SLAC-PUB-8769May 2001Self-consistent particle distribution of a bunched beam in RF fieldYuri K. BatyginStanford Linear Accelerator Center, Stanford University, Stanford, CA 94309AbstractAnalytical solution for self-consistent particle equilibrium distribution in RF field withtransverse focusing is found. Solution is attained in approximation of high brightness beam.Distribution function in phase space is determined as a stationary function of the energy integral.Equipartitioning for beam distribution between degrees of freedom follows directly from the choiceof stationary distribution function. Analytical expressions for r-z equilibrium beam profile andmaximum beam current in RF field are obtained.Work supported by the Department of Energy contract DE-AC03-76SF00515

1 INTRODUCTIONEmittance conservation and prevention of halo formation in a high brightness particle beam inRF accelerator are issues for existing and future high intensity accelerator projects. If the beam ismatched with external focusing and accelerating field, its distribution function as well as beamemittance are conserved. Matched stationary beam does not exhibit halo formation. Findingmatched conditions for the beam requires solutions of the self-consistent problem for beamdistribution function in 6-dimensional phase space, which is typically possible only by numericalmethods. In this paper we present analytical self-consistent solution for stationary bright bunchedbeam in RF field.The problem of stationary self-consistent particle distribution in RF field was considered inseveral books and papers. Typical approximation to the solution of the problem is a uniformly-charged ellipsoid. Concept of ellipsoid gives the most simple way to estimate the maximum beamcurrent in RF field. Meanwhile in general case ellipsoid is not a self-consistent solution for bunchedbeam in RF field. In Ref. [1] solution of one-dimensional problem in longitudinal phase space wasfound. Space charge density of a cylindrical bunch was found to be constant in every cross sectionof the bunch, but dependent on longitudinal coordinate. In Ref. [2] spatial particle distribution in 3-solution for 3-D self-consistent particle equilibrium is attained.2 SELF-CONSISTENT PROBLEMConsider intense bunched beam of particles with charge q and mass m, propagating in acontinuos focusing channel with applied accelerating RF field. Beam is supposed to be bunched atthe frequency w =2pc/l,lparticle velocity of the beam is bs = vs /c, therefore distance between bunches is bsl. Particlemotion is governed by single-particle Hamiltonian [1]:

H = px2 + py2g

+ z22 m g3 + q Uext

+ q Ubg2 , (2.1)

Uext

= Ekz [ Io

(kzrg) sin (js - kz z) - sinjs + kz z cosjs] + Gt

r22 , (2.2)where px and py are transverse particle momentum, pzs is a deviation from longitudinalmomentum of synchronous particle, = (1 - vs - 1/2 is an average beam energy, z = z - zs is adeviation from position of synchronous particle, U is a potential of external field, U is a spacecharge potential of the beam, E is an amplitude of accelerating field, s is a synchronous phase,kz = 2p/(bsl) is a wave number, Gt is a gradient of focusing field, and r is a particle radius.Space charge density distribution of a moving bunched beam has the form of = (x,y, z -v. Moving bunch creates an electromagnetic field with scalar potentialUb = Ub (x,y, z -vst) and vector potential

Ab =

Ab (x,y, z -vst), which obey wave equations [3]:DUb

- 1c2

¶2Ub¶t2

= - reo , (2.3)D b - 1c2

¶2b¶t2 = - mo

, (2.4)where j = r vs is a current density of the beam. Current density has only longitudinal componentjx = jy = 0, jz = vs r (x, y, z - vst) , (2.5)and, therefore, vector potential has only longitudinal component Az. In a moving coordinate system,where particles are static, the vector potential of the beam is zero,

. According to Lorentztransformation, longitudinal component of vector potential in laboratory system is z = s Ub / c.Therefore, for solution of the problem of self field of the bunch it is enough to solve only equationfor scalar potential (2.3). Substitution of the value A into wave equation (2.4) gives the equationfor scalar potential:

¶2Ub¶x2

+ ¶2Ub¶y2

+ ¶2Ubg2¶z2

= - 1eo r (x, y, z) . (2.6)Equation (2.6) has to be solved together with Vlasov’s equation for beam distribution function:

d f = 1g (¶f¶x px

+ ¶f¶y py

+ ¶f¶zz

) - q (¶f¶px

¶U¶x

+ ¶f¶py

¶U¶y

+ ¶fz

¶U¶z) = 0 , (2.7)where U = U + - 2b is a total potential of the structure. Eqs (2.6), (2.7) define self-consistentdistribution of a stationary beam which acts on itself in such a way, that this distribution isconserved.3. BEAM EQUIPARTITIONING IN RF FIELDGeneral approach to find a stationary self-consistent beam distribution function is to representit as a function of Hamiltonian f = f(H) and then to solve Poisson’s equation. Because Hamiltonianis a constant of motion for stationary process, any function of Hamiltonian is also a constant ofmotion which automatically obeys Vlasov’s equation. Convenient way is to use an exponentialfunction f = fo exp (- H / Ho):f = fo px2 + py22 m gHo

- z22 m g3Ho

- q Uext + Ubg -2Ho). (3.1)Consider important consequence which follows immediately from Eq. (3.1). Let us rewritedistribution function (3.1) asf = fo px2 + py2pt2 z2pl2

- q Uext + Ubg -2Ho), (3.2)t

= 2 x>

= 2 y>l

= 2 z>phase space. Transverse, et, and longitudinal, el, rms beam emittances are:et

= 2 pt

<x2>

<y2> , (3.3)el

= 2 pl

<z2> . (3.4)Taking together Eqs. (3.1) - (3.4), the value of H can be expressed as a function of beamparameters:16ÆHo

= m c2g et2<x2> et2<y2>

= mc2g3 el2<z2> . (3.5)

Equation (3.5) can be rewritten as

etR = ell , (3.6)where

R = 2> is a beam radius and l

= 2> is a half-size of the bunch length. Equation(3.6) expresses the equipartitioning condition for the beam in RF field [4]. From the abovederivations it is clear, that equipartitioning is a consequence of stationarity of the collisionless beamdistribution function, Eq. (3.1). If distribution function is stationary (time independent),equipartitioning is fulfilled. Opposite statement is not valid in general case: there are infinitely largenumber of distribution functions which obeys condition (3.6), but are not necessarily stationary. Tofind the stationary distribution function it is necessary to solve nonlinear Poisson’s equation forunknown space-charge potential of the beam.4. SPACE CHARGE FIELD OF THE BUNCHSpace charge density of the beam is obtained as an integral of beam distribution function overparticle momentum:r (x,y,z

) = q ¥¥

¥¥ ¥¥f dpx dpy dpz = ro

exp (- q Uext + Ubg -2Ho) , (4.1)where o is the space charge density in the center of the bunch. The value of o is unknown at thispoint due to unknown space charge potential of the beam, U. For further analysis let us introducean average value of space charge density, r, which is equal to the density of an equivalentuniformly-charged cylindrical bunch with the same beam radius, R, and the same half-bunch length,l, as that of unknown stationary bunch. Space charge density of the cylindrical bunch is r = QV

= I l2p R2 l c . (4.2)where Q = Il/c is a charge of the bunch, V = pR22l is a volume of the bunch and I is a beamcurrent. Compare the value of r, Eq. (4.2), with that for another distributions. Space charge densityof a uniformly populated spheroid with semi-axises R and l is rs = 3 I l4p R2 l c

= 32 r . (4.3)Bunch with Gaussian distributionr

= I l(2p)3/2 c <x2>

<y2>

<z2> exp (- x2 2 <x2>

- y2 2 <y2>

- z22 <z2> ) , (4.4)has a space charge density in its centerrG

= 8(2p)3/2

I lc R2l

= 82p r . (4.5)Since different distributions give similar expressions for space charge density in the bunch centerwithin the factor of k » 1...3, one can assume that unknown value of space charge density o inbunch center, Eq. (4.1), also differs from the average value of space charge density r within thesame factor:ro

= k r . (4.6)For further derivations introduce dimensionless variables:Vext

= q UextHo , b

= q UbHo , x

= ra , h

= za , (4.7)where a is a channel radius. The Poisson’s equation (2.6) in cylindrical polar coordinates becomes

1x ¶Vb¶x

+ ¶2Vb¶x2

+ ¶2Vb¶h2g2

= - q ro a2eo Ho exp - (Vext

+ Vbg 2) . (4.8)Let us introduce the values of a bunching factor, B ” 2l /(bl), and dimensionless beam brightness,b 2IRIt) (see Appendix 1) where Ic 4o3 is a characteristic value of beam current.Parameter b is a ratio of "space charge term" to "emittance term" in KV envelope equation and is ameasure of influence of space charge forces on beam dynamics. Regime with b>>1 corresponds tospace charge dominated beam transport while regime with b<<1 corresponds to emittancedominated beam transport. Substitution of ro, Eq. (4.6), and Ho, Eq. (3.5), with introduced valuesof B and b into Eq. (4.8) gives:

1x ¶Vb¶x

+ ¶2Vb¶x2

+ ¶2Vb¶h2g2

= - 8 k bB (g aR)2 exp - (Vext

+ Vbg 2) . (4.9)Equation (4.9) is a nonlinear differential equation for unknown beam space charge potential, Vb,which appears in the left and right side of equation. In general case it can be solved onlynumerically. Below consider approximate analytical solution for high brightness beam followingthe method suggested in Ref. [5].Unknown space charge potential of the beam can be represented as Fourier-Bessel series:Vb = Vo + �n=o¥Jo(uom x)�m=1¥[ Anm cos (kznha) + Bnm sin (kznha)] , (4.10)where Jo(z) is a Bessel function, is a m-th root of the equation J(z) = 0. Expansion (4.10)obeys Dirichlet boundary condition V(1, = V at the perfect conductive surface of the channeland takes into account periodic function˚of potential due to train of the bunches.To find the first approximation to solution of Poisson’s equation, let us take only the first termin expansion of exponential function. (4.11)Poisson’s equation (4.9) then becomes:�n=0¥

[1+ uom2 + (kzna)2g -28kb B

(Ra)2] �m=1¥Jo (uomx) [Anm cos (kznha) + Bnm sin (kznha)]= ) g2o . (4.12)Space charge potential, Eq. (4.10), is mostly represented by several low-order terms. For example,for the train of uniformly populated cylindrical bunches (see Appendix 2), the values of Fourier-Bessel coefficients drop quickly with numbers m, n:Anm

~ 1n uom [uom2 + (kzna)2g -2] . (4.13)

For a space charge dominated beam, b 1, Eq. (4.12) can be simplified. Expression in squarebrackets in Eq. (4.12) is

1 + uom2 + (kzna)2 g -28 k b B

(Ra)2 = 1 + d , (4.14)where introduced parameter d is:d

= uom2 + (kzna)2 g -28 k b B

(Ra)2. (4.15)Low-order roots of the Bessel function are =2.408, u11 =3.832, = 5.52. Product of k usually close to unity:kz a = 2p

( abl) » 1 . (4.16)Taking into account, that B £ 1, R / a 0.5, it is easy to see that the value of d, Eq. (4.15), is muchsmaller than unity for a high brightness beam. It can be written asd

» 1bjk << 1, (4.17)where bj is a dimensionless beam brightness of bunched beam:bj

= bB

(aR)2

= 2bg

IIcB

(aet)2

IpeakIc

(aet)2 , (4.18)and Ipeak = I/B is a peak value of bunched beam current. Therefore, expression, Eq. (4.14), can betaken out of the sum in Eq. (4.12). With this approximation, Eq. (4.12) becomes:(1+ d)(Vb - Vo) = (1 - Vext)g2 - Vo . (4.19)Let us define constant V in such a way that the total potential of the structure vanishes at thebunch center:Vext

(0, 0) + Vb (0, 0)g 2 = 0 . (4.20)External potential is equal to zero at beam center Vext (0, 0) = 0, see Eq. (2.2), therefore condition(4.20) gives Vb (0, 0) = 0. Substitution of Vext (0, 0), Vb (0, 0) into Eq. (4.19) defines constantVo = - g 2/d. Then, from Eq. (4.19) the self-consistent space charge dominated beam potential is:

b = - g21 + d . (4.21)Equation (4.21) indicates that the particle distribution of the bright beam has such a shape thatthe space charge potential is opposite to the external potential. This fact is well known for astationary distribution of a transported beam in a linear focusing channel [1], [2]. Equation (4.21)generalizes this statement for a 3-dimensional beam distribution. Space charge field of a stationarybunch always compensates for external field in the beam interior. This phenomenon is known fromplasma physics as Debye shielding for nonneutral plasmas.Lorentz force,

F = E + [v x B], created by the beam is connected with space charge potentialof the beam by equation [1, Eq. (2.43)]:

Fb = - 1g2 grad Ub . (4.22)Substitution of Eq. (4.22) into Eq. (4.21) gives relationship between Lorentz force of the beam andthat of external field:

Fb = - 11 + d

Fext . (4.23)Second approximation to the self-consistent potential is given by holding one more term in theexpansion of exponential function as extbg -2 extbg -2extbg -2)2, so thatwe have (see Ref. [5])bg 2d

- ]. (4.24)With increasing of beam brightness, d 0, solution of Eq. (4.24) becomes close to that ofEq.(4.21).In more general case Eq. (4.9) for a high brightness beam, d <<1, can be solved onlynumerically. Substitution of potential expansion, Eq. (4.10), into Eq. (4.9) together with parameterd, Eq. (4.15), gives for Poisson’s equation:d(Vb - Vo) = g2 exp (-Vext

- Vbg2) . (4.25)

Again, taking into account that in the beam center Vext (0, 0) = 0, Vb (0, 0) = 0, the unknownconstant in Eq. (4.25) is Vo = - g 2/d. Using the value of Vo, Poisson’s equation for a high brightnessbeam is as follows:

1 + dg2 Vb = exp (-Vext

- Vbg2) . (4.26)In Fig. 1 results of numerical solution of Poisson’s equation for different values of beam brightnessare presented. As seen, with increasing beam brightness, an exact numerical solution becomes closeto linear relationship between space charge potential and external potential, Eq. (4.21).Taking the first approximation to the space charge potential of the beam, Eq. (4.21), theHamiltonian corresponding to the self-consistent bunch distribution is as follows:

H = px2 + py2g

+ z22 m g3

+ q (d1 + d) Uext . (4.27)Equation (4.25) indicates that in the presence of intense, bright bunched beam (d << 1) thestationary longitudinal phase space of the beam becomes narrow in momentum spread, remaining,in the first approximation, the same in coordinate (see Fig. 2). This is in qualitative agreement withthe study of Ref. [1], where the self-consistent problem for stationary bunched beam was solvednumerically for longitudinal phase - space particle distribution. The resulting bunch wasapproximated by a hard-edged cylinder. Particle density was constant in every cross section of acylinder, but depended on longitudinal position. Numerical results of the Ref. [1] indicated that inspace-charge-dominated regime, separatrix of longitudinal phase space was substantially reduced inmomentum, remaining almost unchanged in phase width, which is in good agreement with Eq.(4.25).5 STATIONARY BUNCH PROFILESelf consistent space charge density distribution of matched beam can be found from thePoisson’s equation:r(r,z) = - eo

[1r ¶¶r (r ¶Ub¶r

) + ¶2Ubg2¶z2] . (5.1)

Substitution of Eq. (4.24) into Eq. (5.1) gives the stationary particle density distribution inside thebunch:r(r,z) = 2g2Gt eo{

1 - d(1+d)2 - 2dVext

- d232g et2<x2>

(mc2Gtq a2)

(¶Vext¶x)2 +

(¶Vextg¶h)2[(1+d)2 - 2dVext]3/2 } . (5.2)For a high brightness beam parameter d << 1, therefore, space charge density is close to constantwithin the bunch:r(r,z

) » 2 g21 + d Gt eo . (5.3)From Eq. (4.21) it follows, that, in the first approximation, space charge potential of the beamUext (r, z)= const gives the family of equipotential lines of space charge field of the beam:Io

(kzrg)sin(js-kzz) - sinjs+ kzzcosjs

+ Gtkz2 E r2 = const . (5.4)In general case, bunch boundary does not create an equipotential surface, therefore Eq. (5.4) doesnot coincide with bunch profile. To treat the problem, consider uniformly populated bunch withboundary R(z), defined by nonlinear equationIo

(kzRg)sin(js-kzz) - sinjs+kzzcosjs+C(kzR)2= const . (5.5)Equation (5.5) differs from Eq. (5.4) by inserted parameter C, which will be used to adjust bunchshape in such a way, that self field of the bunch is approximately opposite to external field. Thevalue of constant in right side of Eq. (5.5) can be determined from the condition, that longitudinalbunch size is, in the first approximation, the same as for zero - current mode. Therefore, at R(z) = 0one of the bunch boundary is kzz = 2js and the value of constant isconst = 2js cosjs - 2 sinjs . (5.6)Substitution of Eq. (5.6) into Eq. (5.5) gives expression for expected bunch profile:Io

(kzRg)sin(js-kzz)+sinjs-(2js-kzz)cosjs+C(kzR)2= 0 . (5.7)

Fig. 3 illustrates uniformly populated bunch with boundary, Eq. (5.7). Bunch profile in realspace reminds separatrix shape in longitudinal phase space. Space charge field of the bunch inlongitudinal direction is essentially nonlinear and repeats (with negative sign) the RF field insidethe bunch. In transverse direction the space charge forces are close to linear function of coordinateand compensate external focusing forces. Shape and space charge forces of the bunch depend onparameter C. Consider that dependencies in more details.For a long bunch, >> R, the Bessel function can be approximated as I(c) » 1 + c2/4, andequation (5.7) for bunch boundary becomes:R(z)

= bl2p

(2js - kzz) cosjs - sinjs - sin(js-kzz)

C + 14 g2 sin(js-kzz) . (5.8)Transverse bunch size, R, is determined from equation

¶R(z)¶z = 0, which has an approximatesolution z(Rmax) » 0. Substitution of this value into Eq. (5.8) gives for maximum beam size:Rmax

2 (js cosjs - sinjs)

C + 14 g2 sinjs . (5.9)Exact value of z(Rmax) is slightly positive and maximum value of bunch profile is shifted to thehead of the bunch. The phase length of a separatrix is approximately 3js and full bunch length islb = bl3js/(2p). The ratio of transverse to longitudinal bunch sizes for a given value ofsynchronous phase is therefore:

Rmaxlb

= 13js2 (js cosjs - sinjs)

C + 14 g2 sinjs . (5.10)Let us compare space charge potential of the bunch with that of external RF filed. Consider forsimplicity a non-relativistic case. Potential of arbitrary charged distribution at the point o at theaxis is:

Ub (zo

, 0) = 14peo r dV r = 14peo

0R(z)

02p zminzmax

r (r, z’) r dr dz’ dj r2 + (z’ - zo)2 . (5.11)Introduce RF phase y = - kzz instead of longitudinal coordinate z. After integration in Eq. (5.11)over radius and azimuth angle, the beam potential is:Ub (yo, 0) = Uo ymin

[kz2R2(y) + (y - yo)2

- (y - yo)2y . (5.12)For typical values of parameter C = 1....5, bunch profile, Eq. (5.8), can be approximated as follow:(kzR)2

» 1C [(y + 2js) cosjs - sinjs - sin (y + js)] . (5.13)Substitution of Eq. (5.13) into Eq. (5.12) gives the potential at the axis point yo :Ub(yo,0)=Uo

[y2+ y

(cosjsC -2yo

)+ 2jscosjs-sinjs-sin(js+y)C +yo2js-2js

- (y - yo)2]dy. (5.14)Because the value of synchronous phase in RF filed is negative < 0, integration in (5.14) has tobe performed in the limits of (s, - 2s). In Fig. 4 results of space charge potential of the bunch, Eq.(5.14) are presented. Also, an inverse autophasing potential is given:V(y) = - Uext (y

, 0) = - Ekz [ sin (y + js) - y cosjs] . (5.15)As seen, the values of both potentials are close to each other. Therefore, uniformly populated bunchwith boundary, Eq. (5.7), compensates for "restoring" autophasing force inside the bunch, whichindicates good approximation of the bunch boundary by Eq. (5.7).Parameter C can be expressed as a function of ratio of transverse, Gtb, and longitudinal, Gzb,gradients of space charge forces inside the bunchC = C

(GtbGzb) . (5.16)Figs. 5, 6 illustrate dependencies, Eq. (5.16), for different values of synchronous phase and beamenergies. Components of electric field of a relativistic bunch in moving frame, Ex’, Ey’, Ez’, were

calculated via numerical solution of the Poisson’s equation and then the Lorentz transform wasapplied to get components of electric field, Ex, Ey, Ez, in laboratory system:Ex = gEx’, Ez = gEz’, Ez = Ez’ . (5.17)In laboratory system transverse field was reduced by the factor of 1/g2 due to self magnetic field ofthe beam:Fx = Ex - vz By

= Exg2, Fy = Ey + vz Bx

= Eyg2 . (5.18)Gradients of space charge field were calculated as derivatives of space charge forces in the vicinityof synchronous phase:Gtb

= ¶Fx¶x

= 1g2

¶Ex¶x, Gzb

= ¶Fz¶z

= ¶Ez¶z . (5.19)According to Eq. (4.21), space charge field of a stationary bunch compensates for externalaccelerating and focusing field within the bunch. Therefore, if space charge forces are known, theopposite field defines required external filed. Gradients of external field are calculated from Eq.(2.2) in the vicinity of synchronous phase utilizing expansionsin(js - kzz) » sinjs - (kzz)cosjs -

12(kzz)2sinjs , kzz << 1 , (5.20)Io

(kzrg) »

1 + 14

(kzrg)2 . (5.21)Substitution of Eqs. (5.20), (5.21) into Eq. (2.2) gives for external potential:Uext = Gz z22 + Gt r22 [ 1 - Gz2 g2Gt sin(js-kzz)sinjs] » Gz z22 + Gt, eff r22 , (5.22)where Gz is a longitudinal gradient of external fieldGz = 2p

E sin jsbl , (5.23)and Gt, eff is an effective transverse gradient of external field, depressed due to RF defocusing:

Gt, eff = Gt

(1 - Gz2 g2Gt) . (5.24)Taking into account Eq. (4.21), the relationships between gradients of space charge field and that ofexternal field areGzb

= - (11 + d

) 2p E sin jsbl , (5.25)Gtb

= - (11 + d) [Gt

- p E sin jsg2 bl] . (5.26)Eqs. (5.25), (5.26) together with dependencies, presented in Figs. 5, 6, uniquely define the shape ofthe stationary bunch for given values of accelerating field, E, focusing gradient, Gt, synchronousphase, js, wavelength, l, and beam energy, g.6. MAXIMUM BEAM CURRENTPerformed study allows us to determine the maximum beam current of bunched beam. Thevolume of the bunch is determined byV = p

R2(z) dzzminzmax

= bl2

R2(y) dyjs-2js . (6.1)For a long bunch ( >> R), an approximate bunch boundary, 2(), is determined by Eq.(5.13). Integration in Eq. (6.1) gives for the bunch volume:

V = (bl)38p2C (3js sinjs

- 92 js2 cosjs + cosjs - cos2js) . (6.2)Total charge of the bunch is Q = rÆV and beam current,

I = Q2p w, is

I = Imax1 + d , (6.3)Imax = Ic

( b3g216p3C

) (Gt q l2m c2) [3js sinjs

- 92 js2 cosjs + cosjs - cos2js] , (6.4)

where Imax is a maximum beam current for infinitely high brightness beam. The expression insquare brackets in Eq. (6.4) is close to the cubic function of the synchronous phase, js3, (see Fig. 7),which exhibits that the maximum beam current is proportional to the cube of the synchronousphase. It is in qualitative agreement with analysis, based on well-known ellipsoidal approximationto bunched beam [1, 2, 6], see Section 7.Substitution of Eq. (4.18), into Eq. (6.3) gives explicit expression for beam current:I = Imax

(1 - et2a2) , (6.5)where a defines normalized acceptance of the channel in presence of transverse focusing and RFfield:a

= ab2 g8p3BC

(Gt q l2m c2) [3js sinjs

- 92 js2 cosjs + cosjs - cos2js] . (6.6)Eq. (6.4) gives a unique expression for the beam current limit (without separate transverse andlongitudinal limits) for every combination of the values of E, Gt, js and l.Fig. 8 illustrates dynamics of proton bunched beam with maximum possible current of Imax =0.2A in the field with E = 20 kV/cm, js = - 57.3, Gt = 280 kV/cm2, d =0, b = 0.01788, l = 85.7cm. Gradients of space charge forces of the beam obtained from Eqs. (5.25), (5.26) areGzb = - 69 kV/cm2, Gtb = - 245 kV/cm2. The ratio of gradient is Gtb/ Gtb = 3.6, which corresponds toBeam dynamics simulations show that bunch shape is approximately kept constant, whileappearance of halo around bunch indicates that attained solution is approximate.7 APPLICABILITY OF ELLIPSOID MODELLet us discuss applicability of the well known approximation of the bunch by uniformlypopulated ellipsoid. In derivations of self-consistent solution of beam distribution resulted in Eq.(4.21), there were no constraints on external potential, therefore Eq. (4.21) is valid for arbitraryexternal field. In the vicinity of synchronous particle, where external forces are approximately linear

functions of coordinates, external potential is given by Eq. (5.22). Substitution of Eq. (5.22) into Eq.(4.21) gives for potential of stationary bunch:Ub

= - r2eo Gt (Gz

z22 + Gt, eff2 r2) , (7.1) r is given by Eq. (5.3). Potential, Eq. (7.1), corresponds to uniformly populated ellipsoid. In aUb’r’ = r/gasUb’

= - r’2eo (Mz’2

+ 1 - M2 r2) , (7.2)where z’ = z g is a longitudinal deviation from the center of ellipsoid and M is a function of ratio ofellipsoid semi-axes:M(R, gl)

= R2gl2 ds(R2 + s) (g2l2 + s)3/2 o¥ . (7.3)After transformation to laboratory system, the beam potential, Ub = gUb’, isUb

= - r2eo [Mg2z2

+ 1 - M2 r2] . (7.4)Comparison of Eq. (7.1) and Eq. (7.4) gives for coefficient MM(R, gl)

= Gz2 g2Gt . (7.5)Coefficient M, Eq. (7.5), and space charge density , Eq. (5.3), define family of ellipsoidal buncheswith the same ratio of semi-axes R/l, which are in equilibrium with external field. Taking intoaccount, that volume of ellipsoid is V= (4/3)p R2l , the maximum bunched beam current,Imax = rVw/(2p), which can be carried by an ellipsoid isImax = Ic

23 g2

(R2ll3

) (Gt q l2m c2) . (7.6)

Since bunch with current, Eq. (7.6), completely cancels external field, expression (7.6) givesboth transverse and longitudinal current limit. Let us substitute gradient of focusing field, Gt, by thevalue of zero-current phase advance, so, of betatron oscillations per period S = Nbl of a purefocusing structure (without RF field):so

=q Gtmg

Sbc . (7.7)In presence of RF field effective focusing gradient is Gt, eff = Gt(1 - M), see Eqs. (5.24), (7.5).Therefore, zero-current phase advance per period, so,t, including both the focusing and RFdefocusing term is defined by:so,t2 = so2 (1 -M) . (7.8)Phase width of bunch, which contains most of the particles, can be approximately taken as 2js and,therefore, half of bunch length isl = bljs/(2p) . (7.9)Substitution of expressions (7.7) - (7.9) into Eq. (7.6) gives for the current limitImax

= 43 mc2Zo q bg3 js sot2(1 - M) N2

(Rl)2 , (7.10)where Zo = (ceo)-1 = 376.73W is the impedance of the free space. Expression (7.10) is the wellknown transverse current limit [6, Eq. (9.55)]. Let us show that Eq. (7.6) gives also longitudinalcurrent limit. Substitution of parameter M, Eq. (7.5), and amplitude of accelerating field E, Eq.(5.23), into Eq. (7.6) gives for current limit:Imax

= 8p23Zo

E sinjsbM

R2ll2 , (7.11)which is well-known expression for longitudinal current limit in RF filed [6, Eq(9.52)]. Usuallyparameter M can be approximated as M » R/(3gl). For that approximation the current limit, Eq.(7.11), is:Imax

= 2 bgZo E js2 sinjs R . (7.12)

For small absolute values of synchronous phase one can assume

sinjs » js, and the current limit,Eq. (7.12), is proportional to the cube of synchronous phase [1, 2, 6], which is consistent withderivations of Section 6.Performed analysis shows that approximation of bunched beam by uniformly populatedR << , << lshape, described by Eq. (5.7).8 SUPPRESSION OF BEAM EMITTANCE GROWTH IN RF LINAC DUE TO RFDEFOCUSINGIn RF linac bunched beam is formed from injected continuous beam as a result of longitudinaland halo formation which was a subject of detailed study of many papers (see Refs. [1], [2], [4], [6]- [10] and cited references there).One of the main reason for beam emittance growth is a dependence of transverse oscillationfrequency on phase of particle in RF field (RF defocusing). From Hamiltonian, Eq. (4.27), theequation of transverse particle motion is d2xdt2

+ d1+ dr2

- 12 W2 jsinjs) x = 0 , (8.1)where Wr is a transverse oscillation frequency without RF fieldWr2

= q Gtmg , (8.2)and W is a longitudinal oscillation frequency:W2 = w2 qElmc2 sin js2pbg3 . (8.3)During formation of bunches from continuos beam, particles perform longitudinal oscillationswith large amplitude, which affect transverse oscillations. In Fig. 9 the phase space trajectory of the

particle in RF accelerating field is presented. It is clear, that phase space ellipse in phase space isdeformed due to RF defocusing. The effective emittance of the beam after many particle oscillationsin RF field can be significantly larger than the initial beam emittance. Qualitative analysis of beamemittance growth for zero-current mode was done in Ref. [1]:

eeo = 1 + F ctgjs

4 Wr,s2W2 - 1 , (8.5)where is an amplitude of phase oscillations and Wr,s is a transverse oscillation frequency ofsynchronous particle:Wr,s2 = Wr2

- W22 . (8.6)From Eq. (8.5) it follows that emittance growth due to RF defocusing is most essential at the stage ofbeam bunching, where amplitude of phase oscillations is large, and for small values of ratio Wr,s/W.According to Eq. (4.27), in space-charge -dominated regime, transverse and longitudinal oscillationfrequencies are depressed in the same proportion, therefore dependence of emittance growth on ratioWr,s/W has to be qualitatively the same as for zero-current mode.This effect was studied numerically for drift tube linear accelerator with solenoid focusing.Radial oscillation frequency in absence of RF and space charge forces is a the Larmor frequency,wL = qB/(2mg), where B is the magnetic field of solenoid. The lower value of magnetic field islimited by transverse stability constraint W [1]. With increasing of the ratio of W, thedependence of transverse oscillation frequency on RF filed is damped and emittance growth isexpected to be suppressed.In Figs. 10-13 results of beam dynamics study in RF proton linac for energy 3 MeV and beamcurrent of 250 mA are presented. Drift tube accelerator structure consists of prebuncher, buncher andacceleration section. Synchronous phase is changing monotonously from 90 to 30. Acceleratinggradient increased gradually from zero to the final value of 2.5 Mev/m. Initial beam with KVdistribution, injection energy of 150 keV and normalized emittance of 0.12 p cm mrad was chosen tobe matched with constant solenoid field. Transmission efficiency obtained in simulation was 90% .

From results of simulation it is clear that emittance growth is occurred mainly at the stage ofbeam bunching, where amplitude of phase oscillation is large. Emittance growth is saturated afterbeam is bunched. For small value of magnetic field, wL/W= 1.25, close to transverse stability limit,the strong emittance growth (up to 100%) was observed. With increasing of magnetic field, theemittance growth was seriously reduced and finally can be made close to zero, see Fig. 10. It is alsoaccompanied with suppression of halo formation in phase space (see Fig. 11) and in real space (seeFig. 12). Final beam profile (see Fig. 13) resembles that, obtained in self-consistent analysis ofSection 5. Performed study indicates that emittance growth due to RF defocusing can be controlledby an appropriate choice of focusing gradient with respect to RF field.5 CONCLUSIONSAn approximate self-consistent solution for a bunched beam in an uniform focusing channelwith applied RF acceleration field was obtained. Analytical derivations were performed in the limitof a high brightness beam, when space charge forces are dominated. Nonlinear equation forstationary beam profile as well as expression for space charge limited beam current are derived.Applicability of ellipsoidal model to bunched beam in RF field is discussed.REFERENCES[1] I.M.Kapchinsky: Theory of Resonance Linear Accelerators, Harwood, 1985.[2] M.Reiser: Theory and Design of Charged Particle Beams, Wiley, New York, 1994.[3] L.D.Landau and E.M.Lifshitz: Field Theory, Pergamon Press, 1975.[4] R.Jameson, IEEE Trans. Nucl. Sci., NS-28, 2408 (1981).[5] Y.Batygin, Phys. Rev. E, 57, 6020 (1998).[6] T.Wangler: Principles of RF Linear Accelerators, Wiley, 1998.[7] J. J. Barnard and S. M. Lund , Proc. of the 1997 Part. Accel. Conf., Editors M.Comyn,M.K.Craddock, M.Reiser, J.Tomson, IEEE, p. 1929 (1998).[8] R. C. Davidson, Phys. Rev. Lett. 81, 991 (1998) and Phys. Plasmas 5, 3459 (1998).[9] R.L.Gluckstein, A.V.Fedotov, S.Kurennoy and R.Ryne, Phys. Rev. E58, 4977 (1998).[10] C. Chen and M.Hess, Phys. Plasmas 7, 5206 (2000).

APPENDIX 1. Dimensionless beam brightnessConsider KV envelope equation for round beam [1]:R’’

- ’t2R3 + k(z) R

- 2 IIc b3g3R = 0 . (A.1)Equation (A.1) contains two defocusing terms: one is proportional to square of beam emittance anddominated in beam transport:

b = 2(bg)3

IIc R2’t2

= 2(bg)

IIc R2et2 . (A.2)Transport with b >> 1 corresponds to space-charge dominated regime, while b<<1 corresponds toI / e2, toIc / R2Additional factor of 2 / (bg) indicates that significance of the space charge forces drops withincreasing of beam energy.

APPENDIX 2. Space charge field of the train of cylindrical bunches.Consider train of uniformly populated cylindrical bunches of length 2, radius R and spacecharge density ro (see Fig. 14). Space charge potential of the beam obeys Poisson’s equation:

1r ¶¶r(r¶Ub¶r

) + ¶2Ubg2¶z2

= - 1eo r (r, z) . (A.3)Let us expand both space charge density and unknown potential by Fourier-Bessel series:r(r, z) = �n=o¥rnm Jo(uom

ra)�m=1¥

cos (2pnzL), (A.4)Ub(r, z) = �n=o¥Unm Jo(uom cos (2pnzL). (A.5)Expansions, Eqs. (A.4), (A.5) obey Dirichlet boundary condition at the ideal cylindrical surface ofthe tube r = a and periodic condition in longitudinal direction Ub(r, z) = Ub(r, z + L). Coefficientsrnm are obtained by multiplying of Eq. (A.4) by Jo(uom’

ra)cos (2pn’zL) r dr dz and integration inthe limits of (0, a), (-L/2, L/2):rnm = ro

4uom

(Ra)(2lL

) [J1(uom

Ra)J12(uom)

] [sin (2pnlL)

(2pnlL)] . (A.6)In derivation of Eq. (A.6) the condition of orthogonality of the Bessel function was used:

Jo(uom’ ra) Jo(uom ra) r droa = { 0 , m „ m’ a22 J12(uom), m = m’ . (A.7)Substitution of Eqs. (A.4), (A.5) into Poisson’s equation gives the following algebraic relationshipbetween coefficients series:

Unm = rnmeo [

(2pngL)2 +

(uoma)2] . (A.8)Therefore, space charge field of the train of the bunches is defined as follow:Ub(r, z) = �n=1¥

4 roeo uom[

(2pngL)2+

(uoma)2]

(Ra)(2lL

) J1(uom

Ra)J12(uom) sin (2pnlL)

(2pnlL) Jo(uom

ra)�m=1¥

cos(2pnzL). (A.9)

Figure captionsFig. 1. Results of the numerical solution of Eq. (4.26) for a self-consistent potential of a highbrightness beam, g = 1: (a) d =0.3; (b) d =0.2; (c) d =0.1.Fig. 2. Separatrix of longitudinal particle motion: a) low brightness beam, b<<1, b) high brightnessbeam, b>>1.js = - 60o. C = 3.8: a)RF field, b) particle distribution, c) space charge field of the beam, d) resulting field.Fig. 4. Comparison of potential functions of beam and RF filed: (dotted line) space charge potentialof bunched beam distribution at the axis, js = - 60o, C = 3.8; (solid line) inverse externalpotential at the axis, - Uext (y, 0).Fig. 5. Coefficient C in bunch shape for js = -300 as a function of ratio of transverse andlongitudinal gradients of space charge field of the beam: a) g = 1, b) g = 3, c) g = 6.Fig. 6. Coefficient C in bunch shape for js = -600 as a function of ratio of transverse andlongitudinal gradients of space charge field of the beam: a) g = 1, b) g = 3, c) g = 6.Fig. 7. Function f (js) = 3js sinjs

- 92 js2 cosjs + cosjs - cos2js in maximum beam current.Fig. 8. Dynamics of bunched proton beam with current I = 0.2 A in the field with parameters E = 20kV/cm, Gt = 280 kV/cm2, l = 85.7 cm, js = - 60o: a) tc/l, b) tc/l = 10, c) tc/l =30.Fig. 9. Phase space trajectory of particle in standing wave RF accelerator.Fig. 10. Beam emittance growth (up) and phase trajectories of particles (bottom) in RFaccelerator: 1) W = 1.25 , 2) W = 1.75, 3) W = 2.5 , 4) W = 3.5.Fig. 11. (Left column) initial beam emittance, (right column) final beam emittance in RFaccelerator: 1) W = 1.25 , 2) W = 1.75, 3) W = 2.5 , 4) W = 3.5.Fig. 12. (Left column) initial x-y beam distribution, (right column) final x-y beam distributionin RF accelerator: 1) W = 1.25 , 2) W = 1.75, 3) W = 2.5 , 4) W = 3.5.Fig. 13. (Left column) initial beam profile, (right column) final beam profile in RFaccelerator: 1) W = 1.25 , 2) W = 1.75, 3) W = 2.5 , 4) W = 3.5.Fig. 14. On space charge potential calculation of the train of cylindrical bunches.

0 1 2 3 4 5 6 7 8 9

0 1 2 3 4 5 6 7 8 9 10

V ext

a b c

-V b

Fig. 1. a) -0.15

-0.1

-0.05 0 0.05 0.1 0.15 x 10^{-2}

-1.5-1.25 -1 -0.75-0.5-0.25 0 0.25 0.5 0.75 1 k_z � p_z

b) -0.15

-0.1

-0.05 0 0.05 0.1 0.15 x 10^{-2}

-1.5-1.25 -1 -0.75-0.5-0.25 0 0.25 0.5 0.75 1 k_z � p_z

Fig. 2. a) -0.15

-0.1

-0.05 0 0.05 0.1 0.15 0.2 0.25 x 10^{-2}

-0.3 -0.2 -0.1 0 0.1 0.2 �

E q / (mc )

�z 2

b) -0.08

-0.06

-0.04

-0.02 0 0.02

0.04

0.06

0.08

-0.3 -0.2 -0.1 0 0.1 0.2 � x / �

-0.08

-0.06

-0.04

-0.02 0 0.02

0.04

0.06

0.08

-0.003 -0.002 -0.001 0 0.001 0.002 0.003

E q / (mc )

�x 2 a

c d x / �

c) -0.15

-0.1

-0.05 0 0.05 0.1 0.15 0.2 0.25 x 10^{-2}

-0.3 -0.2 -0.1 0 0.1 0.2 �

E q / (mc )

�z 2

d) -0.15

-0.1

-0.05 0 0.05 0.1 0.15 0.2 0.25 x 10^{-2}

-0.3 -0.2 -0.1 0 0.1 0.2 �

E q / (mc )

�z 2

Fig. 3 a) -0.08

-0.06

-0.04

-0.02 0 0.02

0.04

0.06

0.08

-0.3 -0.2 -0.1 0 0.1 0.2 � x / �

b) 0.05 0.1 0.15 0.2 0.25 0.3 0.35

-0.3 -0.2 -0.1 0 0.1 0.2 �

U

Fig. 4. 0 1 2 3 4 5

1 2 3 4 5 6 a b c

G / G_{t z}^{b b}

C

Fig. 5. 0 1 2 3 4 5 6

1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 a b c

G / G_{t z} b b

C

Fig. 6. 0 1 2 3 4 5 6

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 I I�_s f( )�_s

Fig. 7. a) -0.15

-0.1

-0.05 0 0.05 0.1 0.15

-0.6 -0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3

z (cm) x (cm)

b) -0.15

-0.1

-0.05 0 0.05 0.1 0.15

19.5 19.6 19.7 19.8 19.9 20 20.1 20.2 20.3 20.4 20.5

z (cm) x (cm)

c) -0.15

-0.1

-0.05 0 0.05 0.1 0.15

87.2 87.4 87.6 87.8 88 88.2 88.4

z (cm) x (cm)

Fig.8.

-0.6

-0.4

-0.2 0 0.2 0.4 0.6 x 10^{-3}

-0.15 -0.1 -0.05 0 0.05 0.1 0.15

x, cm

Px

Fig. 9. 0 0.25 0.5 0.75 1 1.25 1.5 1.75 2 2.25 2.5

0 25 50 75 100 125 150 175 200 225 z (cm)

1 2 3 4

�_o

-150

-100 -50 0 50 100 150

0 25 50 75 100 125 150 175 200 225

z (cm)

�

Fig. 10. a) -0.003

-0.002

-0.001 0 0.001

0.002

0.003

-0.4 -0.3-0.2 -0.1 0 0.1 0.2 0.3 0.4

x (cm) p_x

-0.003

-0.002

-0.001 0 0.001

0.002

0.003

-0.4 -0.3-0.2 -0.1 0 0.1 0.2 0.3 0.4

x (cm) p_x

b) -0.003

-0.002

-0.001 0 0.001

0.002

0.003

-0.4 -0.3-0.2 -0.1 0 0.1 0.2 0.3 0.4

x (cm) p_x

-0.003

-0.002

-0.001 0 0.001

0.002

0.003

-0.4 -0.3-0.2 -0.1 0 0.1 0.2 0.3 0.4

x (cm) p_x

c) -0.003

-0.002

-0.001 0 0.001

0.002

0.003

-0.4 -0.3-0.2 -0.1 0 0.1 0.2 0.3 0.4

x (cm) p_x

-0.003

-0.002

-0.001 0 0.001

0.002

0.003

-0.4 -0.3-0.2 -0.1 0 0.1 0.2 0.3 0.4

x (cm) p_x

d) -0.003

-0.002

-0.001 0 0.001

0.002

0.003

-0.4 -0.3-0.2 -0.1 0 0.1 0.2 0.3 0.4

x (cm) p_x

-0.003

-0.002

-0.001 0 0.001

0.002

0.003

-0.4 -0.3-0.2 -0.1 0 0.1 0.2 0.3 0.4

x (cm) p_x

Fig. 11. a) -0.4

-0.3

-0.2

-0.1 0 0.1 0.2 0.3 0.4

-0.4 -0.3-0.2 -0.1 0 0.1 0.2 0.3 0.4

x (cm) y (cm)

-0.4

-0.3

-0.2

-0.1 0 0.1 0.2 0.3 0.4

-0.4 -0.3-0.2 -0.1 0 0.1 0.2 0.3 0.4

x (cm) y (cm)

b) -0.4

-0.3

-0.2

-0.1 0 0.1 0.2 0.3 0.4

-0.4 -0.3-0.2 -0.1 0 0.1 0.2 0.3 0.4

x (cm) y (cm)

-0.4

-0.3

-0.2

-0.1 0 0.1 0.2 0.3 0.4

-0.4 -0.3-0.2 -0.1 0 0.1 0.2 0.3 0.4

x (cm) y (cm)

c) -0.4

-0.3

-0.2

-0.1 0 0.1 0.2 0.3 0.4

-0.4 -0.3-0.2 -0.1 0 0.1 0.2 0.3 0.4

x (cm) y (cm)

-0.4

-0.3

-0.2

-0.1 0 0.1 0.2 0.3 0.4

-0.4 -0.3-0.2 -0.1 0 0.1 0.2 0.3 0.4

x (cm) y (cm)

d) -0.4

-0.3

-0.2

-0.1 0 0.1 0.2 0.3 0.4

-0.4 -0.3-0.2 -0.1 0 0.1 0.2 0.3 0.4

x (cm) y (cm)

-0.4

-0.3

-0.2

-0.1 0 0.1 0.2 0.3 0.4

-0.4 -0.3-0.2 -0.1 0 0.1 0.2 0.3 0.4

x (cm) y (cm)

Fig. 12. a) -0.4

-0.3

-0.2

-0.1 0 0.1 0.2 0.3 0.4

-0.6 -0.4 -0.2 0 0.2 0.4 0.6

z (cm) x (cm)

-0.4

-0.3

-0.2

-0.1 0 0.1 0.2 0.3 0.4

233.25233.5233.75 234 234.25234.5234.75 235 235.25235.5

z (cm) x (cm)

b) -0.4

-0.3

-0.2

-0.1 0 0.1 0.2 0.3 0.4

-0.6 -0.4 -0.2 0 0.2 0.4 0.6

z (cm) x (cm)

-0.4

-0.3

-0.2

-0.1 0 0.1 0.2 0.3 0.4

233.25233.5233.75 234 234.25234.5234.75 235 235.25235.5

z (cm) x (cm)

c) -0.4

-0.3

-0.2

-0.1 0 0.1 0.2 0.3 0.4

-0.6 -0.4 -0.2 0 0.2 0.4 0.6

z (cm) x (cm)

-0.4

-0.3

-0.2

-0.1 0 0.1 0.2 0.3 0.4

233.25233.5233.75 234 234.25234.5234.75 235 235.25235.5

z (cm) x (cm)

d) -0.4

-0.3

-0.2

-0.1 0 0.1 0.2 0.3 0.4

-0.6 -0.4 -0.2 0 0.2 0.4 0.6

z (cm) x (cm)

-0.4

-0.3

-0.2

-0.1 0 0.1 0.2 0.3 0.4

233.25233.5233.75 234 234.25234.5234.75 235 235.25235.5

z (cm) x (cm)

Fig. 13.

2lLRaFig. 14.