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Abstract

String theory implies that field theories containing gravity are in a certain sense ‘products’ of
gauge theories. We make this product structure explicit up to two loops for the relatively simple
case of N = 8 supergravity four-point amplitudes, demonstrating that they are ‘squares’ of N = 4
super-Yang-Mills amplitudes. This is accomplished by obtaining an explicit expression for the
D-dimensional two-loop contribution to the four-particle S-matrix for N = 8 supergravity, which
we compare to the corresponding N = 4 Yang-Mills result. From these expressions we also obtain
the two-loop ultraviolet divergences in D = 7,9, 11. The analysis relies on the unitarity cuts of the
two theories, many of which can be recycled from a one-loop computation. The two-particle cuts,
which may be iterated to all loop orders, suggest that squaring relations between the two theories
exist at any loop order. The loop-momentum power-counting implied by our two-particle cut
analysis indicates that in four dimensions the first four-point divergence in N = 8 supergravity
should appear at five loops, contrary to the earlier expectation, based on superspace arguments,
of a three-loop counterterm.
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1 Introduction

Gravity and gauge theories both contain a local symmetry, mediate long-range forces at the classical
level, and have a number of other well-known similarities. Indeed, one might naively suspect that
a spin two graviton can in some way be interpreted as a product of spin one gluons. There are,
however, some important differences. In particular, the Feynman rules for gauge field perturbation
theory include only three- and four-point vertices, while those for gravity can have arbitrarily many
external legs. A related fact is that gauge theories are renormalizable in four dimensions, while
gravity is not. Given the rather disparate forms of the Yang-Mills and Einstein-Hilbert Lagrangians,
it is not obvious how to make a relationship between graviton and gluon scattering precise, starting

from the Lagrangians.

String theory, however, suggests that the S-matrix elements satisfy a relationship of the form
gravity ~ (gauge theory) X (gauge theory). (1.1)

- This relationship follows from the string representation of amplitudes as integrals over world-sheet
variables — the integrands for closed string amplitudes can be factorized into products of left-moving
and right-moving modes, each of which is nearly identical to an open-string integrand,

closed string ~ (left-mover open string) x (right-mover open string) . (1.2)

In order to show that the string relation (1.2) implies the field theory relation (1.1) one must inspect
the string amplitudes in the field theory (or infinite tension) limit. In this limit a closed string should
reduce to a theory of gravity and an open string to a gauge theory.

In this paper we make the heuristic relation (1.1) precise for four-point amplitudes up to two
loops in N = 8 supergravity and N = 4 Yang-Mills field theory by investigating their unitarity
cuts [1]. (The number of supersymmetries refers to their four-dimensional values; in any dimension
we define N = 4 Yang-Mills theory to be the dimensional reduction of ten-dimensional N = 1 Yang-
Mills theory, and N = 8 supergravity to be the dimensional reduction of eleven-dimensional N =1
supergravity.) These theories have a high degree of supersymmetry which considerably simplifies
explicit calculations, making it relatively easy to make relation (1.1) precise and to verify it.

At tree level, Kawai, Lewellen and Tye (KLT) [2] have used the string relation (1.2) to provide
explicit formulae for closed string amplitudes as sums of products of open string amplitudes. In the
field-theory limit, the higher excitations of the string decouple and the KLT relations directly relate

gravity and gauge theory amplitudes. These results were exploited by Berends, Giele and Kuijf [3] to
obtain an infinite set of maximally helicity violating (MHV) gravity amplitudes using the known [4]
MHYV Yang-Mills amplitudes.

At one loop, the close relation between four-point open and closed superstring amplitudes is
also well known [5]. This relation leads in the field-theory limit [6] to a relation between the one-
loop four-point amplitudes for N = 4 super-Yang-Mills theory and N = 8 supergravity. More
generally, one-loop gravity amplitudes have been obtained from string theory {7, 8] using rules [9]
for systematically extracting the field-theory limit of one-loop string amplitudes. In many ways, the



rules for gravity are double copies of the gauge theory rules. In particular, in ref. {7] the Feynman
parameter integrands appearing in a non-supersymmetric four-graviton amplitude are squares of the

integrands appearing in the corresponding four-gluon amplitude.

Beyond one loop, the general structure of multi-loop string theory amplitudes [10] leads one
to suspect that relation (1.1) will continue to hold in some form. Since it is non-trivial to take
the field-theory limit of a multi-loop string amplitude, one would like an alternative approach to
investigate eq. (1.1) beyond one loop. Our approach will be to evaluate the unitarity cuts of multi-
loop amplitudes. The methodology for performing computations [11, 12, 13, 14, 15] using the
analytic properties of amplitudes has been reviewed in ref. [16] and applied to multi-loop N =
4 supersymmetric amplitudes in ref. [17]. At one loop this is a proven technology, having been
used in the calculation of analytic expressions for the QCD one-loop matrix elements for Z — 4
partons [18]. This technique allows for a complete reconstruction of the amplitudes from the cuts,
provided that all cuts are known in dimensional regularization for arbitrary dimension. Because on-
shell expressions are used throughout such calculations, gauge invariance, Lorentz covariance and
. unitarity are manifest. These techniques, of course, do not depend on taking the field-theory limit
of any string theory.

Here we use the KLT relations to generate gravity tree ampli‘tudes from gauge theory amplitudes,
which we then use as input into cutting rules. In this way one can compute (super) gravity loop
amplitudes without any reference to a Lagrangian or to Feynman rules. Indeed, we will obtain the
complete-two-loop amplitude for N = 8 supergravity, in terms of scalar integral functions, without
having evaluated a single Feynman diagram. Furthermore the structure of the results suggests a
simple relationship between four-point N = 8 supergravity and N = 4 Yang-Mills amplitudes. The
multi-loop structure of the latter has already been outlined [17] for the planar contributions. We
also compute the two-loop ultraviolet divergences of N = 4 Yang-Mills theory in D = 7,9 from the
amplitude in ref. [17], and compare them to prior results of Marcus and Sagnotti [19]; the agreement

provides a nice additional check on our general techniques.

We investigate the multi-loop relationship between four-point N = 8 supergravity and N = 4
Yang-Mills amplitudes by computing the D-dimensional two-particle cuts at an arbitrary order in
the loop expansion. When evaluating the cuts, much of the algebra performed in evaluating the
cuts of N = 4 amplitudes can be recycled to obtain the N = 8 supergravity cuts. Moreover, the
two-particle cut algebra iterates to all loop orders. Using the one-loop N = 8 supergravity four-
point amplitude [6, 8] as a starting point, it takes little effort to obtain certain ‘entirely two-particle
constructible’ terms in the L-loop amplitude.

The ultraviolet divergences of theories of gravity have been under investigation for quite some
time. In four dimensions, pure gravity was shown to be finite on-shell at one loop by 't Hooft
and Veltman [20, 21], but the addition of scalars [20, 21], fermions or photons [22] renders it non-
renormalizable at that order. At two loops, a potential counterterm for pure gravity of the form
R3 = RI’),@RK;R% was identified in refs. [23, 24]. An explicit computation by Goroff and Sagnotti [25],
and later by van de Ven [26], verified that the coeflicient of this counterterm was indeed nonzero.

On the other hand, in any supergravity theory, supersymmetry Ward identities (SWI) [27] forbid



all possible one-loop (28] and two—ioop [29] counterterms. For example, the R3 operator, when
added to the Einstein Lagrangian, produces a non-vanishing four-graviton scattering amplitude for
the helicity configuration (- + + +), where all gravitons are considered outgoing [24]. But this
configuration is forbidden by the SWI, hence R® cannot belong to a supersymmetric multiplet of

counterterms [29)].

At three loops, the square of the Bel-Robinson tensor [30], which we denote by R*, has been
identified as a potential counterterm in supergravity (or more accurately, as a member of a super-
multiplet of potential counterterms) [31]. This operator does not suffer from the obvious problem
that R3 did, in that its four-graviton matrix elements populate only the (— — + +) helicity config-
uration which is allowed by the (N = 1) supersymmetry Ward identities. In fact, the R* operator
has been shown to belong to a full N = 8 supermultiplet at the linearized level [32]. (A manifestly
SU (8)-invariant form for the supermultiplet has also been given [33].) Furthermore, this operator
appears in the first set of corrections to the N = 8 supergravity Lagrangian, in the inverse string-
tension expansion of the effective field theory for the type II superstring [34]. Therefore we know

. it has a completion into an N = 8 supersymmetric multiplet of operators, even at the non-linear
level. However, no explicit counterterm computation has been performed in any supergravity theory
beyond one loop (until now), leaving it an open question whether supergravities actually do diverge

at three (or more) loops.

The analysis of which counterterms can be generated can often be strengthened when the theory
is quantized in a manifestly supersymmetric fashion, using superspace techniques. In particular,
ref. [35] used an off-shell covariant N = 2 superspace formalism to perform a power-counting analysis
of divergences in N = 4 Yang-Mills theory, and ref. [36] similarly used an N = 4 superspace
formalism to study N = 8 supergravity. However, it is not possible to covariantly quantize either of
the maximally extended theories, N = 4 or N = 8, while maintaining all of the supersymmetries.
For example, in the N = 4 Yang-Mills analysis of ref. [35], the complete N = 4 spectrum falls into
an N = 2 gauge multiplet plus an N = 2 matter multiplet. The ‘superspace arguments’ consist of
applying power-counting rules to manifestly N = 2 supersymmetric counterterms made out of the
N = 2 gauge multiplet. An important point is that these rules might not fully take into account all
the constraints of N = 4 supersymmetry, because only the N = 2 is manifest [37]; similar remarks
apply to the superspace analysis of N = 8 supergravity.

Here we shall examine the ultraviolet divergences of N = 8 supergravity as a function of di-
mension and number of loops, exploiting its relationship to N = 4 Yang-Mills theory. From the
exact results for the two-loop N = 8 amplitudes, we can extract the precise two-loop divergences

“in D = 7,9,11. (The manifest D-independence of the sewing algebra allows us to extend the cal-
culation to D = 11, even though there is no corresponding D = 11 super-Yang-Mills theory.) For
D < 7 there is no divergence. This behavior is less divergent than expected based on superspace
arguments [36, 35]. Moreover, we have investigated the supersymmetry cancellations of the L-loop
four-point amplitudes by inspecting the general two-particle cut, plus all cuts where the amplitudes
on the left- and right-hand sides of the cuts are maximally helicity-violating (MHV). Our investiga-
tion detects no divergences in D = 4 at three or four loops, contrary to expectations from the same

types of superspace arguments. Assuming that the additional contributions to the cuts do not alter



this power count, we conclude that the potential D = 4 three-loop counterterm vanishes.

At five loops, our investigation of the cuts for the four-point N = 8 amplitude indeed indicates a
non-vanishing counterterm, of the generic form 94 R*. This suggests that N = 8 supergravity is a non-
renormalizable theory, with a four-point counterterm arising at five loops. Thus our cut calculations
represent the first hard evidence that a four-dimensional supergravity theory is non-renormalizable,
albeit at a higher loop order than had been expected. Since superspace power counting amounts to
putting a bound on allowed divergences, our results are compatible with the discussion of ref. [35].
Our results are inconsistent, however, with some earlier work [38, 39] based on the speculated
existence of an unconstrained covariant off-shell superspace for N = 8 supergravity, which in D = 4

“would imply finiteness up to seven loops. The non-existence of such a superspace has already been
noted [35].

This paper is organized as follows. In section 2 we review known tree and one-loop relationships
between gravity and Yang-Mills theory. Following this, in section 3 we examine the multi-loop N = 4
Yang-Mills amplitudes previously discussed in ref. [17] as a precursor to the N = 8 supergravity
- calculations. We will also extract the D = 7,9 two-loop divergences from the amplitudes calculated
in ref. [17] and compare them to a previous diagrammatic calculation of Marcus and Sagnotti [19].
This provides a non-trivial check on our methods. Following this, in section 4 we present our result
for the two-loop-four-point amplitude and relationships between N = 8 supergravity and N = 4
Yang-Mills amplitudes. We then examine the implied D-dimensional divergence structure for N = 8
supergravity. Section 5 contains the evaluation of the D-dimensional two-particle cuts to all loop
orders, as well as the three-particle cuts for the two-loop amplitudes. In section 6 we illustrate the
supersymmetry cancellations occurring in multi-particle MHV cuts at any loop order. Section 7

contalns our conclusions.

"Various appendices are also included. Appendices A and B contain the calculations of two- and
three-particle cuts via helicity techniques. The ultraviolet behavior of the two-loop scalar integrals
appearing in the amplitudes is given in appendix C. Appendix D describes rearrangements of the
color algebra necessary for comparing our results for the two-loop ultraviolet divergences of N = 4
Yang-Mills theory in D > 4 with those of Marcus and Sagnotti. Finally, some useful on-shell
supersymmetry Ward identities are collected in appendix E.

2 Known Relationships Between Gravity and Yang-Mills Theory

In this section, we review the known relations between the S-matrices of gravity and gauge theories.
" As yet, these relationships have only been investigated in any detail at the tree and one-loop levels.

2.1 Relations Between Interaction Vertices

In field theory, if one starts from the Einstein-Hilbert Lagrangian,

‘ 2
Egravity = _F\/gRa (21)



and the Yang-Mills Lagrangian,
1
EYM = _Z?FSUFG#U y (22)

it is not clear how to relate amplitudes in these two theories. In particular, pure gravity contains
an infinite number of interaction vertices and is not renormalizable in D = 4 [23, 24, 25, 26]. In
contrast, gauge theories, of course, contain only up to four-point vertices and are renormalizable in
D =4.

Although a complete off-shell realization of the relation (1.1) is not yet known, it is possible to
choose field variables which make the relation manifest for three-point vertices. Specifically, one may

‘express the three-graviton vertex as

1
Gapans(kp,0) = =335 [Vawp(ksp, @) X Vaagy(h,p,0) + {0 ah v 0 B {p 0 Y], (23)

where G35 is the three-graviton vertex, with coupling constant x? = 32rGy = 327/M3,, . and V3
is the Yang-Mills three-gluon vertex (stripped of color and coupling constant factors). In order to
- satisfy this relation, starting from the Lagrangians, one must choose appropriate gauges, or more

generally field variables.

Conventional choices of gauge, such as Feynman gauge for Yang-Mills theory and harmonic (de
Donder) gauge for gravity, preclude any simple relations between the vertices. For example, the de

Donder gauge three-vertex is

G3ua,uﬂ,p’y(k17 ko, k3) ~ ki - k2"7ua7]uﬁ77p'y +, (2-4)

where the dots represent the many remaining terms. The complete vertex is given in ref. [40, 20],
but for the purpose of rewriting the vertex in the factorized form (2.3) the term given in eq. (2.4) is
already problematic — it contains an 7, trace which does not appear in the desired relation (2.3).

When both gravity and gauge theory are quantized in an appropriate background-field gauge [41],
relationship (2.3) does indeed hold [7]. (The observation that the field-theory limit of one-loop string
theory amplitudes [9] closely resembles the form obtained when using background-field gauges was
made in ref. [42].) The Feynman-gauge background-field Yang-Mills three-vertex is

V3;wp(k7p, Q) = nup(p - Q),u - 2nupkll + 277;u/kp ’ (25)

with & the momentum of the background-field line and p and ¢ the momenta of the internal lines.
With the equivalent Feynman-gauge background-field choice in gravity, the three-vertex G3 is of the
desired form (2.3), with V3 given by eq. (2.5).

In principle, this process of adjusting the field variables of both gauge and gravity theories to
make the relationship of gravity and gauge theories more apparent can be continued, but the process
becomes increasingly tedious. One would need to rearrange an infinite set of gravity vertices in terms
of Yang-Mills vertices which have been combined via the cancellation of propagators. Instead of
examining off-shell vertices, we will proceed by examining the relationships between gauge-invariant

S-matrix elements.



2.2 Kawai-Lewellen-Tye Tree-Level Relations

At tree-level, KLT have given a complete description of the relationship between closed string ampli-
tudes and open string amplitudes. This relationship arises because any closed string vertex operator

is a product of open string vertex operators,

closed open y7open
4 Vleft Vright . (26)

The left and right string oscillators appearing in Vg and Vright are distinct, but the zero mode
momentum is shared. This property of the string vertex operators is then reflected in the amplitudes.

For example, the open string amplitude for gluons is

Ay [EEEER ] oy exp Y (g + )| L @)
abc 1<i<j<n i<j (zi — xj) (zi — mj) multi—linear
where do. dond
Vabe = Ta O 22 3 (28)

[(za — ) (zp — Tc)(Tc — Ta)|
and z4, Ty, T, are any three of the z;. In eq. (2.7) we have suppressed the inverse string tension ¢/,
and the ‘multi-linear’ denotes that after expanding the exponential one only keeps terms linear in

each polarization_vector ¢;.

The corresponding n-graviton tree amplitude amplitude in string theory is

d?z; - dzn~ . kik; [ € € ki.ej—kj.ei]
/ Agbe I (eim2)™® exp Z((zi — zj)? * ;— 2 )

1<i<j<n i<y (zi — 25) 29
& € ki€ —kj-& :
1§z’l;£§n l ’ g((zz - zj)2 (Zi - Zj) ) multi—linear
where
d2 d2 2
Agpe = Zad 7 d Ze (2.10)

¥
|20 — 25[%|2p — 2c|?|2c — 242
Za, 2, Zc are any three of the z;, and ‘multi-linear’ means linear in each ¢; and each €. In this
expression we have taken the graviton polarization vector to be a product of gluon polarization

vectors
et =el'el . (2.11)

(We distinguish between € and € merely as a convenience.) It is not difficult to verify that in a
helicity basis [43] this expression satisfies all required properties of a graviton polarization vector,

.including its tracelessness.

The closed string integrand in eq. (2.9) is a product of two open string integrands. This fac-
torizatien into products of holomorphic and anti-holomorphic integrands is a generic feature of any
closed string tree-level amplitude and does not depend on whether the external particles under con-
sideration are fermions or bosons, as long as the closed string states are tensor products of open

string states, so that the vertex operator relation (2.6) can be applied.

Using these string expressions, and carrying out various contour-integral deformations, KLT

obtained relationships between the tree-level closed and open string amplitudes after all z; and z;



integrations have been performed. In ref. [3] the KLT relations were used to obtain explicit formulae
for field-theory n-point MHV graviton amplitudes at tree level. After taking the field-theory limit,
the KLT relations for four- and five-point amplitudes are,

M{™e(1,2,3,4) = —is124§°°(1,2,3,4) Af**(1,2,4,3), (2.12)

MEe(1,2,3, 4, 5) = isusgmgeeu, 2,3,4,5) A (2,1,4,3,5)
-+ ’L'813824Agree(1, 3,2,4, 5) Agree (3, 1,4,2, 5) ,

where the M,,’s are the amplitudes in a gravity theory stripped of couplings, the A,’s are the color-
g

(2.13)

‘ordered amplitudes in a gauge theory and s;; = (k; + kj)2. We have suppressed all ¢; polarizations
- and k; momenta, but have kept the ‘j’ labels to distinguish the external legs. These combine to give
the full amplitude via,

MI®(1,2,...n) = (5) MT(1,2,...n),
(2.14)
Af{ee(1,2,...n)=g("“2> Z Tr (T OT%@ ... T%m) A (5(1),0(2),...,0(n)),

Uesn/zn

where S, /Z, is the set of all permutations, but with cyclic rotations removed. The T'% are
fundamental representation matrices for the Yang-Mills gauge group SU(N.), normalized so that
Tr(T°T?) = §°. (For more detail on the tree and one-loop color ordering of gauge theory amplitudes
see refs. [44, 45].) Our-phase conventions differ from those of ref. [3] in that we have introduced an
‘4’ into the gravity tree amplitudes; this is to maintain consistency with Minkowski-space Feynman
rules. In the sewing procedure, which we use in later sections, these phases are unimportant, since

one can anyway fix phases at the end of the calculation.

‘Tt is sometimes convenient to write the four-point Yang-Mills amplitude in terms of structure

constants as
AZree(l’ 2, 3,4) — 92 fazagcfctual Airee(l’ 2, 3,4) + fa1a3cfca4a2Airee(2, 1’ 3, 4) ) (2.15)

where
fabc — i\/ifabc — TI‘([Ta,Tb]TC) , (2.16)

and U(1) decoupling and reflection identities [44] have been used.

The relations (2.12) and (2.13) hold for any external states of a closed string and not just
gravitons. We can thus obtain the amplitudes containing, for example, gravitinos:

Miree(lh,2h,3fl,4fl) - _i312A51ree(lg’2ga3g74g)Aflree(lg729’4§’3g)’ (217)

In this equation we have labeled the particle types of the N = 8 multiplet, graviton (h), spin-3/2
gravitino (R), vector (v), spin-1/2 fermion (%) and scalar (s). The labels of the N = 4 Yang-Mills
multiplet are: gluon (g), gluino (§) and scalar (s). In general, a closed string state in four dimensions
with helicity A is composed of a ‘left’ state of helicity A\;, and a ‘right’ state of helicity Ar, where
A = A+ Ag. We can then obtain the gravity amplitudes for states of helicity {A;} in terms of gauge

theory amplitudes with states of helicity {Ar;} and {Ag;} just as in eq. (2.17). In an arbitrary



dimension D, similar relations hold, where the N = 8 states are constructed as tensor products of

N = 4 states, in terms of representations of the massless little group SO(D — 2).

As a concrete example, consider the four gluon amplitude given by

—41 -4 K
e (1f8)m,,1,Lz,,,z,%,,a,m,,4k’“kmk”a‘k““e'ljleg2 et = o (2.18)

Alee(1,2,3 4) =

where s = s12, t = s14 and u = s13 are the usual Mandelstam variables and where the tensor tg is
defined in eq. (9.A.18) of ref. [5], except that the term containing the eight-dimensional Levi-Civita
tensor should be dropped. The kinematic factor K is totally symmetric under interchange of external

‘legs. Applying the relation (2.12) yields the four-graviton amplitude

16i K2
Mi(1,2,3,4) = . 2.1
4 ( y Ly 9y ) stu ( 9)
A relation we will use later is
tree - tree 2
stuM{™(1,2,3,4) = —i (st[47*(1,2,3,4)]) . (2.20)

These expressions may be made more concrete in four dimensions. The only non-vanishing
four-gluon helicity amplitudes at tree-level (and at any loop order in supersymmetric Yang-Mills
theory [27]), are those with two positive and two negative gluon helicities. All of these configurations
are trivially related in N = 4 Yang-Mills theory. The one independent tree amplitude is

, (12)*
“12)(23) 34) (41)

using the spinor helicity formalism [43] to represent the amplitudes. (The reader may wish to

Alree(17,27,3%,41) =

(2.21)

consult review articles for details [44].) The + superscripts label the helicity of the external gluon.
In general, we will drop the g subscript from a gluon leg in A, and the h subscript from a graviton
leg in M,,. We use the notation (kl_|k]+) = (ij) and (kflkj_) = [i 4], where |k}) are massless Weyl
spinors, labeled with the sign of the helicity and normalized by (ij) [j¢] = s;; = 2k; - k;. In this

formalism the one nonvanishing four-graviton tree amplitude is

(12)°

Miree(l—,2—73+,4+) = —i312<12)2 (2 3> (2 4) (3 4)2 <3 1) (4 1) .

(2.22)

We can rewrite these amplitudes in a form which clarifies the relationship between gauge and
gravity theories. Firstly we may rearrange the Yang-Mills result,

Alree(17,27,3%,4%) = —% X [ T%%] :
Alree(17,27,47,3%) = — - % [ <[ <—§4—]>]

We have chosen to write the amplitudes.as a pole times a non-singular term.

(2.23)

In gravity we expect all algebraic factors associated with vertices to be squares of corresponding
gauge theory factors. However, the propagators of gravity are the same propagators as in gauge



theory. This suggests that we can obtain the corresponding pure gravity amplitude by squaring all
kinematic factors in eq. (2.23) except for the poles and summing over permutations. As a test of

this expectation note that the gravity amplitude (2.22) can be rewritten in the form

2
Mf‘fe(r, 27,3T,4%) = —z(% + %) [s %—;T) (L::’%] ) (2.24)
where the coefficient of each pole is the square of the coefficients appearing in eq. (2.23). This
relationship may be expressed in terms of coefficients of ¢* scalar diagrams as we have done in
fig. 1. (The value of the ¢3 scalar diagram in the upper left of fig. 1 is i/s.) From egs. (2.23)
‘and (2.24) we can read off the coefficients of the ¢3 scalar diagrams for A§®(17,27,3%,4%) and
Mfree(17,27,3%,4%):
(12) [34]

CS=07 Ct=Cu:S

Similar relations hold for supergravity amplitudes where some of the gravitons are replaced by
other states, for example the amplitudes Mjree(17*: 2z 2~ 3+ 4+ +AR) where the gauge theory

* amplitudes are Af®¢(17*,27,3%,47*) and where
(42)

C, =0, C,=C, = (@)2(1—» x [s

(2.26)

Here Mjree(17*:—2r 27 3%+ 4+ +AR) s a product of a ‘left’ gauge theory factor times a ‘right’
gauge theory factor dei)ending on the decomposition of each state in the gravity theory in terms of
gauge theory states.

In the remaining sections of this paper, we shall argue that, at least for N = 8 supergravity,
similar relations hold to all loop orders.

Gauge Theory

) , 2 3 2 3
1 4
Gravity

2 3
2 3 2 3
2
-Cy >——< -C,2 'C“ZA
1 4 1 4
1 4

Figure 1: Tree-level gauge theory four-gluon amplitudes and gravity four-graviton amplitudes expressed in
terms of scalar ¢® diagrams. The coefficients of the graviton amplitudes are squares of the coefficients for
four-gluen amplitudes.

2.3 Relationships between Loop Amplitudes

At one loop it is more difficult to take the field-theory limit of a string. Nevertheless, a technology
exists for systematically extracting such limits [9]. This approach was followed in refs. [7, 8] to



compute four-graviton amplitudes in a variety of supersymmetric and non-supersymmetric field
theories. A feature of these calculations is that at the very beginning the loop integrands for gravity
are products of two Yang-Mills integrands.

This feature is clear when the one-loop string amplitudes are expressed in terms of a loop mo-
mentum (i.e. bosonic zero mode) integral. An open string scattering amplitude for vector states is

of the form,
multi—linear (2'27)

b

/ dPp exple; - pi] % (oscillator contributions)]
(2m)P pins---pi
where

pi=p—ki—ka—-—kii=p+ki+t -tk (2.28)

The k; are the momenta of the external vectors and p is the loop momentum. The oscillator
contributions depend on the external momenta, but are independent of p. In a supersymmetric
theory there are cancellations between the contributions from the different particle types circulating
in the loop. The supersymmetric cancellations occur in the oscillator terms. (For example, the
- cancellation of leading powers of loop momentum follows from the vanishing of the string partition

function.) The closed string graviton scattering amplitude is of the form

multi—linear

/ dPp exple; - pi + & - pi] x (left oscillator contrib.) x (right oscillator contrib.)|

(2m)P pip}---p?
(2.29)

This generic structure of any one-loop closed string amplitude follows from the factorization of
a closed string vertex operator into a product of left- and right-mover vertex operators given in
eq. (2.6). This structure leads us to look for similar relations for loop amplitudes as the tree-level
ones in fig. 1.

For the cases of N = 4 Yang-Mills theory and N = 8 supergravity the one-loop amplitudes are
known [6], so we can easily identify any relations. The one-loop N = 4 amplitude may be expressed
as [6, 16]

Aivz4’1_l°°p(1, 2,3,4) = ig* 512503 A5%(1,2,3,4) (01234 Ii_loc’p(sm, s23) + Ca124 T, °°P(s12, 513)

+ Caz14 Iy 0% (823, 313)) )
(2.30)
where (1234 is the color factor obtained by dressing each diagram in fig. 2 with a structure constant
fabe and each bond between vertices with a 6. The integral functions are defined as
dPp 1
(2m)D p2(p — k1)2(p — k1 — k2)2(p + ka)?

An explicit representation of this integral in terms of hypergeometric functions may be found in,

I;_IOOP(812,$23) = / (2.31)

for example, ref. [46]. The amplitude (2.30) effectively was calculated in the dimensional reduction

scheme [47], which preserves supersymmetry.
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Similarly, the one-loop N = 8 four-graviton amplitude is,
—81- A% - -
My =EP(1 23 4) = —1(5) s12523513M{™%(1, 2,3, 4) (Ii 9P (519, 823) + I3 0% (512, 513)

+ Ii-l°°p(323, 313)) .
(2.32)
These amplitudes were first obtained by Green, Schwarz and Brink [6] in the field-theory limit of
superstring theory.
From eq. (2.20), the coefficient of the scalar box integral in the N = 8 gravity amplitude (2.32)
is precisely the square of the coefficient appearing in the gauge theory amplitude (2.30) (ignoring
couplings and color factors), as depicted in fig. 2. These equations hold for amplitudes with any

external particles in the supermultiplet. Furthermore, the results of ref. [6] are valid in any dimension.

N=4 Yang Mills

2 3
ist A
1 4
N=8 Gravity
- 9 2 3
[ist Affee]
1 4

Figure 2: One-loop gauge theory and gravity four-point contributions expressed in terms of scalar diagrams.
The coefficient of a given scalar diagram in the N = 8 four-graviton amplitude is the square of the corre-
sponding coefficient in the N = 4 four-gluon amplitude.

“Although no systematic study has as yet been performed, at one loop string theory does suggest
that similar relations should hold in gravity theories other than N = 8 supergravity [7]. Moreover,
at any loop order closed string amplitudes continue to be expressible in a form where the integrands
are products of ‘left’ and ‘right’ factors. This leads one to suspect that in the field-theory limit there
are relationships of the form (1.1) to all orders of the perturbative expansion. However, since the
field-theory limit of a multi-loop string amplitude is not known in a convenient form, we will use
cutting rules to study the relations between N = 4 Yang-Mills theory and N = 8 supergravity.

3 N =4 Yang-Mills Amplitudes

“In ref. [17] the two-loop four-point amplitudes for N = 4 Yang-Mills theory were computed in terms
of scalar integral functions via cutting methods. Furthermore, from an inspection of the two-particle
cuts, a conjecture for the planar parts of the four-point amplitude was presented to all loop orders.
In this section we examine the results of ref. [17] in preparation for the analogous construction for
N = 8 supergravity. We will, in addition, extract the two-loop counterterms in various dimensions
implied by the N = 4 amplitudes. These counterterms were previously obtained by Marcus and
Sagnotti [19] via an explicit Feynman diagram calculation, using a specialized computer program.

Comparison to their calculation provides a non-trivial two-loop check on our methods. The results

11



of ref. [17] are more general, being the complete amplitudes and not just divergences. We also
comment that a comparison of the two calculations illustrates the computational efficiency of the
cutting techniques: the calculation of the complete amplitudes in terms of scalar integrals can easily
be performed without computer assistance. Moreover, the technicalities associated with overlapping
divergences are alleviated. We will apply the same cutting techniques to obtain new results for
N = 8 supergravity. ' '

The two-loop amplitude is given by

ATI0P(1,2,3,4) = —g®s12503 A5°°(1,2,3,4) (Clpz34 s12 L3 PP (512, 823) + Chyny 51225 0P (512, 524)
7 + CNE, s12 IZ'IOOP’NP(SN, 593) + CO5, 512 IZ-IOOP’NP(Slg, S94) + cyclic) ,
(3.1)
where ‘4 cyclic’ instructs one to add the two cyclic permutations of (2,3,4) and
IZ-loop,P(sl2 523) = / de dPq 1
! ’ 2m)P (2m)P p? (p — k1)2 (p — k1 — k2)? (p + 9)2¢% (9 — k)2 (¢ — k3 — ka)?’
. IZ-loop,NP(812 593) = / dPp dPq 1
! ’ (2m)D (2m)P p2(p—k2)2 (p+@)* (P +q+k1)>q* (¢ — k3)? (g — k3 — k4()2 ’)
3.2

are the planar and non-planar scalar integrals (3.2) depicted in fig. 3. The group theory factors
CFy34 and CNE, are obtained by dressing the diagrams in fig. 3 with £t factors at each vertex. (In
ref. [17] the result was-presented in a color decomposed form, but to facilitate a comparison to the
results of Marcus and Sagnotti we choose not to do so here.) The massless scalar integral functions
Iz'IOOP’P and IZ_IOOP’NP are not, as yet, known in terms of elementary functions [48]; nevertheless,

they are definite functions which can be manipulated and whose divergences can be extracted.

2 3 3

1 4 4

Figure 3: The planar and non-planar scalar integrals.

As discussed in ref. [17], for the case of N = 4 Yang-Mills theory at two loops all the ambiguities
of constructing amplitudes from cuts were resolved and eq. (3.1) contains all terms to all orders
in the dimensional regulating parameter e. This allows us to continue the amplitude to arbitrary

dimension.

"3.1 Two Loop Ultraviolet Infinities and Counterterms

Although N = 4 Yang-Mills theory is ultraviolet finite in four dimensions, for D > 4 the theory is
non-renormalizable. We can use eq. (3.1) to extract the two-loop N = 4 counterterms in dimen-
sions D > 4. Before proceeding to two loops, we recall that the one-loop amplitude, eq. (2.30),
first diverges at D = 8, and this divergence is proportional to stA"®®. The corresponding gluonic
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counterterm is fixed by supersymmetry to be

4 _ GBIV M2V2A3V3[4V a b ¢ d
taF" =ty me FMVzFusVsme Cabed

1 3.3
= 4' ( gﬂpbﬂ7F,$6Fd5a - ZFgﬁFba’BF,$5Fd75) Cabcd, ( )
where Cgpeq is a group theory factor (which we often suppress for clarity). In four dimensions we

can rewrite this term as
tsF = $(F — F)X(F + F)? = §(Fap — Faﬂ) (Faﬂ — Fof) (Fw + Fws) (F”ﬂ’ + ), (3.4)

where F is the dual of F. The full counterterm also includes the scalar and fermionic operators
obtained by the N = 4 completion of the F* terms [19]. The two-loop counterterms will be specified
in terms of derivatives acting on tgF*.

We may extract the coefficient of the counterterm from the ultraviolet divergences in our ampli-
tude. In general, to extract a counterterm from a two-loop amplitude one must take into account
sub-divergences and one-loop counterterms. Indeed, the divergences in ref. [19] received contribu-

- tions from a large number of two-loop graphs with diverse topologies, many of which contained
sub-divergences (i.e. 1/€? poles) which required subtraction before the 1/e poles could be extracted.
The cancellation of 1/€ poles in the D = 6 theory occurred only after summing all diagrams and

taking into account one-loop off-shell counterterms.

In our case, however, eq. (3.1) is manifestly finite in D = 6, since both planar and non-planar
double-box integrals first diverge in D = 7. The manifest finiteness in D = 6 is not an accident and
is due to the lack of off-shell sub-divergences when using on-shell cutting rules. It is also simple to
extract the D =7 and D = 9 counterterms, which are the ones evaluated in ref. [19], by evaluating
the ultraviolet poles of the scalar integrals (3.2). The evaluation of these poles is performed in
appendix C.

The counterterm in D = 7 is of the form d2F*, as can be seen from dimensional analysis. The

form is again unique (at the on-shell linearized level)

tglmmuzual/aﬂ‘*”“BaFa O*Fb pec pd éabcdv (3.5)

H11 HoV2 ™ [3V3™ W4v4

where Copeq is another group theory factor. Again, in D = 4 such a tensor takes on a simple

schematic form,

(F — F)20%(F + F)?. (3.6)
In the notation of Marcus and Sagnotti [19] the counterterm is presented as
1

- Tp(FagF? Fys PO — FasFPFy Y 4 - ). (3.7)

From the expression (3.1) and appendix C we obtain

6
g m 1 2 .
T7 = — (47‘(‘)7 26’[8(1—6(0%3234 + Cf243) + E C%\I21;4) + CyCllC},
Ty=_9°7s { L (4587 + 185t + 22) Clhpy + —— (—455% + 18su + 2u?) CF, (3.8)
¥ 7 T (4n)%4e | 99792 1234 99792 1243

2
_ m(%s?—{—%u) 0%‘;1;4] + cyelic,

13



corresponding to the D = 7 and D = 9 counterterms.

To compare eq. (3.8) to the results of ref. [19] we must rearrange the group theory factors to
coincide with their basis. The necessary rearrangements are presented in appendix D. Comparing
eq. (D.2) with egs. (4.5) and (4.6) of ref. [19] we find that all the relative factors agree (up to a
typographical error in eq. (4.6) in which the tree group theory factors accompanying the s3 and
t3 factors were exchanged).r After accounting for a different normalization of the operator tgF*, as
deduced from the one-loop case, the overall factor for Ty also agrees, while our result for 7% is larger
than that in ref. [19] by a factor of 3/2. Nevertheless, the agreement of the relative factors is rather

non-trivial and provides a strong check that the amplitude in eq. (3.1) is correct.

3.2 Higher Loop Structure

As shown in ref. [17] the two-particle cut sewing equation is the same at any loop order, allowing
one to iterate the sewing algebra to all loop orders. As we discuss in section 5.2, the two-particle
cuts were performed to all orders in the dimensional regularization parameter €, and are therefore
~ valid in any dimension. However, since this construction is based only on two-particle cuts it is
only reliable for integral functions which can be built using such cuts. We call a function which is
successively two-particle reducible into a set of four-point trees ‘entirely two-particle constructible’.
Such contributions can be both planar and non-planar. (Planar topologies give the leading Yang-
Mills contributions for a large number of colors.) All two-loop contributions, and the three-loop
contributions shown in fig. 8, are entirely two-particle constructible. An example of a three-loop

non-planar graph which is not entirely two-particle constructible is given in fig. 4.

1

-3
-4

2

Figure 4: This three-loop non-planar graph is not entirely two-particle constructible. (In fact it has no
two-particle cuts at all.)

The two-particle cut sewing equation leads to a loop-momentum factor insertion rule for planar
contributions [17], as shown in fig. 5. The pattern is that one takes each L-loop graph in the L-loop
amplitude and generates all the possible (L + 1)-loop graphs by inserting a new leg between each
possible pair of internal legs. Diagrams where triangle or bubble subgraphs are created should not
be included. The new loop momentum is integrated over, after including an additional factor of
i(f + 62)2 in the numerator, where ¢; and ¢3 are the momenta flowing through each of the legs to

" which the new line is joined. (This rule is depicted in fig. 5). This procedure does not create any
four-point vertices. Each distinct (L+1)-loop contribution should be counted once, even though they
can be generated in multiple ways. (Contributions which have identical diagrammatic topologies but
different numerator factors should be counted as distinct.) The (L + 1)-loop amplitude is then the
sum of all distinct (L + 1)-loop graphs. This insertion rule has only been proven for the entirely

two-particle constructible contributions.’

For both the planar and non-planar entirely two-particle constructible contributions to the Yang-
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Figure 5: Starting from an L-loop planar integral function appearing in an N = 4 Yang-Mills amplitude we
may add an extra line, using this rule. The two-lines on the left represent two lines buried in some L-loop
integral.

Mills amplitude, the color factors associated with a given diagram are given, as in the two-loop case,
‘by associating a f2¢ with each vertex and a 6% with each bond of the (L + 1)-loop graph. On
the other hand, we have investigated the three-particle cuts at three loops and have found non-
planar contributions (such as those associated with fig. 4) which are not given by the rule of fig. 5.
Nevertheless, all contributions at three loops have the same power count as the terms obtained from
fig. 5.

"~ 3.3 Higher-Loop Divergences in N = 4 Yang-Mills Theory

The superspace arguments [35] mentioned in the introduction lead to predictions for the higher-loop
ultraviolet divergences of N = 4 Yang-Mills theory in D > 4. We can compare these predictions to
the divergences implied by our conjectured form for the N = 4 four-point amplitudes. The power
counting-which we will perform assumes that the terms we have are representative of the amplitude.

The multi-particle cut analysis of section 6 provides further evidence that this is indeed the case.

First consider the planar three-loop case. If we apply the insertion rule of fig. 5 to the two-loop
amplitudes, we can obtain up to two powers of loop momentum in the numerators of the three-loop
integrands. To find the dimension where the amplitude first becomes divergent we focus on the
diagrams with two powers of loop momenta in the numerators, since they are the most divergent
ones. For these diagrams the superficial degree of divergence is obtained by ignoring distinctions
between the momenta of the various loops and dropping all external momenta, thus reducing the

integral to

2
D, \3_(P7)
[ @ i (39)
This integral is ultraviolet divergent for D > 6.

2 3

—ist AT s(€ + kyg)? + cyclic
1——= 4

Figure 6: The leading-color diagrams that diverge in D = 6. The arrow indicates the line with momentum ¢.

This analysis easily generalizes to all loop orders. From fig. 5 for each additional loop the
maximum number of powers of loop momentum in the numerator increases by two. Thus, for L > 1

loops we expect that the most divergent integrals have 2L — 4 powers of loop momenta in the
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Dimension D Loop Counterterm
8 1 F*
7 2 o*F!
6 3 O?F*
5 6 o*F*

Table 1: For N = 4 Yang-Mills theory in D dimensions, the number of loops at which the first ultraviolet
divergence occurs for four-point amplitudes, and the generic form of the associated counterterm. In each case
‘the degree of divergence is logarithmic, but the specific color factors will differ.

numerator. These integrals will reduce to

2\(L—2)
DL (P7)
/(d p) (p2)3L+T (3.10)
. (The L = 1 case is special and must be treated separately.) These integrals are finite for
6
D<f+4’ (L>1). (3.11)

This degree of divergence is eight powers less than the maximum for non-supersymmetric Yang-Mills

theory.

This N = 4 power- count has differences with the conventional one based on superspace argu-
ments [35]. Specifically, for dimensions D = 5,6 and 7 the amplitudes first diverge at L = 6,3 and
2 loops. The corresponding superspace arguments indicate that the first divergence may occur at
L = 4,3 and 2, respectively. Since the superspace arguments of ref. [35] only place a bound on finite-
neés, our results at four and five loops are not inconsistent. However, the ultraviolet behavior of the
amplitudes seems to indicate that the extra symmetries in N = 4 Yang-Mills theory, which are not
taken into account by the off-shell N = 2 superspace arguments, are important to understanding
its divergences in D > 4. Curiously, the finiteness condition (3.11) agrees with the power count
based on the assumption of the existence of an unconstrained off-shell covariant N = 4 superspace
formalism [38, 39]. This agreement is probably accidental, because it is known that such a formalism
does not exist; for example, the two-loop D = 7 counterterm has the wrong group-theory structure
(although the right dimension) to be written as an N = 4 superspace integral [19].

Combining the N = 4 finiteness condition (3.11) with those for N = 1,2 [39] (for which off-shell

_superspaces for the full supersymmetry exist) we find that an L > 1 loop amplitude is finite for

2(N —1)

D < 7

+4, N=124. (3.12)

4 N = 8 Supergravity Amplitudes

In this section we present the exact result for the N = 8 two-loop four-point amplitude, in terms

of scalar integral functions. Moreover, we present a conjecture for a precise relationship between
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(parts of) the N = 4 Yang-Mills and N = 8 supergravity four-point amplitudes to all loop orders,

extending the tree and one-loop relationships summarized in figs. 1 and 2.

Using the two-loop N = 4 Yang-Mills amplitudes discussed in the previous section, we can im-
mediately obtain candidate expressions for the corresponding N = 8 amplitudes simply by dropping
the color factors and squaring the coefficients and numerators of every scalar integral. In section 5.2
we will verify that this procedure is valid to all loop orders for the entirely two-particle constructible
terms. For the two-loop case, in section 5.3 we also evaluate the three-particle cuts, allowing for
a complete reconstruction of this amplitude, proving that the squaring procedure gives the correct
‘two-loop results. (Direct evaluations of the two- and three-particle cuts using the four-dimensional

helicity basis may be found in appendices A and B.)

4.1 Two-Loop N = 8 Supergravity Amplitudes

We now obtain the two-loop N = 8 four-graviton amplitudes by squaring the corresponding coef-
ficients appearing in the N = 4 four-point amplitudes (3.1), after stripping away the color factors.
The N = 8 amplitudes are thus expected to be,

6
MG1P(1,2,3,4) =—i(§) [s12503 AT*°(1,2,3,4))? ( I71°PP (519, 823) + 53 Ty 0" (512, 524)

+ 812 I2 lOOP’NP(SQ, 323) + 812 I2 IOOP’NP(Slg, 824) + CyCliC) .
) - (4.1)
Here A is the N = 4 Yang-Mills four-gluon tree amplitude, the integrals are defined in eq. (3.2)
(see fig. 3) and ‘+ cyclic’ instructs one to add the two cyclic permutations of (2,3,4), just as in
eq. (3.1). Using eq. (2.20) we may re-express the overall coefficient in terms of the gravity tree
amplitude to obtain the final form for the amplitude,

6
M%(1,2,3,4) = (g) s12523518 M{™(1,2,3,4) (53, T °P (1, 528) + 81 3™ (12, 524)

2- loop,NP( 2-loop,NP

+ s 12 I 812, 323) + SIQI (812, 824) + cyclic) .

(4.2)

N=4 Yang Mills

2 3 3
S § 14 —2
1 4 4
N=8 Gravity
2 3 3
P 14 |2
1 4 4

Figure 7: The expected relationship between two-loop contributions to N = 8 four-graviton amplitudes and
N = 4 four-gluon amplitudes: the graviton coeflicients are squares of the gluon coefficients. The N = 4 and
N = 8 contributions depicted here are to be multiplied respectively by factors of —g®stAi{r*® (dropping the
group theory factor) and —i(k/2)®[stAY®).
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The two-loop ultraviolet divergences for N = 8 supergravity in D = 7, 9 and 11, after using the
results of appendix C and summing over the different double-box integrals which appear, are

1 m

Ipole = 52 (4n)7 3

1 —13=

Ipole = 272y 9072

6
_ —7_ K

Mi—loop, D=9-2¢

6
(82 +t2 +u?)? x (g) x stuMf™®

| _ 1 T
Pole ™ 8¢ (4m)11 5791500

6
Mi_loof” D=11-2¢ (438(36 +15 + u6) — 5332t2u2) X (g) X stquee.

(4.3)
There are no sub-divergences because one-loop divergences are absent in odd dimensions when using

dimensional regularization.

In all three cases, for four graviton external states, the linearized counterterms take the form of

derivatives acting on
4 _— pHIp2 {8 4 V1V2 VR
tgtg R® =ty tg Ry pavivy Ruspavavs Ruspevsve Ruzpsvrvs » (4.4)

plus the appropriate N = 8 completion. As mentioned in the introduction, the operator (4.4) appears
in the tree-level superstring effective action. It also appears as the one-loop counterterm for N =8
supergravity in D = 8. Finally, it is thought to appear in the M-theory one-loop effective action
[49].

4.2 Higher-loop conjecture

We conjecture that to all orders in the perturbative expansion the four-point N = 8 supergravity
amplitude may be found by squaring the coeflicients and numerator factors of all the loop integrals
that appear in the N = 4 Yang-Mills amplitude at the same order, after stripping away the color
factors. In section 5 we show that the exact two-particle cuts and the two-loop three-particle cuts

confirm this picture, making the conjecture precise at two loops.

In order to specify the precise form of the conjecture at L loops one would need to investigate
cuts with up to (L + 1) intermediate particles. Nevertheless, some of the integral coefficients and
numerators can be obtained from the known two-particle cuts. For example, fig. 8 contains a
few sample three-loop integrals which are entirely two-particle constructible, and their associated
coefficients for the case of N = 4 Yang-Mills theory [17]; the N = 8 supergravity coefficients are

-given by squaring the super-Yang-Mills coefficients. This provides an explicit example of three-loop
relationships between contributions to the Yang-Mills and gravity amplitudes for the cases of N =4
and N = 8 supersymmetry. The supergravity coeflicients can again be expressed in terms of the
tree-level gravity amplitudes using eq. (2.20). It would be interesting to determine whether squaring
relations do indeed continue to hold for all remaining three-loop diagram topologies.
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N=4 Yang Mills
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Figure 8: Some sample three-loop integrals and their coefficients for N = 4 Yang-Mills theory and for N =8
supergravity. The coefficients for N = 8 supergravity are just the squares of those for N = 4 Yang-Mills

" theory. The N = 4 and N = 8 contributions depicted here are to be multiplied respectively by overall factors
of —ig®stAYe® and (k/2)8[stAfree]%.

4.3 Higher-Iroop Divergences in N = 8 Supergravity

In this subsection we discuss the ultraviolet behavior of N = 8 supergravity arising from our all-
loop conjecture for the form of the four-point amplitude. This ‘squaring’ conjecture gives twice as
many powers of loop momentum in the numerator of the integrand as for Yang-Mills theory. The
power-counting equation that describes the leading divergent behavior for N = 4 Yang-Mills theory,
eq. (3.10), becomes for N = 8 supergravity at L loops,

2\2(L—2)
p_\z(P%)
[ @ (45)
This integral will be finite when
10
D<f+2’ (L>1). (4.6)

The results of this analysis are summarized in table 2. In particular, in D = 4 no three-loop
divergence appears — contrary to expectations from a superspace analysis [36, 35] — and the first
R*-type counterterm occurs at five loops. The divergence will have the same kinematical structure

" as the D = 7 divergence in eq. (4.3), but with a different non-vanishing numerical coefficient.

The one- and two-loop entries in table 2 are based on complete calculations of the amplitudes.
Beyond two loops we do not have complete calculations, but in section 5.2 we will show that the
divergence structure given in eq. (4.6) is consistent with the two-particle cuts to all loop orders,
and in section 6 we will demonstrate related ultraviolet cancellations in the m-particle MHV cuts.
Continuing along these lines, a complete proof of the ultraviolet behavior of the L-loop amplitude

would require an analysis of all contributions to the cuts.
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Dimension Loop Degree of Divergence Counterterm
8 1 logarithmic R*
7 2 logarithmic o*R*
6 3 quadratic oS R*
5 4 quadratic o R*
4 5 logarithmic 0*R*

Table 2: The relationship between dimensionality and the number of loops at which the first ultraviolet diver-
-gence should occur in the N = 8 supergravity four-point amplitude. The form of the associated counterterm
assumes the use of dimensional regularization.

5 Cut Constructions

In this section we justify the form of the N = 8 four-point amplitude presented in section 4 by
- iterating the exact D-dimensional two-particle cuts to all loop orders. We will also compute the
D-dimensional three-particle cuts at two loops, demonstrating that eq. (4.2) gives the complete two-
loop N = 8 amplitude. First we briefly review the cut construction method [12, 13, 16, 17, 15] for
constructing complete amplitudes. This approach leads to relatively compact expressions because

the calculation is organized in terms of gauge-invariant quantities at intermediate steps.

In this method the‘amplitude is reconstructed from its analytic properties. In general, to recon-
struct an L-loop amplitude one must calculate all cuts, which can have up to (L + 1) intermediate
states. However, the various cuts are related to each other, so one can often write down complete
expressions for the amplitudes based on a calculation of a small subset of cuts. (When combining
the cuts into a single function, care must be exercised not to over-count a particular term.) Once
one has a robust ansatz for the form of the amplitude, the remaining cuts become much easier to
calculate, since one has a definite final form to compare with. As one calculates additional cuts, one
obtains cross-checks on the terms inferred from the earlier cuts; the consistency of the different cuts

provides a rather powerful check that one is calculating correctly.

We find it convenient to perform the cut construction using components instead of superfields.
The potential advantage of a superfield formalism would be that one would simultaneously include
contributions from all particles in a supersymmetry multiplet. However, for the cases we investigate,
the supersymmetry Ward identities, discussed in appendix E, are sufficiently powerful that once the
contribution from one component is known the others immediately follow. In a sense these identities
are equivalent to using an on-shell superspace formulation. A component formulation is also more

natural for extensions to non-supersymmetric theories.

5.1 Review of Cut Construction Method

As an example, consider the cut construction method for a two-loop amplitude M4'l°°p(1, 2,3,4).
At two loops one must consider both two- and three-particle cuts. In each channel there can be

multiple contributing cuts. For example, in the s channel there are two two-particle cuts, as depicted
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in fig. 9. The first of these has the explicit representation
M2—loop 1.2.3.4 _ ﬂ Mtree _g51 1.9 452 M1 loop —052_ 3.4 51
4 (,’,)|cut(a) /(27T)Dss£2 (17’72)£2 (2’7’1) )
1,°2 22=¢2=0

(5.1)
where ¢; and 43 are the momenta of the cut legs and the sum runs over all particle states S; and
Sy which may propagate across the two cut lines. Following the discussion in ref. [16], it is useful
to have replaced the phase-space integrals with cuts of unrestricted loop momentum integrals, even
though we use the on-shell conditions on the amplitudes appearing in the integrand. In this way,
one may simultaneously construct the imaginary and associated real parts of the cuts, avoiding the

need for dispersion relations.

4
g — L2
pogBo |
| 1 | 4
1 ' 4 O~
£ 2=0 i =0

1
(a) (b)
Figure 9: The two-particle s-channel cut has two contributions: one with the four-point one-loop amplitude
‘1’ to the left and the tree amplitude ‘T’ to the right (a) and the other with the reverse assignment (b).

For a two-loop amplitude one must also calculate three-particle cuts. If one does not calculate
these cuts one could, in principle, miss functions that have no two-particle cuts. Examples of such

functions are the integral functions shown in fig. 10.

Sv MWW
[ ™S

Figure 10: Examples of loop integrals with no two-particle cuts.

vy

The three-particle s-channel cut is

MZloP(12,3 4)|

3-cu
dDﬁl dDg? tree R
—/ S ME(1,2, 655,05, 657) o o o MES(3,4, €51, —05%, —5%)|
W)D 51,852,853 b & £ £=0
. (5.2)

which is depicted in fig. 11. The other channels are, of course, similar.

The- complete two-loop amplitude may be constructed by finding a single function which has
the correct two- and three-particle cuts in D dimensions. As discussed in refs. [50, 51, 16], by
computing all cuts to all orders in the dimensional regularization parameter ¢ = (4 — D)/2, one
may perform a complete reconstruction of a massless loop amplitude in any dimension. This follows
from dimensional analysis, since every term in an amplitude must carry a prefactor of the form

(—sij) "¢, which necessarily has cuts away from even dimensions. As with Feynman diagrams, the
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Figure 11: The three-particle s-channel cut for a two-loop amplitude.

result is unique for a given dimensional regularization scheme. As mentioned in the introduction,
we define the N = 4 Yang-Mills amplitudes to be the dimensional reduction of ten-dimensional
‘N =1 Yang-Mills amplitudes, and N = 8 supergravity amplitudes to be the dimensional reduction
of eleven-dimensional N = 1 supergravity amplitudes; these definitions should also include the

non-integer dimensions implied by dimensional regularization.

This same technique may be applied at any loop order; at L loops one would need to compute
cuts with up to (L + 1) intermediate particles. In general, when performing cut calculations, it is
. convenient to ignore normalizations until the end of the calculation. There are sufficiently many

cross-checks between the various cuts so that relative normalizations can usually be fixed.

For reasons of technical simplicity, we sometimes evaluate the cuts using four-dimensional he-
licities and momenta. In particular, appendices A and B contain such evaluations of the two- and
three-particle cuts for the two-loop N = 8 amplitudes. In principle, the use of helicity amplitudes
with four-dimensional momenta can drop terms necessary for analytically continuing to D dimen-
sions. However, it turns out that for the N = 8 two-loop four-point amplitudes there are no such
dropped terms and one obtains the exact D-dimensional expressions. For the case of N = 4 Yang-
Mills theory an argument has been outlined in ref. [17]. For the N = 8 case it is more convenient to
calculate directly in arbitrary dimensions, by recycling the previously-obtained N = 4 Yang-Mills

cuts.

5.2 Exact Two-Particle Cuts

We now compute the two-particle cuts of four-point N = 8 amplitudes iteratively to all loop orders
in D dimensions. For four-point N = 4 Yang-Mills amplitudes it was noted in ref. [17] that the
algebraic steps needed to obtain the two-particle cuts at one loop recycle to all loop orders. Here
we show that the same situation holds for four-point N = 8 supergravity amplitudes.

The key relation for evaluating the N = 4 two-particle cuts exactly to all loop orders is,
) 1
ST AF(—£51,1,2,657) x AT(—£57,3,4,4]") = —istAY*°(1,2,3,4) T 1k 5
S1,52€{N=4} (€1 — k1)? (€2 — k3)
) (5.3)

where all momenta are on shell and the sum is over all states in the N = 4 multiplet. In the

remainder of this section we will suppress the particle state labels on the ¢; for simplicity. This
equation is true in all dimensions without any integrations over the ¢;. One convenient way to verify
eq. (5.3) for the case of external gluons is by using background field Feynman gauge and second
order fermions [41, 42, 52]. In this way, all powers of £; in the numerator cancel algebraically. (In
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this particular scheme eq. (5.3) is true even for off-shell ¢;.) The uniqueness of the supersymmetric
completion of the operator given in eq. (3.3) assures that one obtains an A no matter what the

external states are.

Using the KLT relation (2.12) we can use eq. (5.3) to obtain the equivalent relation for N = 8

supergravity,

Z Miree(_el, 1,2,52) X Mzree(_f2,3,4,e1)
N=8 states

:—s2< > Af{ee(—fl,l,il,ég)xAZree(—£2,3,4,£1))

N=4 states

X ( S APC(6,1,2,-4) x AF(4,3,4, —122)>
N=4 states

1
(€1 — k1)%(8y — k3)%(£2 + k1)%(41 + k3)?
1
(61 — k1)2(fy — k3)2 (€1 — k)% (g — kg)?

= 5%(st)*[AF*(1,2,3,4))"

= is? stu M{™(1,2,3,4)

(5.4)

In eq. (5.4) we have used the decomposition of a state in the N = 8 multiplet into a ‘left’ and a ‘right’
N = 4 state, and the fact that summing over the N = 8 multiplet is equivalent to summing over the
left and right N = 4 multiplets independently. We then perform a partial-fraction decomposition of

the denominators (using the on-shell conditions),

S 1 1
_ — + ,
(€1 — k1)2(6y — k)2 (61— k1)?2 (61 —k2)?
s 1 1 (5.5)

= + ,
(2 — k3)?(f2 — ka)? (€2 —k3)2 (€2 — k4)?
to obtain the N = 8 basic two-particle on-shell sewing relation,

Z M)l;ree(_el,LzaZZ) X Mzree(—e2’3,4a gl)
N:=8 states (5 6)

1 1 1 1
— tree 4 ] [
zstuM4 (1,2537 ) (Zl _ k1)2 + (el — k2)2 (fz — k3)2 + (£2 - k4)2 ’

where the ¢; are on-shell. The ¢- and u-channel formulas are given by relabelings of the legs in
eq. (5.6). From this sewing relation it is trivial to obtain the N = 8 one-loop amplitude (2.32).
A key feature of the sewing relation (5.6) is that when one sews two tree amplitudes and sums
over all intermediate N = 8 states, one gets back a tree amplitude multiplied by scalar functions.
" This means that we may recycle the sewing relation (5.6) to obtain two-particle cuts of higher-loop
amplitudes. The only difference is that now we must track the scalar function prefactors.
Consider, for example, the two-particle s-cut with a tree amplitude on the left and a one-loop

amplitude on the right,

MZP(1,2,3,4)

dPe, 1 U1l
= — M (—£1,1,2,09) — M, %P (—£,3,4,4;)
s-eut / (27r)D Nzé:tates % ! E% ! g%:lgTO )
5.7
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Inserting eq. (2.32) for M, "°°P and applying the sewing relation (5.6), we have

tree dDel 2 2
= —stuMj / (27r)D8(62 - kg) (32 - k4)

MZoP(1,2,3,4) }

s-cut

1 1 ) s )
% [(31 —k1)? * (€1 — k2)2] a2 [(52 — k3)?(€y — k4)2] a2

- -1 -
X [Z37°P(s, (€2 — ka)?) + T3P (82 — k), (B2 = ko)) + TP (2 — ko), 8)))
2=02=0
(5.8)
where we have combined the two propagators on a common denominator in the second brackets
‘in order to make a cancellation manifest. The unwanted propagators cancel and our final result is

remarkably simple,

M} °%P(1,2,3,4)

= stuM}Tes? (IE—IOOP’P (s,t) + IZ-IOOP’P(S, u)

+ If-IOOP’N (S, t) + IZ-loop,NP (S, U))

s-cut

(5.9)

3
s-cut

* where the scalar integrals IZ'IOOP’P and Iz'loop’NP are defined in eq. (3.2). The analysis of the

two-particle t- and u-channel cuts is identical.

It is simple to find a single function with the correct two-particle cuts in all three channels; the
answer is given in eq. (4.2). We emphasize that the results for the two-particle cuts are valid in
any dimension and do not rely on any four-dimensional properties. (A more direct evaluation of the

two-particle cuts using four-dimensional helicity states may be found in appendix A.)

Since the right-hand side of sewing relation (5.6) is proportional to the tree amplitude, one may
iterate this procedure to obtain the ‘entirely two-particle constructible’ contributions, defined in
section 3.2, at any desired loop order.

5.3 Two-loop Three-Particle Cuts

We now evaluate the D-dimensional two-loop three-particle cuts for the N = 8 four-point amplitude,
by recycling the analogous calculation for N = 4 Yang-Mills theory. (In appendix B we also evaluate
the N = 8 three-particle cuts directly, using the helicity formalism, which yields the same result.)

Consider first the three-particle s-channel cut (5.2). Just as for the two-particle sewing, the
sum over three-particle states for N = 8 supergravity may be expressed as a double sum over
N = 4 states. Then we may apply the five-point KLT formula (2.13), which expresses the N = 8

_supergravity tree amplitudes appearing in eq. (5.2) in terms of the corresponding N = 4 Yang-Mills

tree amplitudes.

The. tree amplitude on the left side of the cut is

ME(01,1,2,€3,€) = i (£1 + k1)* (€3 + ko) AE®® (61, 1,2, 03, £2) AE®(1,41,43,2,82) + {1 & 2},
(5.10)
where we have chosen a convenient representation in terms of the gauge theory amplitudes. (The

{1 + 2} interchange acts only on k; and k3, and not on £; and ¢.) Similarly, for the tree amplitude
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on the right side of the cut,

Mgree(—£3, 3, 4, —61, —82) =1 (33 - k3)2(€1 - k4)2Agree(—€3, 3, 4, _217 _£2) Agree(37 '—635 "el’ 47 ——62)

+ {3 & 4}.
(5.11)
Thus we have,
S ME(1,2,43, £y, £) M5™(3,4, — 41, —2, —£3)
N=8 states
= — (€1 + k1)* (€5 + k2) (€3 — k3)* (€1 — ka)®
| T areem e -6,4-0,-0) (5.12)
N=4 states
X l: Z Agree(la ela 837 2’ £2)At5ree(37 _837 —ela 4a _62)]
N=4 states

+{l1e2}+{304}+{l2 34},

- where all momenta are to be taken on-shell. The sum over N = 4 states in each set of brackets
can be simplified using the results for the two-loop N = 4 Yang-Mills amplitudes (3.1). Taking the
three-particle cuts of the planar contributions (see figure 3 of ref. [17]) yields the on-shell phase-space
integral of -

> AFR(01,1,2,83,6) AT (3, 3,4, — 01, —L) = —ist AT(1,2,3,4)
N=4 states
S S

X [(el k)2 (s + ka2 (0 + 022 (la + 63)2 | (0 — Ka)P(ls & F1)2(81 + £2)2(0 1 £3)2

t
+ e R TR TR

(5.13)
This equation actually holds even before carrying out the loop-momentum (or phase-space) integral.
In the calculations used to derive the results of ref. [17] eq. (5.13) was obtained at the level of the
integrands, with all states carrying four-dimensional momenta and helicities, but then it was argued
that the light-cone superspace power-counting of Mandelstam [53] ruled out corrections coming from
the (—2¢)-dimensional components of the loop momenta. Since this argument is based on superspace
cancellations it applies to the integrands before integration over loop momenta, and works for D-

dimensional external states as well. (A similar argument is also applied in appendix B.4.)

The second sum over N = 4 states is similar, but more complicated, involving three different
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cuts of planar double-boxes and ten of non-planar ones,

Z Agree(l’ 61 s 53, 2, eg)Agree (3, —43, —61, 4, —62) =—1 StAiree(l, 2, 3, 4)

N=4 states
« [_ S n 4
(01 + £3)2(€3 + K2)2 (€1 + K1)2(2 — k3)® (€1 + k1)2(€2 + k2)? (€2 — k3)? (€1 — ka)?
t E]
+ —
(6 + k1)%(43 + k2)2(6; — k4)2(€2 —k3)?2 (4 + 03)2(lg + k2)2(€3 — k3)%(41 — kq)?
t t
+ +
(81 + k1)2 (L2 + k2)2 (€1 — ka)? (€3 — k3)? (€1 + k1)? (€3 + k2)? (€1 — Ka)?(€3 — k3)?
u s
C (la+ )2l + k)2 (6 — k)2 (€2 — R3)? (& + £3)2(L2 + k)2 (€5 — K3)2 (81 — ka)?
t s
+ —_
(£y + k1)2(ls + k2)2(l3 — k3)?(4 — k4)2 (6 +£3)%(61 + k1)%(€3 + k2)2(ly — k4q)?
U t
- +
(01 + k1)2(L2 + k2)2(€s — k3)?(¢2 — k4)?2 = (61 + k1)%(€3 + k2)? (45 — k3)2(ly — k4)?
t
+ .
(£2 + k1)2(£3 + k2)2(€s — k3)? (€2 — k4)2] (5.14)
5.14
The complete N = 8 result is given by simply inserting the N = 4 results (5.13) and (5.14) into
eq. (5.12). -
| f;} |
2 : >3 2 1 ; 3
1 12
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Figure 12: The three-particle s-channel cuts for gravity. We must also sum over 1 > 2, 3 <> 4 and the 3!
permutations of £, £> and 3. We have included the appropriate combinatoric factors necessary for eliminating

double counts.

This may be compared with the s-channel three-particle cuts of eq. (4.2). Taking all s-channel



three-particle cuts of the scalar integrals, as shown in fig. 12, we obtain

Mtree/ dDél dDez 1
Y enPen 644

stu

e
2 (Zl + k1)2(£3 + k2)2(€3 — k3)2(£1 — k4)2 (52 -+ k1)2(£3 + k2)2(€3 — k3)2(£1 — k4)2

2 32
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) + perms(és, b2, £9)|
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(51 + fg)z(fz -+ 53)2“3 + k2)2(£1 - k4)2
. >
2 (€1 + £2)%(£3 + k2)? (€2 — k3)%(£1 — k4)?
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1
2 (

7

K?:O

(5.15)
where we have included all kinematic factors associated with each scalar diagram in fig. 12. The
1 < 2 and 3 + 4 permutations act on all terms in the square brackets. Note that the cut result

~ (5.12) also contains a sum over 1 <> 2 and 3 ¢ 4 interchanges.

We have verified that the expressions in egs. (5.15) and (5.12) are indeed equal. The ¢- and
u-channel cuts are identical, up to relabelings. Since all two- and three-particle cuts are correctly
given by eq. (4.2) in arbitrary dimensions, it is the complete expression for the two-loop four-point
N = 8 supergravity amplitude, expressed in terms of scalar loop integrals.

6 Supersymmetric Cancellations in MHV Cuts to All Loop Orders

In this section we illustrate four-dimensional supersymmetric cancellations that take place at any
loop order, in all cuts where the amplitudes on both sides of the cut are maximally helicity violating
(MHV). The MHV contributions are the most tractable, which is why we focus on them. Supersym-
metry Ward identities only relate amplitudes with the same total helicity; thus when considering
supersymmetric cancellations the MHV contributions do not mix with the non-MHV contributions.
This section provides a concrete demonstration of the role that the SWI's play in reducing the degree
of divergence of supersymmetric S-matrix elements. For MHV cuts at any loop order we will obtain
the same supersymmetric reduction in powers of loop momentum as we obtained in the entirely two-
particle constructible contributions, providing additional evidence that the power-counting formulas
(3.11) and (4.6) hold.

As a warm-up, we will first consider the case of N = 4 Yang-Mills theory. Since the supersym-
~ metry identities of N = 8 supergravity are closely related to those of N = 4 Yang-Mills theory, it is
relatively simple to extend the N = 4 analysis to N = 8 supergravity.
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6.1 N =4 Yang-Mills Theory Warm-up

Consider the case of N = 4 supersymmetric Yang-Mills theory. The m-particle s-channel cut of an

L-loop amplitude is,

_ dPe lef dP4y,_ — _
Altoop (1= 9= g+ 4+)|m_cﬁt—/ 1 2 ¢ tmol 3 TP (17,27 by b1+ - 1)

D D
) (27r) N=4 states
i i t  (L—r—m+1)-loop g+ 4+
i 3 4%, by, —ly, ..., L
“EE B e R P
(6.1)

‘where we have suppressed color and particle labelings of intermediate states. The complete sum over
N = 4 states consists of both MHV and non-MHV contributions. (For the case of two- and three-
particle cuts, all the contributions are MHV.) We need only consider the s-channel since the other
channels are related via the supersymmetry identity (E.7). The number of distinct MHV particle

configurations (not counting the SO(4) multiplicities) that can cross an m-particle s-channel cut is

(M +3)!

T (6.2)

where M = m(m — 1)/2. Although this is a rapidly increasing function of the number of cut lines,

m, N = 4 supersymmetry will ensure that the various configurations combine neatly.

In order to perform the analysis, it is useful to divide the s-channel MHV contributions into
a smglet’ piece and ‘non-singlet’ pieces, analogous to the separation used in the two-loop three-
particle cut analysis of appendix B. The singlet piece consists of the single configuration where
three identical-helicity gluons cross the cut; this piece does not have to be combined with any
other terms to obtain supersymmetric cancellations. The singlet and non-singlet pieces may also be
characterized in terms of the total helicity of the amplitudes appearing on the left- and right-hand
sides of the cut in fig. 13. For the singlet, the total helicity of the amplitude on the left of the
cut is m — 2 while the total helicity of the amplitude on the right of the cut is —(m — 2). For the
non-singlet contributions, the total helicities on the left- and right-hand sides of the cut are reversed.
Since supersymmetry identities only relate amplitudes with the same total helicity, supersymmetric
cancellations do not occur between the singlet and non-singlet contributions. (For the case of m = 2

there is only a singlet contribution.)

Im

&)

6
Figure 13: An m-particle cut of an L-loop amplitude.

Using the N = 4 supersymmetry identity (E.7), we may relate the amplitude appearing on the
left-hand side of the singlet cut with an amplitude that appears as a non-singlet contribution and
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exhibits no supersymmetric cancellation by itself,

(12)*

Amio(17,27,65 ... 68) =

[Ama2(17, 27,60, oo G 8 6y G, 8 s G,

(6.3)
where the dagger means that we interchange (ab) <> [ba]. A similar identity holds for the amplitude
appearing on the right-hand side of the singlet cut. This explicitly shows that we may extract a
factor of (12)*[34]* from the singlet cut, as compared to a contribution with no supersymmetric

cancellations.

More interestingly, the sum over non-singlet contributions exhibits a cancellation dictated by the
supersymmetry Ward identities. Table 7 of appendix E contains the relative SWI factors between
the amplitudes that appear on the right-hand side of the cuts. In table 3 we have collected the
various types of contributions to the non-singlet MHV cuts; all remaining such contributions are
given by relabelings. Each entry in the first column of table 3 is obtained by multiplying one of the
23 entries in table 7 with the conjugate factor from the amplitude on the left-hand side of the cut.

" (The conjugate amplitudes with two cut fermion lines have an additional minus sign, making up for

the fermion loop sign.)

Collecting all MHV non-singlet contributions together yields an overall factor of

B 4
(Z aij) = st (6.4)
i#j
in the amplitude, where a;; = (¢;+¢;)* = 2¢;-£;. Equation (6.4) is an explicit all-loop demonstration
of the reduction in powers of loop momentum implied by supersymmetry. The SWI (E.7) implies
that the same types of cancellations occur for the ¢- and wu-channel cuts, although different states

cross the cuts.

6.2 Supersymmetry Cancellations in N = 8 Supergravity

The analysis of the m-particle cuts at L loops for the case of N = 8 supergravity is quite similar
to that of N = 4 Yang-Mills theory. For N = 8 supergravity, the total number of distinct MHV

particle configurations that can cross the cut is,

(M +7)!

81 (M —1)! +1, (6.5)

_where M = m(m —1)/2. These MHV contributions to the m-particle cuts can again be divided into
singlet and non-singlet contributions, characterized by the total helicity of the amplitudes appearing
on either side of the cuts. For the singlet, the total helicity of the amplitude on the left side of the
cut is 2(m — 2), while the total helicity of the amplitude on the right of the cut is —2(m — 2). For
the non-singlet contributions, the total helicities on the left and right sides of the cut are reversed.

As for N = 4 Yang-Mills theory, the simplest case to consider is the singlet where m identical-
helicity gravitons cross the cut. For the singlet, the SWI (E.11) implies that one can extract the
factor (12)®[34)® from the cut integrand as compared to a factor of (¢; Zj)s [4; Ej]s for a pure graviton
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Relative Factor Multiplicity

4
012 ].
3 3
a12(134, a12a23 4
2 2 2 2
19034 , G120353 6
2
72034056 ,
2 2 2
(72023045 , G12034045, (19023034 12

2 2 2
4719023014, G79023013, A72013014

(12034056078 , 112023045067 ,
012023034056 , 312023045056 , 412023013045
(12023034045 , 012023334041 , 412013014056 24
12013014045, 212013014042, 120130144815

Table 3: The relative numerator factors dictated by the supersymmetry Ward identities, arising from

_ the non-singlet sewing of two MHV N = 4 Yang-Mills amplitudes, where a;; = (¢; + ¢;)2. The 23
different terms in the left column of the table correspond to the 23 different particle configurations
in table 7, which contains the relative factor for the amplitude on the right-hand side of the cut.

contribution to the non-singlet. Note that these factors are the squares of the corresponding N = 4
Yang-Mills factors.

For the non-singlet case to which all remaining MHV configurations contribute, we need to
combine the various terms in order to obtain a reduction in the degree of divergence. An easy way
to determine the relative factors between amplitudes appearing on either side of the non-singlet
cut is from the KLT relations on tree amplitudes. For (m + 2)-point gravity tree amplitudes these

relations are of the form

M (1,2,01,. .., bm) ~ Z( II (e,,+eq)2>A:;ef2(1,eil,...,Ein,z,eim,‘..,eim)

{i}{7} ~m—1 factors (66)
X A:,rﬁf2(1,éjl,. . ,ij,2,£jk+l,. . ,Ejm),
where {i1,%2,...,%m} and {j1,72,...,Jm} are permutations of {3,4,...,m+2} which are determined

from the KLT expressions. Since the relative factors for any MHV N = 4 tree amplitude are known
from the SWI, the KLT relations (6.6) immediately imply that they are known for any MHV N = 8
tree amplitude. Furthermore, since the supersymmetry Ward identities hold to all orders of the
. perturbative expansion, the relative factors determined in this way are the same ones that appear at
loop level. A more direct analysis using the N = 8 Ward identities yields the same relative factors.

After including the appropriate multiplicity factors, following the previous discussion for N = 4
Yang-Mills theory, again we may combine all relative factors in the non-singlet MHV s-channel cuts

. (Z aij)s - 88, (67)
]

which may be extracted from the cut integral. The symmetry under permutations of external legs

to obtain an overall factor of
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implied by the SWI (E.11) guarantees that one can also extract the same factor from the - and
u-channel MHV cuts.

In summary, the above analysis illustrates that supersymmetry cancellations in the MHV cuts
occur to all loop orders, for the cases of N = 4 Yang-Mills theory and N = 8 supergravity. In
fact, these cancellations are closely related to those for the two-particle sewing relations, when one
negative gluon helicity appéars on each side of the cut. (See eq. (5.6) of ref. [12].) Since these sewing
relations led to the power-counting egs. (3.11) and (4.6), the MHV results presented in this section
suggest that these power counts hold more generally.

7 Conclusions

In this paper we investigated the relationship between gravity and gauge theory S-matrix elements.
Supergravity theories are interesting because they have softer ultraviolet behavior than ordinary
gravity theories and also appear in the low-energy limit of superstring theories. We chose to inves-
- tigate the case of maximally supersymmetric theories (i.e. N = 4 Yang-Mills theory and N = 8
supergravity); such theories are heavily constrained and their amplitudes are therefore relatively
simple.

At tree and one-loop level the four-point amplitudes for N = 4 Yang-Mills theory and N = 8
supergravity exhibit a ‘squaring’ relationship (summarized in figs. 1 and 2). One of the results
contained in this paper is a complete calculation of the N = 8 two-loop four-point amplitude in
terms of scalar integrals, similar to the two-loop N = 4 Yang-Mills calculation performed in ref. [17].
From these amplitudes we have obtained the ultraviolet divergences in D = 7,9, 11, and have shown
that the squaring relationship persists to two loops (as depicted in fig. 7). Motivated by these results
and by the structure of string amplitudes, we postulate that a similar relationship will extend to all

loop orders.

Evidence for this conjecture is provided by cutting techniques [12, 13, 16, 17], which allow a
complete analytic reconstruction of an L-loop amplitude, if one computes all possible cuts, up to
and including the (L + 1)-particle cuts. For the N = 8 four-point amplitude we have iterated the
one- and two-loop two-particle cut analysis to all loop orders. To do this we used the known [2, 3]
relationship between gravity and gauge theory tree amplitudes to recycle the previous calculation
of the N = 4 Yang-Mills cuts [17]. Further checks of the conjecture could be provided by cuts
with more intermediate states, though this becomes increasingly difficult. Nevertheless, the cutting

method is overwhelmingly simpler than a corresponding Feynman diagram calculation.

Of supergravity theories, N = 8 is believed to have the softest ultraviolet behavior, so a com-
plete proof that it actually does diverge in four dimensions would provide strong evidence that all
supergrévity theories are divergent. Although superspace power-counting arguments [35] suggest
the existence of a three-loop D = 4 counterterm, its presence has never been verified in an actual
calculation. Our results indicate that for N = 4 Yang-Mills theory and for N = 8 supergravity these
superspace power-counting arguments were too conservative regarding the possible cancellation of

infinities. In particular, our computation of the N = 8 two-loop amplitudes prove that there is no
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counterterm in D = 5, contrary to expectations from superspace power counting [36, 35].

Furthermore, in four dimensions our cut calculations indicate, but do not yet prove, that there is
no three-loop counterterm for N = 8 supergravity, contrary to expectations from superspace power-
counting bounds. On the other hand, from the two-particle cuts we infer a counterterm at five loops
with non-vanishing coefficient. In order to have a complete proof that the divergence detected at five
loops does not cancel, one would need to investigate the cuts with up to six intermediate particles.
Alternatively, if one could prove that the numerators of all N = 8 loop-momentum integrals are
squares of the corresponding ones for N = 4 Yang-Mills integrals (i.e. they always appear with the
same sign), there would be no need for a detailed investigation of the cuts; we have shown that
the iterated two-particle cuts have the required squaring property. It would also be of interest to
directly verify whether or not the coefficient of the three-loop counterterm vanishes for the case of
N = 1 supergravity. It should be possible to address these and other issues with the methods used
in this paper.

Throughout the calculations presented in this paper we have found simple relationships between

- N = 4 Yang-Mills theory and N = 8 supergravity. Without fail we have been able to exploit the
N = 4 Yang-Mills results to streamline N = 8 supergravity calculations. It would be interesting
to investigate whether such relationships between gravity and gauge theories can be found for cases

with less than the- maximal supersymmetry.
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A Two-particle Cuts Via Helicity

In this appendix we obtain the two-particle sewing equation (5.6) using a helicity basis. Four-
dimensional helicity methods make explicit calculations quite a bit easier, especially when the mo-
menta also reside in four dimensions. However, restricting the momenta in the cuts to four dimensions
may in principle drop terms necessary for continuation to other dimensions. Nonetheless, the four-
dimensional calculation makes the formal proof of eq. (5.6) transparent and gives us the opportunity
to introduce the notation which we use in the following appendix, where we calculate the two-loop

three-particle cuts using a helicity basis.

In four dimensions a massless external particle will have either positive or negative helicity. The
“four-graviton tree amplitudes Mj™¢(1+,2%,3% 47) and Mj™¢(17,2%,3%,4%) vanish for all particle
types. This can be seen from eq. (2.12), since the corresponding gauge theory amplitudes vanish. For
a supergravity theory, this vanishing is true not just at tree-level, but at each order in perturbation
theory, due to supersymmetric Ward identities [27]. Thus, the only independent (under relabelings)
non-zero four-graviton amplitude is My(17,27,3%,4%).
Therefore, in the sewing equation (5.6) we need only consider a single helicity configuration for
the external legs, which for convenience, we take to be (17,27,3%,4%). There are three possible
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sewings: the s-, - and u-channels.

For the s-channel, the left-hand side of eq. (5.6) is
S M~y 17,27, 83) x MiTe(—e32, 3%, 47 oY), (A1)
AN
where the sum runs over all helicities of the N = 8 supermultiplet, {—2, —%, -1, —%,0, %, 1, %, 2}.
Again using supersymmetric Ward identities [27] M§™¢(—£},17,27, €)'} will vanish unless the inter-
mediate states are both gravitons of identical helicity. The sum over N = 8 states then reduces to
the single term,
Mfre(—gf, 17,27, 65) x Mree(—£;,31,4%,¢7), (A.2)

where all legs are gravitons. From eq. (2.24) the two non-vanishing tree amplitudes are

oo gt - om gty o (1D BN 1 =
Mo (—ef,17,2 ’@)——1(3[12] (5152)) [(21—k1)2+(€1—k2)2]’

tree( _ p— (. [34] (ht2) 2 1 1
My (—€2a3+,4+,£1)— —1(8(34> [5152]> [(@2—k3)2 + (82—k4)2]'

(A.3)

4 Inserting these into eq. (A.2) yields
M (—eF 17,27, 65) x My (=45, 3%, 47, 4))

L (202 BN 1 1 1 )
Bl ( [12] (34)) [(31 — k1)? - k2)2] [(52 — k3)? * (£2 — k4)2]
: ~astreer1— o— 1 1 1 1
=istu M%(17,2 ,3+,4+)[(€1 ) + @ —k2)2] [(22 ~ka)? + @ —k4)2] )
(A.4)

which is the gravity sewing equation (5.6) derived in the main body of the paper.

From the supersymmetry Ward identity (E.11) given in appendix E, the s-channel is sufficient to
ensure the ¢- and u-channels are just given by relabelings of eq. (A.4). In these cases the cut receives
contributions from all the states in the N = 8 multiplet. When these contributions are summed

eq. (A.4) is reproduced, up to relabelings. The details may be found in ref. [8].

B Three-particle Cuts via Helicity

In this appendix we explicitly calculate the two-loop three-particle cuts using four dimensional
momenta and helicity in the cuts. This is useful because it is a concrete calculation, verifying the
more formal discussion in section 5.3. However, in general, this may drop pieces containing (—2e¢)-
_dimensional momenta, which can prevent analytic continuations away from D = 4. (The discussion
of sections 5.2 and 5.3 is valid in any dimension, so for the two-loop N = 8 case there are no such

dropped pieces.)
Consider the s-channel three-particle cut,
MZ1oP(17,27, 3% 4t
s-channel 3-cut

dD€1 deZ :
Mo (17,27, 43,40, 1)
/ (27T)D (2m)P N:S%ates ’

270272
& 4 43

Mgree(3+7 4+7 _ela _'62, —83)

3

£2=0

7

(B.1)
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where ¢, {5 and ¢3 are the three momenta crossing the cuts, as in fig. 11. In performing the cut
calculation we must sum over all possible intermediate helicity and particle configurations of the
N = 8 multiplet — of which there are 46 distinct non-zero possibilities (not counting the SO(8)
multiplicities).

We characterize the contributions in terms of the total helicity (i.e. the sum over helicity of the
external states) of the amplitudes. Since the only non-vanishing N = 4 five-point Yang-Mills tree
amplitudes are those which have total helicity +1 or —1, the only potential contributions to the sum
over N = 8 states are those where the total helicity is either +2, —2 or 0. However, for the latter
case the amplitudes all vanish as required by an N = 8 SWI. This can be directly verified using the
rexplicit values of the N = 4 Yang-Mills tree amplitudes. For example, for a one-scalar four-graviton

helicity zero amplitude we have,

MR (65,17,27, 64, £3) = i(8y + k1)? (& + ko) AT (81, 17,27, 43, 43) AT (17,47, 45,27, 43)
+{1 2}

(12)* [65 £5]"

(€11) (12) (243) (€3 £2) (€2 £1) [1£1] [€1 €3] [€32] [2€5] [¢2 1]
+ {1l « 2}

= i(01 + k1)%(€s + k2)?

- =0.
(B.2)
Similarly, all other N = 8 amplitudes with total helicity 0 vanish. (This result can also be obtained
using the SO(4) global symmetry.) The only non-vanishing contributions are the total helicity +2
and —2 MHV contributions.

The calculation thus breaks up into two distinct pieces: a ‘singlet’ and a ‘non-singlet’ piece
corresponding to +2 and —2 helicity amplitudes on the left side of the cut in fig. 11. The singlet
piece is composed of the single helicity and particle configuration where three identical helicity
gravitons cross the cut. The ‘non-singlet’ contribution is composed of 45 distinct helicity and particle
configurations which must be combined to get a simple result. All supersymmetric cancellations
occur within each piece separately because the SWI’s do not change the total helicity.

In performing these calculations we will recycle the algebra that was used to evaluate the three-
particle cuts of the two-loop N = 4 Yang-Mills amplitudes [17]. This is carried out by expressing
the five-point gravity tree amplitudes in terms of gauge theory amplitudes using eq. (2.13).

B.1 The ‘Singlet’ Contribution

First consider the singlet case where three identical-helicity gravitons cross the cut. Since the two
terms in eq. (5.10) are related by 1 <> 2 symmetry, we can focus on the first term, obtaining the
second by symmetry. Similarly, we need only focus on the first term in eq. (5.11) because of 3 <> 4

syminetry.

In the product of gravity tree amplitudes in eq. (B.1) we have the following two products of
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Yang-Mills tree amplitudes
(a‘) Agree(l_,2_a e;,ﬁ;,[f) x Agree(3+,4+, _gl—a “62_7 _EB_) )

B.3
(b) A1, 6f, 65,27, 65) x Ao (3T, —45,—47,4%,—43). (B.3)

These products have already been evaluated in the computation of the N = 4 Yang-Mills ampli-
tudes [17]. To evaluate the product (a) we use the explicit forms of the Yang-Mills amplitudes,

(12)*
(12) (243) (€3 £5) (€2 01) (£, 1)
: [34]*
T'BAE -] [-b ][l ][ £3]

Abree(17,27, 63,65, 6f) =4
(B.4)

Afree(3t, 4t —4, b5, 43 ) =

giving,
AFee(1, 2“,2;,3;,[?) x Afee(3t 4t —07, —45,—43)

414 [1£,43032] (B.5)
(€1 + £2)% (€2 + £3)2(€3 — k3)2(€y — k)2 (€3 + k2)2(61 + k1)?

— —(12)? 34

where tr [1£1---] = tr[(1 +vs5) K1 #1 ---]/2. Similarly, for the product (b),
Alree(17,6F, 63,27, 6F) x AFee (3%, —¢3, —€7,47,—¢3)
3 (12)%[34)% tr,[14,430,2] tr [1£243£32]

T (0 + £3)2(81 + k1)2(€3 + k2)2 (2 + k2)?(L2 + k1)? (s — k3)2 (8 — k)2 (e — ka)2(la — ka)(zB. 6)

Putting together the type (a) and type (b) contributions with the prefactors contained in
eqgs. (5.10) and (5.11) we therefore have for the singlet contributions to the cut (B.1),

D D
:stquee(r,2‘,3+,4+)/—d b db

2-100p/1— o— o+ 41+
17,27,37,4
M4 ( ) ) ’ ) (27T)D (27T)D

singlet 3-cut

« [ tI‘+[1@143&321@143[221@243232]

020505 (03 — k3)2(€1 — kg)?(€3 + k)2 (L1 + k1)? (€1 + £2)2(£2 + £3)? (B.7)
1 .
X
(51 + 53)2(52 + k2)2(32 + k1)2(£2 — k‘4)2(€2 - k3)2
+{1<—>2}+{3<—)4}+{1<—>2,3<—)4}] ,
£2=0
where we used

. tr+[1£143€32] tr+[1£143£22] tr+[1£243£32] = tI‘+[1@14363216143@221@243@32] . (B8)

This completes the calculation of the singlet contribution. (The identical particle phase-space factor
of 1/3! is canceled by the 3! permutations of the ¢;.) After combining this result with the non-singlet
contribution, computed in the following subsection, we will compare the total with the three-particle
cuts of the final form of the amplitude, eq. (4.2).



B.2 The Non-Singlet Contribution

We now include the sum over all remaining helicity and particle configurations that can cross the
cut. As we shall see, there are a total of 45 ‘non-singlet’ contributions which combine to give a
contribution which is almost identical to the singlet case. The first step in computing the cuts is to

organize the set of tree amplitudes that will contribute.
- A simple way to obtain these tree amplitudes is via the KLT relations (5.10) and (5.11). The fac-
torizations of the required gravity tree amplitudes into gauge theory partial amplitudes via eq. (5.10)
are collected in the second and fourth columns of table 4. The third and fifth columns contain the
‘relative factors between the various gauge theory amplitudes. The pure gluon amplitude is
(61 £2)"
(34) (4£1) (£1£) (€2 £3) (£33)

The entry in the first row and third column of table 4 corresponds to the factor (¢; £2)4 appearing

Afree(3t 4t oy 0y 05 =i

(B.9)

in the numerator. As discussed in appendix E, the relative factors between the various amplitudes
. are easily obtained via supersymmetry Ward identities [27] and are same ones used in the N = 4
Yang-Mills two-loop calculation [17]. For example, from supersymmetry Ward identities we have

3

A0 5 ) = (G AN 8 = s
(B.10)

whose numerator corresponds to the entry in the second row and third column of table 4.
Amplitude Left YM Left Factor Right YM Right Factor
Wrhth~h R | gtgtgmgmgt (& 4)* gt9tg g g" (€1 65)*
hththh~h* | gtgtg g gt (€1 £2)° (01 £5) 979 979 g* (61 6)*
hhthTvTot | gtgtgTsTsT (€1 £3)% (01 £5)° 9t9t 9 9 g" (61 £)*
hThth= oot | gtgtg s st (€1 £2)* (€1 £5)° 9t 99757 g" (61 62)° (€1 43)
hthth—s™st | gtgtgTs™sT (€1 £)° (€1 £3)° gtgtg s7s* (1 65) (41 £)°
hthth~h vt | gtgtg=g7sT | i(Gia) (01 ls) (fats) | gtgtg g gt (€1 £2)*
hththv~ot | gtgtgTs™st (61 2)° (81 05)° 9t9tg g 9" — (€145)° (£ 83)
hthth=o-st | gtgtg s™st (61 £5)° (€1 £3)° gtgtg g st | i(01la)” (41 85) (L 03)
hthtv v st | gtgtggTsT | i (G 6)  (Gits) (ats) | gt gt GTgTst | i la)® (41 4s) (Lo tls)
hthto~ o9~ | gtgtg s™s™ — (6 £5)* (€1 £5)* gtgtsTg7g™ | i(lit) (€1 4s) (Lo ts)®

Table 4: Factorization of N = 8 supergravity amplitudes into sums of products of N = 4 Yang-Mills

- amplitudes. The factors in the third and fifth columns are the relative numerator factors appearing in the
gauge theory amplitudes. The corresponding factors in the supergravity cases are products of the ‘left’ and
‘right’ gauge theory amplitudes.

One nice property of using the KLT relations to obtain the gravity tree amplitudes is that we do
not need to use the N = 8 Lagrangian or Feynman rules. As a check, we have independently verified
the results for the gravity amplitudes contained in table 4 using the N = 8 supersymmetry algebra;
the product of each ‘left’ and ‘right’ factor contained in table 4 corresponds to the supersymmetry
Ward identity factor contained in table 8 in appendix E.
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We comment that there is some ambiguity as to how to perform the factorization. For example,
left and right can be interchanged. As a less trivial example, the last entry in table 4 can be factorized
as

RTRY o™ 075" = gtgt§ g7 s x gtgtgsT§ . (B.11)
However, in each case where an alternate factorization is available, it leads to the same overall factor
as the factorization in table 4, after the left and right factors are multiplied together, and ignoring
an irrelevant phase. (This ambiguity in factorizing arises because a string is composed of different

‘sectors’, such as the Ramond or Neveu-Schwarz sectors.)

When calculating the non-singlet contributions to the cut in eq. (B.1), we first evaluate the
case of three gravitons crossing the cut, and later use table 4 to obtain the remaining non-singlet
contributions. Just as in the singlet case, we may recycle a Yang-Mills calculation. Here we have to
evaluate the following products of tree amplitudes,

(a) Agree(l——, 2_’£g’£;’ ei) x Agree(3+’4+, _el_? _£2_7 —Q) ’
(b)  AFCQ7, 6, 65,27,45) x A7 (3%, —45, —41, 47, —£5);
- again these products have already been evaluated in the analogous cut-calculation for N = 4 Yang-
Mills theory [17].

The net result is that for h~h~h* crossing the cut we obtain

(B.12)

dDél dD£2 (fl +£2)16
(2m)P (2m)P s8

MZ_IOOP(l— ’ 2—’3+"4+) = st’u,MZYee(l_, 2_, 3+, 4+) /

non-singlet 3-cut
% [ tI‘_[12143@3213143@2212243@32]
é% 15% E% (83 — k3)2(£1 - k4)2(£3 + k‘2)2(€1 + k1)2 (Zl + 52)2(62 + 53)2
1
X
(51 + £3)2(52 + k2)2(£2 + k1)2(£2 - k‘4)2(£2 — k3)2

+{1(——)2}+{3(—)4}+{1(—-)2,3(—)4}]

Z?:O
(B.13)

This result is exactly the one for the singlet except that try — tr_ and there is a prefactor of
((¢1 + £2)%/s)3.

We use table 4 to find the contribution of any other particle and helicity configuration from
eq. (B.13). (In all cases, the helicity assignments are for particles that cross the cut from right to
left.) One simply multiplies each ‘left’ and ‘right’ relative factor in the table together and then
by their complex conjugate to obtain the total relative factors in the cuts. In table 5 we have
collected the relative factors between the various contributions to the cuts. All other non-vanishing

“contributions may be obtained by simple relabelings of the entries in the table.
Summing over all contributions that cross the cut, with the N = 8 multiplicities, we have
a® +8a"c+28a5¢? + 56 a®c® + T0a'c! + 56 a®bc + 168 a®bc? + 280 a*bc® + 420 a*b?c? + 560 a°b°C°
+ relabelings,
’ (B.14)
where a = (41 4 £2)%, b= (f2 + £3)® and c = (41 + ¢3)?. This may be recombined to give

(a+b+c)®=s". (B.15)
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Intermediate States Relative Cut Factor
h=h~ht a®
h~h~h* 8a’c
h~v vt 28 ab¢?
R~ 07T 56 a5c3
h=s~st 70a%ct
h~h—g* 56 abbc
h—v=ot 168 a®bc?
h=o-st 280 a*bc?
v7UTs 420 a*b%c?
vTOTUT 560 a3b%c3

Table 5: The relative contributions to the non-singlet three-particle cuts obtained from taking the absolute
_ value squared of the product of the ‘left’ and ‘right’ factors in table 4. The numbers appearing in the second
column are the multiplicities for each type of cut. In the table a = (£; +£3)%, b = (£ +¥43)? and ¢ = (€1 +43)°.

The factor of s exactly cancels the 1 /s® appearing in eq. (B.13). Thus, after summing over all
‘non-singlet’ states crossing the cut, we obtain exactly the same result as for the singlet given in
eq. (B.13), except that try is replaced with tr_. Of course, since the 5 terms vanish for four-point
kinematics the results are actually completely identical, after loop-momentum integration. The net

effect is simply to double the singlet result.

B.3 Comparison to Ansatz

In order to verify that the cut results agree with the expression in eq. (5.15), we must compare the
integrands, egs. (5.15) and (B.7), after accounting for the factor of two arising from combining the
singlet and non-singlet contributions. We have verified that the results are indeed equal. (When
evaluating the traces analytically one must account for the fact that det(k; - k;) vanishes in four
dimensions for five or more independent momenta. The analysis of section 5.3, which uses D-
dimensional expressions for the N = 4 Yang-Mills cuts as input, does not require the use of this

four-dimensional constraint.)

The t- and u-channel three-particle cuts may be evaluated similarly. However, it is much simpler
to appeal to the supersymmetry Ward identity (E.11) which guarantees that the ¢- and u-channel
“cuts are identical to the s-channel cut, up to relabelings. Combining these results with those of
appendix A shows that eq. (4.2) is consistent with all cuts, but with D-dimensional momenta replaced

with four-dimensional ones.

B.4 Exactness of Cut Calculation

We now argue that although the previous cut calculations use spinor helicity with four-dimensional

cut momenta, no terms were dropped. In principle, we may have dropped pieces containing (—2e¢)-
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dimensional momenta of the form,

/ d*p d~%pu, d'q d%p, F®,q, ki) X {ud, g, by - phgs-- -} (B.16)
( ’ '

2m)4 (2m) =2 (2m)4 (2m) % (p? — p2) (g — p2) -

where we have explicitly separated the loop momenta into four- and (—2¢)-dimensional parts. The
(—2¢)-dimensional components of the two loop momenta are p, and pq. (A discussion of the (—2e)-
dimensional parts of loop momenta can be found, for example, in refs. [54, 51].) Terms containing
such factors are necessarily suppressed by a power of e. However, this suppression may be cancelled

if the integrals contain poles in e.

To avoid the need for an explicit calculation of contributions of the form (B.16), we make use of
the KLT tree-level relations which relate the tree amplitudes on either side of the three-particle cuts
to the ones appearing in the N = 4 cut calculation. In ref. [17] it was argued that the light-cone
superspace power-counting of Mandelstam [53] ruled out the appearance of terms of the form (B.16)
in the two-loop N = 4 three-particle cut sewing algebra. Since this argument is based on superspace

. cancellations it applies to the integrands before integration over loop momenta.

Our observation here is rather simple: Since the N = 4 Yang-Mills sewing algebra using four-
dimensional momenta in the cuts is exact, then the N = 8 sewing algebra must also be exact since
it is composed ofsums of products of the N = 4 algebra. Thus there can be no terms of the form
(B.16) in the N = 8 supergravity sewing algebra, given that there are no such terms in the N = 4
algebra.- Moreover, this conclusion holds at the level of the integrand.

In summary, the above calculation of the three-particle cuts shows that the expression for the

two-loop amplitude (4.2) is exact. This agrees with the result obtained in section 5.3 via a more

formal D-dimensional calculation.

C Extraction of Ultraviolet Infinities from Two-Loop Integrals

In this appendix, we shall evaluate the ultraviolet divergences of the dimensionally-regulated planar
and non-planar double-box integrals (3.2). These integrals are ultraviolet finite in D < 6; since
there is already a one-loop divergence for D = 8 and D = 10, the cases of D = 7, 9, and 11 are of
more interest. (If one uses a different regulator, for example a proper time cutoff, there may also be
one-loop divergences in D = 9 and 11, but these linear and higher order divergences are absent in

dimensional regularization.)

A straightforward Feynman parameterization of the integrals (3.2) gives

7

I2 loop, X (S,t / d7a 6 Zaz) QX S t al))D_7(AX(a/’i))7_3D/2a X = P,NP’
=1
(C.1)
where
Ap(a;) = (a1 +a2+a3)(a4+a5 +a¢) +ar(1—ar), (C.2)

ANp(ai) = (a1 + ag)(a(; -+ a4) + (a1 +as + a3+ a4)(a5 + ag + a7) ,
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and
Qp(ai) =5 (alag(a4 + a5 + a6) + a4a6(a1 +az + a3) + a7(a1 + a4)(a3 + 0,6)) + taqasar, (C 3)
QNP(ai) =35 (a1a3a5 + asaqar + a5a7(a1 + a9 + a3+ a4)) + tagazag + uajagag . .

Fig. 14 depicts the two integrals with the labels on the propagators specifying the Feynman

parametrization used in eq. (C.1).

9 3 6 3 24 5 3
2 7 5 1 4 3—2 6
1 4 4
1 4 1 7

Figure 14: The planar and non-planar double box integrals, labeled with Feynman parameters.

For D = 7, 9, and 11, the absence of one-loop sub-divergences implies that the two-loop di-
vergence should have only a single 1/e pole, which is contributed by the prefactor I'(7 — D). In
extracting the coefficient of this pole, one might therefore hope to be able to set ¢ = 0 immediately

- in the remaining parameter integral. This is possible for D = 7, but it is not directly possible for
D =9 or 11, because the remaining parameter integrals do not converge for e = 0, and have to be
defined through analytic continuation.

Note that the factors Ax(a;) depend only on special combinations of Feynman parameters,
namely the sums corresponding to the three lines of the vacuum diagram obtained by deleting the
four external legs. In contrast, the Qx(s,t,a;) depend on all the parameters, making it difficult to
perform the parameter integrals if QQx should appear raised to a non-integer power. Fortunately, in

extracting the 1/e pole term for D = n — 2¢ it is legitimate to replace If_loop’x(s, t) with

r'(7r—D) r! 7 e o
pole - ((47r)D ) 0 d7a5(1—2 ai) (—Q@x(s;t,a:)) 7(AX(ai))7 D/2, X =P,NP.

= (C.4)

This can be shown by integrating by parts on the uniform scaling parameter. (Alternatively, one

Iz-_loop, X (3’ t)

can use the fact that the leading divergence has a known, uniform dimension [55].) Now the factor
containing @ x is a polynomial in the Feynman parameters, and it is straightforward to integrate all

but two of the six remaining Feynman parameter integrals.

For the case D = 7 — 2¢, where we can set € = 0 from the beginning (except in the I'-function

prefactor), we get:

grloop o o=r-2¢| _ _ 1 1 / Ly 421 - g)? / do il
o pole  2¢ (4m)74 Jo o [l—z(1 —y(1l—y))]/? (C.5)
S '
= % (@n)7 10"
For D = 9 — 2¢, setting ¢ = 0 would lead to
- 1 1 1 d
2-loop, P, D=9-2¢|  _ Y 352 (16y%(1 — y)? — TTy(1 — y) + 132
Li pole  de (4mr)° 498960 /0 (1 — y)]? [ $* (1657(1 = 9)” = T7y(1 - y) + 132)
+ 8st y(l — y)(2y(l —y)+ 11) + 802 y*(1 — y)Z] .
(C.6)



The terms in eq. (C.6) that are proportional to st and to t2 have convergent, elementary y-integrals.
However, the s? term is divergent, so we must retain the full e-dependence from eq. (C.4) in evaluating
it. Doing this, we find that the (z,y)-integral for the s? term can be conveniently written as the

sum of two terms,

2 1 1
2-loop, P, D=9—2¢ _ s
12 ole, 5% term = 32 (&n° /O dy /0 dz[Ci(z,y) + Ca(=,v)] , (C.7)

where
(1 — )t =2 (=a2y(1 = y) + (1 ~2)(2 - 33))

480 [1— (1l —y(1—y)))H3/2e ’ (C.8)
[y —y)P? g/

360 [1-z(1—y(l-y))e

The integral of C; converges for € = 0, and fol dzdy Ci(z,y) = —57/11088.

Cl(x,y) =

C2("L"y) =

The integral over C» requires analytic continuation in €, which we handle with identities (3.197.3)
~and (9.131.2) of Gradshteyn and Ryzhik [56]. Somewhat more generally, we need

~ 1 1 2;a—q—2+5 (1 — m)q
I(p,q,0) = /0 dy [y(1 - y)]p/o =yl =)
F(a =q— 1+ E)F

- I'(a+¢) et /oldy 1 -y 2Fi(a-ea—g-1+egat+e6l —y(l—y))
a—q-— € 1
Tla+el(-a+qg+1+e)
I'(2¢)(g+1)

oFila—ea—qg-1+6a—qg—ey(l —y))

MNa+e)lla—g—1—¢)
TNa—e)l'(la—qg—1+¢)

+ [y(1 —y)]xFarite oF1(26,g+ i —a+g+2+ey(l— y))} :

(C.9)
where p and ¢ are positive integers and « is a positive half-integer. In the limit ¢ — 0, the factor
of 1/T'(2¢) in eq. (C.9) causes the term containing it to vanish, and the surviving hypergeometric

function can be set to 1. Performing the remaining y-integral gives

tpa,0) = HEEE =S [y o -y

M(a@—g— g+ )P (~a+p+g+2) (C.10)

- T(@T(2(—a+p+q+2)

~Thus I(p,q,c) = 0 (after analytic continuation in €) unless & < p+¢+2. In the present case, p = 2,
q =0, and a = 9/2, so the integral of C'y vanishes.

The case of D = 11 — 2¢ is similar, although the leading s* term in D = 11 — 2¢ requires a bit
more separation, along the lines of eq. (C.7), into convergent terms, and terms to which eq. (C.9)
can be applied. The final result for the planar double-box pole at D =9 —2¢ and D = 11 — 2¢ is
then :

1 s

——(—45s? + 18st + 2t) (C.11)

I2-loop,P,D:9—25 -
4 pole 4e (47!')9 99792
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_ 1 i
72-loop, P, D=11-2¢ _ 9100s% — 34 2,2 3 4y _
4 bole i8¢ (4m)13 196911000( 00s 880s°t + 21557t~ + 30st” + 12t7) (C.12)

The non-planar double-box integrals are handled analogously, with the results:

- = 1 T
I2 loop, NP, D=7-2¢ — o ]
4 pole  2¢ (4m)715° (C.13)
_ 1 -
2-loop, NP, D=9—2¢ — 2 2% 4
14 pole — Ze (4r)9 83160 0° T2t (C.14)
- = 1 T
I2 loop, NP, D=11—2¢ — 4 3 4 _ 1138 2t 144t2 2 . .
4 pole ~ T8¢ (4m)T1 1654052400 03838 sStu+ 144877 (C15)

D Rearrangements of Color Factors for Comparison to Marcus and
Sagnotti Calculation

In order to compare our results for the UV divergence of the four-point two-loop N = 4 Yang-Mills
amplitudes to the result obtained by Marcus and Sagnotti via explicit Feynman diagram calculation
4 (eqs. (4.5) and (4.6) of ref. [19]), we need to convert the group theory factors that we use in Eq. (3.8)
into the basis of non-planar double-box, single-box and tree group theory factors used by them,

using their non-standard normalizations.

In the graphical notation [57] for the Yang-Mills group theory factors that was used in ref. [19]
(and converting our f%¢ to fo%¢) our eq. (3.8) reads:

- 2 3 2 3 2 3
8g8ms [ 1 J:I:[ 3 /) 2 :
T = — — — 1
T T ) 2 10( + ,j:[/\ T + eyelie,
- ! -4 1 4 1 4
6 - 2 3 2\ /
8¢g8ms | 1 ) 5 JI[ 1 ) N
Ty = — —45 18st 4+ 2t — (-4 1 2
9 (an)"de 99792( s+ 18st + )1 4 + 99792( 55 + 18su + 2u )/[I:[/\
- 1
2 ) 2 /3
- m(?f)s + 2tu) % . + cyclic,
‘ ¢ (D.1)

where ‘4 cyclic’ instructs one to add the two cyclic permutations of (2,3,4).

We then make use of the graphical identities described in Appendix A of ref. [19]. We collect
the relevant identities in fig. 15, in which a 3-vertex represents a Lie algebra structure constant fabe
and an internal line indicates an index contraction, 6%. Fig. 15a defines the normalization of the
structure constants (consistent with non-standard normalizations of ref. [19]). Fig. 15b graphically
depicts the Jacobi identity. Figs. 15¢,d,e and f can be derived from fig. 15a and b. Fig. 15e allows us
to remove all planar double-box group theory factors in favor of non-planar double-boxes and single
boxes. Fig. 15d allows the legs of the single boxes to be uncrossed. Finally, fig. 15b lets us remove

unwanted tree factors.
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Applying these identities, we can rewrite Eq. (D.1) as

2 3 2

T = g<-4>(4§j‘;:2€{s[$( I E )< )+§Xj\

1 4

3

+ cyclic} ,

2

B g 5 ' 1 N 2 3 (D.2)
Ty = (_4)(47r)926{§—02_48tu[ 1 j—g( II‘ +1: :4 )]

T ( I + )/ )+—13 2 Y 4 oyl
*\ 133056 \ A, I\, 4536 Yl
1 4

This form can be compared directly to egs. (4.5) and (4.6) of ref. [19]. Our 2¢ corresponds to their
¢, and the (—4) prefactor accounts for a different normalization of the operator #gF 4. as deduced

" from the one-loop case.

(®) I+\/< = >=<
_ _1
S
@ = +
AN
1
(e) = R
X -3
2 /3 3 2 2
® Z +Z +Z =0
>42 N N

1

Figure 15: Graphical representation of group theory relations. (a) Normalization. (b) Jacobi identity. (c),
(d), (e) and (f) are used as described in the text.

E Extended Supersymmetry Ward Identities

In this appendix, we review extended supersymmetry Ward identities which relate the various am-

plitudes to all perturbative orders. Using these relations one can, for example, explicitly verify the
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decomposition in table 4 of N = 8 gravity tree amplitudes in terms of N = 4 Yang-Mills tree am-
plitudes. These identities are also used in section 6 to demonstrate supersymmetry cancellations in
the MHV cuts.

E.1 N =1 Identities

First recall the N = 1 supersymmetry identities [27],

[Q(p), g™ (k)] = FTE(k,p) §* (), [Q(p), 5 (k)] = FLF(k,p) g% (p), (E.1)

‘where Q(p) is the supercharge and

Tt (k,p) =6(pk), It (k,p) =0 (pk) .

Because '™ is proportional to a Grassmann variable  and I'" is proportional to 8, the coefficients
of I't and I'™ in a supersymmetric Ward identity are independent.

Since the supercharge (p) annihilates the vacuum, one can construct a typical N = 1 super-
symmetry Ward identity in the following way:

O_ Ol[Q g g g+ + +]|O> kl,p)Af)(]-' 29,3;,4;,5+)+F (k2ap)A5(1;a2ga3;a4;_75+)
-~ (k37 )A5( g 973;a4;75+) F+(k4,p)A5(1;72g73;74;-75+)
_F+(k57p)A5( g 973;’4;,5;)

(E.2)
Since the coefficients of '™ and I'~ are independent, the sum of the terms with I'™ prefactors must
vanish. Thus by choosing p = k; we obtain the following identity:

(13)

As(17,27,35,45,57) = 12)

025,385,485 ,57) = =t A5 (1, 25,37,475,57) - (E.3)

9’9’9’9’9

These relationships are valid to all orders in perturbation theory.

E.2 Extended Supersymmetric Ward Identities for N = 4 Yang-Mills Theory

In order to obtain the complete set of supersymmetry relations between amplitudes, one must, of
course, use the complete supersymmetry algebra of a particular theory. The N = 2 commutation

relations are [27]

[Qa, ( )] = :F (k p)ga ’
[Qa, ( )] =3I k p) :t(sab + "Fi_( ,p)sabfaba (E4)
[Qaa ab ] ZF:F( ap)fabgb y

where the subscripts label the different particle states in the N = 2 super-multiplet. (Although
the scalars do not carry helicity, for convenience we keep the helicity label since it helps keep track
of the relationship of the scalars to the other particles in the multiplet.) The N = 2 extended
supersymmetry Ward identities can be used to calculate N = 4 Yang-Mills amplitudes. Consider,
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for example, the following equation,

0= <0I[Qlag+g+g_g2_3i—2]|0) :F_(k3ap)A5(1;~72;73§_174527 5:12) + ’iF_(k4,p)A5(1;—,2;735343_1275:12)
+107 (ks,p)As (1], 2F, 3, ,45,,5%)
(E.5)

amplitude with an external scalar and two external fermions,

+ oot a- 4- £+ (45) ) h ok g— 4o by 38 (48) b ok o o
A5(1g 72g a3§174§275512) - _z@Aﬁi(lg 72g 739 a4g275g2) = +’L_<:;TA5(1g 72g 539 74g 35g ) .
(E.6)
Amplitude | Relative Factor || Amplitude Relative Factor
997 9"g" (12)* RN —(12)°(34)
9 g1di 9" (12)°(13) Gismsndi | (12)(13)°(29)

—— ot o+
g 5129129

(12)* (13)*

S— — o+~
91 52351293

(12) (13) (14) (23)

9Ty shat | i(12)°(13)(23) || sppsmsthsdy | —(12)(14)(23) (34)
9 s 3 | —i(12)*(13)(14) || spysiashasiy (12)%(34)>

979,93 91

—(12)(13) (24)

where we have dropped terms proportional to I't. If we now choose p = k4, we can solve for the

Table 6: The extended supersymmetric Ward identities give the relative factors necessary to obtain all
four-point N = 4 Yang-Mills amplitudes. The first entry g~ g~ g g* corresponds to A4(17,27,3%,4%).

Extended supersymmetry Ward identities relate all the possible external particle configurations
for-four—point Yang-Mills amplitudes. (See table 6.) Thus, for the four-point amplitude in an N =4
Yang-Mills theory one only needs to calculate the amplitude with external gluons. A similar result
holds for the four-point amplitudes of N = 8 supergravity.

Extended supersymmetry Ward identities also lead to the following relationship for N = 4 MHV
amplitudes with n external gluons [58],

1

b,
(ab)*

), (E.7)

.n

1 . .
A (12 T,

(a5

where 7 and 7 are the only negative helicity legs on the left-hand side and a and b are the only negative

1) A (1,27 a7, ...

helicities on the right-hand side. This identity means that these amplitudes are symmetric under
“the interchange of any two legs, up to a trivial prefactor. Similar equations relate MHV amplitudes
for other external states. We have collected the relative prefactors in table 7; these results are used
in section 6 to demonstrate the supersymmetric cancellations in the MHV cuts at any loop order.
The significance of eq. (E.7) at four points is that the t- and u-channel cuts must be identical to the

s-channel cut, up to relabeling and a simple prefactor.
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Cut Legs SWI Factor Cut Legs SWI Factor
9 9 g g (1 £)°* S1253351233 = (€1 €2) (€1 £4) (€2 £3) (€5 L4)
THI g (61 £2)° (1 £5) ST2ST28Ta81 (61 £2)" (€3 a)°
9 sTashet - (&1 £2)” (&1 £5)° 81281251207 G5 i (€1 £2)° (€3 04) (€3 Ls)
91 93 529" i (&1 £2)” (€1 £3) (€2 £3) 81287353391 07 - i {01 £a) (€1 L3) (€2 44) (€3 85)
9750201 G5 —i (01 £2)? (1 bs) (B1 L) || SipS555TaG3 07 -+ =i (€1 £2) (€1 L) (€2 £3) (€4 s)
g | (6 ) (1 bs) (0 La) {a bs) || s1ps1a0H G507 - (€1 £2)? (€3 £4) (£ L)

| 9792 6397 - — (01 £2)% (€1 £5) (€2 Ls) 7255301 03 Ga G - (€1£2) (€1 €5) (L2 Le) (£3 Lq)
AT — (01.62)" (€3 La) S1253401 93 93 91 - —(01.65) (1 £6) (€2 £3) (€2 £s)
91 53353307 - (61 &2) (€2 £3) (€ £4) 97 g 97959394 i (€1 £4) (€1 £5) (€1 Ls) (€2 ¢3)
91 52351293 (€ L) (€1 €3) (€1 La) (L2 83) || 5120193 91 G593 94 - — (€1 ) (€1 £7) (€2 44) (€3 45)
57203 94 G i -+ | (€1 ) (€1 €s) (€2 £4) (L2 ls) || §7 G5 3 G4 7 G5 G5 91 - — (€1 £5) (€2 Lo) (€3 {7) (£a £s)
$1202 939357 - | —i(0162)" (L2 45) (s L)

Table 7: The relative factors between the MHV amplitudes obtained from the N = 4 supersymmetric Ward
identities. The firstentry g~ g~ g% g7 - - - corresponds to the amplitude A, 2(3%,4%,¢7,65,¢5,...,£+) which
appears on the right-hand side of the m-particle cuts discussed in section 6. The dots in the ‘cut legs’ column
indicate that the remaining states crossing the cuts are all plus-helicity gluons.

E.3 Extended Supersymmetric Ward Identities for N = 8 supergravity

Since the N = 4 extended SWI’s are a subset of the ones for N = 8, we can use the N =4 SWI’s to
relate many of the N = 8 supergravity amplitudes to each other. However, if one wants to obtain
identities relating amplitudes with external particle states consisting of the full N = 8 supergravity
multiplet (h, h,v, 9, s), one needs to make use of the complete N = 8 algebra. These identities are

governed by the following commutation relations

[Qa, h] = ( p) kT,
[Qa, hiE] = £TF (k, p) 6°°hE £iT% (k, p)e®v;
[Qa,vil] = Fi P?(k p)8%hE FiTF (k,p)6°hif = (k, p)e®*oh

abc’
] (E.8)
[Qa, 5, = FTF (k, )%, T TF (k, p)d°vif, F TF (k, p)d®vif F i 1% (k, p)e®st,

Qs sy = +ilF (k,p)0% 52, + 0T (k, p)d°cui, £4T¥ (k, p)6°tHE  +iTF (k, p) 0o,
+ F:t(k,p) 6abcde vc:zf;)cde )
Since all SO(8) group indices are totally antisymmetric we can turn n indices into 8 — n indices

via the totally antisymmetric tensor. (As a point of notation, the repeated indices should not be

summed over.)



As an example of an N = 8 supergravity Ward identity consider

0 =(0][Q1, hThTh™D33451334]1 0) = —T~ (k3, p) M5 (11, 257, 35 145, 55150)

hSh,? TU2347 T S1234
+'” (k47p)M5(1;+l_a 2Za 3):7 45_1234’5:_1234) + ZF—(k57p)M5(1}T’ 2;:_a 3}:, 4 5+

U234 17234)’
which after choosing p = ks yields the following supergravity relationships,

' 54
M5(1;,22,3g,4;,5;*)=z‘< )

45)(35)°
M5(1:,2;,3;,45_,5:) :iw

53) 34)] Ms(1;5,2,3,,4,,57)

(E.10)

“Table 8 summarizes the relations between the five-point trees necessary for the non-singlet three-

particle cut, as deduced from the N = 8 SWI’s. The same results can be obtained from table 4, via
the KLT tree relations.

Amplitude | Relative Factor Amplitude Relative Factor
Rthth=h™ht (34)8 Rthth~h~ht (34)7 (35)
Rthth v ot (34)% (35)2 hthth=o ot (34)°(35)°
Rth*h~s™st (34)* (35)* RthTRh vt | i(34)%(35) (45)
RrhFh-v—ot | (345 (45)(35)2 | hththTomst | i(34)*(45)(35)
hthtov~st | —(34)* (45)2(35)% || hthto~o~ 9~ | —i(34)° (45)%(35)°

Table 8: The N = 8 extended supersymmetry Ward identity relations between all five-point supergravity
amplitudes with two positive helicity external gravitons.

Extended supersymmetry Ward identities imply that for N = 8 pure graviton amplitudes,
1 1

—— Mu@at2t i, nT) = ——

(@5)° (ab)®

where i and j are the only negative helicity legs on the left-hand side and a and b are the only

M, (1,27, a7, .. ,  (E.11)

b, ..n

negative helicities on the right-hand side. This identity is similar to eq. (E.7) for N = 4 Yang-Mills
theory, and may be proven in the same way.
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