.8) and simple algebra, the following conditionals are

obtained. .
N(M)
~ 1 2.~ 1
NM) s 5{Tr U"(M) + —
2 Z A2 ()
r=1 'r
N(M)
Z A < e v2) + 1] (3.10)
r=1
N(M)

Z xi(ﬁ) < Tr U2 (%)

r=1



- 35 -

Since Tr Uz(ﬁ) is always finite within the kinematic region being
studied, these equations set finite bounds on the parameters, except
for N(ﬁ). In addition, for the specific problem at hand, the following
is true.

dAr(FI)
—X >0 (3.11)

~

aM

This implies that the bound state trajectories Ar(ﬁ) are monotonically
increasing, and have one end point along the line A = 0, and the other
along the three-body continuum threshold M = 3, which are the boundaries
of the kinematic region. To obtain an estimate for the number of bound
states, the equation for N(M) will be examined. Since A(z,z} ﬁ) is a

positive semi-definite quantity, the following inequality holds:

. k (M) . £ N
N(M) =/ dz A(z,z; M) z/ dz A(z,z; M)

0 0 (3.12)

for any § < k (M)

One of the forms for the expression A(z,z; ﬁ) can be obtained directly

from Eq. (3.6)

N 1 [ k (M) R . . ]
A(z,z'; M) = ——— / o dz" U(z,z"; MA(z",2"; M) - A(z,z'; M)
h(z; M)
0
(3.13)
A(z,2z; ﬁ) = I(z; M) 0

h(z; ﬁ) z>0

The behavior of this expression is particularly interesting near
the rest energy of the three particles. A binding parameter € will be

defined to examine this case:
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3m-M , &=3-M (3.14)

1]
i

The behavior of A{z,z; M) for small z and € relative to unit§ (but

otherwise arbitrary) is dominated by the factor h(z; ﬁ)

small z | au (3m))
small &

h(z; M) ——l“-————l[ 324 J_] (3.15)

For small €, the factor k(M) — 4/3. If one sets thevparameter E to be
small compared to unity, but arbitrary compared to e, the expressions
(3.12) and (3.13) indicate a scaling behavior of the number of bound

states with the parameter &:

(3.16)

I(g; M) log ——

- E/~f§:~l§; i I(~f_—x M) \/“ ‘ alp )
h(~N & x; M) &0

0
If bound state solutions exist, then the function I(%; ﬁ) does not
identically vanish as a function of £ -or M. Therefore, these equations
have at least a logarithmic growth in the number of solutions as the
three-body continuum threshold is approached

N(e) > (slowly varying non-zero fonction) x log (2—)

(3.17)
e
as — — 0
m
This result is determined by the non-relativistic kinematics, and is
consistent with the results obtained by Efimov3 in Eq. (1.1), if one
relates the scattering length to the two-body binding using Eq. (2.74)

and associates e as the three-particle binding energy. The actual
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numerical solutions exhibit the behavior discussed, and will be dis~
played in the next section. -

3. Numerical Bound State Solutions

The bound state trajectories have been calculated, and are consis-
tent with the conditions (3.10), (3.11) and (3.12). The integral equa-
tion (3.3) was reduced to a discrete matrix equation using Gaussian
quadratures,’ wigg-Jacobi polynomials as weight functions. Stable .
solutions for the lowest lying states were obtained using relatively
low matrix order (about 8 x 8). The lowest lying states are exhibited
in Figs. III-2a and b. Figure III-2b is an enlargement of the non-
relativistic region of Fig. III-2a.

The binding energy of all trajectories remains finite in this model,
due to the finite kinematics. The kinematics of all states is non-
relativistic, except for the lowest lying state. Most of the lowest
lying trajectory Al is within the relativistic domain of the region,
although it lies very close to the threshold for pair-particle scatter-
ing (W + m > y + m). The finite binding of all trajectories differs
from various non—relativistic models (cf. Dodd9), for which the lowest
lying states may become bound indefinitely. This behavior is exhibited
in Fig. III~-2b by the trajectory Al before the relativistic kinematics
become manifest. There is an accumulation of essentially non-
relativistic states in the region 3m - M > O, [2m - u| + 0, consistent

with the condition (3.17) and with non-relativistic models.

B. Elastic and Rearrangement Scattering

The region of Fig. III-1 below three-body breakup thresﬁold

(M < 3m) for which bound pairs scatter with the third particle, will
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next be examined. With a given initial condition, there are three
possible outcomes for the final state, as indicated in Fig. III-3. The
first situation represents elastic scattering, and the others represent
rearrangement.

The case of particles with identical kinematic and dynamical param-
eters will be examined in detail.

1. Form of Equations

Below three-body breakup threshold, the kernels Ri;o can be ex-

pressed in the form given in Eq. (3.2). The scattering equations for

the amplitude WJ=0

ab from Eq. (2.72b) can be expressed

(k k. s M) = -2n5 RICTN SR )

b0’ bo’

(3.18)

O |k 3 1)

2 st R(k ki3 M) A
_ZNZ ac] [sz_ViRJZ_M__lO] f:b

Since the masses m and u are the same for all channels, there will only
be two amplitudes; a direct (or elastic) amplitude, and a rearrangement

(or reaction) amplitude:

J=0 - .
W (k [k 5 ) = WD(kalkao, M)

: (3.19)
v +a(klkao; M) = wa—a(ktkao; M) = WR(kaao; M)

Using these amplitudes, the integral equation (3.18) can be discretized
into a matrix relation and inverted using elementary linear algebraic

techniques
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=
it

- (s) :E:: - ~
ab Gab wab + 5ac Kac wcb
c

2K(1 - K - 2k%)~L w(s)

=,
I

(3.20)

W= (1 - K - 251 (s

R

After inversion, the amplitudes WD and WR can be related to physical

observables as developed in Sec. II-B. The following relations pertain

to the specific problem being developed:

1im (Z-¢ _-¢e )
ao u o
Zre +e +io a
ao uaO

3 . .
x(kye13 Kpeys Kaea[87(RIE, (2,00 [ky ey 03 Koofa03 K30%30)

’ 2
2 2
3 4[8' pygm “HE

(Ea+ + Ea— + an) 2
u

= e85k -k de &
a ‘~a  ~ao’ Ty

, ga(ka+5a—) bgu moT
lim (Z ~-e_-€ ) =
. a u D (s ) €
Z»e +e +io a a‘"a
a “u,

(3.21)

With these relations, one refers to Eq. (2.52b), (2.55b), and (2.51) to

relate the calculated quantities to observables.

X ) (+) ) ) -
SRR IR SR (Ebo-feubo’g)‘éb' Kpofhol Vb (TKpolupo))

rak %
2 2
‘f 2 4 ] . [ ) ] (3.22)
4 - B . - B
[ L 4 wab(galkb’ Wyr 4

(+) .
Aab (Ealkbo’ €bo M eubo’“)

i1l
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In addition, the on-shell unitarity of the operator S in Eq. (2.17)
and (2.18) allows the amplitudes to be directly related to cross sectioms.

Written in terms of AaB’ the unitarity condition can be expressed

ny Bip) - [B2C 0| - 20 400 0)] s, - ) (+)(P(o))

(3.23)
By examining the "forward" amplitudes and the expression for the total

cross section (2.60), the "optical theorem" follows immediately:

(21r)321m<f1>B initial iA (P(O))l¢ : 1nitial>

Utotél ) [(I;(l)o . K(2>o>2 - (1’2(1)0 . k(l) 0>(k(2)o . ﬁ(Z)o)]l/z

In 3-CMS, this can explicitly be expressed:

(3.24)

J . .
x Im (00 Ky ey 5 by (o) Ay (e o+ e 0o @) 100 Ky ey s b (S ey o))

(3.25)
Consider the angular momentum decomposition of the amplitudes. The
"partial wave amplitudes' can be related to the calculated quantities

using

i

(+)(k Ikbo’ ey, + EUbO,U)

2J +1 A d .
:ED - P (k kbo)Aab(kalkbo’ upo * Ebo’U)

ST
J . _ J 2 ulng .
By (kg lios ey + epponw) = =i Nm® = W (e [l 5 ey + epp0) (3.26)

The condition (3.23) can be expressed in terms of these angular momentum

components
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ImA.I;T (k_ |k ; M) =Z Ik—YIAJ (k'] -M)l2 (3.27)
b kb kb’ M Yb Ty kb’ '
Y -

where

2 2 2
2 [Mz - (u} + mY)- :H:M - (uy - mY) ]
Y i
This allows the definition of the standard phase shift and absorption

parameter in the eIéstic channel by

J
J . <M _1J 216 (M, up) _ ]: M _J
Ay (k[ s 1) 2rilc [nb(M,ub)e 1= e £ () (3.28)

To calculate these parameters, the singularity structure of the two-
body input Dgl(sa) must be properly understood. By taking advantage of
the relation

1 P, .
— m ” + ind(x) (3.29)

where the symbol 4 represents the principal value, the function can be

written as follows

1 P .
= - inm
Da(sa) Da(sa) M\F(M2 +m - u2)2 - 4m2M2

‘/az + mz _ u2)2 _ snl?
K =
a 2

4M

buyn’ - B2 +n? - y?)
> 6(ka - Ka) (3.30)

where

" The numerical solutions for some of the observables will be examined for

various wvalues of uy and M.

2. Numerical Results

The phase shifts and inelasticity parameters consistent with Eq. (3.28)

have been calculated. The integral equations were discretized using
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Gaussian quadratures, with Legendre polynomials as weight functions.
The functions fi=0(M,ub) are plotted (as Argand diagrams) in Fig. III-4.
The rest energy of the system corresponds to M = y + m, so that the rela-

tive kinetic energy is given by

ey = M~ (u+m (3.31)

Figure III-5 illustrates the total cross section for J = 0 in units of

m2, such that
g = oJ (3.32)
total 2: tot .
J

It can be noted that the lowest resonance is more sharply peaked as the
peak energy approaches the rest energy of the system (eK = 0). 1In addition,
in the regions where the resonance is well defined, it follows a path which
is a reflection of the lowest energy three-body bound state about the line
ey = 0. From the diagrams, it is apparent that the resonance structure

for scattering from the ultra-relativistic bound pairs is influenced con-

siderably by the inelastic (i.e., rearrangement) processes. This structure

will be extended into the breakup region (M > 3m) in Section III-C.

C. Break-up Scattering

The process of breakup can occur if the available center-of-momentum
energy is greater than the sum of the rest masses of the constituent
particle (M 2 3m). The initial system will be described by a particle b
scattering from a bound pair. Figure III-6 depicts the possible asymptotic
states.

As viewed from the elastic scattering "channel," the possibility of

breakup will open an additional inelastic "channel."”
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1. Form of Equations

The particular equations for this process can be obtained in a
straightforward way as described in Section ITI-B. The amplitudes for
breakup from an initial channel b, as well as for three particle-to-three-

particle scattering, are ‘summarized below.

. (+) . . -
(0g: (Ryeqs Koeps kgeq)» (0,0 [ALT O L0 [0y ik g 3 ¥y 2y o))

z : & : : [ ] e ‘
- 3 ~a+~a- ~ 2 u -
Da(sa) ab(k lkb ; Mb) 4y {nl 3 where My 1o + Eppo

a

) ) +) . ) )
(050 (kpeps Kyeps Kye3), (L,0) [A] L2 800 (kyge105 Koofags Espf3)» M0)

g (~a+~a—) ~ b(kb+o b- o)
= z ;_ Da(sa) Wab(Ea‘Ebo; ) Db(sb) (3.33)

ab

where the function g, and D, are described by Eq. (2.77).

Above breakup threshold, the singularity structure of the non-
interacting resolvant must be properly handled. The singularity occurs
only for M > 3, and within a limited range of the parameters ka and kb.

This range is given by Eq. (3.34).

2 2 2 _ 2 —.
0 <k SJ?M 9m )éM m<) ko
a 4M

bmln kb kbmax

1 ng - 3m2 - ZSaM
kbmax E‘E ka (M- E:0) 2 2

min M +m - ZEaM

1l

(3.34)

where

The singularity takes the form of Eq. (3.29). Thus the kernel Rizo in

Eq. (2.72a) can be expressed
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R70 (k s M) = £a8 710(k - k)o(k -k)ok. -k _.)
ab a’kb’ kakb amax a bmax kb b bmin
2 2
*JA + (k +k) +e_+e,-M
+ & log ab a b a_b (3.35)

2 2
Jmab+(ka—kb) +ea+€b—M

The solutions of (2.72b) using the kernel (3.35) will be examined for

J = 0.

2. Numerical Solutions

The numerical treatment of the equations was similar to that developed
in Section III-B. The solutions smoothly matched those below breakup, and
required increasing numerical work as the energy increased.

The behavior of the cross sections beyond the resonance regions is
demonstrated in Fig. III-7. The Argard diagrams exhibited minor variance
beyond the regions covered in Fig. III-4.

For completeness, the solution for the moderately relativistically
bound state p = 1.9m is demonstrated in Fig. III-8. 1In this figure the
region above and below breakup threshold is demonstrated on the single

graphs.
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CHAPTER IV

CONCLUSIONS

The equations explored define a self-consistent, unitary set of
scattering equations which give stable solutions in this model. It should
be noted that the equations in the form given are most suited numerically
to the relativistic regime, although the non-relativistic limit to the
equations is well defined. In the form explored, the equations correctly
describe results predicted from non-relativistic models if the parameters
involved are related.

The formalism explored in Chapter II generates eigenstates of a fully
interacting three-body system in terms of boundary states in a covariant
way. These states satisfy a type of cluster form invariance if one of the
particles does not interact. Internal angular momentum can be included in
the formalism in a straightforward way.

Since in the model examined the equations reduce to a single param-
eter integral equation, the numerical methods involved in this exploration
were straightforward. Advanced numerical techniques exist in the litera-
ture which allow exploration of the amplitudes involved in a more complex
model. However, in order to more reasonably reproduce the high energy
phenomenology, the inclusion of particle-antiparticle symmetries and-multi—

particle processes must be examined in the formalism.
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