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Abstract

We describe a scheme by which the nonlinear field con-
tents of a storage ring can be estimated from the mea-
sured acceptance variation near low-order resonances.
The method is applied to the KEK/ATF damping ring in
an attempt to understand its small dynamic aperture.

1 INTRODUCTION

The ATF damping ring is a prototype damping ring de-
signed to develop the technologies and operational pro-
cedures required for a next-generation linear collider [1].
In order to produce beams with extremely small emit-
tance the optics chosen is a FOBO structure, with com-
bined function defocusing bending magnets. The phase
advance per cell of 135� is close to the optimum value
for minimum transverse emittance. Since the disper-
sion function is small and the chromaticity high, the sex-
tupoles are strong. Therefore, the dynamic aperture of
linear-collider damping rings has been a concern, and its
study is one of the reasons for building the ATF.

In 1998, the ATF beam lifetime was limited primarily
by elastic beam-gas scattering [2]. We have taken advan-
tage of this and developed a procedure [3] to infer the
effective transverse acceptance from simultaneous mea-
surements of the time-dependent beam current and the
average ring pressure. Various results were presented in
Refs. [3, 4].

Figure 1 shows the measured acceptanceA as a func-
tion of the horizontal tuneQx, where the acceptance is
defined byA = r2=�, with r the effective dynamic
aperture at a point with beta function�. The horizon-
tal tune was varied by changing the strength of the main
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quadrupole family QF2R. This also caused some vertical
tune variation, about 2 times smaller than the horizontal
[3]. The beam could not be stored below a horizontal tune
of 0.15, indicating a wide stop band at the integer reso-
nance. Clearly visible are also the third and half integer
resonances.

Figure 1: Measured transverse acceptance as a function
of the fractional horizontal tune.

2 MODEL

The question arises if something can be learnt from the
acceptance variation near different low-order resonances.
To answer this question, we consider a simple model in
1
1
2

degrees of freedom, consisting of a single nonlinearity
and a linear rotation. For example, if the nonlinearity is a
sextupole, this map reads
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The subindicesi andf refer to the initial and final phase-
space coordinates, respectively,Q is the linear betatron
tune, � the beta function at the sextupole, andk3 the
normalized sextupole strength. A general2n-pole would
produce a kickknx

n�1
i =(n � 1)!, wherekn is the nor-

malizedn-pole strength, related to a pole-tip fieldBT at
radiusa as

kn =
(n� 1)! lBT
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whereB� is the magnetic rigidity, andl the length of
the magnet. The Hamiltonian that corresponds to Eq. (1)
reads:

H3(I; �; �) = QI +
1

2�

k3

6
x3

1X
q=�1

eiq� (3)

wherex =
p
2�I cos� with I and� the action angle co-

ordinates for the linear system, and� the azimuthal angle
around the ring, here functioning as the time coordinate.
Keeping only the resonant termq for which(3��q�) � 0

and transforming into a rotating frame, this simplifies to

H3(I;  ) � �Q3 I +
1

2�
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I3=2 cos 3 (4)

where = (��q=3), and�Q3 = (Q�q=3) the distance
from the resonance. More generally the highest order res-
onance driven by ann pole, of the form(Q � 1=n) � 0,
is described, for oddn, by the Hamiltonian

Hn(I;  ) � �Qn I +
1
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and, for evenn, by

Hn(I;  ) � �Qn I+ (6)

1

2�

kn

n!
(2�)n=2In=2

�
1

2n�1
cosn +

(n� 1)!!

n!!

�

where�Qn = (Q�1=n) is the distance to the resonance,
(2k)!! = 2 �4 � : : : 2k, and(2k�1)!! = 1 �3 � : : : (2k�1).

We can estimate the dynamic acceptance as that value
of I for which the instantaneous tune@H=@I experienced
at either of the two extreme points,cosn = +1 or�1,
is equal to0. Solving forI, we can estimate the dynamic
acceptance induced by ann-pole near the resonance(Q�
1=n) � 0. For oddn we find
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and for evenn
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HereIda is the value of the action variable at the limiting
aperture.

For example, if the third integer resonance is driven by
a single sextupole of strengthk3, in the vicinity of this
resonance the acceptance should be a quadratic function
of �Q3 = (Q � 1=3), namely

Ida �

�
16� �Q3p
2k3�3=2

�2

(9)

where� is the beta function at the sextupole.
Figure 2 shows that the analytical expression, Eq. (9)

agrees well with the result of a tracking simulation. In the

0

1

2

3

4

5

6

0.3 0.35 0.4

I

Q

da
(m

)

Figure 2: Dynamic acceptance due to a single sextupole
as a function of distance from the 3rd order resonance, for
k3 = 1 m�2 and� = 1 m; symbols: tracking simulation;
dashed: the analytical estimate of Eq. (9).

simulation, many particles were tracked over 5000 turns
and the square of the maximum stable start amplitude was
taken to be the dynamic acceptance. Simulation and ana-
lytical estimate agree well.

An octupole magnet does not only drive the1=4 reso-
nance, but also the1=2 resonance. The Hamiltonian for
this case is

H4(I;  ) � �Q2 I +
1
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where�Q2 = (Q � 1=2). Again from the condition
that the maximum or minimum value of the instanta-
neous tune exactly corresponds to the resonance,e.g.,
@H=@I = 0 for cos 2 = 1 or�1, we can crudely esti-
mate the dynamic acceptance near�Q2 = (Q� 1=2) �
0, namely

Ida �

�
48� j�Q2j

7k4�2

�
(11)

where� is the beta function at the octupole, andk4 the
octupole strength. Figure 3 compares the analytical ex-
pression, Eq. (11), with a tracking result. The agreement
is reasonable.
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Figure 3: Dynamic acceptance due to a single octupole as
a function of distance from the half-integer resonance, for
k4 = 1 m�3 and� = 1 m; symbols: tracking simulation;
dashed: the analytical estimate of Eq. (11).
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3 ATF DATA

Figure 4 shows an enlarged view of the measured dy-
namic acceptance nearQ � 1=3 resonance. The mea-
sured acceptanceA defined above is equal to2Ida. As-
suming that the acceptance near the 3rd order resonance
is dominated by a single sextupolar field located some-
where in the ring, we can estimate the strength of this
sextupole, by fitting the data to the expected quadratic
dependence, Eq. (9). The fit result is

A = 2Ida � 3� 10
�4

m (�Q3)
2 (12)

By comparison with Eq. (9), and for a typical beta func-
tion � � 5 m, this corresponds tok3 � 130 m�2. As-
suming a magnet length of 1 m, radiusa = 12 mm, and
beam energy 1.27 GeV, the equivalent pole-tip field is 0.4
kG, or 4% of the main dipole field. For a magnet length of
6 cm and 16 mm bore radius, the equivalent pole-tip field
would be 9 kG, more than half the strength of a regular
ATF sextupole.
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Figure 4: Measured dynamic acceptance of the ATF
damping ring as a function of distance from the 3rd or-
der resonance; symbols: measurement; dashed: fit to a
quadratic function, according to Eq. (9).

In the same spirit we can fit the measured acceptance
nearQ � 1=2 to a linear function. The fit result is

A = 2Ida � 2� 10
�6

m j�Q2j (13)

Assuming the same values for�, l anda as before, we
find k4 � 9 � 10

5 m�3, which translates into a pole-
tip field of 10 kG, comparable to the dipole field in the
combined-function magnets. The deviation of the data
from the linear fit appears too large to be explained by sta-
tistical measurement errors, which are smaller than 10%
in case of the acceptance and below 0.001 for the tune.
This could suggest that effects other than octupole fields
contribute to the dynamic acceptance near the half inte-
ger, for example quadrupole gradient errors. However,
given the small number of available data points, it is dif-
ficult to arrive at a definitive conclusion. In the future, we
intend to repeat the measurement with better statistics.
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Figure 5: Measured dynamic acceptance of the ATF
damping ring as a function of distance from the half-
integer resonance; symbols: measurement; dashed: fit to
a linear function, according to Eq. (11).

4 CONCLUSIONS

We have described a simple method for estimating the
nonlinear field content of a storage ring from the mea-
sured variation of the dynamic acceptance near low-order
resonances. The method was tested for a simple 2-
dimensional map, where it gave promising results. Appli-
cation to the ATF damping ring, using (sparse) measure-
ments taken near the 1/3 and 1/2 resonance, indicates a
large nonlinearity consistent with sextupole and octupole
pole-tip fields of about 0.5 kG and 10 kG, respectively,
over 1 m length.
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