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Abstract

We point out that the hierarchy between the measured values of the CKM phase
and the strong CP phase has a natural origin in supersymmetry with spontaneous CP
violation and low energy supersymmetry breaking. The underlying reason is simple
and elegant: in supersymmetry the strong CP phase is protected by an exact non-
renormalization theorem while the CKM phase is not. We present explicit examples
of models which exploit this fact and discuss corrections to the non-renormalization
theorem in the presence of supersymmetry breaking. This framework for solving the
strong CP problem has generic predictions for the superpartner spectrum, for CP and
flavor violation, and predicts a preferred range of values for electric dipole moments.
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1 Introduction

Despite it’s impressive phenomenological success the Standard Model has se-

rious short-comings which should be understood as pointers towards physics

beyond the standard model. One such shortcoming is the puzzling hierarchy

between the CP violating phase in the CKM matrix and the strong CP phase

θ. This “strong CP problem” [1] has recently become more severe as results

from the B-factories now clearly favor a unitarity triangle with three large

angles [2, 3], implying that the complex phase in the CKM matrix is of order

one. In contrast, the strong CP phase which is the only other CP violating

parameter in the Standard Model has been experimentally bounded to be

tiny, θ ≤ 10−10 from measurements of electric dipole moments of the neutron

and 199Hg [4, 5, 6].

In the Standard Model this hierarchy between the two CP violating phases

is puzzling because the phases have a common origin: the Yukawa couplings

of the quarks. The CKM matrix is the unitary transformation matrix which

takes one from the basis with a diagonal up quark Yukawa matrix Yu to the

basis with a diagonal down quark Yukawa matrix Yd. An irremovable large

phase in the CKM matrix implies at least one irremovable large phase in the

Yukawa matrices. This then requires a fine-tuning of the strong CP phase

to one part in 1010 because θ depends on the phases in the Yukawa matrices

via

θ = θ − argdetYu − argdetYd . (1)

Here, we denote the physical (re-phase invariant) theta angle with θ to dis-

tinguish it from the basis dependent unphysical “bare” θ.

Several resolutions of the puzzle have been proposed. The axion mech-

anism [7] promotes θ to a field. QCD dynamics gives this field a potential

with a minimum at zero. Experimental searches for the axion have come up

empty-handed, and – when combined with constraints from cosmology and

astrophysics – they have reduced the allowed parameter space to a narrow

window [2]. Another proposed solution, a vanishing up quark mass [8], is on

the verge of being ruled out by using partially quenched chiral perturbation
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theory to compare lattice calculations to experiment [9].

There are also proposals based on specific models which we may classify

as “high-scale solutions” [10]-[14], the most famous of which is the Nelson-

Barr mechanism [10]. These models use a symmetry (parity or CP) to enforce

θ = 0 at high scales. But in the Standard Model both P and CP are badly

broken, and it becomes a challenging and cumbersome model building task

to design realistic models which predict θ < 10−10 also at low energies after

including all renormalization effects. While some of the models in the lit-

erature work, they lack the appeal of the axion and mu = 0 solution which

attempt to solve the strong CP problem with symmetries at low energies and

are therefore relatively robust against changes in the high-energy theory and

renormalization.

Recently, we pointed out [15] that by marrying spontaneous CP violation

with supersymmetry one can construct viable high-scale solutions in which

θ is automatically insensitive to radiative corrections and new high energy

physics. Our proposal makes use of the fact that in supersymmetry the strong

CP phase θ is not renormalized because of a non-renormalization theorem

[16]. This makes the task of building a successful model much easier. One

only needs to make sure that θ is zero at the tree level. Loop corrections

are automatically absent if supersymmetry breaking occurs at energies much

below the spontaneous CP violation.

In our previous publication [15] we briefly introduced our framework and

presented an example model. The basic ingredients of the framework are

• spontaneous CP violation

• SUSY non-renormalization theorems

• flavor and CP preserving SUSY breaking such as gauge mediation

In this paper we discuss our mechanism in more detail and provide a

number of arguments and calculations to corroborate the claims made in

[15]. In particular, in Section 2 we review our general framework. In Sec-

tion 3 we show that a sufficiently large CKM phase can be generated from

wave function renormalization. We also review the supersymmetric non-

renormalization theorem for θ. Section 4 is devoted to explicit models, we
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discuss a Nelson-Barr model in which the CKM phase is generated at the tree

level. We further present a model in which the CKM phase vanishes at tree

level but is generated at the loop level from strongly coupled CP violating

dynamics. In Section 5 we discuss the spectrum of supersymmetry breaking

masses which is required for a successful implementation of our scheme. In

Section 6 we determine the expected size of θ from radiative corrections in the

Standard Model and from supersymmetry breaking. Sections 7 and 8 contain

our predictions, summary and conclusions. In Appendices A – D we define

our notation, show that a large CKM phase from wave function renormaliza-

tion requires strong coupling and present calculational details regarding the

renormalization and non-renormalization of θ.

2 The framework

In this section we summarize the basic ingredients of our framework. More

details on each will be given in the following sections.

We require CP and supersymmetry to be exact at high energies. At such

energies our theory is therefore described by a supersymmetric Lagrangian

with coupling constants which can be chosen real. We will think of this

Lagrangian as an effective Lagrangian valid up to a cut-off scale which we

call MP l for convenience. But this scale could be any other high scale of

new physics such as the GUT scale or the string scale. Our Lagrangian

also contains higher dimensional operators suppressed by the cut-off. Such

operators are also required to be supersymmetric and CP preserving.

Since the Standard Model is neither SUSY nor CP symmetric both sym-

metries must be spontaneously broken. We denote the scales at which the

symmetry breaking is mediated to the MSSM fields by MCP and MSUSY ,

respectively. Note that this is a somewhat unconventional definition for

MSUSY . To be completely clear, in gauge mediation superpartner masses

are proportional to F/MSUSY in our notation, and in minimal supergravity

we would have MSUSY = MP l.

In order for our mechanism to work we require that MCP � MSUSY as
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Figure 1: SUSY and CP breaking scales in our framework. Figure not to
scale.

shown in Figure 1. Therefore the theory is still supersymmetric at MCP and

the well-known non-renormalization theorems apply. In particular the strong

CP phase θ is not renormalized. This makes building models of spontaneous

CP violation which solve the strong CP problem relatively easy. We only

need to require vanishing of θ = 0 at the tree level, the non-renormalization

theorem guarantees that this remains true after quantum corrections. How-

ever, the CKM phase is renormalized so that a non-vanishing ΦCKM can be

obtained from quantum corrections as in our example model of Ref. [15] or

already at the tree level as in the models of Nelson and Barr.

At the much lower scale MSUSY Kaehler potential couplings of MSSM

fields to the supersymmetry breaking sector are generated. These couplings

turn into soft supersymmetry breaking masses once the SUSY breaking fields

are replaced by their vacuum expectation values. It is important that these

couplings to the SUSY breaking sector do not yet exist at the scale MCP .

This is because they would be renormalized and would pick up phases from

the CP violating dynamics. We discuss this issue in more detail in Section

5.

At scales below MSUSY the theory is simply the MSSM with soft masses.

Thus the low-energy CP violating parameters can be determined using the

well-known renormalization group equations of the MSSM. This renormal-

ization only generates negligibly small contributions to θ if the soft SUSY
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breaking parameters are real and flavor universal. We review the arguments

which prove this in gauge mediated supersymmetry breaking in Section 6.

3 CKM phase from wave functions

In this section we show explicitly that wave function renormalization does

not contribute to θ. This is crucial to our mechanism because wave function

renormalization is not constrained by N = 1 supersymmetry. However, and

this is important for our model of CP violation from wave functions in Sec-

tion 4, wave function renormalization of the quarks contributes to the CKM

phase. We show that a large CKM phase can be generated entirely from

renormalization of the quark kinetic terms if the Z-matrices appearing in

the renormalization deviate from the unit matrix by order one. Finally we

discuss the (non)renormalization of θ and ΦCKM in supersymmetry.

To begin, consider the following Lagrangian containing the kinetic terms

of the SM quarks and their Yukawa couplings

Lkinetic = Q̄i 6DZQQ + D̄i 6DZdD + Ūi 6DZuU (2)

−Lyukawa = Q̄ŶuHuU + Q̄ŶdHdD . (3)

We use two-component spinor notation, Q are the SU(2)-doublet quarks, D

and U are SU(2)-singlets. Zi denote wave function renormalization factors

which in general are complex, Hermitian and positive definite 3×3 matrices.

Such matrices can always be written as the square of other positive definite

Hermitian matrices Zi = (Ti)
−2. Thus we can always change from this most

general basis to canonical fields by a Hermitian basis change Q → TQQ,

U → TuU and D → TdD which leads to new Yukawa matrices

Yu = TQŶuTu , Yd = TQŶdTd (4)

It is important to note that this basis change does not shift θ. This is

most easily seen by writing T = U †SU with unitary U and real-diagonal
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S. Rescaling the quark fields by the real matrix S does not change θ and

potential contributions from U and U † cancel.

It is now easy to see that the contribution to θ from quark masses (see

Eq. (1)) vanishes if the only phases in the quark sector are in the Zi. This

follows because

argdetYu/d = argdetTQ + argdetŶu/d + argdetTu/d = 0 (5)

by hermiticity of T and reality of Ŷu/d.

Note that the phases contained in the Z-factors are physical and lead

to a non-vanishing CKM phase. In fact, arbitrary quark masses and CKM

matrices can be obtained as can be seen from the example Ŷu = Ŷd = TQ = 1,

Tu ∝ diag(mu, mc, mt), and Td ∝ VCKM diag(md, ms, mb)V
†
CKM .

We remark one more result here which is important for the model in

Section 4.2. In order to generate an order one CKM phase from wave function

factors the Z’s cannot be close to the unit matrix. In other words if – for

example – nontrivial δZ’s (with Z = 1+δZ) are generated dynamically from

loops, then this dynamics needs to be strongly coupled so that δZ ∼ O(1).

If the δZ’s are small, then a large CP violating phase cannot be generated.

While this is plausible, it turns out to be difficult to prove. A somewhat

pedestrian derivation is given in Appendix B.

To summarize, what we have discussed above outlines a possible strategy

for solving the strong CP problem: if one can construct a model with van-

ishing bare θ, real Yukawa matrices, but complex Hermitian wave function

factors Zi, then θ vanishes even for large CP violation in the CKM matrix.1

However, the above is not yet a solution to the strong CP problem. In the

presence of CP-violating dynamics reality of the Yukawa matrices in Eq. (3)

is not enforced by any symmetries, and it is in general just as miraculous as

a vanishing strong CP phase θ. But we will show in the following Section

that supersymmetry and its nonrenormalization theorems can naturally give

complex phases in the kinetic terms and real Yukawa matrices.

1We have not yet shown that this is stable under radiative corrections. We will deal
with this in Section 6 where we discuss renormalization of θ.
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3.1 Supersymmetry

As we will now explain, the situation improves dramatically in the presence

of supersymmetry. This is essentially because in supersymmetry θ and the

Yukawa matrices Ŷ are holomorphic quantities which are protected by non-

renormalization theorems. However, the wave function factors Zi stem from

the Kaehler potential and are renormalized. Thus, if it can be arranged

in a model that θ remains zero at the tree level, then the nonrenormaliza-

tion theorem guarantees this also at the quantum level. The CKM phase is

renormalized and can be generated either at the tree level or by loops.

More explicitly, a supersymmetric Lagrangian can be written as

L =
∫

d4θ K +
∫

d2θ W + Wgauge , (6)

where K is the Kaehler potential, W the superpotential, and Wgauge con-

tains the gauge kinetic terms. Matter fermion masses are given by second

variations of the superpotential M̂ij ≡ ∂2W/∂φi∂φj times wave function

renormalization factors from the Kaehler potential. The wave function renor-

malization is determined from the kinetic terms Zij ≡ ∂2K/∂φi∂φ∗j . Since

Zij is positive definite and hermitian it can be written as the square of a

non-singular hermitian matrix Z = T−2.

Chiral superfields in the original basis are related to fields in the canonical

basis by φk → Tkiφi, and the general expression for properly normalized

fermion masses is

Mij = −1

2
Tik M̂kl Tjl . (7)

It follows that the contribution to θ from arg det M vanishes if the couplings

(and vevs) in W are real. This remains true for arbitrary complex Kaehler

potential couplings.

In the MSSM, we have

M̂u = Ŷuvu, M̂d = Ŷdvd (8)

where vu and vd are the vevs of the up- and down-type MSSM Higgs fields,

respectively. The quark mass matrices are defined in terms of M̂u,d with
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products of wave function factors TQ,u,d as in the non-supersymmetric case.

We are now ready to discuss the non-renormalization of θ = θ−arg det M .

We showed above that arg det M is not renormalized. To understand the

renormalization of θ it is convenient to define the superfield

τ =
1

g2
+ i

θ

8π2
(9)

and work in a basis in which the gauge-kinetic term is
∫

d2θ 1
4
τWαW α, and

where no wave function renormalization is performed. In this basis τ is

renormalized at one loop only [17, 18]

τ(µ) = τ(µ0)− b0

8π2
log(µ/µ0) . (10)

Here µ and µ0 are real renormalization scales and b0 is the one-loop β function

coefficient. Taking the imaginary part on both sides shows that θ is also not

renormalized.

So far, we have ignored mass thresholds. A superfield with a mass m

between µ and µ0 should be integrated out at the scale m. This gives a

shift δτ = −t2/8π2log(m), and if m is complex we have θ → θ − t2 arg m.

Here t2 is the Dynkin index in the color representation of the field which

was integrated out (t2 = 1 for a quark). This is exactly what is needed for

θ to be invariant, because the massive field should not be included in the

arg det M term in the definition of θ in the low energy theory.2 We discuss

the non-perturbative generalization of this non-renormalization theorem in

Appendix C.

To end this section, we wish to clarify a potential confusion stemming

from the possibility of redefining the phase of the gluino field via an anoma-

lous R-symmetry transformation. In the absence of a gluino mass this ap-

pears to allow rotating away the θ-angle. However, in order for supersym-

metry breaking to generate a gluino mass as required for phenomenology,

2Note that we have been somewhat cavalier with the Dynkin indices in the definition of
θ. The correct definition contains a factor of t2(Ri) for each of the different representations
Ri of colored fermions in the theory.
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the R-symmetry has to be broken in the theory. If this breaking is sponta-

neous then the theory has an R-axion, and we have re-discovered the axion

solution to the strong CP problem (with it’s associated phenomenological

constraints). If the breaking is explicit θ cannot be rotated away.

4 The CP violating sector

In this section we discuss the requirements on the sector of the theory which

is responsible for breaking CP. We also give two examples and emphasize the

trouble with models without SUSY.

The job of the CP violating sector is to produce a CKM phase of order

one while avoiding a tree level contribution to θ. Quantum corrections to θ

are automatically taken care of by the non-renormalization theorem and low

energy SUSY breaking as discussed in Sections 3 and 5.

There are two possible strategies for generating the CKM phase. The first

was proposed long ago by Nelson and by Barr. In their scenario, the ordinary

quarks mix with ultra-heavy vector-like quarks via complex couplings. As we

will review in the next subsection this mixing generates a CKM phase at the

tree level while a clever choice of Yukawa couplings (or equivalently of field

content and global symmetries) forbids the tree level contribution to θ. The

other possibility was proposed in our recent publication [15]. In our scenario,

CP violation only couples to the MSSM at the loop level. This automatically

guarantees a vanishing θ, and the CKM phase must be generated from loops

which renormalize the quark wave functions. We review this scenario in the

second subsection.

Spontaneous CP violation requires some fields to have potentials which

are minimized at complex vacuum expectation values. For simplicity we will

omit the specific potentials. They are not difficult to construct even though

the Lagrangian is real because of the underlying CP invariance. A simple

example is given by the superpotential

W = Ξ (Σ2 + E· 2) (11)
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with singlet chiral superfields Ξ and Σ, whose scalar potential force a complex

vev for Σ = ±iE· .

4.1 Nelson-Barr

In Nelson-Barr models [10] CP violation is communicated to the quarks al-

ready at the tree level. The non-trivial model-building feat is to arrange the

superpotential such that θ = 0 at the tree level. A relatively simple choice is

to add a vector-like 4th singlet down quark. The superfields D4 + D4 have

(SU(3), SU(2))U(1) quantum numbers (3, 1)1/3 + (3, 1)−1/3 and couple in the

superpotential to the MSSM fields and three complex vevs Σi as follows

W = QiM̂ijDj i, j = 1..4 . (12)

Abusing notation, we defined Q4 ≡ D4, and the mass matrix M̂ is

M̂ =

(
ŶdHd 0
r Σ µ

)
. (13)

Here µ � Mweak contributes to the mass of the vector-like fermions, and

all couplings and µ are real because of the underlying CP symmetry. This

form of the Lagrangian can be enforced by additional global symmetries. A

similar mixing could also be introduced in the up-sector and everything is

straightforwardly extended to a GUT.

One can easily verify that arg det M̂ = 0, and therefore θ = 0 at the tree

level as desired. The CKM matrix is the mismatch of the basis in which

YuYu
† = ŶuŶ

T
u and YdYd

† = Ŷd

(
1− aa†

|a|2 + µ2

)
Ŷ T

d (14)

are diagonal. Here we have defined the three-vector a† = (r1Σ1, r2Σ2, r3Σ3)

and used the approximation ŶdHd � rΣ ∼ µ to compute the down quark

Yukawa matrix. We see that if the vevs Σi are complex and ai
>∼ µ the down

quark matrix has large phases giving an unsuppressed CKM phase as desired.

As discussed in previous sections, supersymmetry guarantees that θ re-

mains zero at the loop level as well. If we had considered this model without
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SUSY as originally proposed by Nelson, then we would have to worry about

loops involving the heavy fermions and Σ fields which contribute to θ. In

order to make the Nelson-Barr models safe without SUSY one needs to take

the couplings ri very small (∼ 10−3 − 10−4) while simultaneously tuning

riΣi ∼ µ.

4.2 CKM phase from loops

In this section we review an example model which was presented in our

first paper [15]. In this model the CKM phase stems from wave function

renormalization factors Zi of the quarks. The Zi factors arise from loops of

heavy superfields with complex masses.

Here we will describe an SU(5) GUT version of the model. In addition to

the usual three generations of 5i + 10i matter fields we also require a vector-

like 54+54 (models with one or several 10+10 or both 5+5 and 10+10 are of

course also possible). Furthermore, we have the usual Higgs Hu and Hd and

three generations of gauge singlet superfields Fi + F i. The superpotential

contains the usual MSSM couplings as well as

WCP\ = rij5iFj54 + sΣijFiF j + M5454 . (15)

M, r and s are real, the indices i, j run over 1..3, and the matrix Σij is

assumed to have complex entries from spontaneous CP breaking.3

To determine the low-energy CP violation we integrate out the massive

fields F and 54 + 54. The low energy superpotential which derives from

Eq. (15) vanishes when inserting the equations of motion for F ’s and 54, but

the diagram of Figure 2 generates a non-canonical complex kinetic term for

5i. Note that for CP violation to be mediated to the MSSM fields the CP

breaking sector needs to violate flavor, otherwise the resulting kinetic term

for 5i would be diagonal and real. For Σ > M the Feynman diagram is easily

3A more minimal CP violating sector with only two F ’s and no F would work as well.
Note also that we have vanishing vevs for F and F , with a non-vanishing and complex
r < F >∼ M this model would essentially be Nelsons’.
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Figure 2: Figure of wave function renormalization for the 5i following from
the superpotential in Eq. (15).

evaluated. It’s CP violating part involving the vev of Σ is finite and can be

expanded to give

δZ5 ∼
1

16π2
r†

Σ†Σ
M2

CP

r (16)

where MCP is the scale at which spontaneous CP breaking is mediated to

the quarks, M2
CP ∼ s2tr

[
Σ†Σ

]
.

As discussed in Section 3, a sufficiently large phase in the CKM matrix

can only be generated when wave function renormalization is large which

requires r ∼ 4π. This implies that the one-loop approximation is not reliable.

Therefore, it is most useful to parameterize the wave function coefficient by

an arbitrary hermitian matrix Z5.

As it stands, this model is incomplete because of the large Yukawa cou-

pling r. The problem is that if the scale of CP violation is below the Planck

scale then the Yukawa coupling runs to values of order one within one e-

folding even if it is 4π at the Planck scale. A large Yukawa coupling at the

lower scale MCP can be arranged by letting the Fi’s and 54 + 54 interact

with a new strong gauge group. It is easy to modify this model to include

these interactions. We present such a model in Appendix C, where we also

show that the relevant non-perturbative effects in r and the new strong gauge

coupling can be determined exactly and do not contribute to θ.
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4.3 Reproducing the quark masses and CKM matrix

We make some general remarks on models with CP violation from kinetic

terms. Since wave function renormalization factors are required to be large

(and not computable in perturbation theory) and flavor violating, their effects

on quark masses and mixing angles are important. This suggests two different

basic scenarios (models which interpolate between the two extreme cases are

of course also possible):

A) The hierarchical structure of the Yukawa couplings is generated at a

scale above MCP , and the wave function renormalization is only responsible

for generating the necessary phases. In the process, the strong dynamics

necessarily changes at least some of the mixing angles completely, but the

quark mass hierarchy is essentially unchanged.

B) Flavor and CP violation have a common origin. At scales above MCP the

Yukawa couplings are either universal (Ŷ i
j ∝ δi

j) because of non-abelian flavor

symmetries, or have “random” O(1) entries (flavor anarchy), and the entire

flavor structure including the hierarchy stems from the wave function renor-

malization factors T . Models in which flavor originates from wave function

renormalization have been built by Nelson and Strassler [19]. Their models,

when adapted to incorporate our mechanism, generate flavor and solve the

strong CP problem.

4.4 The trouble with models without SUSY

Note that the necessity of strong coupling r ∼ 4π underlines why supersym-

metry is so important to our approach: Non-SUSY models of CP violation

induced by non-canonical kinetic terms have been discussed in the litera-

ture, with the new sector coupling only to the doublet quarks [12], or to the

singlets [13]. Without SUSY no non-renormalization theorem protects the

colored fermion masses from CP violating vertex corrections, which occur at

some – possibly high – loop level. However, because of the required large

coupling for r, arbitrarily high loop diagrams can still violate the bound on

θ. Turning the argument around, EDM data put severe constraints on the
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model parameters, in particular the coupling r. For example, because of a

vertex correction at four loops the authors of Ref. [12] were forced to take

r < 1, and therefore their model cannot produce large CKM CP violation.

Like the one(s) in [13], it is super-weak and therefore ruled out. In general,

this is the fate of non-SUSY models with CP violation from kinetic terms;

supersymmetry and its non-renormalization theorems appear to be necessary

ingredients for this mechanism to yield realistic models with a large CKM

phase.

5 SUSY breaking

In this section we discuss the constraints on SUSY breaking and communi-

cation which follow from our solution to the strong CP problem. The non-

renormalization theorems guarantee θ = 0 with exact SUSY. However, after

SUSY breaking θ is renormalized, and we find that avoiding large contribu-

tions from loops including superpartners forces the SUSY breaking masses to

be highly degenerate. Furthermore, flavor preserving SUSY parameters, such

as the gaugino masses and Bµ are required to be real to a high accuracy. We

also argue that low-energy SUSY breaking models such as gauge mediation

are most compatible with our mechanism. This is because the CP violating

dynamics renormalizes the SUSY breaking masses and spoils the necessary

degeneracies if soft masses are already present at the high scale MCP . We

give a more detailed discussion of the renormalization of θ in gauge mediation

in Section 6 and Appendix D where we also give more references.

To begin, note that in the MSSM Eq. (1) is generalized to

θ = θ − arg det Yu − arg det Yd − 3 arg(vuvd)− 3 arg mg̃ . (17)

This immediately implies a strong constraint on SUSY breaking parameters

as the gluino mass and the Higgs vevs have to be real to one part in 1010.

The reality of the Higgs vevs translates into constraints on parameters in the

Higgs potential. In particular, a complex Bµ induces complex vevs already

at the tree level. We discuss further constraints on the Higgs potential in
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Section 6.2.

~

g

~

gq q
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Z,W,H,g,
~ ~γ~ ~

Figure 3: Lowest order SUSY diagrams contributing to θ. A cross denotes a
left-right mass insertion.

Phases of all other flavor-blind MSSM parameters are constrained because

they feed into colored fermion masses through radiative corrections from the

diagrams of Figure 3. We summarize these constraints as

arg mg̃, arg Bµ < 10−10 , arg A0, arg µ < 10−8 , arg mγ̃,Z̃,W̃ < 10−7 (18)

where A0 denotes the proportionality constant of the A-terms A = A0Y . We

note that these constraints are much more stringent than the bounds on soft

phases from direct contributions to EDM’s which only require phases to be

smaller than order 10−2.

The diagrams in Figure 3 also lead to strong constraints on both real and

imaginary parts of flavor violating soft masses. The contributions to θ are

proportional to traces over flavor violating quantities such as Im tr
[
Y †

x Ax

]
,

Im tr [Y −1
x Ax], Im tr

[
Y −1

x m2
q̃Axm

2
x̃

]
where x = u, d, see Appendix D. The

most natural way to satisfy the bounds on θ is to assume proportionality and

degeneracy

Au,d ∝ Yu,d , m2
q̃,ũ,d̃

∝ 1 (19)

Deviations from Eq. (19), parameterized as δA and δm2, are very constrained,

see Appendix D. For generic deviations which are not “aligned” with the

Yukawa matrices, the constraints on some of the matrix elements are as
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strong as

δA

m0
< 10−13 δm2

(m0)2
< 10−6 , (20)

where m0 denotes the average superpartner mass scale. These bounds apply

at m0. They require a much higher degree of “flavor blindness” from the

mechanism of supersymmetry breaking and mediation than FCNC bounds.

Note also that the contributions to θ from loops with flavor violation in

superpartner masses do not decouple in the limit of heavy superpartners.

Thus the bounds (20) apply equally for heavier superpartners. This is in

contrast to the case of FCNCs.

5.1 Why do we need MCP > MSUSY ?

For example, minimal supergravity (mSUGRA) is not compatible with our

solution to the strong CP problem; this can be seen as follows. The Kaehler

potential relevant for squark masses in mSUGRA is

∫
d4θ Zij Q†

iQj +
S†S
M2

P l

Xij Q†
iQj (21)

for the quark SU(2)-doublets and similar terms for the singlets. If we assume

a SUSY breaking expectation value for the F -component of the superfield S

scalar masses result

(m2
q̃)ij = (TXT )ij

F ∗F
M2

P l

, (22)

where Z = T−2 as in Section 3. Of course, we can always work in a basis

where T = 1 at MP l, but in general X will not be proportional to the unit

matrix in this same basis. Partial alignment X ' Z can be achieved by

imposing non-abelian flavor symmetries [20], but residual non-degeneracies

are expected to violate the bounds Eq. (20) by orders of magnitude [21]. This

is the usual flavor problem of mSUGRA.

In our scenario, the situation for a SUSY breaking mechanism where

superpartner masses are generated at scales above MCP is even worse. This

is because the flavor- and CP-violating dynamics at MCP renormalizes Z and
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X in Eq. (21) differently. So, even if we had somehow arranged X = Z at

MP l, this alignment would be spoiled at scales below MCP .4 To illustrate

this point we give the one-loop renormalization of the right-handed down

squark masses in the second model of the previous Section. Ignoring all

coupling constants except rij this is m2(µ)/m2(MP l) ∼ (µ/MP l)
r†r/16π2

which

is completely non-universal when r ∼ 4π.

We conclude that SUSY models with spontaneous CP violation require

a mechanism of SUSY breaking and mediation in which the scalar masses

are generated below MCP . We will therefore discuss gauge mediation as a

compatible SUSY breaking mechanism in more detail in the next section.

Of course, any other mechanism of SUSY breaking which generates uni-

versal scalar masses at low scales is compatible with our scheme. A prelimi-

nary look at gaugino mediation [23] with the CPX dynamics at MP l on the

visible sector brane suggests that gaugino mediation is also compatible with

the constraints Eq. (20).

6 Renormalization of θ in gauge mediation

In this section we summarize results on the renormalization of θ in the MSSM

with gauge mediated supersymmetry breaking (GMSB). That gauge media-

tion is compatible with solutions to the strong CP problem based on sponta-

neous CP violation has been known for some time [24]. We quote here only

the most important results with further details provided in Appendix D.

In GMSB, the superpartner masses arise from loop diagrams involving the

SM gauge interactions and messenger particles with SUSY violating masses.

The dominant contributions to the scalar masses from these diagrams have

loop momenta of order of the messenger mass; at higher energies the scalar

masses are power-suppressed. Thus by separating the messenger scale (which

we have been calling MSUSY ) and CPX scale MCP > MSUSY , one can sup-

4The only known exception to this is anomaly mediation [22] where the special form
of supersymmetry breaking proportional to the conformal anomaly enforces X = Z at
all scales. Therefore, anomaly mediation works very nicely with our scenario, we briefly
discuss it in Section 6.1.
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press the dangerous renormalization of the scalar masses from the CPX sec-

tor.

The leading contributions to θ in GMSB can be divided into two classes

which we discuss in turn. Contributions which arise in the effective the-

ory below MCP from renormalizable interactions and are relatively model-

independent and contributions from higher dimensional operators suppressed

by the scale MCP which are model-dependent but can always be made small

by taking MCP � MSUSY .

At the renormalizable level the only flavor violating couplings in the effec-

tive theory below MCP are the Yukawa couplings. The gauge-mediated soft

SUSY violating masses are approximately given by Ax = 0 and m2
x̃ = (m0)

2.

Using the flavor symmetries one can then show that the renormalization of

θ from SUSY breaking can always be written in terms of the hermitian ma-

trices hx = YxY
†
x in the combination det [hu, hd], the Jarlskog invariant, see

Appendix A. The leading contribution is δθ ∼ 10−29 tan6β which is smaller

than the leading finite SM renormalization δθ ∼ 10−19, see Appendix D.

The other class of contributions to θ involve higher dimensional opera-

tors generated from integrating out the strong CPX dynamics at MCP . For

example ∫
d4θ

D†DD†D
M2

CP

and
(

αs

4π

)2 X†X
M2

CP

D†D . (23)

Here D is the right-handed down quark superfield and X is the superfield

whose F -component is the source of supersymmetry breaking. The first

of these operators is generated from the CPX violating dynamics directly

whereas the second comes from computing the two-loop gauge mediation dia-

gram for scalar masses but restricting the loop momenta to be above the scale

MCP . Because of the strongly coupled CPX dynamics at MCP the coefficients

of these operators are not calculable and flavor-off-diagonal. Both operators

lead to contributions to δm2 which are proportional to (MSUSY /MCP )2. The

bounds given in Eq. (20) then constrain

MSUSY

MCP

<∼ 10−3 . (24)
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Combining this with the fact that the gauge mediation scale is bounded from

below by roughly 104 GeV we learn that MCP
>∼ 107 GeV, well out of reach

of any current or planned accelerator. Both scales are a priori unknown so

that we cannot predict the size of θ.

We discuss implications on superpartner masses and electric dipole mo-

ments in Section 7. For a brief compilation of values of θ induced by renor-

malization see Table 1 in Section 8.

6.1 Anomaly mediation

Even though SUSY breaking and mediation are at high scales in anomaly

mediation (AMSB) [22], the superpartner masses at the weak scale are de-

termined by supersymmetric low-energy couplings. They are ultra-violet in-

sensitive and therefore independent of the CPX dynamics. The resulting soft

terms are approximately flavor-universal, and contributions to θ are similar

to the contributions from renormalizable couplings in gauge mediation, neg-

ligibly small. A complete model of course requires a solution to the problem

of negative slepton masses. Any solution which retains the UV-insensitivity

and flavor-universality is compatible with our framework. A nice example is

given by [25].

6.2 Contributions from higher dimensional operators

In this section we discuss a number of different corrections to θ which are

model dependent. They include higher dimensional operators in the su-

perpotential, corrections to the gauge kinetic functions, Kaehler potential

terms which renormalize the superpotential after SUSY breaking, and higher

derivative operators. All of these operators may arise from quantum gravity

dynamics suppressed by the Planck scale, but some may also arise from CPX

dynamics and are therefore only suppressed by MCP .

i. Higher dimensional operators in the superpotential: We showed in

Section 3.1 that in the absence of SUSY breaking the only contributions to θ

can come from the superpotential. Therefore the most dangerous couplings
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are direct couplings of CP violating vevs to the MSSM or any colored fields

in the superpotential. In order for our mechanism to work we must assume

that there are no such couplings at the renormalizable level. For example,

we cannot have the couplings ΣHuHd or ΣTT . Both of these couplings can

easily be forbidden by a symmetry under which Σ transforms and the MSSM

fields are neutral. At the non-renormalizable level we may have∫
d2θ (

Σ

MP l
)kWαW α + (

Σ

MP l
)lµHuHd + (

Σ

MP l
)mQŶuUHu . (25)

Each of these operators, if present, would give a contribution to θ which is

proportional to powers of MCP /MP l and could be important if MCP is large

and the exponents k, l, m are small. Again, these superpotential operators

are strongly constrained by symmetries and even in the absence of symme-

tries superpotentials need not be generic because of the non-renormalization

theorems. For example, in our model in Section 4.2, one can define a U(1)

symmetry under which only Σ and F are charged and which forbids all these

terms.

ii. Kaehler potential terms involving SUSY breaking: Higher dimensional

operators in the Kaehler potential which couple the MSSM fields to fields

with SUSY breaking vevs can give rise to superpotential terms proportional

to SUSY breaking. For example, a Kaehler potential term X†/M2
P lQHdD

with complex coefficient gives rise to a superpotential Yukawa coupling with

a coefficient F/M2
P l. The same operator with MP l replaced by MCP is sup-

pressed by powers of SM gauge couplings over 16π2 if SUSY breaking and

CPX dynamics are not strongly coupled to each other. None of these opera-

tors are dangerous of the SUSY breaking scale is sufficiently low.

iii. Higher derivative Kaehler terms: Kaehler potential terms involving

the covariant derivative Dα suppressed by MP l or MCP generate effective d2θ

terms with ordinary derivatives. For example∫
d4θ

QHd(Dα)2D

M2
CP

−→
∫

d2θ QHd
M2

CP

D . (26)

These operators can have different flavor structure from the Yukawa cou-

plings and at one-loop give a flavor non-universal renormalization of the soft
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SUSY breaking scalar masses which are suppressed by (MSUSY /MCP )2. We

find the same bound as from the higher dimensional operators in Eq. (23):

MSUSY /MCP
<∼ 10−3.

iv. Phases in the SUSY breaking sector: If Σ couples directly to the SUSY

breaking sector, then one has to worry about generating a complex SUSY

breaking vev F . A phase in F contributes directly to θ via the gluino mass.

It is easy to see that couplings of Σ in the superpotential of the dynamical

SUSY breaking sector lead to complex F . We therefore need to forbid such

couplings; this can be arranged in the same way as superpotential couplings

of Σ to the MSSM fields can be forbidden. Phases in the Kaehler potential

are less dangerous because of hermiticity of the Kaehler potential. At tree

level, and in looking at simple toy models we found F ∝ det ZSUSY which is

real. Here, ZSUSY is a wave function renormalization factor in the Kaehler

potential of the SUSY breaking sector.

A more general analysis of phases in SUSY breaking sectors including

loop corrections is desirable but beyond the scope of this paper. In any case,

such phases can always be avoided by separating the SUSY breaking and

CPX sectors. For example, if the SUSY breaking sector does not carry the

global flavor symmetries of Σ, then couplings of Σ to the SUSY breaking

sector have to be of the form Tr(Σ†Σ) and are therefore real.

v. Phases in the MSSM Higgs sector: We already showed that phases in

µ or Bµ are strongly constrained. m2
Hu

and m2
Hd

and the supersymmetric

quartic couplings are automatically real, but one might worry about phases

from higher dimensional operators in the Kaehler potential for Hu and Hd.

For example, ∫
d4θ

c

M2
H2

uH
†
uHd + h.c. (27)

with complex c and M = MP l or M = MCP leads to complex phases in the

Higgs vevs which are suppressed by (Mweak/M)2. This is harmless even for

the lowest possible values of MCP and unsuppressed coupling constant c.

21



7 Predictions

Our framework requires tight constraints on the flavor (and CP) structure

of the SUSY breaking soft terms which have various testable consequences.

We predict [15]

1. Supersymmetry

2. Minimal flavor violation, i.e., there are no significant new sources of

flavor violation beyond the Yukawa couplings at energies near the weak

scale. This has well-known implications for B-physics [26, 27].

3. No measurable new CP violation in the quark sector beyond the SM,

in particular no new CP violation in the B-system. For example sin 2β

is large as in the SM [26]. We might expect the phases in the lepton

mixing matrices to be large in analogy with the quarks.

4. Almost degenerate first and second generation scalars of each gauge

quantum number. Generic violations of quark mass universality are

very tightly constrained (see Eq. (20)). However, by aligning squark

masses with quark masses

m2
q̃ = m2

0 (1 + cuYuY
†
u + cdYdY

†
d ) ,

m2
x̃ = m2

0 (1 + cxY
†
x Yx) , (28)

the renormalization of θ remains small (< 10−10) as can be seen from

Eqs. (D-4)-(D-7), even though this ansatz allows for more flavor vi-

olation than Eq. (19). In this Ansatz the (real) coefficients cu,d are

not expected to be arbitrarily large since at some point the contri-

bution to 3rd generation superpartners becomes very large. Imposing

ci < 1/Y 2
3 , where Y3 denotes the Yukawa of the top, bottom and tau,

gives 4m < 1 GeV for the difference between the first and second

generation scalars. This is a prediction which should be tested at a

linear collider. We stress that this degeneracy holds independent of the

SUSY breaking mechanism. It follows only from demanding that the
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radiative corrections to θ not be too large (and a reasonable constraint

on the ci). Note that this also bypasses possible FCNC problems since

the resulting off-diagonal squark masses obey

4m2
q̃

m2
0

(12,13,23) ≤ (VubV
∗
cb, VubV

∗
tb, VcbV

∗
tb)

<∼ (10−5, 10−2, 10−1) (29)

where 4m2
q̃ (ij) denotes the mixing between the ith and jth generation.

These values are within the experimental bounds [28].

5. At the renormalizable level, the radiatively induced strong CP phase is

of the order θ ' 10−19. However, depending on the model dependent

ratios MSUSY /MCP and MCP /MP l, the strong phase θ can be as large

as 10−10. Thus, the corresponding hadron electric dipole moments can

be close to the experimental bound and might be measured soon [29].

6. A weak electric dipole moment df is a contribution to the 5-dimensional

operator df
i
2
f̄σµνγ5fF µν . The EDMs for quarks and leptons arise from

1-loop diagrams like Figure 3 with an external photon attached to wher-

ever possible. In the general MSSM with arbitrary phases the exper-

imental bound from the electron EDM de < 1.8 · 10−27ecm [2], and

from the neutron EDM dn < 6.3 · 10−26ecm [2] require the phases of µ,

A-terms and the gaugino masses to be less than 10−2, e.g. [30]. Since

the dipole moments are linear in the soft SUSY phases we conclude

that the phases which are constrained by Eqs. (18) and (20) give weak

quark and lepton EDMs which are at least five orders of magnitude

below their experimental bounds. Note that improvements of the ex-

perimental EDM limits further strengthen the bounds Eq. (18), thus

weak EDMs are always smaller than strong EDMs in our framework.

7. Large flavor-preserving phases in the soft terms with their associated

“SUSY CP-problem” have no place in our framework, see the bounds

in Eq. (18). This simplifies in particular the phenomenological analysis

of the Higgs potential.
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8 Summary and concluding remarks

We presented a new theory of CP with supersymmetry and spontaneous

CP violation. CP is assumed to break spontaneously and CP violation is

communicated to the MSSM fields at the scale MCP . SUSY breaking is com-

municated to the MSSM at the lower scale MSUSY . With these ingredients,

a natural solution to the strong CP problem arises, because at the scale of

CP violation the strong CP phase θ is protected by a non-renormalization

theorem of the unbroken supersymmetry. At lower energies SUSY is broken

and the non-renormalization theorem does not apply, but we showed that the

generated θ is much smaller than the experimental bound if SUSY breaking

is sufficiently flavor-universal. Because of the non-renormalization theorem

at high scales a successful model for the CP violating sector only needs to

ensure θ = 0 at the tree level which is easy to arrange. The CKM phase is

generated either at the tree level as in Nelson-Barr models or else at the loop

level from wave function renormalization as we proposed in [15].

We have explicitly shown that low scale gauge mediation with MSUSY <

MCP is compatible with our framework, but other mechanisms can also be

implemented. A model independent constraint is that SUSY breaking has

to be CP conserving and either flavor-universal or else flavor-aligned as in

Eq. (28). A summary of values of θ in some theories discussed in this paper

is compiled in Table 1.

From the low energy point of view, our theory is the MSSM with miniscule

flavor violation and no significant phases beyond those already present in the

SM. The only possible deviation from this picture is that higher dimensional

operators may bring the nucleon EDMs into experimental reach. Our pro-

posal requires supersymmetry, and the strong constraints on the superpartner

spectrum from the renormalization of θ automatically also nullify the SUSY

phases and FCNC problems. We have pointed out many of the testable sig-

natures for B-physics, collider and nucleon EDM experiments. Note that our

proposal does not require light superpartners; by low scale SUSY breaking

we mean that its mediation to the MSSM occurs below MCP .
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SM MSSMgen MSSMflav HDOGMSB

θ ∼ 2 · 10−19 αs
4π ∼ 2 · 10−19 (αs

4π )2(MSUSY
Mcp

)2

δθRGE 10−30 10−29 tan(β)6

Table 1: Magnitude of θ from renormalization starting from θtree = 0 in
some theories discussed in text. Here, SM denotes the Standard Model (SM)
and MSSMgen a generic minimal supersymmetric model. In the minimal
supersymmetric model denoted as MSSMflav flavor violation is minimal, i.e.,
not bigger than in the SM. This suppresses large radiative corrections to θ that
are present in MSSMgen. Note that the MSSM with gauge mediated SUSY
breaking (GMSB) belongs to class MSSMflav. The last column corresponds
to contributions from higher dimensional operators (HDO) in GMSB. Now
the size of θ depends on the hierarchy between the scale of SUSY breaking
MSUSY and the scale of spontaneous CP violation MCP . The last line shows
the contributions to θ from RGE running in the SM and MSSMflav.

In our paper we have given two explicit examples of CP violence, but we

stress that our solution to the strong CP problem can be incorporated in a

much larger class of models because our main tool, the non-renormalization

of θ in SUSY, is general. It would be interesting to combine our theory of CP

with a theory of flavor, e.g. with [19]. This is because a necessary ingredient

in our CP violating sectors is flavor violation. Thus there may be elegant

models in which both goals are achieved at one. Such a model could also

include grand unification.

Finally, we briefly comment on cosmological issues. The spontaneous

breaking of CP leads to the formation of domain walls. Such domain walls

are potentially problematic because they can over-close the universe. How-

ever, in our theory the scale of CP-breaking is sufficiently high that several

possible mechanisms (including inflation) exist to avoid this problem. Baryo-

genesis can occur in a number of different ways such as CP-asymmetrical

decays of GUT-scale or MCP -scale particles, the Affleck-Dine mechanism, or
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Leptogenesis.
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A Notation

We settle here our notation of quark masses and the CKM mixing matrix

VCKM .

Mu = diag(mu, mc, mt) , Md = diag(md, ms, mb) (A-1)

Mu = VuYuU
†
uvu , Md = VdYdU

†
dvd (A-2)

We will also use the normalized mass matrices

M̂u = diag(
mu

mt
,
mc

mt
, 1) , M̂d = diag(

md

mb
,
ms

mb
, 1) . (A-3)

Here, the unitary matrices, Uu,d, Vu,d diagonalize the Yukawas Yu,d, which are

given in the basis with canonical kinetic terms.

YuY
†
u v2

u = V †
u M2

uVu (A-4)

YdY
†
d v2

d = V †
d M2

d Vd (A-5)

VCKM = VuV
†
d (A-6)

The amount of weak CP violation in the SM is given by the Jarlskog deter-

minant

det[hu, hd]SM = 2iJ(m2
t −m2

c)(m
2
t −m2

u)(m
2
c −m2

u)

(m2
b −m2

s)(m
2
b −m2

d)(m
2
s −m2

d)/v
12 (A-7)
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Here, v = 174 GeV, hu = YuY
†
u , hd = YdY

†
d , J = s12s13s23c12c

2
13c23 sin φCKM

and sij = sin φij, cij = cos φij where φij and φCKM are the angles and phase

of the CKM matrix in PDG parameterization. Numerically, J ≈ 2 · 10−5 [2].

B The CKM phase

In this Appendix, we show that the heavy sector has to couple strongly to

the SM fermions to yield an O(1) CKM phase from CP violation in the

quark kinetic terms. In particular, the ansatz Z−1/2 = 1 + εH , where H is

hermitian and has order 1 entries, leads to the observed pattern of quark

masses, mixing and CP violation only if the parameter ε >∼ 1.

To begin, we note that if the initial Yukawas do not have the right (hier-

archical) eigenvalues, then large rescaling is required from the wave function

renormalization, which implies ε >∼ 1 (We give a proof for this further down

below). Thus, we only have to exclude the possibility that the Yukawas Ŷ

already have approximately the correct eigenvalues to correspond to the SM

quark masses but that the CP phase (and possibly also the mixing angles)

are generated from wave function renormalization with small ε. Without

loss of generality, we work in a basis in which Ŷu ≈ Mu/vu is diagonal. It

is furthermore general to choose Ŷd ≈ OMd/vd where O is a general orthog-

onal (real) matrix. Finally, since we are only concerned with determining

the CKM matrix, we are free to re-scale Ŷu and Ŷd such that the largest

eigenvalue in each is approximately equal to one.

The CKM matrix is then the unitary transformation between the basis

in which the following two matrices hu, hd are diagonal

hu =
1√
ZQ

M̂u
1

Zu

M̂u
1√
ZQ

, hd =
1√
ZQ

O M̂d
1

Zd

M̂d OT 1√
ZQ

(B-1)

Now we assume that ε is small and show that one cannot generate a suf-

ficient amount of CP violation. First, note that VCKM = O if all Zi = 1.

Anticipating this to still be approximately true when the Zi differ from 1 per-

turbatively, we rotate hd by O so that it’s unperturbed component is already
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diagonal. We now have

VCKM = VuO(V O
d )† (B-2)

where Vu diagonalizes hu and V O
d diagonalizes

hO
d = (OT 1√

ZQ

O) M̂d
1

Zd
M̂d (OT 1√

ZQ

O) . (B-3)

In order to determine the eigenvalues and unitary matrices Vu and V O
d ,

we use standard non-degenerate perturbation theory familiar from quantum

mechanics. First, we parameterize (ZQ)−1/2 = 1 + εH and Z−1
u,d = 1 + εJu,d.

To linear order in ε we have

hu = M̂2
u + ε4u , hO

d = M̂2
d + ε4O

d , (B-4)

where

4u = {H, M̂2
u}+ M̂uJuM̂u , 4O

d = {HO, M̂2
d}+ M̂dJdM̂d , (B-5)

and HO = OT HO. Here, the unperturbed “Hamiltonians” M̂2
u and M̂2

d are

already diagonal. The perturbed eigenvalues to order ε are then

(M̂2
u)i + ε(4u)ii = (M̂2

u)i

[
1 + ε(2(HO

u )ii + (Ju)ii)
]

, (B-6)

and a similar expression for the down sector. Thus we see that the renor-

malizations of individual quark masses are multiplicative, this implies e.g.

that there are no corrections to mu proportional to mt. Here, we discovered

this property to linear order in ε, it is straightforward to extend this analysis

to higher order. We have computed the corrections up to second order and

also verified our results numerically without expanding in ε. This verifies our

claim that large corrections to masses can only come from non-perturbatively

large ε.

The unitary matrices which diagonalize hu and hO
d are

(Vu)ij = δij + ε
(4u)ij

(M̂2
u)i − (M̂2

u)j

∣∣∣∣∣
i6=j

(B-7)

(V O
d )ij = δij + ε

(4O
d )ij

(M̂2
d )i − (M̂2

d )j

∣∣∣∣∣
i6=j

(B-8)
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Since contributions to the CKM angles from the different terms above are

additive in perturbation theory (i.e. Πi(1 + εi) = 1 + Σiεi), we discuss each

of them in turn.

Non-vanishing Jd (contributions from Ju are smaller) in Eq. (B-8) lead to

complex corrections to the CKM matrix elements of order

δVub ∼ ε
md

mb
, δVcb ∼ ε

ms

mb
, δVus ∼ ε

md

ms
. (B-9)

This is most significant for δVcb and gives φCKM
<∼ εms

mb
/Vcb ∼ ε.

The case of non-trivial ZQ (i.e. non-vanishing H) is slightly more compli-

cated. Assuming that the matrix H has entries of order one, and choosing

the angles in O similar to the experimental values in VCKM we find for the

Jarlskog invariant (see Appendix A)

J <∼ 2ε(θ12θ23 − θ13)θ13θ12 , (B-10)

where θik are the angles of O in the parameterization of the PDG [2]. We

extract sin φCKM by dividing by the angles. This yields the bound

sin φCKM
<∼ 2ε|Vub|/|Vcb| (B-11)

which is too small since data imply sin φCKM ∼ O(1).

A comment on the usefulness of our expansion in ε is in order: There are

many small parameters in the problem with the potential danger of factors

such as mt/mu ruining the expansion. We believe that such factors do not

occur. This is manifest to order ε from our expressions above, and we have

verified it explicitly to second order. Furthermore, extensive numerical study

[32] has shown that our results are not affected by higher order corrections

in ε: large departures from canonical kinetic terms are required if we want to

generate sufficient CKM CP-violation from wave function renormalization.

C Strong interactions at MCP

The model of Section 4.2 is incomplete because renormalization from the

Planck scale to MCP drives the Yukawa coupling r to values which are
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too small to give sufficient CP violation in the quark kinetic terms. The

model can be fixed by introducing a new gauge group SU(N) under which

54 and F transform in the fundamental representation and 54 and F are

anti-fundamentals. The superpotential (15) remains invariant. The SU(N)

theory has 8 flavors (5 from 54 +54 and 3 from F +F ) and its gauge coupling

becomes strong in the IR for N ≥ 3. The strong gauge interactions then also

drive the Yukawa coupling r to large values as can be seen from the sign of

the beta function (schematically, ignoring coefficients)

16π2 d

d(logµ)
r = r

(
r2 − g2

N

)
(C-1)

where gN is the coupling of the new strong SU(N).

At the scale MCP , the F ’s and 54’s are massive. Integrating them out

leads to non-canonical CP violating kinetic terms for the right handed down

quarks (and lepton doublets), vanishing θ and no new superpotential cou-

plings to all orders in perturbation theory as described in Section 6.2.

But what about non-perturbative effects which could arise from the strong

SU(N) dynamics? These effects can be deduced from Seiberg’s solution of

supersymmetric QCD [18], [33]. Most important here are the matching rela-

tions for the strong interaction scale across mass thresholds. After integrating

out F ’s and 54’s the SU(N) gauge theory is flavor-less and confines. Gaugino

condensation generates a superpotential W = Λ3
IR = (Λ3N−8

UV M5det(Σ))1/N

where M and Σ are defined in Section 4.2, and ΛUV/IR is the “QCD” scale

of the one-loop SU(N) beta function below/above MCP . This superpoten-

tial is complex, but it does not couple to any MSSM fields and is therefore

harmless. We should also worry about direct non-perturbative contributions

to θ of the GUT SU(5) group. These can be determined from the SU(5)

scale matching. The phase of the scale of the SU(5) group at the high scale

Λ8−N
5 UV vanishes because of CP invariance. This is the statement that θ = 0

at the Planck scale. At lower scales, after integrating out F ’s and 54’s, the

phase is determined by scale matching: Λ8
5 IR = Λ8−N

5 UV MN . This is also real.

At even lower scales the dynamics of the SU(N) theory and the SU(5) are

completely decoupled so that no further scale matching for the SU(5) theory
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is required. This proves that θ = 0 in the effective supersymmetric theory

below MCP even after including non-perturbative dynamics in the strongly

coupled SU(N) and the coupling r.

D Radiatively generated strong CP phase

We start with a discussion of contributions to θ from the renormalization of

quark masses in the SM. Corrections can be written as m = m0(1+x) and we

will use arg det(1+x) = Im tr [x] for small x. Using the flavor symmetries, it

is easy to show that corrections to θ can always be written as the imaginary

part of traces over the hermitian matrices hu = YuY
†
u and hd = YdY

†
d (here

we work in the basis with canonical kinetic terms). The lowest order non-

vanishing contribution to θ arises at 6th order in hu,d. It is related to the

Jarlskog determinant (see Appendix A) by

2 Im tr
[
huhdh

2
uh

2
d

]
= det[hu, hd] (D-1)

Expressions involving n powers of h arise from diagrams with at least n loops.

Alternatively, they arise in a step-wise linear approximation to the RGEs

with at least n steps [30]. This defines our power counting: 1 Higgs loop or 1

RGE step both give hu,d/(16π2). Higher orders in n are suppressed and one

can show that Eq. (D-1) is indeed the trace with the largest imaginary part.

But at 6-loops a cancellation occurs between diagrams where up and down

quarks are interchanged because Im tr [huhdh
2
uh

2
d] + (u ↔ d) = 0. An extra

loop with a photon splits the isospin symmetry. Thus, the RGE induced

correction to θ in the SM is [34, 30]

θRGE
SM ≈ α

4π

( 4t

16π2

)6

det[hu, hd]SM (D-2)

which is approximately θRGE
SM ≈ 10−30 for 4t = log MP l/MZ .

The largest contribution to θ in the SM arises from the finite and strongly

GIM-suppressed four-loop cheburashka diagram [35]

θfinite
SM = −7

9

αs

4π

(
αW

4π

)2 m2
sm

2
c

m4
W

J ln
m2

t

m2
b

ln2 m2
b

m2
c

(
ln

m2
c

m2
s

+
2

3
ln

m2
b

m2
c

)
(D-3)
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which gives θfinite
SM ≈ 2·10−19 using αs = 0.2 and J = 2·10−5 and is consistent

with earlier estimates [34].

In the MSSM, the leading divergent diagrams which renormalize θ cancel

because of the SUSY non-renormalization theorem. However, there are new

finite contributions from one-loop quark and gluino mass corrections which

involve supersymmetry breaking. The diagrams for gluino and quark mass

renormalization are proportional to soft Ax terms and soft masses 5 m2
x̃, m

2
q̃

and yield (x = u, d)

θA
g̃ ' αs

4π

v2
x

m3
0

Im tr
[
YxA

†
x

]
(D-4)

θm
g̃ ' αs

4π

v3
xvy

m8
0

Im tr
[
hxYxm

2
x̃Y

†
x m2

q̃

]
(D-5)

and similar expressions for quark mass contributions

θA
q̃ ' αs

4π

1

m0
Im tr

[
Y −1

x Ax

]
(D-6)

θm
q̃ ' αs

4π

vy

m4
0vx

Im tr
[
Y −1

x m2
q̃Yxm

2
x̃

]
(D-7)

Here m0 is an effective average soft mass, vx are the Higgs vevs and y 6= x.

The size of the induced θ depends crucially on the flavor structure of the

soft breaking parameters. Arbitrary A-terms and soft masses can violate

the experimental bound on θ by many orders of magnitude. On the other

hand, for soft terms which satisfy exact proportionality and degeneracy as

in Eq. (19) these contributions to θ vanish. However, proportionality and

degeneracy are not stable under renormalization. The RGEs for the soft

terms [36] involve products of hu and hd. Inserting the renormalized soft

masses into the one-loop diagrams Figure 3, and using arguments very similar

to the SM discussion above one finds [30]

θRGE
SUSY ≈

αs

4π

( 4t

16π2

)5
v2

u

m2
0

tan6β det[hu, hd]SM (D-8)

5We use the soft Lagrangian as −Lsoft ⊃ Q̃AuHuŨ+Q̃AdHdD̃+1/2mg̃g̃g̃+BµHuHd+
c.c. + Q̃†m2

q̃Q̃ + Ũ †m2
ũŨ + D̃†m2

d̃
D̃, see e.g. [36].
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This gives θRGE
SUSY ≈ 10−29 − 10−19 for tanβ ranging from 1 to 50.

Thus in the MSSM with strictly proportional and universal soft terms at

a high scale (e.g. MSUSY in GMSB) the contributions from diagrams involv-

ing superpartners are smaller than the finite diagram in the SM. Diagrams

which are similar to the leading SM contribution Eq. (D-3) but involve su-

perpartners or charged Higgses are suppressed by the heavier superpartner

and Higgs masses and are therefore smaller than Eq. (D-3).

Let us work out the constraints on A-terms and soft masses if we allow

for additional flavor violating contributions. We parameterize the departure

from proportionality and degeneracy as δA, δm2. From Eq. (D-6) follows

immediately for the A-terms

Im tr

[
Y −1 δA

m0

]
≤ 10−8 (D-9)

We need non-universality for both soft masses in Eq. (D-7) for a non-zero

contribution to θ. For example, our power counting discussed previously

gives m2
q̃ ' m2

0(1 + hx/(16π2)) thus

Im tr

[
Y −1

y hxYy
δm2

m2
0

]
≤ 10−6 (D-10)

These bounds are generally much more severe than the bounds from FCNCs,

see e.g [28]. The constraints on the smallest elements of δA and δm2 are

quoted in Eq. (20).
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