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1.  INTRODUCTION

The term filtering is used to denote the process of spectrum shaping either
in the frequency domain or in the time domain. There are basically two different
ways the filtering can be achieved. The more commonly used means is to use ana-
log components 1ike inductors, capacitors, amplifiers as the basic elements of
the filter., Such filters are known as analog or continuous filters. Alternately,
the signal processing can be done by using digital components 1like gates, flip-
flops as the basic elements. The latter type of filters are called the digital
filters. In a continuous filter the input and output waveforms are continuous
functions of time, whereas in a digital fi]tef the input and output waveforms are
sampled signals, i.e., discrete functions of time (see Figure 1). Strictly speak-
ing, the term digital filter represents the "computational process or algorithm by
which a sampled signal or a sequence of numbers is transformed into a desired se-
quence of number§"[1]. This transformation is assumed to be a linear operation.
Applications of digital filtering techniques include computer simulation of linear
dynamic and continuous systems like speech communication systems, processing of
data signals 1ike geophysical data in a computer. It can be pointed out hefe that
recent developments in monolithic integrated digital circuits indicate the possi-
bility of eventual replacement of ananlog hardware by real time digital filtering
systems of lower cost and size and of greater flexibility.

The purpose of this document is to present the fundamentals of digital fil-
ters. This report is based on the gallssroom notes the author prepared for a

series of lectures given at SLAC during August, 1969.



2. PRINCIPLE OF OPERATION
The principle of operation of a digital filter can be explained with refer-
ence to Figure 1, where x(t) denotes the set of input samples occurring at time

intervals of T seconds, and §(t) denotes the set of output samples occurring at

time intervals of T seconds:

2(8) = (x(0), x(T), x(2T), x(37)....}

(1)

y(t) = {y(0), y(T), y(2T), y(37),...)

The output sample at any instant, in general is related to the input sample at

that instant and also to the input and output samples at previous time intervals,

Thus we can write for t = n7,
k
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where Aivand Bi are constant coefficients. Hence, a kth order digital filter

is described by a kth order difference equation. Equation (2) defines the digi-

tal filtering algorithm and as a result is suitable for computer imp1ementation.
;(t) is physically obtained by sampling a continuous wave form x(t) by

means of a sampler (Figure 2). Real time digital filtering consists of perform-

ing the algorithm indicated by Fquation (1) once for each arrival of a new input

sample and completing the operation in less than T seconds. T is known as the

sampling interval.

Even though the problem of designing a digital filter is not a very diffi-
cult one, there are many associated difficulties which may occur in an actual
implementation of the design and as a result lead fo errors. One source of error
is the sampling process itself which in practice is not ideal. Thus the actual
samples will have a finite width. Another source of error arises because of quan-
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tization of the samples and the coefficients Ai and Bi‘ Equation (2) also indi-
cates that a multiplication process is fnvolved with which are associated in-
herent round off errors caused by finite register lengths. Examination of these

errors is beyond the scope of this report.

3.  SAMPLING PROCESS

Since sampling is an essneital part of a digital filter design involving
continuous input signals, let us examine in some details the sampling process.
For our purpose we assume the sampler to be an ideal switch. This implies that
it makes and breaks contact instantly, duration of sample is negligible and the
sampler samples periodically every T seconds. These assumptions make the mathe-
matics very simple without any loss of insight. The relation between a signal
g(t) fed into a sampler and the output g{t) of the sampler is illustrated in
Figure 3. Note that the height of sampled pulses is equal to the value of g(t)

at that instant. i.e.,

g(nT) = g(nT) (3)

A convenient representation of g(t) is by means of a train of delta func-

tions which is described next.

3.1 Delta Function

A delta function (or unit impulse function) &6(t) is defined as follows:

s(t) =0  t4o0 (4)

b
I 6(t) dt =1 a>0 b> 0 (5)
-a

§(t) is said to occur at t = 0. An impulse function occurring at t = to is

denoted by d(t-to). Thus



s(t-t) =0  t#t

6
e | (6)
[Cst-t) gt =1 >0
t

-€
0

An important property of a delta function is that when modulated by another func-
tion g(t) , it in essence samples the function. More precisely

[Catt-tyha()at = () (7)

- 00

Often the above property is loosely defined as follows:

(et )g(t) = g(t,) (8)

In using Equation (8), it is to be understood that the sampling property of the
delta function holds only under integration.

An extension of the above idea leads to a sequence of impulses 6T(t)
occurring at t = nT where n =-c0,,.,, -3, -2, -1, 0, 1, 2, 3, ....+=, ‘The

function dT(t) ‘can be represented as:
6r(t) = & s(t-nT) (9)

We can thus consider the output of a sampler as a sequence of pulses in

which the input function g(t) modulates the impulse train:

g*(t) = g(t) 65(t) = g(t) [3 a(t-nn]

n=

[}

i
™~

g(nT) s(t-nT) (10)
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3.2 Spectral Properties of a Sampled Signal

It is interesting to examine the spectral properties of g*(t) . Now GT(t)

being a periodic function of period T (sampling interval), it can be represented

by a Fourier series:

N jenkt/T
6T(t) = ki-m c, e

where Cx is given by

T/2
.1 ~j2nkt/T
C, =7 GT(t) e dt
-1/2
T/2
_1 -j2nkt/T . _ 1
-T/2

Hence an alternate way to write g¢*(t) would be to express it as:

g(t) o,(t)

g*(t) =
= g(t) {% ) ejz”kt/f]
. k=
=1 T g(t) ei2nkt/T
T k==

Let us denote the Fourier transform of g(t) by G(jw):

(o) = Frate) = [Tg(e)e Ity

-0

We now take the Fourier transform of both sides of Equation (13):

er(go) <Fio (e = 5 [ g(e)ed2rKT it gy

-0

k

(1)

(12)

(13)

(14)

(15)



Recall that by shifting theorem:

Ttg(t) &™) = 6[3(w-m)] (16)
Therefore
w
6* (ju) =-‘T—k§ 6(3u-322k
= I Gl3{e-key)) (17)

where we have used the notation

wo = T (18)

fo = 1/T 1is known as the sampiing frequency. Equation (17) says that the effect
of impulse sampling is to produce a sampled signal whose spectrum is given by a
succession of spectra which are proportional to the original spectrum G(jw)
but shifted periodically by a frequency separation kwo . This is illustrated
in Figure 4 for a typical &(juw) .

An important conclusion can be made from above discussion: If G(jw) is

band-1imited, i.e.
G(jw) = 0 for w > w

then the original signal can be recovered (within a multiplicative constant)

from g*(t) by passing g*(t) through an ideal lTow-pass filter of cutoff fre-
w w
quency —%- provided w, €5 -

Summarizing we can state: .

Sampling Theorem

In order to recover a band limited signal, the sampling frequency Wy

should be equa]-to or larger thah the twice the highest-frequency component of the



input signal:

>
W, = Zwa (19)

i.e., sampling interval T should be less than or equal to 1/2fa.

If sampling frequency W does not satisfy Equation (19) then it is evident
from Figure 4 that it would not be possible to recover the input signal because
of overlaps. For simulation work thisfbandlimiting of input signal is most essen-
tial in order to minimize errors due to overlap of frequency spectrums. One way
to achieve this is to insert a band limiter (low-pass filter) before the sampler.
Figure 5 shows the general scheme for system simulation using digital filter rep-

resentation for continuous system dynamics.

4,  Z-TRANSFORM

In the analysis and design of continuous systems, the Laplace Transform is
a valuable tool which enables the conversion of differential equations into alge-
braic form for easier manipulation. In a similar manner, the Z-Transform is found
to be useful in the analysis and design of digital filters.

The development of Z-Transform [2] is described next. We have shown before
in Equation (10) a sampled signal g*(t) can be represented by means of an ampli-
tude modulated impulse train. Now if g(t) is a causal signal i.e., g(t) = 0 for

t < 0, then Equation (10) can be rewritten as:

[}

g*(t) = ¢ g(nT)s(t-nT) (20)
n=0

Taking the Laplace transforms of both sides yields:

G*(s) =£{g*(t)'} = rg*(t)e's"dt
[o]

(21)
o) f (6(t-nT))

u
e~ 8

n=0



But ’ !

L ts(t-nT)} = f s(t-nT)e St dt = e ST (22)
0

which when used in Equation (21) yields:

G*(s) = 1t g(nT) e st - (23)
. n=0
If we use the notation
z = oSt (24)
then Equation (23) becomes
| - . |
F {a(t)) = 6(z) = 6*(s)| 7= I g(nT)z (25)

z=e n=o

G(z) as defined above is known as the "Z-transform of g*(t)." Note that the
Laplace transformsof sampled signals are transcendental functions of the complex
frequency variable s. Introduction of a new variable z defined by Equation (24)
makes the Z-transform a rational function in z which simplifies mathematical mani-

pulation.

Example 1: Let us determine the Z-transformof the following function:

1

emat t>0
g(t) = { (26)
0 t<0

Note that the above function reduces to the unit step function u(t) for a =10,

A convenient representation of the function of (26) is e 2t u(t) . Now

e—anT -

% {e'atu(t)} =

i~ 8

1 z
3 = ~ (27)
-aTl Z-i o aT

r

From Equation (27) it can be seen



O ;‘}l— (28)

Since in a digital filter, input and output are Sequence of numbers, it is
convenient '

~to use the Z-transform techniques for analysis and design of such filters.

4,1 Relation between s-plane and z-plane - Stability Conditions

It is profitable to examine the relationship between the s-plane and the
z-plane. The transformation 2z = eST transforms a strip in the s-plane into
the entire z-plane. The left half-plane portion of the strip bounded by

ui m

+ 3 T and - J T (shown shaded in Figure 6a) is mapped into the interior of
the unit circle in the z-plane (shaded portion of Figure 6b). The right half
plane portion of the strip is mapped to the exterior of the unit circle. Since
G*(s) 1is a periodic function, each successive strip as shown is mapped in a

“similar fashion. This can be easily seen from the inverse transformation,

S = = 4N Z . (29)

—f

which is multiple-valued with period jm . Thus a periodic function G*(s) is
transformed into a non-periodic function.

Relating the stability results in the s-plane to that in the z-plane, we
conclude:

For striet stability the poles of the system function in the z-plane must

be situated inside the unit circle.

4.2 Evaluation of G{z) from G(s)

Often it is necessary to determine the Z-transform from a prescribed G(s).

The desired technique is derived next. We recall
g*(t) = g(t) s(t) (10)

In practice, g(t) is a "causal" function, i.e. g(t) =0 for t=< 0.



Then the function GT(t) in Equation (10) can be replaced by an impulse train

6T'(t) which is also a causal function:

5T'(t) = ;O §(t-nT) (30)
n=

Now

ji {o;'(t)h = a(s) = = e S

n=0
- 1
) 1-e'§T (31
From Equation (10),
C+jm
£ (g (1)) = o J 6() a(s-2)dx (32)
g

by the convolution theorem in the time-domain. Using the expression for a(s)

in Equation (32), we obtain

ctje

L g0 = 5 I B0) 7 @ (33)

5o 1-e

Evaluation of the above integral is accomplished through contour.integration by
closing the path of integration either in the right half s-plane (which encloses
the poles of A(s-A)) or in the left-half s-plane (which encloses the poles of
G(s)). If G(s) is a rational function, the number of poles is finite. Thus,

it is convenient to close the path of integration to the left. Then,

Ctje
G(A) . . G(2)
—fsoy 9 = 2 2 Residue |—Zrey (34)
cij 1-e (572 all p, {l—e s-4)

A=p,
where XA = Py js a pole of G(A) and the summation above is carried out for all



such poles (assuming simple poles only). From Equations (33) and (34), we easily

obtain

6%(s) = & Residue |—b3l_ (35)
all Py . 11-e

Example 2. Suppose

\ - 1
G(s) = Ts%a) (57b) (36)
Note that the poles of G(s) are at p; = -a and p, = ~b.
: G{») _ (xta)
Residue (s = ‘
[S-Q_T S:X%1 (A+a)(x+b)[1-e”T(s"l)]
x:"-a )\:"a
. 1
- a7t
T (peay1-este
|
- G{2) Atb
Residue S ) =
‘ L-E' S'J (x+a)(x+b)[1—e'”s'”]
)\="'b )\;—.-b
- 1
(a-b)[l-e'ST e-bT]
Hence
1 1 1
G(z) = -
b-a {;_e~aT 2-1 ] bT Z-Tj
- 2'1 (e“aT —e“bT) (37)

(b~a)(1—e'aT z'])(\-e'bT 2“1)



For multiple poles, the above procedure is modified slightly[2],

4.3 Inverse Z-Transform

From a prescribed G{(z) , the corresponding sampled time function g*(t)

can be determined by using the inverse Z-transform:

g(nT) = E%j-fi) 6(z) zn'j dz (38)

where the path of integration encloses the origin.
Example 3. Let g(t) = k7
This implies
g(nT) = k
Hence

Glz) = ¢ K" 27" =2
n=o

Inverse transform of G(z) yields

g(nT) = Zdz

<‘ Zn']
21 z-k

The contour integral can be solved by Cauchy's Residue theorem by taking

a contour which encloses the pole at z = k :

N ' N
{i) sop 4z = 21§ Residue |Z—

z=k

2rj K"
As a result
g(nT) = k"

as expected.

o



If the interest is only on the first few terms of the pulse sequence, an
alternate procedure in obtaining g*(t) from a rational G(z) is as illus-

trated in the next example.
Example 4. Let

2
227 +zt4

Rewrite G(z) as

1 2

+3z°
-=-42'2

! -1 -
G(z) = f\.(Z-]) = ]+2,Z_]
D(z™ ') 2+z

Divide the numerator N(z']) of G(z) by its denominator D(z']) in a long

division:

2+ 27V w8278 1402 27V 3272 %-+ %-z'] + %-2'2 - %%-2'3
1+ %-z'] +2 272 + %%-2"4 +
%—z'] + 272
%—z"] + %_2-2 +32°3
IIE
%_242 + %-2*3 + %-2_4
__2_%2-3_172-4
-?-3-2‘3_%%2‘4-?-2-2‘5




Hence

G(z) =

Do —

3 1
+‘TZ +§Z -T—6*Z + =2 + .
As a result

g*(t) = %—6(t) 3 (e-T) + %-é(t-ZT)

- B3 5(t-3T) + 4F 6(t-4T) + .

4.4 Properties of Z-Transform

Based on the definition as given by Equation (25), several useful properties

of the Z-transform can be derived. A few of these are given next.
Linearity. Z-transform is a linear operation. Thus, if we define
* - * =
Zlgt(t)] = 6y (z) and  [g3(t)] = Gy(2) , then
Z {a g?(t) + b gg(t)} = a G](z) + b Gz(z) (39)

Delayed Sequence. If we denote by G(z) , the Z-transform of g*(t) , then

the Z-transform of the delayed sequence g*(t-kT) 1s easily derived as shown

below.

Flg* (t-kT)) z g{nT-kT) z'"

n=0

b

g(nT-kT) 27"
n=k .

27k g g(nT-kT) z'("'k)

n=k

2K ; g(mT) 27" = 2k G(z) (40)

m=0



Product of Z-Transforms: Convolution Theorem

If
Y(z) = G(z) X(z) (41)
where
Y(z) = ; y(nT) 27" (42)
n=o0
6(z) = £ g(nT) 2" (43)
n=o
X(z) - x(nT) 27" (44)
n=o
then
y(nT) = 2 g(mT) x{nT-mT)
m=0
n . ,
= ¢ g(nT-mT) x{mT) (45)
m=o0

Expression (45) can easily be proved by substituting Equations (42)-(44) in

n

Equation (41), and equating coefficient of z = on both sides.

5.  FIRST-ORDER DIGITAL FILTERS[3]
The kth order difference equation given in Equation (2) describes a kth
order digital filter. Itbthus follows that a first order digital filter will

be characterized by a difference equation of the form:
y(nT) = A, x(nT) + A; x(nT-T) + B, y(nT-T) (46)

Equation (46) can be solved sequentially to express y(nT) in terms of the initial
state y(-T) forn =0, 1, 2, ... . If x*(t) is a causal function, i.e., x(nT) = 0

for n < 0, then we have



y(0) = By y (-T) + A_ x(0)
y(T) = B, y(0) + A x(T) + A, x(0)

= B? y(-T) + A x(T) + [B]Ao + A].] x(0) .

n+i

y(nT) = By y(-T) + Ao x(nT)

n-1

n-1-m
+ mzo B] [B]AO+A]]x(mT) (47)

If the input x(t) is a unit step function at t = 0, i.e., x{t) = u(t)

x(nT) = 1 for all values of n
This implies
(nT) = B, 1y(-T) + A + [B,A +A,] 051 g, n-1-m
Y 7 Y 0 o™ 2 5y
m=0
=™ y(-T) + A+ -8y [B.A +A.] (48)
- yi- 0 I-B] 170 1
provided [B]I <1. If {Bi|< 1 then B? % 0 for large values of n

so that the steady-state response for 1arge values of n becomes

B,A_+A
y(nT) |- = A, + o

steady state

L (49)



It is evident from Equation (48), if IB]| is not less than 1, then the first
order digital filter is unstable, i.e., y(nT) + ® as n + o,

A plot of y(nT) for some typical values of the parameters is shown in
Figure 7 with ‘y(-T) = 0 . Note the similarity of the response for Ao =0
with the step response of an RC integrating circuit.

A convenient representation of the first order digital filter described
by Equation (46) is shown in Figure 8.
| Several comments are here in order with regard to either digital computer
simulation or digital hardware realization of Equation (48). Note that even
for the simple case of A] = 0 and AO = 1, three registers are needed
to store B] , hold y(nT) and hold x{(nT) . In addition, facilities for
multiplication and addition must be available. This type of implementation
appears to be expensive for realizing a simple first order filter. But the
»real gain is achieved if these digital components were utilized to realize large

number of first order filters by making use of time multiplexing [3].

6.  SYSTEM TRANSFER FUNCTION

As in the case of the continuous system, we can define a system transfer

function for a digital filter by expressing the Z-transform of the response as

Y(z) = H(z) X(z) (50)

where X(z) is the Z-transform of the input. In Equation (50) H(z) 1is the
system transfer function. Using Equation (50) in Equation (2) , we readily
obtain for a kth order filter:

v ' -1 m
A +A _z+. .+ A PAMREY WP
H(Z)=§%%_=Zk-m' m m-1 17 —~ 0 - (5])
-(B 4B, -2 +.‘.+B]zk‘])+ z

k “k-1



If we let

z = e3¥T (52)
then we can write
H(edoT) = [n[ed? (53)
where
y = arg H (eij) (54)

H(eJ“T) thus determines the frequency response of the digital filter.
For the first order digital filter of Equation (46), the system transfer

function is

Az+ A
H(Z) = OZ-B.I J- (55)
vConsequently
oy A eUTea
H(EJNT) = -*'gr'a—“"'l (56)
e - B
1
Thus — :
" (A]+A0coséT)2+(Aosian)2 /e
H{ = ‘
(COSwT-B])2+(Sian)2
|
(A.2+n 2)42A A coseT| /2
(148.%) - 2B.cosuT
(148,7) - jcosw
and
A sinwT .
p = tan'—‘ 0 -1 ___$1_Twl_. (58)

F—— = tan T
A]+A0c05mT' coswT B].

The magnitude function |H| has been plotted for in Figure 9 for typical
values of various parameters. The possibility of obtaining frequency selectivity

with digital filters is illustrated by this figure.



7.  SECOND-ORDER DIGITAL FILTERS

Let us now examine several realizations of the second-order
digital filter. The methods discussed can readily be extended for higher order
filters.

The general form of a second order filter is obtained from Equation (2 )

as:

y(nT) = A x(nT) + Ay (nT-T) + A,x(nT-2T)
+ B]y(nT—T) + Bzy(nT-ZT) (59)
Taking the Z-transforms of both sides, assuming y(-T) = y(-2T) = 0 and
re-arranging terms, we obtain A0+A]z-]+A22*2
Y(z) = o R X(z) (60)
I—B]z -824
The system transfer function is then
A0+A]z"1+Azz 2
H(Z)": T " (6])
I—B]z -Bzz :
Direct realization of this filter is sketched in Figure 10.
An alternate realization is obtained by writing Equation (60) as two equa-
tions:
6(z) = — *i‘-](z) - (62)
]"B-IZ “'Bzz
or
Y(z) = (A +A 2 +A,270)6(2)  (63)

We rewrite Equation (62) as

G(z) = X(z) +8B

]z“s(z) + Bzz‘ze(z) (64)



Realization of the filter described by Equations (63) and (64) is illustrated in
Figure 11 a. Note that the signal at points a' is g{(nT-T), and so is the signal
at point a''. Thus, these two points can be combined. This would eliminate one
delay unit. Similarly, points b' and b'' can be combined to eliminate another
delay unit. The modified realization is shown in Figure 11(b). For a second
order digital filter, the minimum number of delay units necessary is two. Hence
the realization of Figure 11(b) is ‘“optimal" with respect to the number of delay
units and is said to be "canonic" in form. Another "canonic" realization is
indicated in Figure 12.

The second-order digital filter can be considered as the basic building block
for the realization of higher order digital filters. It is generally known that
such method leads to lowest coefficient accuracy requirements. The kth order
‘digital filter transfer function as given by Equation (51) can be expressed either
as a product or as a sum of second-order transfer functions if k is even[1]. If k
is odd, then a first order building block will be needed in either case. To

il]ustréte this approach, consider the case of k = 4. Then we have

) = ¢ |0 hA‘?z 2 oo’ uAZ?ZZ‘] (65)
1-B]]z —Blzz 1-8212 'B]ZZ _J
or g
aq,nta Z_.l Annto Z“'l
H(z) = 0+ —tbdl oy 20 2L (66)
I-B]]z -Blzz ]~BZ]z -8222

The product-form of (65) is obtained by factoring roots of the denominator
and numerator of H(z) . The sum-form of Equation (66) is obtained by a partial
fraction expansion and assuming simple poles only. For the multiple pole case thé
form is slightly modified. The two corresponding realizations are shown in

Figures 13 and 14.



8. DESIGN TECHNIQUES
There are basically two types of digital filters. If the filter is des-

cribed by Equation ( 2) with all Bi being zeros; it is called a non-recursive

or transversal type digital filter. In this case, the output at any time

depends only on the present and past samples of the input, and does not depend

on the previous samples of the output. If on the other hand, at least one Bi

and one Aj are non-zero, then the filter is said to be recursive type digital filter,

We now present four methods of digital filter design, the first three lead

to recursive type filters and the last one for the non-recursive type filter.

8.1 Impulse Response Invariance Technique

By this method, one can design a digital filter whose impulse response
response
is identical to the sampled impulse of a given continuous filter. From the pre-
scribed impulse response y(t) , we first obtain the system function Y(s) =
ji{y(t)} . Assuming simple poles, H(s) can be expressed in a partial fraction

expansion as:

mooa,
Y(s) = iil oy (67)
which implies
m
y(ty = z ay e'bit
i=1
Hence
m -b.nT
y(nT) = _z] a e i (69)
1=

We want y(nT) = h(nT) where h*(t) is the impulse response of the digital
filter. Thus

H(z)

"
0ot 8
o
-
=
—
r”
N
]
=

i
—t
[ e =1
—
=1}
-de
':3 !
o8
(=
14
1
o
-t
3
=
N
3
I |



m 3

" ik 1-e24T 2] (70)

Note that the above results could have been obtained directly by making use of
the relation between Z-transform and the Laplace transform outlined in Section 4.2.
If bi is complex, then we can combine the terms corresponding to bi

and its conjugate bi* in Equation (67) to yield either of the following forms:

- S+a
Y, (s) ATV (71)
B
Yz(S) = (S+Cl)2+82 (72)

The corresponding expressions in H(z) will be

oT (c0ssT)z”!

: = = . R P (73)
Hl(z) T 1-2e “T(cossT)z 1eeal =2
OLT
(s1nBT)z (
L — - 74)
HZ(Z) * 1-2¢70T (cosBT)z Vg-al -2

The method can be routinely extended for the case of multiple poles.

8.2 Design based on Magnitude Function Specification

An elegant technique based on magnitude function approximation is as follows.

We first note that H(z) dis a rational function in z'] and for z = eJ“’T (i.e.

on the unit circle), H(ed“Y) is a rational function of 39T Consequently
IH(e‘]“’T)I2 can always be expressed as a ratio of two trigonometric functions
of wT . To illustrate now the basic idea behind the second method, suppose

we have approximated a specified magnitude function in the form:

JwT IZ 1

Zn
( T/2)

|H(e

(75)




If we let z = ed%7 , then

z-1 wl

.Z—:Tz’j tan ) (76)
Using Equation (76) in Equation (75), we obtain
2n
tan® (w T/2)
|H(z)|? = c (77)

2n
tanzn(wcT/Z) ¥ (-1)"E§%}

It can be seen that ]H(z)l2 is a rational function in z , which has a zero
of-order 2n at z = -1 . Determination of the poles is readily achieved by

using a new transformation

-1
+

N

|

p = (78)

N
—]

Thus the 2n poles of lH(p)|2 are uniformly spaced around a circle of radius
tan (wCT/Z) in the p-plane. From the knowledge of the p-plane roots, z-plane

roots are found by using the inverse transformation

z = %?% (79)

and the roots inside the unit circle are chosen as the poles of H(z) .

Example 5. Consider n = 2

¥ T
IH(eIT) |2 - tan
t’an4 SEI- + tan4 ol
7 2

_on JocT _ .
Let o T = %5~ then tan|—— = Y3 thus, Equation (77) becomes
H(2)|? = ———
7." + 9
Z+I

Making use of the transformation indicated by Equation (78), we have

- lH(p)lz = 49 = 5 2 5
p+9  (p“+/Bpt3)(p”-/bp+3)



Using inverse transformation of Equation (78) we thus get

H(2)]? = o(z)*
[(4+/3)22+4z+(4/E)J[j4uJ€)zz+4z+(4+/€i]

Considering only the poles inside the unit circle, we finally obtain the required

system transfer function as

2
H(z) = — 3z +2z+1)

(4+/§)zz+4z+(4—/§)

8.3 Technique Based on Bilinear Transformation

Let H(s) be a realizable analog filter transfer function. Its frequency
response is found by evalvating H(s) at points on the imaginary axis of s-
plane. If in the function H(s) s is replaced by rational function of 2z,
f(z) , which maps the imaginary axis of the s-plane onto the unit circle of the

z-plane, then the resulting function of variable z, H'(z), where

H'(z) = H(s) , (80)
s=f(z)

evaluated along the unit circle will take on the same set of values as H{jw) .

One such transformation is

_z=)
S = 2 (81)

Let- wp be a particular analog frequency of interest, and the correspond-

ing digital frequency variable be “DT such that the following holds

'H(wA) = H'(wDT) (82)




It can be shown easily that Equation (82) holds if

wpT
wy = tan —— ' (83)
Since the transformation indicated maps the left half s-plane onto the inside of
the unit circle, H'(z) is guaranteed stable,provided H(s) was stable.

Example 6. A low-pass digital filter having a monotonic frequency response
is=to be designed for a 3KHz sampljng rate. The 3-db cut-off is at 0.5 KHz
and the response should be more than«iéﬁﬁb down-at 1 KHz.

A Butterworth filter would satjsfy these requirements in the analog domain.

The pertiment frequencies of the digital filter are at:

1,103 1 I

wnl = Zn.[rxlo }.---- = =

D Cle {3x103] 3
3 1 ).2n
wal = ZH[lO ] 1
D {3x103j 3

Corresponding frequencies in the analog domain are at:

A normalized Butterworth filter has a 3-db cut-off at wy = 1 . This has to be

de-normalized to we = wA' = l—-. Our next problem is to determine the order

of the filter, we note at wA" we must have

' wA" 2n - R . | ‘ ‘
10 Tog |1 + o b o Yo

A



Which is equivalent to

m'l'\ 2n L,
1+ = = (3 ,/ -k

or D R %
1+ (%)zn?:“5%74 or (k)znnéfﬁzgﬂ; o

Hence n must be 3. The resulting  poles are at

_ 1 [ 1 . ¢§]
S, =— |~5-J%
1 /3 2 2
_1[1.@:]
S, = — |~ 5+ 5
2 /3 2 2

1

S'_':...—_

3 5

The corresponding analog transfer function is

1
(373)55465%+(2/3)5+1

H(s) =

H'(z) ic obtained from above by replacing s by (z-1)/(z+1) :

H'(z) = (Z+1)3
(745/3)2° - (7/3+3) 2%+ (7/3-3) 2+ (7-53)

8.4 The Fourier Series Approach

Let H(s) be the desired analog transfer function which is to be approxi-

mately realized by a digital filter so that the magnitude characteristics match.

w
We expand, H(w) in a Fourier series over the band [uw| < -2

5
Hlw) = ¢ a, cos neT . (84)

or



Hlw) = = bn sin nwT (85)

If H(s) = kKs™ for small s , then the cosine-series of Equation (84) is used
if m is even. If m 1is odd, then the sine-series expansion of Equation (85)

is used. Since on the unit circle,

z & ed®l (86)

Equations (84) and (85) lead to the corresponding system transfer functions for

the non-recursive filters:

o
+
POj~—

H(z) = a

I~ §

a (z" + z7") , m even (87)

n=g0

1

b (z"+ 2™, n odd (88)
n n

o

o~ 8

In practice, the series is truncated which leads to errors in the approximation.
Various approaches have been suggeéted to improve the approximation by modify-

ing {an R bn} [1].

9.  CONCLUSION

An introduction to basic concepts of digital filter along with the theory
of analysis and design of such filters has been presented. More extensive
information on the subject wil]kbe found in the references listed in the bib-
liography.

For conventional applications, a digital filter employs more components in
comparison to an equivalent analog filter. This probably has restricted the
use of such filters primarily to simulation work. With large scale integration

of digital circuits implementation of digital filters would be cheaper with



resultant decrease in size and an increase in reliability, making digital fil-

ters more attractive than their equivalent analog filters. An unique property

of the digital filters is the ease with which they can be easily modified and
time-shared. This partiéu]ar property will be made more use of in future in
designing filtering systems.
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