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1 Abstract

The wake field of the cloud is derived analytically taking into account the
finite size of the cloud and nonlinearity of the electron motion.
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2 Introduction

The analytic expression for the effective transverse wake field caused by the
electron cloud in a positron storage ring is derived. The derivation includes
the frequency spread in the cloud, which is the main effect of the nonlinearity
of electron motion in the cloud. This approach allows calculation of the -
factor and study the tune spread in a bunch.

3 Wake field of the cloud

Derivation of the effective wake field induced by the electron cloud is compli-
cated by the substantial nonlinearity of the motion of electrons in the cloud.
A simple estimate of the wake field is known [2], [3], and was recently used
to study the emittance blow up [6]. The wake was obtained in these papers
in a linear approximation and for equal transverse sizes of the beam and of
the cloud what is, certainly, wrong in reality. The estimate is based on an
assumption that the wake is defined, mostly, by the electrons in the close
proximity to the beam. This argument is correct but not obvious because
the roll-off of the force of interaction at large distances from the beam may
be compensated by the large number of distant electrons. In this paper the
wake is derived in somewhat more rigorous way which, hopefully, may clarify
validity of the assumptions assumed in the linear approximation. Our deriva-
tion is valid for the arbitrary ratio of the size of the cloud to the rms size of
the bunch, allowing us to define the Q-factor of the wake, and to study the
tune spread induced by the e-cloud.

Let us consider a flat Gaussian bunch with transverse rms o, >> o0, and
the bunch rms length o,. A slice at the distance z > 0 from the head of
the bunch is at s = ¢t — z in the ring at the moment ¢. Let us use notation
y(t, z) for the vertical displacement of a positron in a slice z and Y (¢, s) for an
electron at location s. The bunch can be flat or round. Equation of motion
of an electron of the cloud in the first case is

d?Y (t, s)
dt?

where 7y is the classical radius of a particle of the cloud, Ay(2) is the linear
bunch density, y.(t, z) is the displacement of the centroid of a slice z = ¢t — s,
and X can be considered as a constant defined by initial location of the
electron. For a round beam, Y can be understood as the displacement of a
particle along the radius. The X dependence in this case should be omitted.

The explicit form of the vertical force BE produced by a Gaussian bunch
is given by Bassetti-Erskin formula [7],

= 27"002)\,,(5 — ct)BE(X,Y — y.(t, ct — s)), (1)

BE(a?a y) = hﬁRe [W(u + ivp) — W(pu + iv)e_(l_pz)(“2+vz)],
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_ — hy 1 =1
u = hx? v = P ? p - oz’ h - 2[0_%_0_5]7 (2)

where W (z) = Erf[—iz]e *". It is convenient sometimes to use the integral
representation,

Y
BE(X,Y)=—(——)Sy(X,Y), 3
(X.7) =~y S Y) @
where
1 = d RS S
S[](X, Y) — (ﬂ M e +r 2‘7y Q%(M—p ) (4)

w (14 p)32/1+ p/p?

Note that Sy(0,0) = 1 and S(r) = 202 /r? for a round beam.

Motion of a particle in a slice z of a bunch is described by a similar
equation. This equation, averaged over the transverse Gaussian distribution
of the slice, describes the betatron motion of the slice centroid:

2r.c? dN,
ds

d*y.(t, 2)
dt?

+wlye(t, 2) = / AXdY BE(X, yo(t, 2)—Y ) ps(X, Y, 1, ct—2).

(5)
Here the density ps of electrons in the cloud can be obtained from the nor-
malized to one distribution function

po(X, Y, 1, 5) = / dXdY ps (X, X, Y,V 1, 5), (6)

where px (X, X,Y,Y,0, s) is Gaussian initial distribution with the rms X, ,.

Dependence on the offset y. in Eq. (5) comes from the dependence of the
factor BE and from the dependence of py;. The amplitude of the bunch
centroid is always small compared to the dimensions of the cloud. In the
linearized Eq. (5), the term given by the expansion of the factor BE over y.
gives the tune shift

roc® dN,
Awy = —L¢ e/dX Ay,
we ywg ds od¥o(

OBE(X,Y)
oY

Yy =y P (X0, Yo, 0,8),  (7)

where s = ¢t — 2z, pg))(Xo,Yo,O,s) is the cloud density at ¢ = 0, and Y}, =
Yir(Xo, Yo,t,5) is a trajectory of an electron of the cloud with the initial
conditions Xy, Yy at t = 0. Eq. (7) defines G,

27roc?n, <)
Aw = TreCN G 0%
Ywg c

)- (8)



If Y, =Y, G is constant,

_ Yizdiy

N N R R S |
In the following, we will neglect this effect and put y. — 0 in the argument

of BE in the right-hand-side (RHS) of Eq. (5). The RHS is defined then by

the distribution function of the cloud py(X, X, Y, Y, t, s), which satisfies the
continuity equation

G

(9)

aapf +Y%§f +Fyaap§ +(X—>Y)=0, (10)
where Fy is the RHS of Eq. (1). Let us linearize Eq. (10) expanding the force
Fy over y, and taking px(t, s) = p(9 (¢, s) + pM. The first part, p(*) describes
a perturbation of the cloud density by the bunch with the zero offset. Note
that p(¥ (¢, s) is an even function of Y provided it is even at ¢ = 0. Because
BE(X,Y) is odd function of Y, p(® does not contribute to Eq.(5). The
equation for the second part, p(!) (Y, Y, t, s), is

ap . 9pM 0 dpY) 9p© oFY
v FOP oyt ct — ) LY 11
or T oy T Sy T uelh et =Ty (1)
where
F = —2ro® My (ct — s)BE(X, Y). (12)
Introduce new variables Yj, Y{),
Y =Yy (Yo, Yo, 1,8), Y =Yi(Yp,Y0,t,9), (13)
and the function f(Y5, Yo, t, s), which is related to p") by
PO Y  t8) = (Yo, Yor by 8)vomvin (vitus)- (14)
The function f satisfies equation
) 2p© oF"
a—{ = y.(t, ct — ) d Y (15)

oy oY

The arguments Y and Y in the RHS have to be expressed in terms of Yy, Yo
using Eq. (13). Then, the RHS is a function of Yj, Y and can be written as
Poisson brackets yc{Féo), p(o)}yy = yc{Féo), p(o)}Yo,Yo' Thus, for t >ty = s/c,

. t . .
f(Yba )/07 ta S) = /to dt,yc(tla Ct,_s){Fé'O) [Y;fr (Yba Yba tl_t07 S)a Ct,—S], P(z?) D/Oa Yba 07 S]}YoyYO'
(16)
Here we used the identity: p(O [V}, (Yp, Y, ', s),t', 5] = p(zo) Yo, Y0, 0, s].
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Eqs. (16, 14) define the RHS of Eq. (5):

RHS = 224 [ qXodYod XodY [y dt'ye(t', c(t' — ) + 2)
BE[X, Y, (Yo, Yo, t, ) {{ FYV[Yer (Yo, Yo, ' — t, 5), ct' — 5], pO[Y5, Y5, 0, ]}y, 17)

Integrating by parts and changing variable ¢’ to 2/, ¢’ =t + (2’ — 2)/c, it
can be transformed to the form

C

{BE[X,Y, (Yo, Yo, 2, 5)], BE[Yyr (Yo, Yo, t + 2, 8)]}y 40 (18)

RHS = —2ecdlieorc? [ d2'y,(t + 222, 2 ) M(2') [ dXodYod XodYop Yo, Yo, 0, 5]

where s = ¢t — z. Let us compare Eq.(18) with the standard form of the
force due to the transverse wake field per unit length W:

2 —z

d*y.(t, z)
dt?

2 .,
+ wiye(t, z) = %/ d2'W (2" — 2)y.(t +

) Z,))‘b(zl)a (19)

where \y(2) is the linear density of a bunch normalized to the bunch popu-
lation, [ dzAy(z) = N,. Comparison defines the effective wake of the cloud
per unit length:

W(z,2') = 47“00‘1(11\8@ deOdYOdXOdYOpg))[%,YO,O, s]

{BELX, (Yo, Vo, 2/¢, 8)], BELX, Yir (Yo, Vo, 2/, ) byoe (20)

This formula gives the wake in terms of the trajectories of electrons in
the field of a bunch with the zero offset.

Let us calculate the effective wake neglecting anharmonicity of the oscil-
lations in the cloud but taking into account dependence of the frequency on
amplitudes. This will allow us to calculate the ()-factor of the wake. In this
approximation,

Vie (Yo, Yo, ) = Yo cosfu] + ¢ sinfu], (21)

where dip/dt = Q(Xy, Yo, ¢t — s). The Poisson in this approximation give:

{BE[X, Yy (Yo, Yo, t, 5), 1, 5], BE[X, Yy, (Yo, Yo, t + 22, 5), ¢, s by v,

_ (sl Coslp()] _ sin[p()|Coslp(|( 0BE Y (9BE
=700 - G ) (Gy)-r (22)

Here dz/)(z)/dz =Q(z)/c, (gﬁf)z and (%)2, have arguments Y;, (Yp, Y5, z/¢, s)
and Yy, (Yo, Yo, 2’ /c, s), respectively. _
After substitution of Eq. (22) into Eq. (20), the initial velocity Y; can

be put to zero. This is justified because the potential well of an electron in
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the field of a bunch is deeper than the average potential well of a beam by a
large factor equal to the ratio of the bunch spacing to the rms o,.

~ The frequency Q2 in 1D case is derived from the Hamiltonian H (Y, Y, t,s)
YTQ+U, where U(X, Y, t, s) is related to the force F' = —(0U/0Y") = 2ro\y(s—
ct)c*BE(X,Y). We can distinguish two extreme cases: a sharp edge bunch
(low bunch current), Qyo,/c << 1, and a adiabatic bunch Qqo,/c >> 1
where () is frequency of linear oscillations,

Py - 2l0ro_ (23)

c oy(os +0y)

In the first case, the energy H and  are defined by initial Yy and Y,

D _
2

2€)y [Yo dY
2770 ) 24
- V20 (Y) = U(Y)] .

In the second case, the adiabatic-invariant J(H) = f(dY/27r)\/2 [H —U(Y,t)]
is constant, and § = W is again given by Eq. (24).

Electrons of the cloud after interaction with a sharp edge bunch change
their velocity and are accelerated to the speed above the average velocity
before interaction. For adiabatic bunch it does not take place. For this
reason, the maximum energy of the electrons does not increase proportional
to the beam current but is limited by the condition Qo,/c ~ 1.

Eq. (24) can be simplified noticing that the main contribution to the
integral is given by coordinates Y in the vicinity of Yy. Expanding U(Yp) —
U(Y) around Y, we get

) _ e
ol - Jsooc, Ok (2)

Here \,(0) is the maximum linear density of a bunch, A\,(0) = N,/(0,v/27).
The first factor, /So(X,Yp), is shown in Fig. 1. The error introduced by
this approximation was checked numerically and is small, AQ/Q ~ 0.2.
Eqgs. (20), (22), and Eq. (25) define the wake per unit length as a function
of ( = Qy(z' — 2)/c, proportional to the distance 2’ — z between leading and

trailing slices, and (o = Qgz/c, the position of the leading slice from the head
of the bunch:

W(e0) = T () Wegs € ) (20

Here,
2

oo 00 *m—(o—w)2*y—2(a—y)2 in[y(2)]Cos[y(2 in[y(2")]Cos[(z
Wess(z, ) = J5° da 52 dye” T &' (&) [snuEIColu] _ snfu(e)lCosiutz)

[50(377 yz) - ygsl (xa yz)][sﬂ(xa y;) - yg’sl (:L‘, y;)]7 (27)
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Figure 1: Frequency /Sy vs initial amplitudes 0 < X/o, < 3,0 < Y/o, < 5.

where y, = ycos[y(2)], and y, = y cos[tp(Z)].
In the integrals we used dimensionless x = X/o,, y = Y/o,. The func-
tions So(x,y) and Si(z,y) in this variables are

1 +p) 00 du _LL_L[ I ]
20 o (14 )1 pfp?
(28)

The wake Eq. (27) is a weak function of parameters p, z, and the ratio
Yy/0zy. The wake W,rr Eq.(25)-(28) calculated for parameters 2’ = 0,
p=02,3%,/0, =%,/0, =5 is shown in Fig.2. The calculations were carried
out with MATHEMATICA interpolating functions Sp; and Q(X,Y’) and,
then, carrying out double integrals in Eq. (27).

For the nominal LER PEP-II parameters, Table I, the average cloud
density n, = 4.7510°, Q,/(27) = 14.0 GHz, the number of oscillations within
the bunch rms Q,0,/(2m¢) = 0.6, and the amplitude of the wake field is 695
V/pC/em what corresponds to the shunt impedance 4.7 MOhm/m. This
should be compared with the resistive wall transverse wake

460 [27R
Wa(s) = b—g,o\/ P (29)

where dg is the skin depth at the revolution harmonics. For PEP-II parame-
ters, 0p ~ 0.17 mm, and W, = 2.0 V/pC/em at s = 1 cm.

The wake, see Fig. 2, can be approximated by the wake of a single mode
with frequency puf),

So (X, Y) = (

T

"

Wers(Q) = Winag sin(uQ)e 22. (30)

7



05 ]

-05 - ]

0 5 10 15 20
Omegazc

Figure 2: Effective wake Wesr(C,0) of the cloud as function of ( = Qgz/c.

Dependence of the factor W,;(¢,0) on parameters is illustrated in Figs.4-6.

The best fit in all cases was for g = 0.9.

The wake shown in Fig. 3-4 was calculated for a long bunch Qyo, /¢ >> 1
and for the leading slice at the head of the bunch, 2’ = 0. Fig. 5 shows wakes
generated by a leading slice 2’ = 0 for several values of Qq0,/c. For a short
bunch, the wake is mostly linear. Initial slope is the same in all cases. Fig.
6 shows wake for different positions of the leading slice within a bunch.

4 Summary

The wake field induced by the beam interaction with the electron cloud can
cause the head-tail instability. The effective wake of the e-cloud is given in
terms of electron trajectories in the filed of the beam with the zero offset. Ne-
glecting anharmonicity of the motion but taking into account the amplitude
dependence of the frequencies of electron oscillations, we obtain expression
for the effective wake driven by the e-cloud. Dependence of the wake on the
beam parameters is in a good agreement with the tracking simulations [3].
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Figure 4: Dependence of Wesr(C,0) on X, /04, for fized p = 0.2.
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Figure 5: W,rr(C,0) for several values of Qoo,/c. p=10.2, ¥;,/04, = 5.
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Figure 6: Wers(C, 2head) for several values of Qy2'/c, where 2’ is location of
the leading slice. Other parameters are: Qyo,/c =5, p=0.2, ;,/0,, =5.
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