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ABSTRACT

Five-dimensional stringy rotating black holes are embedded into N=2 supergravity interacting with one
vector multiplet. The existence of an unbroken supersymmetry of the rotating solution is proved directly
by solving the Killing spinor equations. The asymptotic enhancement of supersymmetry near the horizon
in the presence of rotation is established via the calculation of the super-curvature. The area of the horizon
of the rotating supersymmetric black holes is found to be

√

Z3
fix − J2, where Zfix is the extremal value of

the central charge in moduli space.
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I. INTRODUCTION

It was shown by Tod [1] that the Kerr-Newman metric in 4D reaches the supersymmetric limit when the mass
is equal to the charge, m = |q|, for arbitrary value of angular momentum J . However, the extreme limit for this
solution is reached at m2 − |q|2 = J2 and therefore the extremal Kerr-Newman solution does not have any unbroken
supersymmetry. The supersymmetric solution with m = |q| for non-vanishing angular momentum J turns out to
belong to the Israel-Wilson-Perjés family of metrics [2] and is known to have naked singularities [3]. Other rotating
black hole solutions in 4D have been found with 1/2 and 1/4 of unbroken supersymmetry of N=4 theory but they
always have naked singularities (see [4] for a review).

In contrast, 5D rotating extremal black hole solutions have been constructed which have some unbroken supersym-
metry [5]. The entropy of these black holes as well as of the near extreme ones was understood via the counting of
D-brane states in [5] and in [6], respectively.

Extremal supersymmetric static black hole solutions behave as attractors [7]; moduli take on fixed values at the
horizon which depend only on the charges and not on the values of the moduli at infinity. What is more, the area of
these black holes can be found (without a knowledge of the metric) by extremizing the value of the central charge in
moduli space [8]. The extremal value Zfix is then related to the area in 5D by

A =
π2

3
Z

3/2
fix . (1)

The precise relation is dimension-dependent; it was worked out for 4D in [8] and for 5D in [9].
In this paper, we wish to study the analogues of these questions for supersymmetric rotating black holes. The

above properties for static black holes are a consequence of the fact that asymptotically close to the horizon, all the
supersymmetries are unbroken [8]. We will establish that the same phenomenon occurs for rotating black holes. Using
this property, we can then show that

(a) there is still a fixed point for the moduli near the horizon, and
(b) the relation (1) is now modified to

A =
π2

3

√

(Z3
fix − J2). (2)

In section II, we will find the N = 2 supergravity Lagrangian for which the rotating black hole of [5] (henceforth
referred to as the BMPV black hole) is a solution. We will then explicitly show that the supersymmetry transformation
laws are satisfied and that a Killing spinor exists. In the next section, we shall examine the integrability condition for
the existence of Killing spinors. This condition is trivial at the horizon, indicating that it is satisfied for all spinors.
This implies that we have full restoration of supersymmetry near the horizon. This will then imply the properties (a)
and (b) above.

II. EMBEDDING OF 5D ROTATING BLACK HOLES INTO VERY SPECIAL GEOMETRY

The general action for D=5, N=2 supergravity coupled to N=2 vector multiplets has been constructed by Günaydin,
Sierra and Townsend [10] ; the bosonic part is referred to as very special geometry [11]. The theory is completely
defined by the prepotential

V =
1

6
CIJKX

IXJXK , (3)

where the vectors are labeled by I = (0, i) where i = 1, . . . , n. This action corresponds to the compactification of 11D
supergravity down to 5D on Calabi-Yau three-folds [12] with topological intersection form CIJK . The bosonic part
of it is

e−1L = −1

2
R− 1

4
GIJ(φ)Fµν

IFµνJ − 1

2
gij(φ)∂µφ

i∂µφj +
e−1

48
εµνρσλCIJKF

I
µνF

J
ρσA

K
λ . (4)

The details and examples in the applications to 5D static black holes can be found in [9]. The simplest situation is
pure N=2 supergravity which has n = 0 and only C000 non-vanishing. This theory has no scalars and no vectors
besides the graviphoton.
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The next simplest example of (4) is the action of N=2 supergravity interacting with one vector multiplet in the
form presented in [9] †

e−1L = −1

2
R− 1

4
e

2

3
φFµνF

µν − 1

4
e−

4

3
φGµνG

µν +
1

6
(∂µφ)2 − e−1

4
√

2
εµνρσλFµνFρσBλ . (5)

The supersymmetry transformations of the fermionic fields with vanishing fermions are

δψµ = ∇µ(ω)ε+
1

12

(

Γµ
ρσ − 4δµ

ρΓσ
)

(e
φ

3 Fρσ − 1√
2
e−

2

3
φGρσ)ε ,

δχ = − 1

2
√

3
Γµ∂µφε+

1

4
√

3
Γρσ
(

e
φ

3 Fρσ +
√

2e−
2φ

3 Gρσ

)

ε . (6)

The gravitational multiplet consists of the graviton gµν , gravitino ψµ and the graviphoton field (e
φ

3 Fρσ− 1√
2
e−

2

3
φGρσ).

The vector multiplet includes a scalar field φ, a gaugino χ and the vector field of the vector multiplet
(

e
φ

3 Fρσ +
√

2e−
2φ

3 Gρσ

)

.

Here we would like to find the rotating black hole with one half of unbroken supersymmetry in the theory of N=2
supergravity, interacting with one vector multiplet . Up to a few rescalings this is expected to be the rotating BMPV
black hole [5]. The ansatz for the metric is

ds2 =
(

1 − µ

r2

)2
[

dt− 4J sin2 θ

π(r2 − µ)
dϕ+

4J cos2 θ

π(r2 − µ)
dψ

]2

−
(

1 − µ

r2

)−2

dr2 − r2(dθ2 + sin2 θdϕ2 + cos2 θdψ2) . (7)

The scalar field is a constant

e2φ =
8Q2

F

π2Q2
H

= λ6 . (8)

The gaugino equation for constant φ is then reduced to:

δχ =
1

4
√

3
Γρσ
(

e
φ

3 Fρσ +
√

2e−
2φ

3 Gρσ

)

ε = 0 . (9)

It is satisfied by requiring that the vector field of the vector multiplet vanishes, i.e.

Gρσ = − 1√
2
eφFρσ ⇒ B = − λ3

√
2
A . (10)

The vector field is

At =
µ

λr2
, Aϕ =

4J sin2 θ

πλr2
, Aψ = −4J cos2 θ

πλr2
. (11)

For the mass and charges we have

MADM =
3πµ

4
, QH ≡

√
2

4π2

∫

S3

?e−4φ/3G = µ/λ2 , QF ≡
√

2

16π

∫

S3

?e2φ/3F = − π

2
√

2
µλ . (12)

The relation between vector fields can be inserted into the gravitino transformation:

δψµ = ∇µ(ω)ε+
1

8

(

Γµ
ρσ − 4δµ

ρΓσ
)

e
φ

3 Fρσ = ∇µ(ω)ε+
λ

8

(

ΓρσΓµ + 2Γρδµ
σ
)

Fρσε . (13)

†Here, as different from [9], we will use the mostly minus metric and adapt our notation to this.
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It remains to show that the rotating black hole background admits 1/2 unbroken supersymmetry, i.e. that the
gravitino equation has a zero mode. It is useful at this stage to explain that our problem is actually reduced to the
problem of solving for a Killing spinor in the pure N=2 theory. Indeed, we may use the relation between the vector
fields in (10) as well as the fact that the scalar is a constant directly in the action (5). We get

e−1L = −1

2
R− 3

8
λ2FµνF

µν +
e−1λ3

8
εµνρσλFµνFρσAλ . (14)

Upon rescaling the action and setting F̃ = λ
√

3
2 F we can rewrite the action as

e−1L5 = −1

4
R(ω) − 1

4
F̃ 2
µν +

e−1

6
√

3
εµνρσλF̃µν F̃ρσÃλ , (15)

and

δψµ = ∇̂µε = ∇(ω)ε+
1

4
√

3

(

ΓρσΓµ + 2Γρδµ
σ
)

F̃ρσε. (16)

This is the bosonic action of pure N=2 supergravity theory, presented in [13]. The Killing equation (16) in the rotating
black hole background has a solution:

ε =

√

1 − µ

r2
e

1

2
Γ4Γ3θ e

1

2
Γ4Γ1(φ+ψ)ε0, (17)

where ε0 is a constant spinor satisfying

(1 + Γ0)ε0 = 0. (18)

The existence of this solution explicitly shows that we have half of the supersymmetries unbroken in presence of
rotation. Interestingly, there is no trace of the rotation in the form of the Killing spinor. It has been observed
before [14] that Killing spinors in spherical coordinates may display a dependence on angles even if the geometry is
spherically symmetric.

We have also found that the Killing spinor in cartesian isotropic coordinates is simply

ε =

√

1 − µ

r2
ε0

where the constant spinor ε0 satisfies the constraint (18).

III. ENHANCEMENT OF UNBROKEN SUPERSYMMETRY NEAR THE HORIZON

For the study of the area-entropy formula in presence of rotation J we would like to consider the near horizon
geometry. For all static supersymmetric solutions near the horizon at r → r0 and one can exhibit the AdS2 × S3

geometry using r̂ = (r − r0) → 0 [9]

ds2 = (
2r̂

r0
)2dt2 − (

2r̂

r0
)−2dr̂2 − r20d

2Ω3 , (19)

where the 3-sphere S3 is defined by

r20d
2Ω3 = r20(dθ

2 + sin2 θdϕ2 + cos2 θdψ2) , (20)

and the volume of this S3,

A(J = 0) = 2π2r30 , (21)

gives the area of the non-rotating black hole horizon in 5D.
For the rotating solutions near the horizon at r2 → µ ≡ r20 the metric does not split into the product space: there

are non-diagonal components. Apart from this, the AdS2 part of the metric is the same but the 3-sphere is distorted:
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ds2 = (
2r̂

r0
)2dt2 − (

2r̂

r0
)−2dr̂2 − 16r̂J sin2 θ

r30π
dtdφ +

16r̂J cos2 θ

r30π
dtdψ − r20d

2Ω3(J) , (22)

and the metric for the distorted 3-sphere is

r20d
2Ω3(J) = r20

(

d2Ω3 −
(

4J

r30π

)2

(sin2 θdϕ− cos2 θdψ)2

)

. (23)

The volume of the distorted 3-sphere defines the area of the horizon of the rotating black hole

A(J) = 2π2
√

r60 − J2 . (24)

To clarify the relation of the radius of the distorted 3-sphere r0 to the minimum of the central charge, we need to
study the supersymmetry near the horizon and find out whether it is enhanced as in the non-rotating case.

The integrability condition for the existence of the Killing spinor defines the super-curvature as

[∇̂a, ∇̂b]ε = R̂ab ε = 0. (25)

If this is satisfied for arbitrary ε, we have fully restored supersymmetry. If a constraint on ε is needed, supersymmetry
is partially broken.

We will find that supersymmetry is asymptotically restored near the horizon and half broken away from the horizon.
In fact, the integrability condition takes the form

R̂ab =
(r2 − r20)

r6
Xab(1 + Γ0), (26)

where Xab will be given below.
From this equation we can see that R̂ab approaches zero near the horizon and so the integrability condition is

satisfied for arbitrary ε, which implies supersymmetry is asymptotically fully restored.
Away from the horizon, when the constraint (18) is imposed, the integrability condition is also satisfied, signifying

half unbroken supersymmetry, consistent with the results of the previous section.
The explicit form of Xab in (26) is

Xab = X0
ab +

4J

πr
X1
ab

X0
ab = r20ηΓab, (27)

where

η =
1 (a, b) = (1, 2), (1, 3) or (1, 4)
3 (a, b) = (0, 1)
−1 otherwise.

(28)

The nonzero terms in X1
ab are

X1
13 = −X1

24 = +4 sin θΓ1 − 2 cos θΓ2 (29)

X1
14 = +X1

23 = −4 cos θΓ1 − 2 sin θΓ2 (30)

X1
12 = +X1

34 = +2 cos θΓ3 + 2 sin θΓ4 (31)

with the corresponding antisymmetric parts.
The fact that the super-curvature near the horizon vanishes even in the presence of rotation allows us to extend

the arguments about the universality of the area-entropy formula of static black holes to the rotating ones.
For the most general 5D rotating supersymmetric black hole we have to study both the supercurvature and the

gaugino supersymmetry transformations. Using the very special geometry language we have for the theory of N=2
supergravity, interacting with n vector multiplets

δλi = − i

2
gij(φ)Γµ∂µφ

jε+
1

4

(

3

4

)2/3

tI,iΓ
µνF Iµνε. (32)
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The doubling of unbroken supersymmetry near the horizon is possible only under the condition that there is a fixed
point where all n the scalars have vanishing derivatives

ea
µ∂µφ

j = 0 (33)

and simultaneously the vector fields of the vector multiplets vanish

tI,iΓ
µνF Iµν = 0 =⇒ ∂iZ = 0. (34)

Hence the moduli take on fixed values at the horizon, and the central charge is extremized. A particular example of
this is eq. (10) which defines the fixed scalar in terms of the charges and minimizes the central charge. For a static

black hole, we could then, following [8], deduce the area of the black hole to be A = π2

3

√

Z3
fix. However, as seen in

equation (24), the rotating black hole has a modified area. This modifies the relation to

A =
π2

3

√

Z3
fix − J2. (35)

We have found that it is correct for all known rotating solutions, including those with scalars changing between infinity
and the horizon [15,16] and may be considered as a prediction for rotating solutions which may be found later.

IV. ACKNOWLEDGEMENTS

We are grateful to R.Myers, T. Ort́ın and A. Peet, for discussions. The work of R.K. and W.K.W. is supported by
the NSF grant PHY-9219345. The work of A.R. is supported in part by the Department of Energy under contract
no. DE-AC03-76SF00515.

APPENDIX

Here are some conventions, definitions and representations we used.
Greek letters denote curved space indices, roman letters denote inertial frame indices.

ηab = diag(+1,−1,−1,−1,−1) (36)

Γ0 =







0 0 0 −i
0 0 i 0
0 −i 0 0
i 0 0 0






Γ1 =







i 0 0 0
0 −i 0 0
0 0 i 0
0 0 0 −i






Γ2 =







0 0 0 i
0 0 −i 0
0 −i 0 0
i 0 0 0






(37)

Γ3 =







0 −i 0 0
−i 0 0 0
0 0 0 −i
0 0 −i 0






Γ4 =







0 1 0 0
−1 0 0 0
0 0 0 −1
0 0 1 0






(38)

∇µε = ∂µε+
1

4
ωµabΓ

abε (39)

[∇̂a, ∇̂b] = [∇a,∇b] + ∇[aGb] + [Ga, Gb], (40)

where

Ga =
1

4
√

3
(ΓcdΓa + 2Γcδda) Fcd. (41)
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