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Abstract 

We present a statistical analysis of the temporal and spectral properties of SASE radiation 

from an energy-chirped electron beam passing through a long undulator.  It is found that 

the coherence time is independent of the chirp, while the range of spectral coherence is 

linearly proportional to it. We consider the use of a monochromator to pick out a small 

temporal slice of the radiation output.  For the filtered radiation pulse, we determine the 

pulse duration, the number of modes and the energy fluctuation.  We apply our analysis 

to schemes proposed to generate short x-ray pulses at the LCLS.  
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I.  INTRODUCTION 

Single pass free-electron lasers (FELs) based on self-amplified spontaneous-emission 

(SASE) are being developed as sources of high-brightness short-wavelength radiation.  In 

particular, an x-ray SASE FEL, the LCLS [1], is under design at SLAC.  Achieving very 

short (femtosecond) pulse duration is critical to facilitating important areas of scientific 

research at this facility.  Generating short pulses by frequency chirping FEL output has 

been discussed [2-4], and recently such a scheme has been proposed [5,6] to produce 

short pulses at the LCLS.  The idea is to send an energy-chirped electron beam through 

the long LCLS undulator to produce frequency chirped output.  A monochromator is then 

used to select a narrow bandwidth.  Since the radiated frequency is correlated with the 

temporal position along the pulse, a short segment of the original radiation is transmitted.  

This idea can be applied in two ways:  (1) in the single-stage approach, the saturated 

chirped output from the full undulator is monochromated and the filtered radiation is 

transmitted to the experiment; (2) in the two-stage approach, the unsaturated chirped 

radiation from a first section of the undulator is extracted and used as a seed in the second 

section, where it is amplified to saturation by its interaction with the electron beam. 

     In a recent LEUTL experiment at Argonne National Laboratory [7], properties of 

chirped SASE were studied using the frequency-resolved optical gating (FROG) 

technique.  It was observed that the spikes in the SASE output have a positive frequency 

chirp even in the absence of an energy chirp in the electron beam.  It was also confirmed 

that an electron energy chirp mapped directly into the frequency chirp of the FEL output, 

and under proper conditions the two chirps were made to cancel each other within a 

spike.   

     In this paper, we use the one-dimensional FEL equations (neglecting dependence on 

transverse coordinates) to analyze the temporal and spectral properties of unsaturated 

frequency-chirped SASE generated by an energy-chirped electron beam.  We 

characterize the statistical properties of the radiation, determining the coherence time and 

the range of spectral coherence.  For the filtered radiation at the exit of a monochromator, 

we determine the pulse duration, the coherence time and the pulse energy fluctuation.  

The rms pulse duration tσ  after a monochromator with rms bandpass mσ  is found to be 

given by 
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where tu ∆∆= /ω  is the frequency chirp and ωσ   is the rms SASE bandwidth.  This 

result extends that of refs. [5,6] by including the dependence on the SASE bandwidth 

ωσ , which limits the minimum duration that can be achieved for a given electron energy 

chirp.  Before saturation ωσ  decreases as the electon beam travels along the undulator. 

Therefore shorter pulse duration can be obtained further downstream.  In Fig. 1, we show 

the dependence of the pulse duration on the monochromator bandpass and the electron 

energy chirp near saturation where the SASE bandwidth is minimum.  The results 

presented in this paper will be important for frequency chirped SASE FELs and for 

schemes using a monochromator to reduce the output pulse duration.                     
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Fig. 1.  For LCLS, we plot the rms pulse duration tσ  of the 
o
A5.1  ( )119

0 102.1 −×= sω  

radiation after a monochromator with rms bandpass 0/ωσm  for a (full) energy chirp 

across the 230 fs electron bunch of: (a) 0.5% as considered in refs. [5,6]; (b) 1% as 

considered in the LCLS conceptual design report [1]; and (c) 2%. The SASE gain 

bandwidth is taken to be 4
0 105/ −×=ωσω  , which is the value (equal to the Pierce 

parameter) expected near saturation.     
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II. CHARACTERISTICS OF FREQUENCY CHIRPED SASE 

Consider an electron beam passing through an undulator having period ww k/2πλ = and 

rms field strength parameter wa .  The thj electron has energy jγ  (in units of its rest 

mass), average longitudinal velocity 
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entrance at time jt .  In the forward direction, the spontaneous radiated electric field has 

the form 
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where the wave number of the radiation from the thj  electron is 
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and the envelope function jS  is given by 
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      In this paper, we shall suppose the electron beam energy to have a linear chirp α  

specified by [5,6] 
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where bT  is the full temporal width of the uniform density electron pulse and jct  is the 

longitudinal deviation from the beam center 0=jt .  From Eq. (2.2), we see that the 

energy chirp gives rise to a linear frequency chirp   

                                                                  jj ut+= 0ωω ,                                              (2.5) 

where bTu /2 0αω= .  
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      In the exponential growth regime before saturation, the SASE electric field has the 

form 

                                                ( ) ( ) ( )uttzgetzE j
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where the green’s function can be approximated by (see Appendix A), 
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We are ignoring the small reduction in gain [5,6] which enters in ( )2uO .  In Eq. (2.7), ρ  

is the Pierce parameter and ωσ  is the SASE gain bandwidth, 
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The complex parameter b is defined by 
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The group velocity is 
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 and the electron velocity corresponding to energy 

0γγ =  is ( )wkkv += 000 /ω .   

     In the case of spontaneous radiation, the thj  electron emits a wave packet of 

frequency jj ut+= 0ωω , as exhibited in the phase factor in Eq. (2.1).  This gives rise to 

an overall frequency chirp of the output radiation.  The individual wave packets are not 

chirped, since in spontaneous radiation each electron radiates independently and is 

unaffected by the difference in energy of its neighbors.  See Fig.2.  In the case of SASE, 

there is again the dependence of frequency on arrival time, jj ut+= 0ωω , as expressed 

in the phase factor in Eq. (2.6).  This results from the dependence of frequency on energy 

of the initial spontaneous radiation emitted early in the undulator which is amplified in 

SASE.  In addition, the frequency chirp in SASE also appears in the green’s function of 

Eq. (2.7), since the gain process depends both on the emitting electron and those 

electrons located one slippage distance ahead of it.  In fact, the imaginary part of the 
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parameter b in Eq. (2.9) gives rise to a frequency chirp of the SASE wave packet 

associated with each electron, even in the absence of an energy chirp of the electron 

beam, as observed in ref.  [7]. See Fig.3.   

 

                     

 

Fig. 2.  Time-frequency phase space for: (a) spontaneous radiation with no electron 

energy chirp; and (b) spontaneous radiation with positive electron energy chirp.  The little 

rectangles correspond to the wave packets emitted by three representative electrons. 

    

 

 

Fig. 3.  Time-frequency phase space for SASE with: (a) no electron energy chirp; (b) 

positive electron energy chirp; (c) negative energy electron chirp chosen to cancel 

intrinsic SASE frequency chirp as in ref.[7].  The little rectangles represent the wave 

packets associated with three representative electrons.  
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     To analyze the statistical properties of the chirped SASE output, we consider the 

arrival times jt to be random variables and average over the stochastic ensemble [8-10].  

We find the time correlation function is given by (see Appendix B) 

        ( ) 2/232 22
00

2
,*

2
, τστω

τ
ρ ωττ −+





+−

∝




 +





 − eeeetzEtzE utic

z

v

ziu

zkw ,                (2.10) 

and the coherence time [8-10] 
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Note that the coherence time is given by the inverse of the SASE gain bandwidth, 

independent of the electron energy chirp. 

     The frequency correlation function can be determined in terms of the time correlation 

function according to 
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The range of spectral coherence is given by 
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In the absence of the frequency chirp, bcoh T/2π=Ω .  In this paper, when we consider a 

chirped electron beam, we assume 
b

coh T
u

πτ 2>> . 

     The Wigner function[11] is defined by 
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It can be thought of as analogous to a phase space density (Fig.4) of the radiation and one 

can easily show that 
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                            Fig. 4.  Time-frequency phase space for chirped radiation. 

 

     The following intuitive picture has emerged.  Before chirping the electron beam, the 

radiation occupies a phase space area bTωσ .  Introducing an electron energy chirp results 

in a frequency chirp of the radiation, but leaves the phase space area unchanged, still 

equal to bTωσ .  The number of modes M [8,9] in a radiation pulse is given by 
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independent of the energy chirp.  For the unchirped electron beam,  
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In the case of the chirped electron beam, the width of the frequency distribution is buT , 

and one can write  
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III. PULSE SLICING USING A MONOCHROMATOR 
One can use a monochromator to select a short portion of the frequency chirped radiation 

pulse.  In order to investigate the properties of such filtered output, let us assume that the 

electric field ),( ztEF  after the monochromator has the form 

                              ( ) ( )
( )

2

2

4
~

,
2

, m

m

ezEe
d

tzE ti
F

σ
ωω

ω ω
π
ω

−
−

−∫= ,                                       (3.1) 

where ( )zE ,
~

ω  is the Fourier component of the electric field before the filter.  The 

temporal profile of the intensity after the monochromator can be found in terms of the 

frequency correlation function from the relation 
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Using Eqs. (2.13) and (3.2), we find 
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The pulse duration is characterized by the rms width tσ  given by 
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     From Eq. (3.5), it is seen that the pulse duration cannot be made smaller than u/ωσ , 

which is also apparent from the phase space geometry shown in Fig. 4.  The last term in 

Eq. (3.5) assures that the filtered pulse cannot be shorter than the Fourier transform limit.   

The minimum pulse duration is obtained for monochromator bandwidth 
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This corresponds to a minimum rms pulse duration, 
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     The fractional shot-to-shot energy fluctuation WW /σ  after the monochromator can be 

expressed in the form [9]  

                           

( ) ( ) ( )

( ) ( )∫ ∫

∫
=

2~2~

2
1

2~2~

2

2

’,’,

’,,’,,’

ωωωω

ωωωωωω
σ

zEdzEd

zgzEzEdd

W
FF

FF

W ,                (3.8) 

where 



 11 

                   ( )
( ) ( )

( ) ( )

( )
2

22 ’

2~2~

~~

1

’,,

’,*,

’,, u

FF

FF

e

zEzE

zEzE

zg

ωωσω

ωω

ωω
ωω

−−
== .                   (3.9) 

The second equality in Eq. (3.9) follows from Eq. (2.13)and (3.1).  We also know that  
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Inserting Eqs. (3.9) and (3.10) into Eq. (3.8), we find                
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is the number of modes in the pulse after the monochromator.   

     The time-correlation function of the filtered radiation can be calculated using Eq. 

(3.2), and one finds   
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The coherence time of the radiation after the monochromator is 

                       ( ) ( ) F

t

FF

FF

coh MtzEtzE

tzEtzE

d
σπ

ττ

ττ 2
,*,

2
,*

2
,

2

=





 +





 −

= ∫ .                       (3.14) 

 

 

 

 



 12 

IV.  SHORT X-RAY PULSES AT THE LCLS 

We consider the linac coherent light source (LCLS) [1] under design at SLAC.  The 

fundamental wavelength of this SASE FEL is 1.5 
o

A corresponding to 119
0 102.1 −×= sω .  

The SASE bandwidth near saturation is approximately given by 4
0 105/ −×≅≅ ρωσω .  

The electron bunch has a FWHM duration of fsTb 230= .  A one-percent energy chirp 

across the electron bunch, 01.=α , corresponds to a frequency chirp 

2
0

9107/ ωω −×=∆∆= tu .  The coherence time fscoh 3./ == ωσπτ   and the range of 

spectral coherence ωσωτ 2
0

5 106105.2 −− ×=×==Ω cohcoh u .  

     From Eq. (3.6), we see that the minimum pulse duration is obtained for 

monochromator bandwidth 
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Using Eq. (3.7) and the fact that 2
ωσ<<u ,  the corresponding minimum rms pulse 

duration is found to be 
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The temporal coherence time near the minimum pulse length is [from Eq. (3.14)] 
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and the spectral coherence range is unchanged by using the monochromator, 
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     As seen in Fig. 5, the minimum of tσ  as a function of mσ  is broad, so it is feasible to 

choose the monochromator bandwidth larger than the optimum value in order to increase 

the number of modes FM  and thus decrease the pulse energy fluctuation WW /σ . 
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Fig. 5.  For LCLS, we plot the rms pulse duration tσ  and the number of modes FM of 

the radiation after a monochromator with rms bandpass 0/ωσm  for a (full) energy chirp 

of 1%.  The SASE gain bandwidth is taken to be 4
0 105/ −×=ωσω  , which is the value 

(equal to the Pierce parameter) expected near saturation.     

 

V. SUMMARY AND DISCUSSION 

We have carried out a statistical analysis of the temporal and spectral properties of SASE 

from an energy-chirped electron beam passing through a long undulator, characterizing 

the radiation both before and after a monochromator used to select a short duration slice 

of the radiation pulse.  In our study, we have considered the number of modes M in the 

radiation using the definition found in Goodman [8].  That is, the number of modes is 

defined in terms of the pulse energy fluctuation 
2

2

W

W
M

σ
≡ .  If bT  is the (full) duration of 

the pulse having step function profile, then Goodman defines the coherence time by 
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M

Tb
coh ≡τ .  Another quantity of interest is the number of spikes observed in the SASE 

output.  In ref. [10], it was shown that for unchirped SASE the number of temporal spikes 

is MNs 711.0≅ , where  following Rice [14], the temporal spikes were characterized by 

the existence of local maxima of the intensity.  If we define the full spectral width to be 

ωσπω 2≡∆  then the number of spectral peaks is [10] M641.0 .  

     A summary of some of our results is given in Table 1.  In this table the filtered 

quantities are evaluated near the pulse length minimum, when ωσσ <<≈
2

u
m .  Also, 

whenever the temporal or spectral distribution is Gaussian with rms deviation σ , we 

choose the “full width” to be σπ2 . 

 

Table 1. Properties of Unchirped, Chirped and Filtered SASE                                                           

 Unchirped Chirped Filtered 

Pulse duration  bT  bT  u/2 ωσπ  

Coherence time ωσπ /  ωσπ /  mσπ /  

Number of modes πσω /bT  πσω /bT  um /2 ωσσ  

Spectral width ωσπ2  bTu  mσπ2  

Spectral coherence 

range 
bT/2π  ωσπ /u  ωσπ /u  

 

     As seen from Eq. (1.1), the minimum pulse duration after the monochromator cannot 

be less than u/ωσ .  Since 
z

1∝ωσ , shorter pulse duration is achievable for larger z 

(before saturation).  This has implications for the optimization of the two-stage approach.  

Moreover, inclusion of three-dimensional effects may be important to obtain accurate 

estimates for the SASE bandwidth and hence the minimum achievable pulse length. 
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Appendix A:  VLASOV-MAXWELL EQUATIONS 

We shall now derive the approximate expression for the green’s function presented in 

Eq. (2.7).  The radiated electric field E is expressed in terms of the slowly varying 

amplitude A according to ( )tzikAE 00exp ω−= . We introduce the dimensionless 

variables zkZ w= , ( ) tzkk w 00 ωθ −+= , and ( ) 00 /2 γγγ −=p ,  and the electron 

distribution function ( )Zp,,θψ . The one-dimensional, linearized Vlasov-Maxwell 

equations are [13,14] 

             ( ) 0*
2 0

2
0

2 =
∂

∂+−
∂
∂+

∂
∂ −

p
eAeA

D
p

Z
ii ψ

γθ
ψψ θθ ,                             (A1) 

                                    ( )∫−=






∂
∂+

∂
∂

Zpdpe
D

A
Z

i ,,
0

1 θψ
γθ

θ ,                                (A2) 

with (mks units) 

                               
[ ]

0

0
1

22 εw

w

k

JJnea
D =     and     

[ ]
22

2 mck

JJea
D

w

w= .                            (A3) 

0n is the electron beam density and [ ] 










+
−











+
=

)1(2)1(2 2

2

12

2

0
w

w

w

w

a

a
J

a

a
JJJ .  The 

equilibrium distribution of the chirped electron beam is taken to be 

                                                   ( )00 µθδψ += p ,                                                  (A4) 

where  

                                          Zp−=θθ0  and  2
0/ωµ u=  .                                       (A5) 

     We can solve the Vlasov equation (A1) for the distribution in terms of the field 

and insert the result in the Maxwell equation (A2) to obtain the dispersion relation 

[6].  Assuming 1<<Zµ , we derive 

 

( ) ( ) ( ) ( ) ( )θµθµθ θρθθδ
γθ

’

0

3

0

1 ’,’’2 ZZi
Z

j
j

Zii
eZAZZdZie

D
A

Z
jj −+− ∫∑ −+−≅







∂
∂+

∂
∂

 ,                      

                                                                                                                                  (A6) 
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where jj t0ωθ −= and ( )
3
0

213 2
2

γ
ρ DD= . This equation can be solved by Laplace 

transform.  We define 

                                          ( ) ( )∫
∞

−=
0

,, ZAedZsf sZ θθ .                                              (A7) 

Then Eq. (A6) reduces to the following ordinary differential equation 

                        
( )

( )
( ) ( )

∑ −
−

+=












−
−+

∂
∂

−

j j

j
i

is

eD
Af

is

i
s

f
j

µθ
θθδ

γ
θ

µθ
ρ

θ

θ

0

1
2

3
0,

2
,                (A8) 

whose solution is 

   

( ) ( ) ( ) ( )
( )( ) ( ) ( )















−
−

+










−−
−+−−= ∑∫

−

∞− j j

j
i

is

eD
A

isis

i
sdsf

j

µθ
θθδ

γ
θ

µθθµ
θθρθθθθ

θθ ’
0,’

’
’2

’exp’,
0

1
3

                                                                             (A9) 
The field is then determined from the inverse Laplace transform 

                                            ( ) ( )sfe
i

ds
ZA sZ

C

,
2

, θ
π

θ ∫= .                                       (A10) 

     We restrict our attention to the case of SASE and take ( ) .00, =θA   Then one can 

derive  

      ( ) ( ) ( )( )
( ) ( )
( ))(

2

0

1

3

2
, j

j

jjj iss

i

Zis

j C
j

i
ee

is

ds
He

D
ZA

θθµ
θθρ

θθµθθ
π

θθ
γ

θ −−
−

+−+−∑ ∫−= ,               (A11) 

where ( )θH  is the Heaviside step function equal to 1 for 0>θ and to 0 for .0<θ  

It then follows that 

                                  

( )

( )( ) ( )
( )[ ] ( )µθθ

γ

µθθ
γ

ω

θθθµ

θ

;,

;,

0

1

1

0

1

j
j

ttzki

j
j
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Zi
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D

eAE

jjj
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=

∑

∑
−−

−−−

−

                        (A12) 

where 
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                             ( ) ( ) ( ) ( )
( )











−
+−= ∫ µθ

θρθ
π

θµθ
iss

i
Zs

is

ds
HZg

C

32
exp

2
;, .                (A13) 

We estimate the contour integral in Eq. (A13) by a saddle point approximation.  The 

saddle point is determined as a power series in µ .  Keeping only the linear term we 

find 

                    ( ) ( ) ( ) ( ) ( )θθµθρρµθ
−−+−+≅

Z
i

Z

Z
iZi eeeZg 24

3/9
33

2

;, .                    (A14) 

We are ignoring the small reduction in gain [5,6] which enters in )( 2µO .  This is the 

result used in Eq. (2.7). 

 

APPENDIX B. TIME CORRELATION FUNCTION 

Consider the electric field to be determined by Eqs. (2.6) and (2.7), with 

jj ut+= 0ωω .  We average over the independent random variables jt and use 

0=jiat
e  to derive 
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                                                                                                                                  (B1)  

Replacing the sum by an integral over jt , we find 

                 ( ) ( ) 22232

22
0

0,*,

τσττω
τ

ρ
ω

τ
−


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The result of Eq. (2.10) follows immediately.                                           

 
 
 
  
 
 

 
 


