SLAC-PUB-8593 August 2000

Weak Beam-Laser Interaction in Undulator

S. Heifets^† Stanford Linear Accelerator Center, Stanford University, Stanford, CA 94303

(Dated: August 31, 2000)

Abstract

Evolution of the density matrix of a bunch of particles in an undulator is described in the quantum mechanical theory neglecting effect of beam bunching. The approach of the paper is the same but the formalism is different from Becker-McIver’s operator formalism [1].

†heifets@slac.stanford.edu;

Work supported by Department of Energy contract DE–AC03–76SF00515.

I. INTRODUCTION

Interaction of a bunch of particles with the laser field in an undulator has been described by Becker and McIver [1] using operator formalism of quantum mechanics. This note reproduces the main results of this paper in a different formalism where we follow the time evolution of the density matrix of the system. This approach will be used in the following publication to study the optical stochastic cooling [2].

The number of particles within a bunch is arbitrary, but theory neglects retardation which would lead to bunching in the self-amplification regime. In this sense the interaction is weak.

II. KINEMATICS

Here we reproduces for completeness the main features of laser/beam kinematics and introduce the density matrix of the beam.

The circularly polarized undulator in the lab (L) frame is described by the field ⃗B_L(z) = B_u[⃗y cos(k_uz_L) + ⃗x sin(k_uz)], or transverse vector potential ⃗A_{u,L} = (B_u/k_u)[⃗x sin(k_uz_L) + ⃗y cos(k_uz)], where z_L is coordinate along the axes of the undulator.

The equilibrium particle is defined as a particle moving in the lab frame with relativistic factor γ_0 and velocity along the undulator axes v_{0,z} = v_0 cos θ, where θ = K_0/γ_0, K_0 is undulator parameter, K_0 = eB_u/(m_0c^2k_u). The equilibrium particle with momentum p_0 in the lab frame is at rest in the frame moving with velocity v/c = k_L/(k_L + k_u), γ ≃ γ_0/ √ 1 + K^2_0 , where k_L = ω_L/c = 2k_uγ^2_0 /(1+K^2_0 ), ω_L is frequency radiated by the equilibrium particle in the lab frame in the forward direction. The frequency ω = ck in the moving frame, k = ω/c = γ(v/c)k_u ≃ γk_u. A particle with offset momentum in the lab frame p_L = p_0 + Δp_L and the longitudinal velocity v_{z,L} = v_L cos θ has, in the moving frame, longitudinal momentum p_z/(m_0c) = (Δp_L/p_0)/ √ 1 + K^2_0 . This defines transform of the rms bunch distribution to the moving frame. In particular, particles can be considered as nonrelativistic in the moving frame for small Δp_L/p_0.

In the moving frame with coordinates (z, t), the undulator field ⃗B(z) = ⃗yγB_u cos[γk_u(z + vt)] can be considered as flux of equivalent photons with frequencies ω = γvk_u. This frequency is equal to the frequency of photons radiated by the equilibrium particle in the moving frame. The last is the definition of the Bambini-Renieri moving frame and shows that, for the equilibrium particle, radiation is just back-scattering of undulator photons.

In quantum mechanics, the vector potential operator of the EM field in the moving frame in Shrodinger picture is ⃗A = √ 2πhc^2 V ω ⃗y[âe^{ikẑ} + cc], |⃗y| = 1, (1) where ẑ is operator of longitudinal coordinate, and V is normalization volume. As usual, â is Shrodinger time-independent annihilation operator, â|n >= |n − 1 > √ n, where |n > is the n-photon state. The undulator field can be described in the moving frame as an external time-dependent field, for example,

A_u(z) = B_u 2ik_u e^{iγku(ẑ+vt)} + c.c. (2) Hamiltonian of the system H = (p −^e_c [ ⃗A_u + ⃗A])^2/2m_0 in 1D case does not contain the linear in A term [3] for longitudinal initial p(0), because both operators Â_u and Â are transverse and the canonical momentum p is constant of motion.

The average < a >∝ e^{−iωt}. Therefore, neglecting the small corrections 2πr_0c^2/(V ω) to ω and (eA_u/c)^2 to m_0c^2, we get [1]: H = N_B∑ i=1 p̂^2_i 2m_0 + hω(a^+a + 1/2) − ihg[a_ue^{2ikẑ+iωt} − cc]. (3) The sum here is over N_B particles in the bunch, parameter of interaction g = r_0B_u 2k_u √ 2πc^2 V hω = cK_0 √ e^2 hc π 2kV , (4)

where r_0 =^{e2}_{m0c2} , K_0 = eB_u/(m_0c^2k_u). The interaction time in the moving frame is t = 2πN_u/(vγk_u), where N_u is number of the undulator periods.

In classical mechanics, bunch of particles is described approximately as product of normalized particle distribution functions Π^{NB}_{i=1}f( ⃗P_i, ⃗r_i), ∫ d ⃗P dV f( ⃗P , ⃗r) = 1. Respectively, in quantum mechanics, it can be described as product of one-particle density matrices ρ̂ = |⃗p^′ > ρ(⃗p^′, ⃗p) < ⃗p|, where the single particle density matrix ρ(⃗p^′, ⃗p) in momentum representation is related to f( ⃗P , ⃗r) by the Wigner’s transform: f( ⃗P , ⃗r) = ∫ V d⃗q (2πh)^6 e^{i⃗q⃗r/h}ρ( ⃗P + ⃗q/2, ⃗P − ⃗q/2). (5) The density matrix ρ(⃗p^′, ⃗p) is normalized by the condition ∑ ⃗p ρ(⃗p, ⃗p) = 1, ∑ ⃗p = ∫ V d⃗p (2πh)^3

. (6)

Inverse transform ρ(⃗p^′ ⃗p) = ∫ (2πh)^3d⃗r V e^{−i(⃗p ′−⃗p)⃗r/h}f( ⃗p + ⃗p^′ 2 , ⃗r) (7) can be used to define density matrix corresponding to classical distribution function. Consider the Gaussian distribution function with (z, p) correlation specified by parameter η: f(⃗p, ⃗r) = 1 2πΔσ e^{− (p−p0)} 2 2Δ2 −^{(z−z0−ηp)2} 2σ2 δ(⃗r_⊥)δ(⃗p_⊥). (8) The corresponding density matrix ρ(⃗p^′, ⃗p) = ρ_⊥(⃗p^′_⊥, ⃗p_⊥)ρ_l(p^′_z, p_z), where ρ_⊥(⃗p^′_⊥, ⃗p_⊥) = (2πh)^2 S δ[ ⃗p^′_⊥ + ⃗p_⊥ 2 ], (9)

ρ^0_l (p^′, p) = h √ 2π LΔ e^{−(i/h)(p′−p)(z0+η(p+p′)/2)−(1/2)(σ/h)2 (p′−p)2−(1/2)(1/Δ)2 ((p+p′)/2−p0)2} . (10) Here V = SL. As usual, integration over p can be converted to the sum. This can be done using correspondence shown in Eq. (6) and replacing (2πh/L)δ(p − p^′) by Kroneker’s symbol δ_{p,p}′ , Lδ(z − z^′) by δ_{z,z}′ , and ∫ dz/L by the sum over z, ∑ z. For example, transform from the momentum representation of an operator O to the coordinate representation is given by < p^′|O|p >= ∑ z,z^′ < p ′|z^′ >< z^′|O|z >< z|p >, where < z|p >= e^{ipz/h}, and ∑ z < p^′|z >< z|p >= δ_p′_{,p}.

III. BEAM DYNAMICS

Initial state of the system with n-photons and a bunch of particles with moments p_i, i = 1..N_B is transformed by the interaction with the mode k to the vector |Ψ(t) >= ∑ l_i,p_i |p_i − 2hkl_i, n + l_Σ > √ n! (n + l_Σ)! F_n(t, p_i, l_i)e^{−(it/h)} ∑ i E(p_i,l_i)−iωt(n+l_Σ ), (11)

where E(p_i, l_i) = (p_i − 2hkl_i)^2/(2m_0) and l_Σ = ∑ i l_i. Equation for the amplitudes F (t, [p_i, l_i]) follows from the Shrodinger equation: Ḟ_n(t, p_j, l_j ) = g ∑ j [(n+l_Σ)F_n(t, p_j, l_j −1)e^{−2i(k/m0 )t(p−2hklj )} −F_n(t, p_j, l_j +1)e^{2i(k/m0)t(pj −2hklj )}]. (12) Here, we use < p_j − 2hkl_j |e^{±2ikẑ}|p^′_j − 2hkl^′_j >= (2πh/L)δ[p^′_j − p_j + 2hk(l_j − l^′_j ± 1)], and write explicitly only quantum numbers which are changed by the interaction, F_n(t, p_j, l_j ± 1) = F_n(t, (p_1, l_1).., (p_j, l_j ± 1), .., p_{NB} , l_{NB} ). Neglecting terms hk^2/2m_0 in the exponent (i.e., in the laboratory frame, terms of the order of hk_uk_L/m_0 << 1), we can solve Eq. (12) by the Fourier transform F_n(t, p_j, l_j) = {Π^{NB}_{i=1} ∫_{2π} 0 dϕ_i 2π e^{iliϕi} }F (t, p_1..p_{NB} , ϕ_1, .., ϕ_{NB} ). (13) Function F (t, ϕ) = F (t, p_1, ..p_{NB} , ϕ_1..ϕ_{NB} ) is given by Ḟ (t, ϕ_) = −gv^∗_0 F (t, ϕ) + g(n + 1)v_0F + igv_0 ∑ i ∂F ∂ϕ_i , (14)

where v_0(t, ϕ) = ∑ i e^{−iϵit−iϕi} , ϵ_i = 2kp_i m_0

. (15) If initial condition is the n-photon state |Ψ(0) >= |p_i, n >, then F_n(0, p_i, l_i) = Π_iδ_{li,0} and F (0, ϕ) = 1.

Characteristics ϕ(t) of the Eq. (14) are defined by ϕ̇_i(t) = −igv_0(t, ϕ), with solutions ϕ_i(t) = ϕ^0_i + V (t), where V (0) = 0, ϕ^0_i = ϕ_i(0) are constants, and V (t) is the same for all ϕ_i(t).

The function V (t) satisfies V̇ (t) = −igv_0. Substitution of ϕ(t) in Eq. (15) gives

v_0(t, ϕ) = u_0(t, ϕ^0)e^{−iV (t)}, u_0(t, ϕ^0) = ∑ i e^{−iϵit−iϕ0i} . (16) Hence, (∂/∂t)e^{iV (t)} = gu_0(t, ϕ^0),

e^{iV (t)} = 1 + g ∑ a_j (t)e^{−iϕ0j} , (17) where a_i(t) = sin(ϵ_it/2) (ϵ_i/2) e^{−iϵit/2}, ȧ_i(t) = e^{−iϵit}. (18)

Eq. (17) defines characteristics ϕ_i(t) e^{iϕi} = e^{iϕ0i} [1 + g ∑ a_j (t)e^{−iϕ0j} ], e^{−iϕi} = [e^{iϕi} ]^{−1}. (19) Eq. (19) can be reversed to get constants of motion ϕ^0_i in terms of ϕ_i. Define Λ(ϕ_1, ..., ϕ_{NB} ) as e^{iϕ0i} = Λe^{iϕi(t)}. Substitute this in the right-hand-side of Eq. (19) to get

Λ = 1 − g ∑ j a_j (t)e^{−iϕj} . (20) Hence, e^{iϕ0i} = e^{iϕi} [1 − g ∑ a_j (t)e^{−iϕj} ], e^{−iϕ0i} = [e^{iϕ0i} ]^{−1}. (21) The general solution of the Eq. (14) can be found as F (t, ϕ) = Φ(t, e^{iϕ0i} ), where Φ is arbitrary function of the arguments ξ_i(t, ϕ) ≡ e^{iϕ0i} given by Eq. (21). Eq. (14) in terms of t, ξ takes form ∂Φ(t, ξ) ∂t = −gv^∗_0 Φ(t, ξ) + g(n + 1)v_0Φ, (22) where v_0(t) = u_0 1 + g ∑ i a_i(t)/ξ_i , v^∗_0 (t) = u^∗_0[1 + g ∑ i a_i(t)/ξ_i]. (23) Integrating Eq. (22) over t and substituting ξ_i from Eq. (21) gives

F (t, ϕ) = Φ_0(ξ) e^{−g} ∑ i a^∗_i e^{iϕ}+(g^2/2)| ∑ i a^∗_i e^{iϕ}|^2−(g^2/2) ∑ i,j e^{i(ϕi−ϕj )} ∫_t 0 dτ [a_j ȧ^∗_i −a^∗_i ȧ_j ] [1 − g ∑ i a_ie^{−iϕi} ]^{n+1} . (24)

Note, a(0) = 0. Hence, initial condition F (0, ϕ) = 1 allows us to choose Φ_0(ξ) = 1.

Parameter ϵt is of the order of ϵt 4π2N_u(δp/p)_L/ √ 1 + K^2_0 where N_u is number of periods the undulator and (δp/p)_L is rms energy spread in the lab system. We assume that ϵt << 1 what means that the rms energy spread of the bunch is small compared to the width Δω/ω ≃ 1/N_u of the mode. In this case, the integral term in the numerator ∫_t 0 dτ[a_jȧ^∗_i − a^∗_i ȧ_j ] ≃ it^3 6 (ϵ_i + ϵ_j ) − t^4 12 (ϵ^2_i − ϵ^2_j ), (25)

i.e. ϵt times smaller than other terms in the exponent (which are of the order of gt and (gt)^2) and can be neglected. We retain only diagonal terms i = j for comparison with a single particle theory. Remaining terms can be written introducing additional integration over λ in terms of b = g ∑ i a_i(t)e^{−iϕi} : F (t, ϕ) = ∫_∞ 0 dλ λ^n n! e^{−λ}e^{−b∗+λb+(1/2)bb∗} . (26) Let us factorize this expression using identity e^{−b∗+λb+(1/2)bb∗} = Ô_{λκ}e^{λb−κb∗} |_{κ=1}, (27) where operator Ô_{λκ} = e^{−(1/2) ∂2}∂λ∂κ .

Now integration in Eq. (13) over ϕ_i can be easily carried out for each particle using ∫ dϕ 2π e^{ilϕ−κa∗eiϕ+λae−iϕ} = ( λa κa^∗ )^{l/2}J_l(2 √ λκaa^∗). (28) Replacement k → −k in the left-side of Eq. (28) changes the RHS by J_l → I_l with the rest intact.

Thus, F_n(t, p, l) = ∫_∞ 0 dλ λ^n n! e^{−λ}Ô_{λκ}{Π^{NB}_{i=1}( λa_i κa^∗_i )^{li/2}J_{li} (2g|a_i| √ λκ)e^{−(g2/2)} ∫_t 0 dτ [a_iȧ^∗_i −c.c]}| κ=1, (29) where J_l are Bessel functions.

For a single particle, N_B = 1, identity Ô_{λκ}(λ κ )^{l/2}J_l(2g|a| √ λκ)|_{κ=1} = λ^{l/2}e^{(1/2)g2 |a|2} J_l[2g|a| √ λ], (30) which can be verified using series for the Bessel function, allows us to write F_n(t, p, l) = ∫_∞ 0 dλ λ^{n+l/2} n! e^{−λ}( a_i a^∗_i )^{l/2}J_l(2g|a| √ λ)e^{(1/2)g2 |a|2} e^{−(g2/2)} ∫_t 0 dτ [a_iȧ^∗_i −c.c]. (31) The phase factor exp[−(g^2/2) ∫_t 0 dτ(aȧ^∗ − c.c.)] = exp{−i(g/ϵ)^2[ϵt − sin(ϵt)]}. Integration over λ gives [5] result in terms of Laguerre polynomials L^l_n: F_n(t, p, l) = (ga)^le^{−(1/2)g2 |a|2} L^l_n(g^2|a|^2)e^{−(g2/2)} ∫_t 0 dτ [a_iȧ^∗_i −c.c]. (32) Eq. (32) reproduces Dattoli-Renieri [4] result. Eq. (29) defines evolution of the initial state of the system for a bunch with N_b particles.

It is easy to see that Eq. (12) conserves the norm. By definition, function F (t, p, l) = F_n(t, p_1, l_1, ..., p_{NB} , l_{Nb} ) is normalized ∑ l_1,...,l_{NB} n! (n + l_Σ)!

|F_n(t, p, l)|^2 = 1, l_Σ = ∑ i l_i. (33)

IV. TIME EVOLUTION OF THE DENSITY MATRIX

Let us consider time evolution of the density matrix ρ̂ describing bunch of N_B particles with momentum p_1, .., p_{NB} . At the entrance to the undulator, there is no radiation,

ρ̂(0) = |p^′, p^′_⊥, 0 > ρ^0_⊥ρ^0_l < p, p_⊥, 0|, (34)

where ρ^0_⊥ and ρ^0_l are defined by Eqs. (9) and (10). ρ̂(0) is normalized by the condition T r[ρ̂(0)] = 1, or ∫ V d⃗p (2πh)^3 ρ^0_⊥ρ^0_l = 1. (35) In the 1D case, ρ_⊥ does not change and it is suffice to consider evolution of the longitudinal part of ρ̂(t).

In the undulator, the state |p, 0 > evolves to the state |Ψ > according to Eqs. (11), (29). The density matrix at the end of the undulator can be written separating variables of the individual particles and global parameters of the radiation l_Σ, l^′_Σ. It can be done introducing additional integration: ∑ l_1,...,l_{NB} = ∑ l_1,...,l_{NB} ∑ l_Σ δ_{lΣ,l1+...+lNB} = ∫ dψ 2π e^{−ilΣψ}Π^{NB}_{i=1} ∑ l_i e^{iliψ}. (36) The density matrix takes form

ρ̂(t) = ρ_⊥(⃗q^′_⊥, ⃗q_⊥)ρ(q^′, q, l_Σ, l^′_Σ)|q^′, ⃗q^′_⊥, l^′_Σ >< q, ⃗q_⊥, l_Σ|, (37) ρ(q^′, q, l^′_Σ, l_Σ) = 1 √ l_Σ!l^′_Σ! ∫ dψdψ^′ (2π)^2 e^{−i(l′Σψ′−lΣψ)}e^{iωt(lΣ −l′Σ)} ∫ dλdλ^′e^{−λ−λ′}Ô_{λκ}Ô_λ′_κ′ F_{loc}(q^′, q). (38) Here |q > stands for the set |q_1..q_{NB} >, and F_{loc}(q^′, q) = Π^{NB}_{i=1}f_i(q^′_i, q_i), where

f_i(q^′, q) = ∑ l^′,l ( λa κa^∗ )^{l/2}J_l[2g|a(t)| √ λκ]( λ^′[a^′]^∗ κ^′a^′ )^{l′/2}J_l′ [2g|a^′(t)| √ λ^′κ^′]e^{it2m}0^{h (q′2−q2)}e^{i(l′ψ′−lψ)}ρ^0_l , (39) a = a(q, t), a^′ = a(q^′, t), and ρ^0_l = ρ^0_l [q^′ + 2hkl^′, q + 2hkl] is defined in Eq. (10).

Eq. (38) is generalized to the case of initial n photon state replacing factor 1/ √ l_Σ!l^′_Σ! by √ n!n^′!/[(n + l_Σ)!(n^′ + l^′_Σ)!]λ^n(λ^′)^{n′} .

Let us consider initial density matrix, Eq. (10), with no z, p correlation (η = 0). It describes probability to find a particle with moment p at location z. For a particle within a bunch with rms σ_B and Δ_B centered at z_0 = p_0 = 0,

ρ^0_l (q^′ + 2hkl^′, q + 2hkl) = h √ 2π LΔ_B e^{− 12 ( σBh )2[q′−q+2hk(l′−l)]2−(1/2)(1/ΔB )2[(q+q′)/2+hk(l′+l)]2} . (40) If the wave length of radiation is small compared to the rms bunch length, kσ_B >> 1, the non-diagonal terms l^′ ≠ l are exponentially small. We also can approximate a_i(t) ≃ te^{−(i/2)ϵi t}. Then Eq. (39) is simplified

f_i(q^′_i, q_i) = ∑ l ( λ κ )^{l/2}J_l[2gt √ λκ]( λ^′ κ^′ )^{l/2}J_l[2gt| √ λ^′κ^′]e^{il(ϵ′−ϵ)t}e^{it2m}0^{h (q′2−q2)}e^{il(ψ′−ψ)}ρ^0_l , (41)

where ρ^0_l (q^′, q) =^{h√2π}_{LΔB} e^{− 1}2^{( σB}h^{)2(q′−q)2−(1/2)(1/ΔB )2[(q+q′)/2+2hkl]2} .

A The norm of the density matrix

First let us show that the density matrix Eqs. (38), (41) is normalized T r[ρ̂(t)] = 1. This also allows us to check approximations we are going to make. Trace T r[ρ̂(t)] = ∑ l_Σ 1 l_Σ! ∫ dψdψ^′ (2π)^2 e^{−ilΣ(ψ′−ψ)} ∫ dλe^{−λ}Ô_{λκ} ∫ dλ^′e^{−λ′}Ô_λ′_κ′ Π^{NB}_{i=1}[ ∑ q_i f_i(q_i, q_i)]. (42)

Integration over dq_i gives ∑ q_i f_i(q_i, q_i) = ∞∑ l_i=−∞ ( λ κ )^{li/2}J_{li} [2gt √ λκ]( λ^′ κ^′ )^{li/2}J_{li} [2gt| √ λ^′κ^′]e^{i(ψ′−ψ)li} . (43) The sum here includes l_i < 0 even for l_Σ >= 0 due to absorption of photons radiated by other electrons in a bunch. For gt << 1, we can use approximation J_l[x] ≃ (x^l/l!)[1 − x^2/(l + 1)] for l > 0, and J_l[x] = (−1)^lJ_{|l|}(x) for l < 0. Neglecting terms of the order of o(gt)^4, we get ∑ q_i f_i(q_i, q_i) = 1 − g^2t^2(λκ + λ^′κ^′) + g^2t^2[λλ^′e^{i(ψ′ −ψ)} + κκ^′e^{−i(ψ′ −ψ)}]. (44)

With the same accuracy,

Π^{NB}_{i=1}[ ∑ q_i f_i(q_i, q_i)] = e^{−NB g2t2(λκ+λ′κ′)+NB g2t2[λλ′ei(ψ′−ψ)+κκ′e−i(ψ′−ψ)]}. (45)

This takes correctly into account terms of arbitrary power of N_B g^2t^2 neglecting terms with additional factor g^2t^2.

Calculation of T r[ρ̂(t)] can be simplified, first, integrating by parts ∫ dλe^{−λ}Ô_{λκ}f(λ, κ) = ∫ dλe^{−λ}e^{−(1/2) ∂∂κ} f(λ, κ) (46) and then by the identity e^{−(1/2) ∂}∂κ f(λ, κ)|_{κ=1} = f(λ, κ−1/2)|_{κ=1} = f(λ, 1/2) for an arbitrary f(λ, κ). This gives T r[ρ̂(t)] = ∑ l_Σ 1 l_Σ! ∫ dψdψ^′ (2π)^2 e^{−ilΣ(ψ′−ψ)} ∫ dλ ∫ dλ^′e^{−(1+p)(λ+λ′ )}e^{2p[λλ′ei(ψ′−ψ)+(1/4)e−i(ψ′ −ψ)]}, (47) where p = (1/2)N_Bg^2t^2. Integration over ψ, ψ^′ now can be carried out using Eq. (28): T r[ρ̂(t)] = ∑ l_Σ 1 l_Σ! ∫ dλe^{−λ} ∫ dλ^′e^{−λ′} e^{−p(λ+λ′)}(4λλ^′)^{lΣ/2}I_{lΣ} (2p √ λλ^′). (48) Remaining integrals can be calculated using series for the Bessel function T r[ρ̂(t)] = ∞∑ l_Σ=0 ∞∑ n=0 (n + l_Σ)!

n!l_Σ!

p^{2n}(2p)^{lΣ} (1 + p)^{2(n+lΣ+1)}

. (49)

The sum ∑_∞ l=0(n + l)!x^l/(n!l!) = (1 − x)^{−n−1} and the sum over n is geometric series.

This gives, finally, the desirable result T r[ρ̂(t)] = 1.

B Density matrix of radiation

The radiation density matrix at the exit of the undulator can be obtained averaging Eq. (37) over the state of the bunch, ρ̂_{rad}(t) = ρ_{rad}(l^′_Σ, l_Σ)|l^′_Σ >< l_Σ|, (50) where

ρ_{rad}(l^′_Σ, l_Σ) = 1 √ l_Σ!l^′_Σ! ∫ dψdψ^′ (2π)^2 e^{−i(l′Σψ′−lΣψ)}e^{iωt(lΣ −l′Σ)} ∫ dλdλ^′e^{−λ−λ′}Ô_{λκ}Ô_λ′_κ′ ∑ q F_{loc}(q, q). (51) The last factor, ∑ q F_{loc}(q, q) is still given by Eq. (45). Eq. (46) and the following discussion allow us to simplify ρ_{rad}(l^′_Σ, l_Σ) and, after integration over ψ, ψ^′, it becomes the diagonal matrix ρ_{rad}(l^′_Σ, l_Σ) = δ_{lΣ,l}′_Σ 1 l_Σ! ∫ dλdλ^′e^{−(1+p)(λ+λ′ )}(4λλ^′)^{lΣ/2}I_{lΣ} (2p √ λλ^′). (52)

Integration here is the same as in the previous section giving

ρ_{rad}(l^′_Σ, l_Σ) = δ_{lΣ,l}′_Σ

(2p)^{lΣ} (1 + 2p)^{lΣ+1}

. (53)

The average number of radiated photons < a^+a >= T r[ρ̂_{rad}a^+a] = ∑ l_Σ lΣρrad(lΣ, lΣ) is < a^+a >= 2p = N_B (gt)^2. Hence, parameter of expansion (gt)^2 in Eq. (44) is the number of photons radiated in the undulator per particle. More exactly, the number of photons is a^+aΩ, where Ω is the phase volume of the mode Ω = V d^3k/(2π)^3. In the lab frame, d^3k_L = πk^3_L(dω_L/ω_L)dα^2, where dω_L/ω_L = 1/(2N_u) is the relative frequency spread, and πα^2 is solid angle of the mode, α = √ λ_L/L_u = (1/γ_0) √ (1 + K^2_0 )/(2N_u) [7]. In the moving frame where k_L = 2γk, k = γk_u, and relativistic factor γ = γ_0/ √ 1 + K^2_0 , d^3k = πk^3/[N^2_u (1 + K^2_0 )].

This gives number of photons in the mode: k a^+aΩ = (gt)^2Ω = (π/4)(^{e2}_{hc} )K^2_0 /(1 + K^2_0 ).

In the same way, < (a^+a)^2 >= ∑ l_Σ l 2 Σρ_{rad}(l_Σ, l_Σ) or < (a^+a)^2 >= x(d/dx)x(d/dx)(x^l/(1+ x)^{l+1})|_{x=2p} = 2(2p)^2 + 2p. Hence, the rms spread of number of photons increases with the average number of photons. Eq. (53) reproduces the thermal statistics of radiation [6].

C Density matrix of the bunch

The density matrix of the bunch ρ̂_{bunch}(t) can be obtained from Eq. (37) as ∑_∞ l_Σ=0 ρ(q

′, q, l_Σ, l_Σ). ρ̂_{bunch}(t) = ρ_⊥(⃗q^′_⊥, ⃗q_⊥)ρ_B (q^′, q, )|q^′ >< q|, (54) where

ρ_B (q^′, q) = ∑ l_Σ 1 l_Σ! ∫ dψdψ^′ (2π)^2 e^{−ilΣ(ψ′−ψ)} ∫ dλdλ^′e^{−λ−λ′}Ô_{λκ}Ô_λ′_κ′ F_{loc}(q^′, q). (55) Here F_{loc}(q^′, q) = Π^{NB}_{i=1}f_i(q^′_i, q_i), and f_i are defined by Eq. (39).

For illustration, let us consider only diagonal terms, ρ_B (q, q). In this case, f_i(q, q) and F_{loc} are different from those in Eq. (43) and Eq. (45) only by additional factor ρ^0_l = h √ 2π LΔ_B e −^1_{2Δ2} B (q_i+2hkl)^2 . Neglecting small terms o(gt)^4, we get similar to Eq. (44)

f_i(q^′_i, q_i) = h √ 2π LΔ_B {[1 − g^2t^2(λκ + λ^′κ^′)]e^− 1 2Δ2 B q^2_i

+ (56)

+g^2t^2[λλ^′e^{i(ψ′−ψ)}e^− 1 2Δ2 B (q+2hk)^2 + κκ^′e^{−i(ψ′−ψ)}e 1 2Δ2 B (q−2hk)^2 ]. (57)

With the same accuracy, F_{loc}(q, q) = [Π_iρ_0(q_i)]e^{−2p(λκ+λ′κ′)}e^{2p[λλ′ei(ψ′−ψ)σ−+κκ′e−i(ψ′−ψ)σ+]}, (58) where ρ_0(q) =^{h√2π}_{LΔB} e^− 1 2Δ2 B q^2

, and

σ_± = 1 N_B N_B∑ i=1 e^− 1 2Δ2 B (±4hkq_i+(2hk)^2)

. (59)

Using Eq. (46)and Eq. (28), we get

ρ_B (q, q) = [Π_iρ_0(q_i)] ∑ l_Σ 1 l_Σ! ∫ dλdλ^′e^{−(1+p)(λ+λ′ )}(4λλ^′)^{lΣ/2}I_{lΣ} (2ps √ λλ^′)[ σ_− σ_+

]^{lΣ/2}, (60)

where s = √ σ_−σ_+. Integrals can be calculated as in Eq. (48), what gives finally

ρ_B (q, q) = [Π_iρ_0(q_i)] 1 1 + 2p(1 − σ_−) + p^2[1 − σ_−σ_+]

. (61)

Approximately,

σ_± = 1 −

2(hk)^2 Δ^2_B

+ (2

(hk)^2 N_BΔ^4_B ∑ q^2_i ∓ 2hk N_B Δ^2_B ∑ i q_i. (62)

Expanding ρ_B (q, q) in series over hk,

ρ_B (q, q) = [Π_iρ_0(q_i)]{1−

(2hk)^2 Δ^2_B p(1+p)− 4hkp N_B Δ^2_B ∑ i q_i+

(2hk)^2p(1 + p) N_B Δ^4_B ∑ i q^2_i +o( (2hkp)^2 N^2_BΔ^4_B ( ∑ i q_i)^2)},

(63)

it is easy to check that the norm is preserved ∑ q ρ_B (q, q) = 1 with the accuracy of terms

o(N_b(gt)^4) we neglected. The average < q >= −4hkp/N_B, and < q^2 >= Δ^2_B . This cor-

resonds to energy loss < q >= −2hk(gt)^2. The rms energy spread does not changed.

Hence, modulation in the bunch phase space by radiation is due to non-diagonal terms

we neglected so far. They will be considered in the next paper.

V. CONCLUSION

The main results by Becker-McIver for weak laser-beam interaction are reproduced includ-

ing statistics of the undulator radiation. Explicit form of the density matrix is given. The density matrices of the radiation and of the bunch are obtained as projections of the density matrix of the system. Although fluctuations of number of radiated photons are strong, they do not increase the rms energy spread of the bunch. It is found that small non-diagonal terms of the density matrix have to be taken into account to describe micro-correlations induced in a bunch due to radiation.

ACKNOWLEDGMENTS

I am thankful to M. Zolotorev and A. Zholentz for numerous useful discussions.

REFERENCES

[1] W. Becker and J.K. McIver, Fully quantized many-particle theory of a free-electron laser, Phys. Review A, Vol 27, Number 2, 1983, pp.1030-1043.

[2] M.S. Zolotorev and A. Zholentz Optical Stochastic Cooling, Phys. Rev. [3] A. Bambini and A. Renieri, The free Electron Laser: A Single-Particle Classical Model, Let. Al Nuovo Cimento, Vol 21., Number 21, p.399-404,March 1978.

[4] G. Dattoli and A. Renieri, The quantum-mechanical analysis of the free-electron laser, Laser Handbook, Vol 6, edited by W.B. Colson and A. Renieri, Elseviewr Publishers, 1990 [5] I.S. Gradshteyn and I.M. Ryzhik, Tables of Integrals, Series, and Products, Academic Press, 1980, p. 1038 [6] W. Becker and J.K. McIver, Photon Statistics of the free-electron-laser startup, Phys.

Review A, V. 28, Number 3, p. 1838-1940, September 1983 [7] K.J. Kim Brightness, Coherence and Propagation Characteristics of Synchrotron Radiation, Nucl. Instr. and Methods, A246, (1986) 71-76