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Abstract

The most general parallelizable pp-wave backgrounds which are non-dilatonic solutions in
the NS-NS sector of type ITA and IIB string theories are considered. We demonstrate that
parallelizable pp-wave backgrounds are necessarily homogeneous plane-waves, and that a
large class of homogeneous plane-waves are parallelizable, stating the necessary conditions.
Such plane-waves can be classified according to the number of preserved supersymmetries.
In type ITA, these include backgrounds preserving 16, 18, 20, 22 and 24 supercharges, while
in the IIB case they preserve 16, 20, 24 or 28 supercharges. An intriguing property of paral-
lelizable pp-wave backgrounds is that the bosonic part of these solutions are invariant under
T-duality, while the number of supercharges might change under T-duality. Due to their o/
exactness, they provide interesting backgrounds for studying string theory. Quantization of
string modes, their compactification and behaviour under T-duality are studied. In addition,
we consider BPS Dp-branes, and show that these Dp-branes can be classified in terms of the

locations of their world volumes with respect to the background H-field.
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1 Introduction

More than a decade ago it was argued that pp-waves provide us with solutions of supergravity
which are o/-exact [1]. It has also been shown that any solution of classical general relativity
(GR) in a special limit known as the Penrose limit, generates a plane-wave geometry [2].
Plane-waves are a sub-class of pp-waves with planar symmetries. The process of taking
the Penrose limit consists of finding a light-like geodesic, expanding the metric about that
geodesic and scaling all the coordinates corresponding to the other directions properly [2, 3].
The Penrose limit has also been extended to supergravity solutions [4, 5]. However, not
much attention was focused on these solutions until very recently, when it was realized that
the string theory sigma model on a large class of plane-waves is solvable [7]. The recent
interest has been further boosted by the work of Berenstein-Maldacena-Nastase, BMN, [8],
where they noted that a specific plane-wave solution in the type IIB supergravity appears as
the Penrose limit of AdSs x S geometry and hence is a maximally supersymmetric solution
of type IIB theory [5]. Based on this observation they proposed a correspondence between
certain operators of N =4, D = 4 super Yang-Mills theory and string theory on plane-waves.
The BMN proposal has by now passed many crucial tests (see for e.g. [9], and references
therein), and has been extended to many other cases with various numbers of supercharges
[10].

It has also been argued that all ten dimensional parallelizable solutions of type IIA,
IIB or heterotic supergravities are also o’-exact [11]. In the physics sense, parallelizable
manifolds are those for which there exists a (parallelizing) torsion which makes the manifold
flat.! Besides flat space which is trivially parallelizable, generically, parallelizable spaces are
endowed with torsion and hence are usually ignored in the context of classical GR. However,
they arise naturally in most string theories (with the exception of type I) where the field
strength of the NS-NS two-form field B, is interpreted as torsion in the target space.

Generally, in these parallelizable supergravity solutions only the metric and B, fields
are turned on, i.e., these are non-dilatonic solutions in the NS-NS sector of IIA or IIB
supergravities. As interesting examples of such solutions we mention AdSs x ST or AdS; x S3
[12] which are o/-exact, non-supersymmetric, (classically) stable solutions of type IIA or IIB
theories. As we will prove in section 3, as a result of parallelizability, the supersymmetry
variation of the gravitinos vanishes for 32 independent solutions and hence all the restrictions

on the number of supercharges come from the dilatino variations.

'More precise definition of parallelizability would be presented in section 2.



In this work we will focus on pp-waves which are parallelizable and prove that in general
the parallelizable pp-waves are necessarily of the form of homogeneous plane-waves and also
show that a large class of homogeneous plane-wave geometries are parallelizable, including
the geometries coming as Penrose limits of AdSs x S and AdSs; x S®. We also argue that
parallelizability survives the Penrose limit, and hence the Penrose limits of AdSs 7 x S7* are
also parallelizable pp-waves. We show that general parallelizable pp-waves form a family of
o’-exact supergravity solutions determined by four real parameters. Then we proceed with
counting the number of supercharges for these parallelizable pp-waves. We show that the
maximum number of supersymmetries for a parallelizable pp-wave is 28 which corresponds to
a IIB plane-wave background with U(4) rotational symmetry, a solution which has appeared

previously in reference [13].

Performing a Michelson transformation [14], we study toroidal compactification of our
solutions and their behaviour under T-duality. A remarkable property of parallelizable pp-
waves is that the bosonic part of such solutions are invariant under T-duality; however,
due to the change in the boundary conditions, the number supersymmetries of such T-
dual solutions might be different. We recall that this property is a generic feature of all
homogeneous plane-waves, regardless of whether they are parallelizable or not. In general,
we show that a parallelizable pp-wave in type IIA with N4 supercharges is T-dual to the
same geometry in type IIB with Ng = 16 or Ng = 2N 4 — 16 supersymmetries. In addition,
there exist Ny = 20, 24 solutions for which Ny = Npg. Therefore, for Ny = 16, 20, 24 there
is the possibility of finding self T-dual solutions.

In section 6, we formulate string theory on the most general parallelizable pp-wave back-
ground and show that in light-cone gauge it is solvable with a particularly simple spectrum.
We also study T-duality at the level of string theory. In our case, as a result of the existence
of a non-zero NS-NS H-field, the right and left-movers of closed string modes enter differently.
Specifically, only left (or right) movers appear in the zero-modes. This in particular leads to
the peculiar property that the zero-mode in one direction behaves as the momentum mode
of another direction. Hence, the string is probing a non-commutative cylinder where its
fuzziness is inversely proportional to the B-field strength, as well as the light-cone momen-
tum. We then turn to the question of D-branes in the parallelizable pp-wave backgrounds
and briefly discuss which classes of BPS Dp-branes can exist in these backgrounds. A full

analysis of these D-branes is postponed to future works.

The paper is organized as follows: Section 2 contains a review of needed material. We

first review the definition of pp-waves, plane-waves and homogeneous plane-waves and fix



our conventions and notations. We then state the definition of parallelizability and some
facts about parallelizable manifolds. In section 3, we present implications of parallelizability
for supergravity and its solutions. In section 4, we prove that all parallelizable pp-waves are
homogeneous plane-waves and classify the parallelizable pp-waves by the amount of super-
symmetry they preserve. In section 5, we discuss toroidal compactification of parallelizable
pp-waves as well as their invariance under a large class of T-dualities. In section 6, we study
superstring theory on parallelizable pp-waves and work out the bosonic and fermionic string
spectrum (in the light-cone gauge). In section 7, we study T-duality on the string spectrum.
In section 8, we briefly discuss Dp-branes on parallelizable pp-waves. The last section is

devoted to concluding remarks and open questions.

2 Reviews

In this section we review, very briefly, some of the necessary facts about the two basic
ingredients of this paper, pp-waves and parallelizability. For more detailed discussions of

these topics the reader is referred to the literature [15, 16].

2.1 Review of pp-waves

A general class of space-times with interesting properties are given by pp-waves. They are

defined as space-times which support a covariantly constant null Killing vector field v*,
Vo, =0, vhy, = 0. (2.1)
In the most general form, they have metrics which can be written as
ds* = —2dudv — F(u,2")du® + 2A;(u, ") dudz’ + g;1.(u, 2*)dz! dz" (2.2)

where g;i(u, 2") is the metric on the space transverse to a pair of light-cone directions given by
u,v and the coefficients F'(u, "), A;(u,z") and g;x(u, ") are constrained by (super-)gravity
equations of motion. The pp-wave metric (2.2) has a null Killing vector given by % which is
in fact covariantly constant by virtue of the vanishing of I';,,. The most useful pp-waves, and
the ones generally considered in the literature, have A; = 0 and are flat in the transverse

directions, i.e. g;; = 9,5, for which the metric becomes
ds® = —2dudv — F(u,2")du® + §;;dx'da’ . (2.3)
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Existence of a covariantly null Killing vector field of the space-time implies that all the
higher dimensional operators built from curvature invariants vanish and hence there are no
o’-corrections to pp-waves of the form (2.3) which are solutions of classical supergravity [1].2
For string theory, however, the existence of this null Killing vector leads to a definition of
frequency (in light-cone gauge) which is conserved and as a result, the usual problem of

non-flat space-times, namely the particle (string) creation, is not present.

A more restricted class of pp-waves, the plane-waves, are those admitting a globally defined
covariantly constant null Killing vector field. One can show that for plane-waves F'(u, z?) is
quadratic in the z¢ coordinates of the transverse space, but still can depend on the coordinate

u, F(u,z') = fi;(u)z'2?, so that the metric takes the form
ds® = —2dudv — fi;(u)z'x? du® + 6;dz"dx’ . (2.4)

Here f;; is symmetric and by virtue of the only non-trivial condition coming form the equa-
tions of motion, its trace is related to the other field strengths present. For the case of

vacuum Einstein equations, it is traceless.

There is yet a more restricted class of plane-waves, homogeneous plane waves, for which

fij(u) is a constant, hence their metric is of the form
ds® = —2dudv — pja'a’du’® + dz'da’ (2.5)

with u;; being a constant.”?

2.2 Parallelizability

An n dimensional manifold M is said to be parallelizable if there exists a smooth section of the
frame bundle, or equivalently, if there exist n smooth sections of the tangent bundle T(M),
such that they are linearly independent at each point of M. More intuitively, a manifold is
parallelizable if one can cover the whole manifold with a single non-degenerate coordinate
system. In general, most manifolds are not parallelizable. However, group manifolds are

always parallelizable. A well known result of K-theory due to Adams [19] is the classification

2In general, if g;;(u, z) # &;; the statement about o’-exactness is not true and the transverse metric, g;;,
itself may receive a’-corrections, however, there are no extra corrections due to the wave part of the metric
[17].

3This usage of the term homogeneous is not universal. For example, the term symmetric plane-wave has
been used in [18] for this form of the metric, reserving homogeneous for a wider subclass of plane-waves.



of all parallelizable spheres. These consist only of S, S% and S7. One can demonstrate the
parallelizability of S! and S® by noting that they are group manifolds: S! is the group
manifold of U(1), while S* is the group manifold of SU(2). However, S” which can be
thought of as the octonions of unit norm, is not a group manifold because the octonionic
algebra is non-associative and so the associativity property of groups is not satisfied. This
result on parallelizable spheres is closely linked to the Hurwitz theorem [20], which gives
a complete classification of the unital composition algebras (i.e. Hurwitz algebras), as the
reals, the complex numbers, the quaternions and the octonions (or Cayley numbers), and the
fact that S', S and S7 are topologically equivalent to the complex numbers, quaternions
and octonions of unit norm, respectively. The non-parallelizability of S? is enshrined in the
famous no hair theorem [22]. We should also note that, for the reason stated above, the

Lorentzian version of S% and S7, i.e., AdSs and AdS; are also parallelizable.

There is another definition of parallelizable manifolds due to Cartan-Schouten [21]: A
manifold is called parallelizable if there exists a torsion which “flattens” the manifold, i.e.
makes the Riemann curvature tensor vanish. We caution the reader that the definitions
of parallelizability we have given here, which is the one assumed in the physics literature,
is known in the mathematics literature as absolute parallelism, and is a stronger condition
than the mathematical definition. In general, absolute parallelism implies parallelism, but

not vice-versa.

Let us make explicit the decomposition of the connection into a Christoffel piece and a
torsion contribution:
A A A
0, =, +15, (2.6)
where I}, is symmetric in v indices and T}, (torsion) is anti-symmetric. The curvature

R0 may be decomposed in a similar way, into a piece which comes only from the Christoffel

connection and the torsional contributions:
éxwaﬂ = Ryuvap + VaTuws = VTuwa + Tugp Ty — TuapTys - (2.7)
The parallelizability condition then simply becomes .lea/g = 0. If the modified Ricci tensor
Ry = Ry + Vo T2, — Tin, T, (2.8)

is zero, the manifold is said to be Ricci-parallelizable. Note that the generalized Ricci
tensor Z%W is not symmetric in its puv indices. For a manifold to be Ricci-parallelizable,
the symmetric and anti-symmetric parts of }A%W should both vanish, namely V, T}, = 0 and
R, — T,,T = 0.



With the above definitions, the parallelizing torsion (in an orthonormal frame) for a group

manifold is given by the structure constants of the group algebra [21].

3 Parallelizability and supergravity

Since in most string theories, a torsion field naturally arises, one may look for implications
of parallelizability for supergravities and their solutions. Here we mainly focus on type II

theories, however, most of our arguments can be used for heterotic theories as well.

First we recall that the NS-NS part of the supergravity action is of the form
1 1

S = / d"x\/—ge (R +4(V,0)* — —H2) : (3.1)

B 12

Since we are interested in solutions involving only the metric and torsion, we set the dilaton
field ¢ to a constant. Then the supergravity equations of motion for the metric and B, field
are

1

Ruu - ZH;LpAHVpA =0 5 (32&)

ValV—gH%) =0, H=dB. (3.2b)

If we define %Haw as torsion Ty, as we discussed in previous section, the supergravity
equations for the metric and B, fields are nothing but the Ricci-parallelizability condition.
Hence all parallelizable manifolds (which are obviously also Ricci-parallelizable) satisfying
the constant dilaton constraint )

R = EHQ (3.3)
are solutions of supergravity.

For any supergravity solution one may wonder about g, and o’ exactness as well as
(classical) stability. The parallelizable solutions which we are interested in are non-dilatonic
and hence they are g, independent. The o’-exacctness of these supergravity solutions were
studied long ago in reference [11]. Computing the second «’ contributions to the string theory
B-functions, it was shown that such contributions are zero for parallelizable manifolds.
Therefore the parallelizable solutions of supergravity are exact up to order /2. It has been

argued that this property is expected to remain to all orders in o [11].

40f course, as in any field theory with more than one coupling, the two loop renormalizations are scheme
dependent, and according to reference [11] in a specific scheme such contributions are zero for parallelizable
manifolds. For further details the reader is referred to that reference.



3.1 Parallelizability and supersymmetry

In this section we will demonstrate one of the interesting implications of parallelizability for
supergravity solutions. Here we restrict ourselves to type II theories. Our conventions can

be found in the appendix.
Theorem:

If we denote the supersymmetry variations of the gravitinos by 0y, a = 1,2, paralleliz-
ability implies that ¢ = 0 has the maximal number of solutions (32) and thus does not
lead to any restrictions on the number of supercharges. Therefore all the supersymmetry

restricting conditions come from the dilatino variations.

To prove the above theorem, we make use of the supersymmetry variations for type ITA
and IIB string theories, whose complete expression is presented in the appendix. For our
parallelizable backgrounds, which do not depend on RR fields, the IIA and IIB expressions
both reduce to .

®N - au + Zdju 3 (34)

where @, is the torsional spin connection® and is given by

1
Gy = wPTqy + 503F“bHuab : (3.5)

The Killing spinor equation reads
§1hy = Dye = 0 . (3.6)

The commutator of two covariant derivatives acting on a spinor ¢ contains a contribution

from the curvature and also a torsion piece multiplying a covariant derivative

A~ ~

D, D] e = }?uyabF“be — T Dye. (3.7)

ju%

Now we note that for parallelizable manifolds, by virtue of the vanishing of the curvature

computed from the connection with parallelizing torsion, the Killing spinor equation implies

A ~

Dy, DJe = =T, Dye. (3.8)

wy v

The left-hand side is zero for solutions of (3.6). That is, (3.8) is an integrability condition
on the differential equation (3.6). We find that the integrability condition imposes no extra

5In string theory terminology wﬁb only captures the torsion independent part of the connection and is
completely determined by the Christoffel connection.



constraints on the solution (this is special to parallelizable manifolds). Note that the van-
ishing of the Riemann curvature tensor is central to this argument; Ricci parallelizability,
i.e., the vanishing of the Ricci tensor computed with parallelizing torsion, does not suffice.
Since the Killing spinor equation is a first order differential equation, it can be solved by

introducing the ansatz,

e(x) = W(z) x, (3.9)

where
W(z) = Pe il @d (3.10)

(]

and y is a 32 component spinor’ and P denotes the path ordering symbol. Plugging the

ansatz (3.9) into (3.6), the gravitino Killing equation reduces to
dux=0. (3.11)

That is, equation (3.6) is solved for any constant y. This provides 32 independent solutions
for both types ITA and IIB.

So far we have shown that for any parallelizable manifold, the Killing spinor equation aris-
ing from vanishing of the gravitino variation is satisfied for any spinor of the form (3.9,3.11)
and the correct number of unbroken supersymmetries is only determined with the zero di-
latino supersymmetry variation condition.” For a constant dilation background with the

only non-vanishing flux the NS-NS field strength, in string frame, this condition is

1
S\ = —Zr“bCHabca?’e =0. (3.12)

Therefore, the associated condition for the existence of Killing spinors is Hg. 1% € = 0,
fora=1,2.

3.2 An explicit example: AdS;3; x 73

Using the fact that the direct product of parallelizable manifolds is also parallelizable, we
construct several parallelizable solutions of supergravities. As the first famous example we
mention AdSs; x S® x My [23, 24]. The AdSs x S? is parallelizable by virtue of being a group

manifold. However, supergravity equations of motion for the dilaton, namely equation (3.3),

6This has an interpretation as a gauge transformation, where the Killing spinors are pure gauge when
the connection is taken to be that with parallelizing torsion.

"This is in contrast to the usual situation with plane-waves, where the dilatino equation is redundant and
the supersymmetries are determined only by the gravitino equation.



forces the AdS and sphere to have the same radii (this will become clearer in the next
paragraph.) Therefore, this non-dilatonic solution is parallelizable if M, is parallelizable,
and since the only parallelizable four dimensional manifold which is compatible with (3.3),
is flat space, it is parallelizable if M, is R* or T, However, if M, is Ricci flat, e.g. M, = K3,

this solution is only Ricci-parallelizable.

Another explicit example of a parallelizable supergravity background can be built out
of AdS3; and S™, with a certain relation between the AdS and sphere radii. This is,
as discussed previously, a non-dilatonic solution of the NS-NS sector of either type IIA or

IIB supergravity. The supergravity equations of motion are given in (3.2). The dilaton
H2
12
R = H? = 0. The example presented in [12] is AdS; x ST, given by the following background

equation of motion implies R = and consistency with the other equations then yields

field configuration

2 o ((du? 2 2 2
ds* = Rj 7 + u? (=dt* +da?) | (3.13a)
B, = Riu*, (3.13b)
for the AdSs part, and
2 1
ds* = % (d,uQ + ZsinQM(ai — %)% + X*(cos® gal- + sin® gZi)Q) , (3.14)
with
o1 = Cos¢1d01 + SiIlQﬁl sin Qldgbl s (315&)
09 = —sin¢1d01 + COS¢1 sin Qldgbl s (315b)
03 — dwl + C0891d¢1 y (315(3)

and the Y; given by the same relations as o;, but with 1,0, ¢1 — s,0s, ¢5. For S7,
A2 = 1.8 In the above, R, and R, are the radii of AdS; and S7 respectively, while o; and ¥;

parametrize three-spheres. S7 is the manifold spanned by unit octonions, where the octonion

8The round seven-sphere is the coset space SO(8)/SO(7), with the standard metric induced from an
isometric embedding in R®, making manifest its SO(8) isometry. One may analogously define the squashed
seven-sphere, topologically equivalent to S7, as the distance sphere in the projective quaternionic plane, with
metric derived from an isometric embedding. A derivation of this metric is presented in [16]. To yield an
Einstein space, A2 can only take on two discrete values, with A2 = 1 corresponding to S” and \? = % giving
the metric on the squashed S”. An equivalent description of the squashed seven-sphere can be constructed
by noting that the round seven-sphere can be described as a fiber-bundle, with base S* and fiber S3. The
squashing arises from a change of the S® radius over the base.



algebra is

Oa0p = —dap + fapcOc (A=0,a,a), (3.16a)
anB = 5ab; fabc = €abe faBé = —€abc (316b)
where 0 corresponds to g and the indices ranging over a,b,c = 1,2,3, and a, l;,é =4,5,6

correspond to o; and ¥; respectively. The components of the NS-NS three form field strength

for this solution, in an orthonormal frame, are given by the octonionic structure constants

as )
Hype = — fae 3.17
o = g7 fu (3.17)
and the Ricci tensor and square of the three-form are
2 6
Rap = Hyp = —5 0ap - (3.18)
R;

For the above AdSs; and S7 backgrounds to combine into a solution of ten dimensional
supergravity, the total scalar curvature must vanish, imposing the relation between the two
radii g—f = /7, recalling that the scalar curvature of the AdSs part is R = —R%.

The round S” provides an example of a parallelizable solution, i.e., its modified Riemann
tensor vanishes. However, a specific deformation of the round S7, the squashed S7 (S7) with
the metric given in (3.14) for A*> = 1/5, leads to a solution which is only Ricci-parallelizable.

The torsion still has the form of (3.17), however, now the Ricci tensor and R, are related

via Ry, = %5@.10 Then AdS; x Sg is a Ricci-parallelizable non-dilatonic solution of super-
2
gravity provided that g—f = 4/63/5, where R; is the AdS radius.

4 Parallelizable pp-waves

In this section we construct the most general pp-wave which is also parallelizable. Such
solutions are “doubly o/-exact” backgrounds of string theory in the sense that they are both
parallelizable and have a covariantly constant null Killing vector field. Here we first prove
a theorem showing that all parallelizable pp-waves are homogeneous plane-waves. Then in
the second part of this section we will classify all the parallelizable pp-waves by the number

of their supersymmetries. In the last part of this section, as an example, we work out the

9A discussion of octonions, their algebra, and their appearance as the parallelizing torsion on S7 can be
found in [25, 26].
0Note that the Ricci tensor in (3.18) is derived from the connection without torsion.
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Penrose limit of AdSs 7 x S73, and show that these solutions only preserve 16 (kinematical)

supersymmetries.

4.1 Parallelizable pp-waves as homogeneous plane-waves

Theorem:
All parallelizable pp-waves are homogeneous plane-waves.

To prove this assertion, we begin with the most general ten dimensional pp-wave geometry
whose metric is given in equation (2.2) where now i,j = 1,2, --- 8. Of course, the functions
F, A;, g;j are chosen to satisfy supergravity equations of motion. The next step is to write
the most general NS-NS H field compatible with the covariantly constant Killing vector v*.
This nails down the choices for the H-field to

Huij = hij(uaxi> ) (4-1)

and all the other components zero. Now, we are ready to impose the parallelizability condi-
tions. We may start by imposing supergravity equations of motion. The Ricci curvature for
the metric (2.2) may be found in [28]. Then we note that the only non-zero g“# components

of the inverse metric is ¢"** = —1, therefore
H;La,@Hyaﬂ = 6uu5uuhijhklgikgjl ; (42)

and hence all the components of the Ricci curvature except R,, should be zero by virtue
of the supergravity equations of motion or equivalently the Ricci-parallelizable conditions.

However, first we note that f%ijkl = 0 implies that
Rz‘jk:l =0 = gij(u,xi) = gij(u) . (43)

Before imposing other supergravity equations of motion we note that using (4.3), after a

coordinate transformation, the metric can always be brought to the form
ds* = —2dudv — F(u, 2")du® 4+ 24;(u, 2°)dudz’ + dz'dz’ .

Then R,; = 0 leads to

and R, = iHijuij results in
1 20 — 1 F.F ij

11



Note that the freedom in defining v coordinate leads to a U(1l) gauge symmetry in the
definition of A; and equation (4.5) is written in the Lorentz gauge, 9;A; = 0. Finally the
equation of motion for the H field implies that

Next we impose the parallelizability condition. It is easy to see that the only remain-
ing non-trivial equations come from }?uiuj = 0 and }?uijk = 0. In order to avoid lengthy

calculations we only summarize the results:

hij(u,x') = h;; = constant ,
{7’ = /fiszxj, ., Mij = constant ,
A, = §Fijxj , Fij = —Fj; = constant , (4.7)
and
ij = i(hikhjk + FipFji) - (4.8)
In summary, the most general parallelizable pp-wave is of the form
ds* = —2dudv — uijxixdeQ + ijjdudxj +dztdat |
H,; = h;; = constant .

It can be shown that we can still use rotations in the transverse space (x' directions) to
remove the dudz® terms in the metric. Note that such rotations will not change H,;;. We
will further discuss this coordinate transformation in section 5. Therefore, the most general

parallelizable pp-wave can also be written as!!

ds® = —2dudv — pz's’ du® + da'dz’
Huij = hij = constant s (49)
with .
Hig = th‘khjk . (4.10)

This is of the form of a homogeneous plane-wave, completing the proof.

In general the converse may not hold, i.e., not all homogeneous plane-wave geometries are

parallelizable. In order to see which homogeneous plane-waves are parallelizable, we note

HTt may seem that geometries of the form ppp — wave,; x Mig_q, where M is a non-flat, parallelizable
manifold and ppp — wave, is a parallelizable pp-wave of the kind we have discussed, should be included in
our parallelizable pp-wave list. In fact since d can only be even, d > 4, the only possibility for M is S2 x S3.
Although such geometries are parallelizable, they do not satisfy the constant dilaton constraint (3.3), and
hence are not non-dilatonic supergravity solutions.
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that h;; being an anti-symmetric 8 X 8 matrix, can always be brought to a block diagonal

form by O(8) rotations, so that the only non-zero components are
hia = —ho1 = 2a1 , hga = —haz = 2as , hsg = —hes = 2a3 , hs = —hgy =2a4 . (4.11)

Then eq. (4.10) yields

N 2 2 2 2 2 2 2 2
,U/ij - dlag(aha17a27a27a37a37a47a4) . (412)

Therefore, all homogeneous plane-waves given by the metric (2.5) are parallelizable if and

only if p;; has doubly degenerate eigenvalues.

The above theorem can be understood more intuitively by noting that parallelizability, by
definition, forces the covariantly constant null Killing vector field of the pp-wave, in our case
0y, to be globally defined. Furthermore, it forbids the torsion from having any non-trivial

space-time dependence; leaving us with the homogeneous plane-waves as the only possibility.

We see from eq. (4.11), that in the most general case, a parallelizable pp-wave is com-
pletely determined by four real numbers, a;. Depending on the values of @;’s, the O(8) ro-
tational symmetry of the transverse space is broken to sub-groups, however, for the generic
case (all a; taking different values) there remains a U(1)* symmetry. In the most symmetric
case, where all a;’s are equal, we have a U(4) symmetry. The case with a3 = a4 = 0 and
a; = ay arises from the Penrose limit of AdSs; x S [30]. The plane-waves similar to those of
eq. (4.9) have also been considered in [32, 33].

4.2 Supersymmetry counting and classification

In section 3 we showed that, for parallelizable backgrounds, the gravitino variations impose
no constraints on the number of supersymmetries; hence, the number of unbroken super-
charges is determined entirely by the variation of the dilatino (3.12). We write the two
Majorana-Weyl spinors as two Majorana spinors as in the appendix, subject to the appro-

priate chirality conditions (A-1).

For the backgrounds we are considering, the non-zero spin connection components are
w, " = 3p' a7, This together with the relations (A-7) implies that * = 0, and hence the
expansion of W is linear in w,. We also have [W,I't ] = 0. Therefore, the supersymmetry
variation of the dilatino can be reduced to

1
S\ = —zrabCHabCX =0 (4.13)
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for x*, a = 1,2, constant Majorana spinors (3.9).

For these backgrounds, the field strength components with one leg along the light-cone
direction " are non-vanishing, and there are no purely transverse contributions. As a result,
the dilatino variation always contains a I't acting on x“. In the most general parallelizable
background (4.11), (4.13) imposes as a condition for the existence of Killing spinors the
requirement

I"H.x* =0, (4.14)
with the two spinors subject again to their chirality conditions'?, and we have defined H, =

ij 13
H.y T,

To analyze the dilatino variation, it is easiest to work in a specific basis adapted to the

problem, and we choose the basis (A-6). We can write a general spinor as

¢

U = ‘g (4.15)
A

with ¢,w, &, A, all eight component column vectors. The chirality conditions imply, in this

basis,
b 0
Mu, =40, = Uy = 8 then TT U o 3 : (4.16)
A 0
for right handed spinors, and
0 3
Mo, =, = ¥, = ‘g then TV, 8 , (4.17)
0 0

for left handed spinors.

To analyze the Killing spinor equation, start with an arbitrary left-handed spinor ¥, of
the form (4.17), then subtract off components along the subspace projected out by I't (w
above). The remaining spinor is of the form W, = (0 0 £ 0). Since I'* commutes with H,
we may add to ¥, any arbitrary spinor components on the subspace projected out by I'T,
and these do not contribute to the Killing spinor equation. These unconstrained components

12Gee (A-1).
13See (A-10) for an explicit realization of H .
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provides a minimal set of Killing spinors, eight for each Majorana spinor above, for a total
of 16. These are the standard or kinematical Killing spinors which exist on any plane-wave,
so are always present after a Penrose-Gueven limit. The kinematical supercharges are thus
in the kernel of I't. Their presence is a direct consequence of the existence of a null Killing

vector on the pp-wave space-time manifold.

Write H, as diag(A,B,A,B), with A and B themselves diagonal matrices with eigenvalues
that are doubly degenerate (up to a sign). Now require HJF\TIL = (0. This amounts to the
equation A = 0. The entries of A are a set of four independent algebraic functions of the
a; from which the field strength is constructed (4.11), given by ¢;, i = 1,2,3,4, in equation
(A-12). Some of these ¢; may vanish identically for a given background, and the components
of £ acted on by these can be taken to be arbitrary. They provide additional Killing spinors
beyond the standard kinematical ones. The components of & which are not projected out by
the action of A in a given background must then vanish if ¥ is to provide a solution of the
Killing spinor equation, and so do not contribute any additional supercharges.!* A similar
argument carries through for the case of right handed spinors, where the constraint becomes

BX =0, and the four algebraic functions of interest are now c¢;,7 = 5,6,7,8.

As an example, take the most symmetric non-trivial background, with a1 = ay, = a3 =
as # 0, possessing a U(4) symmetry (whose Z, center acts by interchanging the four planes).
Let us assume that we have subtracted off the kinematical supercharges. For a left-handed
spinor, the equations whose solutions gives rise to non-kinematical supercharges, are ¢; =
0,7 =1,2,3,4, with the ¢;’s given in (A-12). Of these, three are identically satisfied and one
is not. As a result, 3/4 of £ are unconstrained. For a right-handed spinor, the equations
would be ¢; = 0,7 = 5,6,7,8, and of these, none are identically satisfied, so all of A must
vanish for the dilatino variation to be zero. To each of these we may add 8 unconstrained
supercharges which are projected out by the action of I't. This leads to the following
counting of supercharges: For type ITA, we have the standard 16, together with 6 from the
left handed supersymmetry parameter and zero from the right handed one, for a total of
22 supercharges. In type IIB, if both spinors are left handed, we have the maximal of 28
supercharges for a non-trivial parallelizable background, while if both are right handed, we

only have 16, which is the minimum. Clearly, for type IIA, the number of supercharges

14Notice that it is not possible, if all a; are non-zero, to simultaneously have some ¢; = 0,7 = 1,2,3,4 and
another ¢; = 0,7 = 5,6,7,8. If we had not subtracted off the kernel of 't (the kinematical supercharges
w), then F1 ¥, = 0 alone would yield two simultaneous equations, A¢ = 0 and Bw = 0, but since w was
assumed arbitrary, B = 0 and so ¢; = 0,5 = 5,6,7,8, which is possible only for all a; = 0, contradicting
the earlier assumption. This is another way to see that the presence of I'" is central to the existence of any
Killing spinors on non-trivial parallelizable pp-waves.
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H_;; components Number of supercharges | Symmetry
a; = as = az = ay = 0 (flat space) 32 O(8)
a, = ia2, az = Q4 = 0 24 U(2) X 0(4)
a; = as = +asz = +ay 22 U(4)
a1 = taq, a3 = *ay 20 U(2)? x Zy
a] = ag +as, a4y = 0 20 U(1)4 X ZQ
a, = tay +as +ay 18 U(1)* x Zs
a; = ay = as, ay arbitrary 16 U(1) x U(3)
ay, as, as, ay arbitrary 16 U(1)* x 2,4

Table 1: Classification of various parallelizable backgrounds in non-chiral type ITA.

must be one of (16, 18,20, 22,24), while for type IIB the allowed number of supercharges
is (16,20,24,28). The sensitivity to chirality appears since the non-zero components of
right /left handed spinors appearing in (4.16) and (4.17) are required to satisfy different sets

of algebraic equations, whose form is evident in (A-11).

Various configurations of the field strength, with their degrees of supersymmetry, are
presented in tables 1 and 2, up to relabeling of the coordinates and parity. In both tables,
unless otherwise stated, the a; are assumed non-zero and not to be equal. We also state
the symmetry of the transverse part of the given background, up to translations which
do not depends on the form of the constant field strength, and parity. Since 16, 20,24
supercharges are possible in both ITA and IIB, there exists the possibility of finding self
T-dual backgrounds for these numbers of preserved supersymmetries. This is discussed in
section 5. The Penrose-Gueven limit of the AdS; x S example, presented in section 3.2,
has a background symmetry of U(1) x U(3). The maximal symmetry for a parallelizable
pp-wave is U(4) and the minimal is U(1)* x Zs.

Flipping the sign of one of the as corresponds to a parity operation on the two dimensional
plane whose field strength components a; determines, since the field H,. is odd under parity.
This parity acts by changing the sign of one of the coordinates on the plane; changing
both amounts to a rotation. This parity operation also interchanges the chirality of the
spinors, and so the number of supercharges is insensitive to this sign in ITA. In type IIB,
this interchange corresponds to the exchange of two solutions in table 2, taking solutions
with both left handed spinors to both right handed and vice-versa. For a few exceptional
cases with some a; vanishing,'® the IIB theory of one chirality has the same amount of

supersymmetry as the IIB theory of opposite chirality, and so the number of supercharges,

15Gee footnote 13.
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H_;; components Both left-handed | Both right-handed
a; = as = az = ay = 0 (flat space) 32 32
alziQQ%O,ag,:aZl:O 24 24
CL1:CL2:(I3:(I47£0 28 16
—CL1:CL2:CL3:CL47£O 16 28
alz—agz—a3:a47é0 28 16
ay = *as #0,,a3 =a4 =0 24 24
ay =ag #0,a3 =a4 #0 24 16
ay = —as # 0,a3 = a4 # 0 16 24
alz—ag%(],ag:—cu;éO 24 16
a1 = ag = az # ay 16 16

Table 2: Classification of various parallelizable backgrounds in chiral type I1B

even for type IIB, is not sensitive to parity. An example is the background a; = +as, a3 =

a4:0.

4.3 Penrose limit of AdS;; x S73

Given any supergravity solution one can take the Penrose limit and obtain a plane-wave
geometry. We may start with a parallelizable supergravity solution. Then, it is easy to show
that parallelizability survives the Penrose limiting procedure, and hence after the Penrose
limit we find a parallelizable pp-wave , which is necessarily of the form given in (4.9, 4.10).
A well-known example is the Penrose limit of AdS; x S® x R* [8, 30], which leads to a

parallelizable pp-wave with a; = ag, a3 = a4 = 0 in the notation of eq. (4.11).

As another example, we work out the Penrose limit of AdS;7 x S™3 solutions discussed
earlier in section 3.2. To begin with, for definiteness, let us consider the AdS; x ST case.
To take the Penrose limit, it is more convenient to write the metric in the AdS global

coordinates:

ds® = R2[— cosh® pd7? + dp® + sinh? pd¢?] + R3[cos® Ydf? + dyp® + sin® dQZ]  (4.18a)

H,,s = 2R} cosh psinh p (4.18Db)
where

R

Ry

and the other H-field components along S7 given in equation (3.17). Now we take the

=7 (4.19)
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Ry — oo limit together with

_ Y _
p_Rl ) _]_%127
u=T1+7r0 ’UZQ—R%(T—TQ), (4.20)

where z,y, u, v, and all the other coordinates are kept fixed. Then the metric (4.18) becomes

6 2 6 2
1 . .
ds® = —2dudv — (72 d ozt + ) yf) du® + > datda’ +>  dy*dy” (4.21a)
i=1 a=1

i=1 a=1

2
H+12 - 2 y H+34 - H+56 - H+78 - ; . (421b)
This solution in the notation of (4.11) is a3 =1, as = a3 = a4 = % One can show that the
Penrose limit of AdS; x S® is the same as (4.21).

Using our previous arguments, one can show that the parallelizable pp-wave (4.21) only
preserves the 16 kinematical supersymmetries, while the original solution before the Penrose
limit was not supersymmetric at all. As shown in [6], for a background to preserve more
than half the maximal supersymmetry, it must have a trivial dilaton dependence. These are
generic behaviours of supergravity solutions. The Penrose-Gueven limit can never destroy
any supersymmetry, but might enhance it [5]. Starting with a non-supersymmetric solution,

we arrive at half supersymmetric ones. Another example is the Penrose limit of AdS5 x
TP, p # q [10].

One might wonder whether Ricci-parallelizability is enhanced to parallelizability under
the Penrose limit. This is not true in general. As an example, if we start with AdSs x Sg as

a Ricci-parallelizable solution, it remains only Ricci-parallelizable after the Penrose limit.

5 T-duality on parallelizable pp-waves

In this section we study T-duality on the parallelizable pp-waves introduced in previous sec-
tions. In general, in order to perform T-duality, we first need to compactify the manifold and
for (toroidal) compactifications of any manifold we require translations along the compacti-
fication directions to be (space-like) isometries of the manifold. The existence of translation
isometry along a space-like direction for the parallelizable pp-wave as written in eq. (4.9),

is not manifest. However, the plane-wave solutions generically possess non-linearly realized
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symmetries and there is a chance that in a proper coordinate system some isometries which
are hidden may become manifest. This is indeed the case. To see this, following Michelson

[14], let us consider the “rotating” frame

X' = 2! cos(aju) — 2 sin(ayu) ,

X? = 2% cos(ayu) + 2" sin(ayu) | (5.1)
leaving all the other coordinates unchanged, i.e.
U=u, V=v, X'=2'i>3. (5.2)

The metric in the new coordiantes becomes

8
ds’ = —2dUdV +dX'dX' +dX?dX*+) dX'dX’ (5.3)
=3

— [a5(X3 + X]) + a3(X? + X§) + a3 (X? + X2)]dU? — 2a,(X'dX? — X?dX")dU ,

while the H-field remains invariant, i.e. Hpyxix2 = 2aq. It is evident that we can make
the same transformation for all the other coordiantes and remove the dU? term of the
metric completely; then we get a metric which has dUdX" term proportional to Fj;X7.

The translational symmetry is not manifest yet, to see that let us redefine!®
V=V-uX'Xx?,
and the metric becomes

8
ds* = —2dUdV +)  dX'dX’
=1

—la3(X3+ X3) + a3 (X2 + X2) + a3 (X2 + X3)|dU? + 4a, X?dX'dU . (5.4)

Now we are ready to compactify X! on a circle and use Bucher’s rules to perform T-duality
[34]

1
T
9w — YGu — —\Guigv1 — B BV
Iz H 9111( nldvl pl 1)
BZV = BNV + 2; (ngB,,l — Bulgyl)
B
T pl T Gul
g = B = 55
m g11 w g11 ( )

16We remind the reader that, as far as the metric is concerned, to make the isometry along a direction,
say X!, manifest, the frame we choose can be rotating clockwise or counter-clockwise. However, due to the
presence of a B-field in our case, there is a preferred orientation.
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In our case!'”

B/ﬂ = gltl = 2@1 X26}LU . (56)

Choosing g11 = 1, i.e., sitting at the self-dual radius, we find

T T
BNV = BNV ; gNV = gNW
B;I;l =0u g;{l = B;Ll- (57)

As we see, the g and B fields are exactly the same before and after T-duality; in other
words parallelizable pp-waves are invariant under T-duality. This invariance is a direct
consequence of the specific form of our metric and B-field, namely, B,; = ¢,1, which is

dictated by parallelizability.

So far, we have shown that any parallelizable pp-wave solution of type IIB is also a so-
lution of ITA, related by T-duality. In the above arguments we have only considered the
bosonic fields g and B. One should also consider fermions and check if the above T-duality
invariance also holds in the fermionic sector. First, we note that the two conserved super-
symmetries of the IIB background have the same chirality, while those of ITA have different
chiralities. Compactification imposes a boundary condition on fermions, which is not neces-
sarily compatible with their chirality and as a result, the number of supersymmetries may
change under T-duality. While individual supersymmetries may be affected by compacti-
fication, the total number of kinematical supersymmetries (16) is not, and hence 16 such
supercharges survive compactification and T-duality. The difference between IIB and IIA
only arises in the non-kinematical supersymmetries. If the number of supercharges of a type
ITA parallelizable pp-wave is Ny = 4k + 2 (k = 4,5), then the corresponding T-dual 1I1B
solution has Ng = N4 £+ (N4 — 16); the +/— depends on the “orientation” with respect to
the H-field. Because of the existence of a non-trivial H-field, the two different orientations
on the compactification circle lead to two different solutions, differing by the number of
supersymmetries. For the Ny = 4k (k = 4,5,6) cases, after T-duality we have Ng = Ny
or Ng = Ny + (Ny — 16). Which of these cases we obtain depends on the details of the
supergravity solution. Therefore, invariance under T-duality can only be exact (in the sense
that it holds in both bosonic and fermionic sectors) for Ny = Np = 16, Ny = N = 20
and Ny = Np = 24. As examples of these cases we mention the plane-wave coming as the
Penrose limit of AdSs;7 x S™ (Njy = Np = 16) and AdS; x S® x T* (N4 = Np = 24)

solutions.

17Given H = dB there is a U(1) gauge freedom in the definition of B and we choose the gauge which is
compatible with the translational symmetry along X .
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6 String theory on parallelizable pp-waves

As noted in [7], the string theory (sigma model) on a generic homogeneous plane-wave is
solvable in the light-cone gauge. In [7] the interest was mainly in backgrounds with non-zero
RR flux. In this section we formulate string theory on parallelizable pp-waves and show
that, in this case, string theory is simpler than the generic plane-wave with RR flux. The
formulation of string theory on some special parallelizable pp-waves, namely those coming
from the Penrose limit of AdS; x S? and its variants, have been previously considered in
(30, 32, 35], although the connection to parallelizability was not made. We first focus on
the bosonic sector of strings and in the next section study fermions in the Green-Schwarz
(GS) formulation. However, since our backgrounds are only in the NS-NS sector, the RNS

formulation can also be used.

6.1 Bosonic sector

The non-linear sigma model in the NS-NS background of G, and B,,, fields is given by
—1
4o/
where a,b = 1,2 and g is the worldsheet metric. For the background defined through egs.
(4.9,4.10,4.11), we have
—1
4o/

S:

/ o /=9 (9" G 0. X" 0, X" + € B, 0, X" 0, X") | (6.1)

1 L ) )
S = / d*o\/—¢ [gab(—QaaUabv — ZhikhijszﬁaUﬁbU + 0, X' 0, X")

| | (6.2)
+ ey X7 aaUabXZ] .

We next fix the conformal symmetry in the gauge ¢, = 0 and —g,, = g, = 1, and to

avoid ghosts we choose light-cone gauge, in which
0,U = p™ = const. (6.3)
Then V' is constrained to satisfy
pt0,V = 0,X'0,X",
2pt0,V = 0,X'0, X'+ 0,X'0,X" — i(er)thkhijin : (6.4)
Plugging the above into the action (6.2), the light-cone action for the transverse modes X*

is seen to be

1 4 4 . 4 +2 o . .
SLC = m dQJ [aT)(Zaﬂ')(Z - aaXZao'XZ - pThlkhijzX] — p+hin]30XZ
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1 2 N2 A 7\2
= d°o (GTX) - (@UX + ?h”X ) . (65)

Y

Without loss of generality we can take the h;;’s as in equation (4.11). Since the analysis for
the different modes is quite similar, here we only focus on the X!, X? components, whose

equations of motion are

(0% — 02X + (a1p™)’ X' — 2a1pTe;;0,X7 =0, i,j=1,2. (6.6)
The above equation is solved by z;¢/@"7=219) where
wE=2n+ap", (6.7)
and the closed string boundary conditions
X' (o) =X"(oc+m), (6.8)

fixes n to be integer. Therefore, the most generic solution to equation (6.6) can be written

as
1 1 - 1 (o
Xflg _ = Z _aRez(wn T—2n0) + _ﬁRel(Wn T—2n0) (693)
+ N —Mn ?
2 = wi wy,
2 1 +1 R ’L’(UJ+T72’FLO') —1 R i(wn, T—2n0)
Xp =5 D —ponelimi 4 —pgleilnr=ine) (6.9b)
nez " "

for the right-movers, and for the left-moves

1 1, . 1
X} =537 —akelimize) 4 gleitiriane), (6.10a)
nezZ ™ n
1 ' . —i
X = 33 raletetriim 4 L ggiriim 6100
nez " n

The reality of X’s implies that

()" =p%,, (a)' =5, (6.11)

and X' = Xi, + X,
Note that for a generic a;p™, there is no zero-mode and the mode expansions of (6.9,6.10)

can be used without ambiguity. For %a1p+ € Z, however, we have zero frequency modes; for

such cases one may extract the zero-modes:

X'= (2" +p'r)cosarpTo + (2 + p*1) sinapto + Z Oscil. (6.12a)
n#ai1pt /2

X? = (2> + p’1) cosarpto — (x' + p'7)sinapto + Z Oscil. (6.12b)
n#aipt/2
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In these cases, for a constant 7 = 7y slice in the X', X? plane, the string forms a circle
of radius X7 + X7 = (z' + p'm)? + (2 + p?7p)?, with some wiggles superposed on it. To
understand the physics of such strings it is helpful to work out the angular momentum of

the center of mass of the string:

1 ™
L — _/ (XlaTXQ o XZaTXl)dO_ — $1p2 _ x2p1 , (613)
0

™

which is constant. In this case strings are circles whose radius grows with time, while carrying
constant angular momentum. This is as expected if we note that the NS-NS field acts like
a magnetic field. However, the effect of du? terms in the background metric appears in the
fact that the pr terms in (6.12) are multiplied by sina;p*o and cosa;p*o factors, i.e., the
center of mass of a string on the average has zero momentum and is confined to stay around

X = 0. Similar behaviour have been observed for other plane-waves (e.g. see [7]).

One of the remarkable differences between our case and the other plane-waves (which
involve RR fluxes), is that the spacing between the energy levels in our case is just given by

integers (in other words w is a linear function of n).

We would like to point out that due to the presence of background fields, the light-cone
Hamiltonian differs from [ 9.V, explicitly

HLC = H+ = /dO' (6Tv+p+@%X12 + aleiniﬁan)

1 . 4 .
= 5 [ (0-X7)2 4 (0,X" + prase X )?
1
neL

Note that the last line of the above equation is written for 1a;p™ ¢ Z. For integer values of

a1p™, one should add (p')? + (p®)? to the sum over oscillators.
Given the mode expansions, we can proceed with the quantization of strings by imposing
[(X'(0), X (0")] =0, [P(0),P(c")] =0, [X'0),P(c))] =i6"6(c —0'), (6.15)
with P! = 9, X", leading to
[’ Bl = lo, Bl = wy Gt (6.16)

and all the other combinations commuting. For the cases where we have “zero-modes”

(3p%ay € Z), [2*,p] = i6". The above mode expansion and commutators is similar to the
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twisted sector of strings on orbifolds. Using the commutation relations (6.16) we can write

the Hamiltonian in a normal ordered form
1A
i=1 n>0

where Ej is the zero point energy coming from regularizing sums like > (n — ¢), and has

value

Fy=—2_ > e, (6.18)

where ¢; are the non-integer part of $pta;, i.e. ¢; = ipta; — [3pTai.

6.2 Fermionic sector

The fermionic NS-NS sector of the Green-Schwarz action, expanded to second order'® in the

fermions, for type IIA string theory is

Sp = — [ P0hB"0,X"T,Dyf , (6.19)

TQ

with 3% = v/—hh®cy — €05, Dy, the pull-back of the superspace covariant derivative with

torsion

A 1
Da = Da -+ gaaXquUUSHp,paa (620)
and the normal covariant derivative
1
D, = 0, + Z(&X“)wﬁbrab (6.21)

contains the spin connection wﬁb. The NS-NS sector of the IIB Green-Schwarz action is the
same as that presented above, with the difference in the solutions arising from the chirality

of the two spinors, as in the discussion of supersymmetry counting in section 4.2.

We work in light-cone gauge, where we impose the conditions
Xt =pr, V—=hh® = n (6.22)

and fix the x symmetry by imposing the additional constraint I'"§* = 0, giving

—ip* S /a R
Sp = / ofT <DTO'0 + D(,Og,) 0, (6.23)

o/

8Terms of higher order do not contribute in light-cone gauge.
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with
D, = 0, , (6.24a)

A er 1 uw
DT = 67- + Z w‘H“’ + aH‘H/W F y (624b)

yielding the following form for the fermionic action

i B B + _
Sp = — / LoV (070,60 + FT70-67) — g (T - PITVG) Ho

o'
(6.25)

where I, J range over the transverse directions, and 0y = %(87 + 0,). Precisely half the

components of the fermions have been projected out by the gauge fixing to leave only the

physical degrees of freedom. The equations of motion are

+
p 1J 1
0, — —=I""H 0t =0, 6.26
( + 8/ +IJ) ( a)
p+ 1J 2
o_+—=I'""H 0c =0, 6.26b
( 8\/5 +IJ) ( )

which do not couple #' to 62, but do mix components within the individual fermions. The

closed string boundary conditions are
01, 0% ,—0 = 0',0%,—x. (6.27)

We solve the equations of motion (6.26) by separating the solution in light-cone coordinates,

then expanding the solution into a complete set of functions. The ansatz is

1 _ ini(t+o) imi(t—0o) 1 2 _ ina(t—0o) ima(T+0) /2
0 (r,0)=e¢ e g o 0 (T,0) =e e o

with 1! and v/? constant spinors which are subject to the gauge fixing condition. Introducing

,ier
16

the mass matrix M = H ., with the matrix A, written out in equation (A-10), we have

(nl - M)/lb:nl,nl = 07 (6283)
(ne + M43, ,, =0, (6.28h)

which are a pair of eigenvalue equations for n; and n,. Imposing the boundary condition
(6.27), we see that
my € 272+ ny my € 27 +no . (6.29)
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The final mode expansions are

91(7_’ o) = Zeinl(TJra) elmi(r—o) 71711,n1 , (6.30a)
mi
*(r,0) = Y i) gmlrral g2 (6.30b)
ma2
The reality condition implies that
«@ T _ «@
( ma,na> = w—ma,—na . (6.31)

Upon quantization
{( %a,naﬁ? wi;@?nfe} == 50155mm/5nn’ .

It is straightforward to work out the light-cone Hamiltonian for the fermionic modes

1 (63
- T a
Hpe = 2+ Z (V)" matp Eq (6.32)
maq >0
where Ej is the zero point energy and is defined in eq. (6.18). As we expect, the bosonic
and fermionic zero point energies are the same up to a sign and hence there is no total zero

point energy in the spectrum, a confirmation of the supersymmetry of the background.

The parallelizable solutions we are considering are parameterized by four constants, as in
(4.11). As an example, consider the background with —a; = ay = a3 = a4. This background
preserves 22 supercharges in type IIA and either 16 or 28 supercharges in type II1B, depending
on whether the spinors are chosen to be both left-handed or right-handed, respectively. The

mass matrix for this configuration is

+
M— !

diag(1,1,-1,-1,-1,1,-1,1,0,2,—2,0,0,0,0,0), (6.33)

where we only need to consider the half of the mass matrix acting on the subspace surviving
the gauge fixing. Now, for the modes for which the mass vanishes, equation (6.28) implies
the existence of zero-modes. After fixing the x symmetry by imposing the gauge I'"0* = 0,
the counting of the zero-modes for the physical degrees of freedom parallels the counting
of the non-kinematical supercharges presented in section 4.2. The number of zero-modes
depends on whether we are working with type ITA or IIB, and in type type IIB, whether
we choose both spinors to be left-handed or right-handed. The number of zero-modes can
be ascertained by looking at tables 1 and 2, subtracting 16 for the standard kinematical
supersymmetries, which in the present discussion correspond to the modes orthogonal to

those removed by the gauge fixing. This leads to a subtlety, which is that the number of
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zero-modes coming from left handed spinors # here are associated with the number of non-
kinematical supercharges (for counting purposes only) for right handed spinors in section
4.2, and vice-verse. The total counting in type ITA, of course, is the same. Therefore, for
this example, there are 6 zero-modes in type IIA and zero (both spinors right-handed) or 12
(both left-handed) zero-modes in type IIB.

The example —a; = 1, a3 = ag = a4 = 1/r, with r defined in (4.19), arising as the Penrose
limit of AdS5 x S7, is half supersymmetric, preserving 16 supercharges in both type IIA and
IIB, and as a result, the fermionic solutions exhibit no zero-modes. The mass matrix is

Jr

M= % diag(r® — 1,7% — 1,72 + 3,7 — 1, + 1,72 = 3,77 + 1,72 4+ 1). (6.34)
T

This analysis can be extended to other configurations, with the general result that the
number of zero-modes, in the solutions to the fermionic sector, is equal to the number of
non-kinematical supercharges preserved by the background, taking account of the type I1B

reversal discussed above.

7 Compactification and T-duality

In section 5 we studied T-duality of parallelizable pp-waves at the supergravity level. In
this section we extend the T-duality analysis to string theory. As we will see, because of the
nature of the background, only right-movers contribute to the center of mass modes. This,

and other peculiar features of strings under T-duality will be examined in this section.

We begin by writing the sigma model action in the parallelizable pp-wave after a Michelson

rotation, i.e., the background given in eqs. (5.4),(5.6). After fixing the light-cone gauge:
~ 1 ~ o~ ~ . ~ . ~ ~ ~
Ste=1— / d*o [&X’@TXZ — 0, X0, X" — dpta, X*(0, X + 9,XY)| , (7.1)
T

where we have only presented the action for the X1 X2 components, the other X’s are

similar and here we skip them. The equations of motion are
(02 — )X = 2a1pT € (0. X7 +0,X9) =0, i,7=1,2. (7.2)
Inserting x;'“™=2"?) we find
w=2n or @&F=2n+2ap". (7.3)
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Imposing the closed string boundary conditions restricts n to the integers. Then the mode

expansions are

~ 5 5 1 .
r=2' +p'(T—0)+ Z %afem”“ o) (7.4a)
neZ
~ B N 7~ o
Xp =2 +p(1—0)+ Z %ﬁfem”” 7). (7.4b)
nez

for the right-movers and®®

1 1, 1~ ion

Xp= 5D =g @i g fre@nriine (7.5a)
nez " n

1 i - S

X3 = 03 Lateeiene gL (7.5b)
nez " n

for the left-movers. We see that only the right movers have the usual momentum mode. Note

also that for the non-compact case, p' = p? = 0, resulting from the boundary conditions,

Next, we quantize the strings by imposing the usual commutation relations (6.15), where

now the conjugate momenta to X' are
P'=9, X' —2pTa1 X? | (7.6a)
P?2=0.X%. (7.6b)

The canonical quantization conditions lead to

l

~1 ~2 ~7 ~7 ~1 ~2
(7", 7] el [, p]=0, [p,p]=0,
S —4n3 ~ 2n?
AR &R = [BE R:—(;mn ~R gR1 _ o+ —5mn
L ~ L % Lz din+pTay
abab) =B AE =0 L lak s = AN @)

We note that the “zero-modes”, &, p*, have unusual commutation relations, e.g. [Z%, /] = 0,

and also the zero-modes of X! and X? are non-commuting.

We would like to stress that in the rotating frame coordinates, the light-cone constraints
are different from the usual ones

pt0,V =0.X'0,X" +2pTa1 X%0, X", (7.8a)

w0V = 0. X0, X"+ 9,X'0, X" +4pTa, X0, X", (7.8b)

YFor pta; € Z, there is a “zero-mode” for left-movers, which should be extracted in a manner similar to
eq. (6.12).
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and the light-cone Hamiltonian is

lfILC = L do [(aTXi)Q + (aaXi)Q + 4P+G1X230X1] . (7.9)

Now we proceed with compactification. Although from the solutions (7.4) and (7.5), it
may seem that both the X' and X2 directions can have zero-modes (i.e., we have translational
symmetry along X! and X? at the level of the equations of motion(7.2)), it is only possible
to compactify the system along the X1 direction. This can be seen from equations (7.6) or

(7.8). Putting X' on a circle of radius Ry, p' can become non-zero as a winding mode

pl = w1R1 , Wi € 7 s (710)

while p? is still zero as a result of the closed strings boundary conditions.

Since [z!, p'] = 0, there is no extra quantization condition on p* due to the momentum
modes. In fact the momentum conjugate to Z! is 7% and it should have a discrete spectrum.
Noting that #', 7% are the center of mass coordinates of strings along X', X2, [#',7%] # 0

means that the 7', 7% space is a non-commutative cylinder where 7? is along the axis [29], its

1
2ptay

radius is R; and the fuzziness is proportional to . As discussed in [29], 72 has a discrete

spectrum, 72 ~ e with m; € Z. Upon T-dualizing along X land exchanging R; with
R%, it is easy to show that the Hamiltonian remains unchanged if we also exchange m; with
the winding w;. In the fermionic sector as usual, duality acts by changing the chirality of
one of the fermions. As we have argued in previous sections, this may change the number

of supersymmetries.

8 D-Branes on parallelizable plane-waves

In this section we study the existence of BPS Dp-branes in parallelizable pp-waves back-
grounds. Dp-branes have been studied in various plane-wave backgrounds (e.g. see [36, 37,
31, 32, 38]). In general there are two ways of addressing the question of D-branes, one is
through open strings with Dirichlet boundary conditions, as it was first introduced in [39],
or through closed strings and the boundary state formulation [40]. Here we follow the con-
struction via open strings. As we will show, due to presence of the B-field, three different

situations can arise.

To start with, let us focus on the bosonic modes. First we note that, as is evident from

eq. (6.3), the light-cone gauge condition fixes the boundary condition the or U component

29



to be Neumann. Therefore, U lies inside the worldvolume of all Dp-branes we are going to
study. As for the other components, we start with the light-cone action (6.5). This leads to

the equations of motion eq. (6.6) and the boundary conditions
/dT(SXi((?(,Xi +pta e’ X)), . (8.1)

Since the argument for X’s along the directions where there is an H-field present is similar,
here we consider H,1s and the (1,2) plane only. If some of the a;’s in (4.11) are zero, the

situation is of course the same as for flat space.

One can recognize three possibilities:

i) X' and X? are both transverse to brane.
i) X' and X? are both inside the brane.

i4) Only X' or X? is along the brane brane.

Since these cases have been mentioned in [31], we will be very brief with them.

i) This case is realized by imposing Dirichlet boundary conditions on both X! and X?
i.e., X" ,—0r = 0. The boundary conditions force the frequency of the string modes to be

integer valued and hence

X'=(z; cospta,o — zysinptaio)o + Z il (v cos(nT + pTaio) — By sin(nt + ptai0))
n#0 n
2 + S sin no : + -
X*=(zycospTajo + xysinpayo)o + Z (an sin(nt + pTay0) — B, cos(nt + p ala))
n

n#0

(Once pTa; € Z we have extra zero-modes.) Upon quantization we find

[Oén? C(m] = [Bmaﬁn] = n(Sern . (82)

In this case the V' direction also satisfies a Neumann boundary condition and hence lies
inside the brane. The brane is located in such a way that H,15 only has one leg along the
brane. As discussed in [32, 33], the theory living on such branes is a “dipole” gauge theory.
As seen from the above mode expansions, these branes are stuck at X! = X2 = 0. In
general, following [36, 31], it is straightforward to show that these branes preserve half of

the kinematical and half of the non-kinematical supersymmetries.
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i) In this case, to satisfy the boundary conditions we demand that
0, X"+ ptai€’ X|,—0. =0, (8.3)

which is a modified Neumann boundary condition. It is well known that the existence of a
background B-field will change the boundary conditions. The V' direction should also satisfy

a modified boundary condition
0,V +pTa1e? X;0. X7 |p=0. =0 . (8.4)

The modified boundary conditions (8.3) and (8.4) may be understood from the fact that
the brane now contains U, V, X!, X? and the H, 5 field (which lies completely inside the
brane) can be treated as a background electric field equal to pTa;x* on the brane. For the
low energy theory on such branes we expect to find just a gauge theory with a non-constant

background electric field.

The frequencies of the normal modes satisfy the boundary conditions (8.3), similar to the

case 1), and are found to be integer valued and hence the mode expansions are

X' =2y cosptajo — zysinptaio + Z cosng (v cos(nT + pFaro) — B, sin(nt + pta o))
n
n#0
X? = xycosptajo + i sinpTaio + Z cosng (av sin(nt + pTaio) — B, cos(nt + ptai0))
n
n#0

i) In this case, we demand that X' satisfy Neumann b.c.’s, 9,X"|,—0» = 0 and X? to
satisfy Dirichelet b.c.’s, dX? = 0. It is not hard to check that, as a result, V must satisfy the
usual Neumann boundary condition, 0,V |,—0» = 0. One of the differences between this case

and the previous two cases is that the frequencies of the string modes are now non-integer

wy, =n+pta, (8:5)
with the mode expansions
1 1 . 1 o
Xl _ 5 % (Eanezw;'[T . w_gﬁnelwnT) cosno | (86&)
1 1 . 1 -
X2 _ 5 % (E&nezwif + Zﬁnelwnf) sin no ’ (86b)

with the reality condition 37 = a_,. Imposing the quantization conditions (6.15) leads to
[y Brn] = W g - (8.7)
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We should note that the above mode expansion is for p*a; ¢ Z. For integer values of p*ay,

however, we have a zero-mode and the expansion is

X' = (z +pr)cosptayo + Z Oscil. (8.8a)
"#p+a1

X? = (z +pr)sinpTao + Z Oscil. (8.8b)
n#pta

where upon quantization we obtain [z, p| = i.

In this case the brane is located so that the H 5 field has two legs along the brane and
one transverse to it. In the gauge B, = pta; X2, the B-field resides completely inside the
brane, however, the value of the B-field is zero exactly on the brane which is necessarily
at X? = 0. Again the B, -field can be understood as a background electric field on the
brane, which is now proportional to one of the scalar fields (the “transverse” directions to
the brane). This in particular gives a mass to that scalar field, so that its lowest excitation
is no longer massless. This can also be observed from the mode expansion (8.6). A more

detailed analysis of the theory living on these branes is postponed to future works.

In principle, one can also work out the fermionic modes, but since the computations are

very similar to those which appear in [31], we do not present them here.

Finally, we would like to note that it is possible to have a combination of the three cases
discussed above. For example, in the the background a; = ay = a3 = a4 # 0, with 28
supersymmetries, we might have a D5-brane along the UV'1345 directions, a mixture of all

three cases.

9 Discussion

In this paper we classified and studied, to some extent, the parallelizable pp-waves. We
first briefly studied implications of parallelizability for a general supergravity solution and
proved that the vanishing of the gravitino variation for parallelizable backgrounds can be
solved with 32 independent solution. One should note that the converse is not true, that
is, not all the cases for which the gravitino variation has 32 solutions are parallelizable, for

example, the famous AdSs x S® background.

Strings on AdSs; have been studied in detail using the SL(2,R) group manifold and the
corresponding Kac-Moodi algebra [41]. Tt would be very interesting to extend the definition
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of the WZW models and the Maldacena-Ooguri setup to the S7 case; although it is not a
group manifold, it has a nice (non-associative) algebraic (octonionic) structure. This may
help clarify the issue of what the (gauge) field theory dual to strings on AdSs7 x S might
be.

We then turned to parallelizable pp-waves and proved that all parallelizable pp-waves
are necessarily homogeneous plane-waves and the converse is true if the p;; in the du?® term
(pijx'a?) has doubly degenerate eigenvalues. The parallelizable pp-waves may be classified
by their supersymmetry, where for type IIB the maximal supersymmetry is 28 and the others
differ by steps of four (down to 16), while type IIA supersymmetry may have 24, 22, 20, 18
and 16 supercharges. We also discussed the invariance of the bosonic sector of parallelizable
pp-waves under T-duality and discussed how the fermions and number of supercharges may

change under T-duality.

We studied string theory on the parallelizable pp-wave backgrounds and showed that the
sigma model is simpler than for other plane-wave backgrounds. This simplicity might help
in working out the vertex operators, making it possible to study string scattering processes
and to evaluate the S-matrix elements, whose existence for plane-wave backgrounds has been
argued in [42]. Working out the proper vertex operators and string scattering amplitudes is

another interesting open question we postpone to future works.

We also very briefly discussed the half BPS Dp-branes and the restrictions on the possible
Dirichelet or Neumann boundary conditions arising from parallelizable pp-wave backgrounds.
The classification of possible Dp-branes, branes at angles, intersecting branes and most
importantly, the theory residing on branes in the parallelizable pp-wave backgrounds and
the corresponding supergravity solutions, along the lines of [43, 44], deserve more detailed

analysis.
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APPENDIX - Conventions

We briefly review our conventions in this appendix. We use the mostly plus metric. Greek in-
dices p, v, ... range over the curved (world) indices, while Latin indices a, b, ... denote tangent
space indices and 4, j label coordinates on the space transverse to the light-cone directions.
The curved space Gamma matrices are defined via contraction with vierbeins as usual,
['* = elT.

We may rewrite the two Majorana-Weyl spinors in ten dimensional type IIA and IIB
theories as a pair of Majorana spinors x“,a = 1,2, subject to the chirality conditions

appropriate to the theory,
Myt = +x', T2 = £x7, (A-1)

where for the second spinor we choose — for non-chiral type IIA and + for chiral type 1B
theories, and treat the index « labeling the spinor as an SL(2,R) index. Where Pauli matrices
appear, they act on this auxiliary index, with o3 acting analogously to the chirality operator

in type ITA. In what follows, we suppress the spinor index as well as the auxiliary index.

Type II string theories contain two Majorana-Weyl gravitinos ¢, a = 1,2, which are of
the same (opposite) chirality in IIB (ITA). The supersymmetry variation of these gravitinos

in string frame is

A

0, = Dye, (A-2)
where the supercovariant derivative is defined as [27, 45]
T 1 ab 1 1) ab 1 abed
(DIL = VM + gO’gF Huab — 1—66 O'3F Fab — EF Fabcd Flt s (A—3)

for type ITA theory and

- 1 1 1 1
®u = vu + §U3FabHuab + g€¢ (UQFaaaX - aalrachabc + %U2Fab6d6Fabcde) Fu ) (A‘4)

ab
o

(0, + iwﬁbfab). In these expressions, ¢ is the dilaton, y is the axion, H the three-form field

strength from the NS-NS sector, and the F’s represent the appropriate RR field strengths.

for type IIB, with the spin connection wj’ appearing in the covariant derivative V, =

For pure NS-NS backgrounds relevant to this paper, the dilatino variation for both types
ITA and IIB, is

S\ = (%F“(@a@ - ifabcHabcag) €. (A-5)
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A convenient choice of basis for 32 x 32 Dirac matrices, which we denote by I'*, can be

written in terms of 16 x 16 matrices v* such that

(0 V2 _ (0 0 < A0 A® 0
+ — = t— . 11: -
) (%) o 0) () o

and the 7" satisfying {7*,~/} = 24;; with J;; the metric on the transverse space. Choosing a

chiral basis for the s, we have v® = diag(1g, —1g). The above matrices satisfy

(F+)T = -1, (F_)T = _F+7 (F+)2 - (F_)2 =0, (A—7)
Tt H. ] =0 {T',I*} =0, {r",I"} =0, [ IY] =0,

and I'*T%. . .IVT* = 0 if the same signs appearing on both sides.

We define light-cone coordinates 2% = (2°4+2%)/v/2 and likewise for the light-like Gamma
matrices I'* = (I'° + T7)//2, and also define antisymmetric products of 7 matrices with

weight one, 72+ = ylaqb  ~cyd choosing for the v matrices a representation such that
= ddiag(++ —— A+ m—m b ) (A-8a)
v = —idiag(+ 4+ —— = =+ = = ) (A-8b)
v = idiag(+ —4+—,+—+—,+—+—,+—+—), (A-8¢)
v® = —idiag(+ —+—, -+ —+,—+ —+,+ — +-), (A-8d)
for which
YETE = 4O = diag(+ 4+ = ) (A-9)

The following combination appears in the paper, which we write using the results of section
4.1 (in particular (4.11)),

» j y
o=t = (70 ) (A-10)

VI Hy
and

YIHyip = 2 ("™ + aey® + a3y’ + ay™

= 2idiag(cy, ca, —Ca, —C1, C3, C4, —Cy4, —C3, C5, Cg, —Cg, —Cs, C7, Cgy, —C8y —C7)
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where we also define the constants

L = ay—as+az—ay, (A-12a)
Co = a1 —ay —as +ay , (A-12Db)
cg = a1 +ay+as+ay , (A-12¢)
C4 = a1+ as—asz—ay , (A-12d)
s = a1 —as+as+ay , (A-12e)
C6 = a1 — Qs — as — a4 , (A-12f)
C7 = a1+ ax+az—ay, (A-12g)
g = a;+as —az+ay . (A-12h)
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