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Abstract

A physically defined effective charge can incorporate quark masses analytically at the flavor thresholds.
Therefore, no matching conditions are required for the evolution of the strong coupling constant through these
thresholds. In this paper, we calculate the massive fermionic corrections to the heavy quark potential through
two loops. The calculation uses a mixed approach of analytical, computer-algebraic and numerical tools includ-
ing Monte Carlo integration of finite terms. Strong consistency checks are performed by ensuring the proper
cancellation of all non-local divergences by the appropriate counterterms and by comparing with the massless
limit. The size of the effect for the (gauge invariant) fermionic part of ay (q2,m?) relative to the massless case

at the charm and bottom flavor thresholds is found to be of order 33%.
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1 Introduction

In analogy to Quantum Electrodynamics, the heavy quark potential has been of interest in QCD from very early
on [16, 34, 35, 41, 6, 1] as a model for the physical definition of the strong coupling constant [29]. Since it
represents a potentially measurable quantity and gives naturally rise to a physical effective charge ay [29], it is
very interesting to study the QCD flavor thresholds in such a system [30] as the fermionic corrections are separately
gauge invariant.

In the M S and the M S schemes, the running of the coupling constant, by construction, does not know about
masses of quarks and since the couplings are non-physical, the Appelquist-Carazzone [33] decoupling theorem is
not applicable. One has to turn to effective descriptions which match theories with m massless flavors onto a
theory with m — 1 massless and one massive flavor at the “heavy” quark threshold [42, 28, 15]. In this way, the
dependence on the dimensional regularization mass parameter p is reduced to next to leading order effects by
giving up the analyticity of the coupling at the flavor threshold [40, 39, 37, 38, 14, 9].

While this procedure of matching conditions and effective descriptions is certainly workable, from a theoretical
standpoint it would be advantageous to have a physical coupling constant definition which is analytic at thresholds.
In addition, as a physical observable, the total derivative with respect to the renormalization scale u vanishes.
Such a system is given by identifying the ground state energy of the vacuum expectation value of the Wilson loop

as the potential V' between a static quark-antiquark pair in a color singlet state [16, 41, 21]:

V(r,m?) = —tlir& %log(0|Tr {P exp <]§ dqugTa> }10) (1)

where r denotes the relative distance between the heavy quarks, m the mass of “light” quarks contributing

through loop effects and T® the generators of the gauge group. It is then convenient to define the effective charge
ayv(q?,m?) as

47Cray (g%, m?) 2
- q2 ( )

V(g?, m?)

in momentum space. The factor CF is the value of the Casimir operator 7T in the fundamental represen-
tation of the external sources and factors out to all orders in perturbation theory. As one is free to choose the
representation of the external particles, we obtain the static gluino potential by adopting the adjoint representation.
The massless case was recently calculated in Ref. [22] and in this paper, we will give all the two loop fermionic
contributions to ay (g2, m?) for all perturbative values of the momentum transfer g2 = ¢3 — ¢®> = —¢*> > 0 and for
arbitrary values of the fermion mass m. In this context we are only interested in the two loop contributions to the

potential in the effective Schroedinger equation for the heavy particles. This implies, for instance, that not always



the whole diagram contributes to the potential as certain parts can already be reproduced by the exponentiation
of lower order diagrams. The necessity for this subtlety has its origin in the exponential present in Eq. 1. For a
detailed discussion, see Ref. [41].

It is also important to note that the results of massive two loop integrals presented in this work are also relevant
for the related problem of quark threshold production. For this application, though, it would be necessary to treat
also the occurring imaginary parts of the integrals numerically as pole terms will contribute for timelike momentum
transfers at the production threshold ¢?> = 4m?. A promising approach for this treatment might be the recently
suggested Taylor expansion of integrands around threshold [18] by determining large and small scales in the
problem. The heavy quark approximation eliminates the possibility of timelike momentum transfers in this work
so that we do not need to worry about pole terms numerically. Nevertheless, we also list the contributions needed
in this case for all integrals.

The paper is outlined as follows:

In section 2 we list all the occurring two loop contributions explicitly in the Feynman gauge and with the
usage of heavy quark effective Feynman rules for the external sources. In section 3 the unrenormalized results
for the two loop corrections are given in terms of two loop scalar integrals, for which explicit expressions are
listed in appendix B. Section 4 contains all the required counterterms in the M S-renormalization scheme and it
is shown that all non-local divergences cancel. The renormalization constants obtained are given explicitly and
checked with the known results. Section 5 contains numerical results which demonstrate that the massless limit is
obtained correctly and display the effect of including the mass terms for the charm and bottom flavor thresholds.
In section 6 we make concluding remarks and indicate future lines of work with the presented results. Appendix

A, finally, lists all the reductions from tensor to scalar integrals needed for the results displayed in section 3.

2 The Two Loop Corrections

In this section we present the non-Abelian contributions to the heavy quark potential that constitute the new
results of this work. They are depicted in Fig. 2. The QED like diagrams, which need to be modified by their
respective color factors, have been known for a long time [8] and can also be found in Refs. [14, 2, 3, 27] for instance.
They are given here as well because we would like to be able to separate non-Abelian and Abelian contributions
to the potential. It has been observed before [14] that their respective threshold behavior can be quite different.
These diagrams, together with effectively “one loop” diagrams are given in Fig. 3. The weighted sum of all the
graphs shown, modulo terms already generated by the exponentiation of the lower order Born and the one loop

vacuum polarization diagram, give the complete gauge invariant fermionic corrections to the heavy quark potential
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Figure 1: The Feynman rules for heavy quark effective theory used in this work for the source propagator and the
source gluon vertex. For anti sources one has to make the replacement v — —wv. The i-¢ prescription is the same

as for the usual fermion propagator.

at two loops in the Feynman gauge. The choice of this gauge simplifies the calculation because the decomposition
into scalar two loop integrals is easier and it also reduces the three gluon vertex correction graph to zero in the
heavy quark effective theory. Below we list all contributions at the two loop level. The abbreviations stand for
gse = gluon self energy, vc = vertex correction, cl = crossed ladder and olve = one loop vertex correction.
In the heavy quark limit we use the source gluon vertex and source propagator Feynman rules of heavy quark

effective theory [19, 7] which are given in Fig. 1.

With these, and taking v, = (1,0,0,0) and go = 0 for the purely spacelike momentum transfer ¢, the two loop
diagrams of Figs. 2 and 3 read in the Feynman gauge (summed over the external color degrees of freedom and

including a symmetry factor of % for the first three amplitudes):

g2 CrCATr gy [ A [ d [ T =)y (4 d+m) e (4 m) }
Mgser = 1 T 0/ (2m)" / (2m)" [((l +q)? =m?) (2 —m?)((l = k)? = m?)(k + ¢)°k?

q
X ((¢ — k)vgs,5 + (—k — 2q)59+,5 + (2k + q)ﬁga,v)] (3)

—igfu2 CpCaTr ik poat p Tr{y U=k m)yt g+ m)}
g K FAF(S’U(Sﬁ’U/( / [

Moses = — 7775 om)r | @y L2 = ) (= )2 —m2)(k + )2k

X ((—2q = k)90,0 + (=k + Q)0 gy.a + (2k + Q)agor) (¢ — K)ogss + (—2q — k)sgo5 + (2k + q)3950) | (4)

—igbu2 CpCuTr -, ik podn (Tr{y =k +m)y (7 +m)}
g p FAF5,055,0/( / [

Moses = — 175 amyr ] @y | (B = m2) (1 = k)? — )k

X (9%5906,5 - 297,69a,ﬁ + g'y,agé,ﬂ)} (5)
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It should be noted that in our case there is no need for an i-¢ prescription in the denominators of Eqs. 3 through
9 as the spacelike nature of the physical momentum transfer only leads to purely real integrals and no unambiguous
pole terms occur in the denominators of those diagrams. This feature also simplifies the Monte Carlo integration
of the finite parts of the contributing graphs. The three graphs 10, 11 and 12 display infra-red divergences which
cancel in the sum. The one loop vertex correction graph M, vanishes in dimensional regularization, however,
is needed to ensure the proper cancellation of infra-red divergences.

The color factors given are not always the full color factors. Only those contributing to the potential are listed.

The Casimir invariants [23] for a general SU(N) group are defined by

N2—-1

=N =
CA 9 OF N

(13)

Furthermore, Tr{T%T"} = T;5%* = 15%. The color factor for M,,, includes the sum of the graph shown in
Fig. 2 plus the term stemming from the fermion momenta reversed contribution. Only the sum is proportional
to C'4, the other terms vanish according to Furry’s theorem, as is the case in QED. For QCD, the crossed ladder

CrCa
2

diagrams do contribute as they contain a color factor proportional to 6’12; — , whereas the straight ladder

graph has a color factor proportional to C% only. This will be expounded on in section 3.1. In QED, the sum
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Figure 2: The non-Abelian Feynman diagrams contributing to the massive fermionic corrections to the heavy
quark potential at the two loop level. The first two rows contain diagrams with a typical non-Abelian topology.
Double lines denote the heavy quarks, single lines the “light” quarks. Color and Lorentz indices are suppressed in
the first graph. The notation for the remaining digrams is analogous. The last line includes the infra-red divergent
“Abelian” Feynman diagrams. While the topology of these three diagrams is the same as in QED, they contribute
to the potential only in the non-Abelian theory due to color factors CrC4. In addition, although each diagram

is infra-red divergent, their sum is infra-red finite.
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Figure 3: The infra-red finite Feynman diagrams with an Abelian topology (upper line) contributing to the
massive fermionic corrections to the heavy quark potential at the two loop level plus diagrams consisting of one

loop insertions with non-Abelian terms (lower line).

of all vertex, ladder and crossed ladder Feynman diagrams are equivalent to the iteration of the potential in the
Schroedinger theory. ay,,, and the effective coupling [5] differ, therefore, only at three loops due to light by light

scattering contributions.

3 Unrenormalized Results

The two loop integrals needed for the expressions of Eqs. 3 through 9 are treated in separate ways in this work
depending on whether or not they contain two or more internal fermion lines. In the former case we integrate
the fermion loop first as will be explained below. For the vertex correction contribution M,,., we integrate the
fermion loop analytically as well with all the Lorentz indices projected to zero and then proceed with additional
Feynman parameters for the remaining loop integration.

The two point functions Mgse,, Mgse, and M,e, are treated in a completely different manner as the above
techniques would now be too cumbersome. We project the complicated tensor structure onto scalar quantities

as described below and then proceed with an algebraic reduction into scalar two loop integrals. This reduction



is programmed in FORM [13] and details are presented in appendix A. The resulting scalar integrals are then
evaluated by employing standard Feynman parameter techniques and explicit results are listed in appendix B.
Overall results for the various amplitudes are obtained by expanding the n-dimensional results around € = 0 with
MAPLE. It is important to notice, given the complexity of the calculation, that the translation into FORTRAN
code was also performed by MAPLE, thus dramatically reducing the chance of accidental mistakes. The evaluation
of finite parts is done with the Monte Carlo integrator VEGAS [25].

For the two point functions we use the following decomposition into transverse (¢) and longitudinal (/) com-

ponents:

Has (9) = (go"ﬂ N ngﬂ> m (a°) + ngﬂ I (¢*) (14)

from which it follows that in n = 4 — ¢ dimensions

a,B
m () = nil <ga’ﬁ - qqZ )Ha,ﬂ (9) (15)
a b
() = * 5 Tas ) (16)

With this notation and the heavy quark effective Feynman rules depicted in Fig. 1 we arrive at

920F «,0 ¢3,0171 :
Mgsei = 75 o Ha,ﬁ (Q) y L= {15} (]‘7)

The result of the decomposition for the transverse component of the gluon self energy graph Mg, , using the

relations given in appendix A, reads

o
1g*CyTr [( 8 20) 5 < 8 14)
mo= GEATE S 2 (A By — mPThy 4n — 10) Toss + (8 — 4n) AsB AV
¢ in-1 [\"37 3 (2 12/ —m 1235)+(n ) Toss + (8 —4n) A2Bia + (ng — ) T1ss

n
+16 (q2 - q2§ - mz) Ti2ss + ¢° (4n — 6) Tozas + ¢* (2n — 4) B1aBas — 8¢°m>T1a345 + 8A2Bus

m? ([ 8 20\ /[ , 1, <
+? { <n§ B ?) <m T35 + Torss — A2 Bry + WA2> + 167535 — <n§
28 1 2 7 9
+ ?> T135} + —n ] {—n§m2T12'35 + TLT235 — 7’L§T135 — 4nA2B45 —+ ngAZBIZ’ _ 8m2T2345

1
—4m>2Thss5 + 4T135 + ¢ (4m2T23455 + (4 —2n)AzCys5 — nT2345) + o (4m2 (Ti35 — Tas35)

2
—|—n§ (m4T12'35 — m*Ty35 + m*Torzs — m*Ag By + A%)) H (18)



It is also useful to examine the m — 0 limit of the above expression as this case was calculated in Ref. [21]
and can serve a valuable test for the above expression. By inspecting the occurring integrals we find the massless

limit to correspond to

-
19 CyTr 8 n 7 14 4 ) < )
I} = A . L T )Ty +16 (A — T 9n — 4) B2 B
tm—0 4 —1) {(”3 n_13 3 to—7 ) Tiss £ 6 (¢*—q* 5 1235 + ¢° (2n — 4) B12Bas
n
<4n —6— —1> T2345] (19)

These terms are also, as expected, the only ones contributing to the gluon wave function renormalization
constant. In other words, all divergent parts of the two and one loop integrals which vanish in the massless limit
in the expression 18 add up to zero identically. This in itself is an important check of the overall expression. In
the heavy quark limit we can neglect the timelike component of the four momentum transfer ¢, i.e. gy = 0 as was
already mentioned before. This means that we do not need the longitudinal component of M., , however, we list

it here for completeness:

i 4CAT 1
I = WoATE (( 5= —) <m2T12'35 — AsBiy + §T135) + 2Th35 — 8A2Bys — 2¢*Toaus
m2 8 20 1 8 28
— — — =) (A9Biy — — A2 — Torgs — m>*Tyo ) <— —)T — 16T }
{( 3 3) ( 2B1y — =5 Ay = L5 — M 135 + ”34— 3 ) 1135 235

7
[ngm Ti235 — n'Ta35 + H3T135 +4nAzBys — n3A2312' + 8m*Thzas + 4m>Tosss — 47135

n—1
+? (1345 + 2nA2Cass — 4m* Togazs — 445 Css ) L L (Togs — T
q~ (nd2345 + 2nA2C455 m= 123455 2L455 +q2 m= (Tass 135)

2
—ng (m4T12'35 — m*T135 + m*Torzs — m> Ay Byor + A%) H) (20)

A good check on the consistency of the employed decomposition is given by the absence of infra-red divergences.
None of the two point amplitudes in this work is infra-red divergent to begin with, however, in intermediate steps
of the calculation those do occur. An example is given above by the two integrals Tbss5 and Thsges5 for which
only the combination ¢*Thsass — Thsss is infra-red finite and this is how they enter into Eqgs. 18 and 20. The
function A2Clys5 only seems to have an infra-red divergence, however, in dimensional regularization it can actually
be written as an ultra-violet divergence. This is done in appendix B.

For the two diagrams that have an Abelian topology, Eqs. 6 and 7, we also give explicit results as usually
only their sum is given in the literature [14, 10]. Here, however, we need both contributions separately due to
the different color factors. In addition, Abelian and non-Abelian terms are separately gauge invariant and might

display a different threshold behavior [14]. We find:



- 4 Ca
ig*(Cr — =) TF 8 16
H;l = (TL — 1; |:<TL§ - ?> (A2B12/ — m2T12135) + (q2 ((41’L - 8)q2 + (32 - 8n)m2) - 32m4) T]‘_’%345

76 104
+ (87’L — 16) (T235 — AgBlg) + 32 <q2 — ng _ m2> T1235 + <47’L2 —n— + —) T135

3 3
1 /8
n (q2 (18n —on? 28) T 16m2) BBz + <§n (m4T12:35 — 235 + m2Tyras — m2As By + Ag)
16
+16m2 (T235 — T135) — ? ( 4T12/35 — m2T135 + m2T2/35 — m2A2.Blz/ + A%))] (21)

and for the longitudinal component:

. C 8 16 1
I} = ig*(Cr— TA)TF [(ng - —> <m2T12'35 + T35 — AzBm')

3 2
1 /16
—i—? <? ( Ti935 — m*Tiss + m*Tyss — m* A2 By + A%)
8
+16m? (Tia5 — Thss) — 3" (m4T12'35 — m*Tis5 + m*Tyzs — m* Ay Biyr + A%))} (22)

Similarly, for Eq. 7 we get the following result:

ig*CrT, 16 20
H? = % |:< 2 — n? - ?) (AQBlzl - m2T12/35) — 16m2T1235 + ((16 - 8n)q2m2 - 32m4) T12235
14 16
+(7’L2 —4n + 4)(q2T12/35 — T2/35 + 2A2B22 — A2B221 + q2A20122/ — 2(]21420122) — <7’L2 - ?n + ?)Tlgg,
1 /4
—I—m2 (8” — 16) (T2235 — A20122) — q—2 (gn (m4T12/35 — m2T135 —+ m2T2/35 — m2AgB]_2/ —+ A%)
8
+8m? (Tazs — Ti3s) — 3 (m4T12'35 — m*T135 + m*Torzs — m*AsByo + A%))} (23)
and for the longitudinal component:
5 . 4 4 8 2 1
Iy = —ig°CfrTF nz—g)lm Ti9/35 + §T135 — AxBqy
1 /8
+q_2 (g (m4T12'35 — m?Ty35 + m*Torzs — m*Ag By + A%)
4
+8m? (T135 — Toss) — i (m4T12'35 — m?*T135 + m*Torzs — m* A Byor + A%))] (24)

It can easily be seen that both parts of the two functions in Egs. 21 and 23 multiplying q% are identical up
to a minus sign when 23 is multiplied by the multiplicity factor 2. This is required by the gauge structure of the

gluon propagator. Also their longitudinal parts add up to zero for the terms proportional to C'r only. This just



checks the well known properties of the Abelian theory. It does not hold for the C'4 parts of Eqs. 18 and 21 as
they would get modified by the additional diagrams. These, however, were calculated in this work without the
above reduction scheme as follows:

We use the result of the integrated fermion loop which reads (omitting color and coupling constant factors)

[32]:

B S ™
with
2 oy _ U= )%77% € ! " 8z (1 — =)
k) = e F<2)/0 ! (T’:L_zg;(l—x)—l)g 0

where 7 is given in Eq. 85. For completeness, we also list the sum of the gluon and ghost contributions in the

Feynman gauge [17, 36] to the gluon propagator:

7T,u,u(q> = (q29/_¢,1/ - Q/.LQV) 7T(q2) = (q2g/.t,1/ - Q/.LQV) Sl (4 — 6) (1 _ %) (27)

where ( is given in Eq. 85. Now we get the following result for Mgge,:

— —ig*CaTy p [d"k w(K*,m?) [ 3n—% n-1-1  3n-1I < _§> 1K N
t 2(n —1) (2m)n (k + q)? k2 (k + ¢)%k? 2) \ ¢ @k +q)?
k? + 2kq
2
51 (28)
(k+q)2k4>}
—ig* T d”k: (k2,m L3 1 3 2 k2
R Y TR YRS FT Y R Y G 1
2m)" k? (k+q9? ¢ (k + q)?k? 2) ¢*(k + q)?
and similarly for Mg,
3 —ig*CuTp p° [ d"k (52.m?) 6n —2n%+ 2 —6 (30)
t 2(n—1) (271’)"71— 1 k2
—ig*CAT n 4—2n—2
- ig CA F / d"k (kz,mz){ ];L n (31)

All the necessary integrals are given in appendix B. For the vertex correction graphs we arrive at the following

representations:

10



T B(l —w)z~'T
Moye, = ZgC(FCAFn dx/ dy/ du/ dv xu[— ( u) (€)

m? oz T a
(a+nb)(1 —u)2l (e) c(1—u)2l (14 ¢€)

2a3+ ( ( +§)+ ) e (_22 (_U_;+§)+1TTU)1+C (32)

where o is given by Eq. 126, p by Eq. 127 and a by Eq. 85. The remaining abbreviations read:
B = 241 —xz)+8+¢€(12(1 —2)—4) (33)
a = —16z(1 —z)? (34)
b = 12z(1 — z)? (35)

c = (8—12z)+ 7(2—22 [2—21233(1 —2)?2 +8(1 —x)z(l —y) — 12(1 — z)2%(1 —y)? +4(2*(1 — y)*—

(1 =) =2 (12(1 = y)a(1 — 2)* = 8(1 — 2)a(1 — y) + (1 — x)) a (36)

The HQET Feynman rules of Fig. 1 project all three Lorentz indices to zero for M,.,. The completely
antisymmetric nature of the three gluon vertex then implies that there is no divergence coming out of the internal
fermion loop. Although Eq. 32 appears to possess a double pole, the ﬁ “ divergence” is actually finite when
integrated over all Feynman parameters. We checked this directly with VEGAS [25] and it indeed gives a well

converged numerical answer. As for M,.,, we integrate out the fermion loop as before, which yields:

- 6 m 2
g C’FC’ATF/ d"k 2 o | k“ + 2kq
M = =5 [ a7 |Gt g
1 1 1 [ k?+ 2kq 1 1
- — 37
2(n —1) <(k+q)2k2 3 ((k+q)2k4 * q%k? q2(k+q)2>>] (37)

All the integrals left are given in appendix B.

3.1 Infra-Red Cancellations

In this section we turn to diagrams which give integrals already present in an Abelian theory, however, which do
not contribute in QED due to a cancellation that fails in the case of QCD. The reason is as follows: The color
factors for the ladder diagrams are proportional to C% for the straight and C% — % for the crossed ladder
graph. The same structure is also present in graphs Eq. 10 and 12. In the sum of all four occurring ladder

diagrams with one fermion loop plus M., and M., all terms proportional to C% give a contribution that is

11



equal to the product of the one loop fermion graph with the Born contribution. This is an explicit example of
the aforementioned exponentiation that occurs on the level of the potential. In an Abelian theory one thus has to

omit these contributions.

CaCFr
2

On the other hand, in QCD, we need to calculate the crossed ladder terms and keep only the — part of
the above color factors.

From direct inspection it is furthermore obvious that these diagrams contain infra-red (IR) divergent terms
which have to cancel in the potential. It has been shown in Refs. [41, 21] that the sum of M + Myc, + Moipe
is IR-finite. This requirement poses a strong check on the calculation and necessitates the calculation of the IR-
divergent parts of a diagram that vanishes in dimensional regularization (M ), i.e. when UV- and IR-divergences
are not separated.

The presence of the square of the heavy quark propagator complicates the calculation of the crossed ladder
diagram considerably as it makes the analytical separation of the double and single pole terms extremely difficult.
We therefore found it most convenient to introduce a gluon mass A as an IR-regulator. This allows to explicitly
differentiate between UV- and IR-divergences and provides a strong numerical check on the sum of all IR-divergent

contributions. In this case we get the following integral representations for the unrenormalized and IR-regulated

amplitudes:

M, — 19°CrCaTr / "k m(k?, m?)(k* — kp) (38)
o 2 (4m)™ (ko + ig)2 (k2 — A2 +ie)2((k + q)2 — A2 + ie)
M. — Zi9°CrCaTr / A"k w(k? m®) (K — k) (39)
ve 22 (4m) (ko + ie)2(k2 — A% + ic)?
—ig°CrCaATr o5 o / d"k 1
_ ig°CrCaTr 1
Motve 2t ") |y ey F 0P (R =+ ie) (40)

For the contributions of graphs 38 and 39 in which the k2 terms in the numerator cancel the heavy quark
propagator, no gluon mass regulator in needed. The sum of these kj-independent parts of M. and M,., are
separately IR-finite and indeed proportional to the integral 135 in appendix B. We therefore restrict ourselves
to a discussion of the kp-dependent contributions only. In these integrals the i-e prescription is crucial in order
to arrive at the correct location of poles and branch cuts the in the complex ky — plane. The presence of the
fermion mass brings about a complicated integral over a general power, which in turn leads to a branch cut in
the upper half of the plane. After integrating over kg in such a fashion one is left with an Euclidean integral over

(n — 1)-dimensions. More details and complete results are given in appendix B.1.

12



4 Renormalization

In Fig. 4 we list the relevant counterterms for the two loop diagrams of Fig. 2 and Fig. 3. The counterterms
themselves contain non-local contributions, i.e. non-polynomial in the momentum transfer ¢, that have to cancel
the non-local terms from the original amplitudes. The construction of the local wave function renormalization
constants provides a powerful test of the correctness of the results presented both in section 3 and the appendices
as they must combine successfully to arrive at the required local double and single pole terms. It might be
helpful to expound on the general treatment of masses within the corresponding integrals and counterterms in
the MS-renormalization scheme [4, 23]. In the counterterm approach, their contribution is restricted to finite
changes through the counterterms as the wave function renormalization constants are independent of the fermion
masses. In other words, all pole terms that contain masses represent non-local infinities which must cancel in the
sum of graphs contributing to the overall field strength renormalization. There is therefore no difference in the
formal treatment of the mass parameter in graph 7 and any other graph. This is another way of saying that the
parameters of a MS-renormalized theory are not physical. Rather, they are related to measurable quatities by a
perturbative series in the physical parameters.

We begin by presenting the results for the counterterms corresponding to Fig. 4. All two point counterterms
correspond to the transverse parts of the gluon self energy contribution only, as these are the only relevant ones
for this work. The graph Mg, has two counterterms, one stemming from the fermion loop divergence (I, f)

and one from the loop around the three gluon vertex (Il.,,). They are given in the MS-renormalization scheme:

1—€ _e
_ =8ig*'CuTyp [! nln o € ¢ 7 o€ 7 2
Uet,, = W/Udm (8—6n)§ 5 I‘<—1+§) —Wm‘(l—m) —q°x I‘<5) —Wx(l—x)

+q? (5n—5)I‘<§ <—q—22x(1_x)>_5)} nn_%l (41)
. 1-£
ey, = % Uldg; {(411—12) (—%MP(—H%)(—;—;@—@H) —i—qzsz‘(%)(—i—Zx(l—xH—

-5 -5
1)*%) — (4n — 4)(m* + q2m)F<§><—sL—22m(1 — )+ 1) — 4m?T <—1 + §><—§2—22x(1 —z)+ 1)
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Figure 4: The two loop counterterms corresponding to the diagrams in Figs. 2 and 3. Adding these contributions

to the original graphs removes all non-local functions from the occurring pole terms. The only exception are “-

m?2

terms in the two point functions which only cancel in the sum of all two point diagrams as explained in the text.

The fact that the tadpole diagram has no counterterm is already indicative of this cancellation.
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—q2x2I‘<§) (—;—Zxa — )+ 1) _1 n"_% - (42)

For the counterterm for M., we find:

4ig*CaTr ¢3C3 L(5)T?(1—¢ P(1+&T(1-5T (-5

I, = ig°CaTF q°C? <Z—3n) (2) ( 2)+<n—§> ( +2) ( 2) ( 2) (43)
3(4m)te(n — 1) 2 I'2—e) 2 I'(l—e)

where 7 and ¢ are defined in appendix B. For M ., there is no counterterm as the subdivergence is independent

of the mass which means that in dimensional regularization all the remaining integrals vanish.

The pole terms for the respective terms, expanded up to O (eo), thus read:

[T} + ey, + ey, |

c 4 2 2
_ngATFq<1 163 3m> (44)

o) @m® (9 T 108 g%

: 4 2 2
2 g C4Tr g™ [ 44 25  15m
[Ht + HCtz]o(EO) - (47)4 ( 9¢2 T 276 + e (45)

. 4 2
3 g CyTFr 18m
[Ht] O(e0) (4m)te (46)

These equations contain no non-local terms other than the ”%2 terms, which then have to vanish in the sum of
all contributions to the non-Abelian part of the gluon wave function renormalization constant. Because of the very
involved nature of the occurring non-local terms, this is already powerful evidence of the correct evaluation of both
the two loop integrals as well as the decomposition of graph Mg,.,. Multiplying each graph with its respective

multiplicity we find in the MS-scheme:

([ + Moty , + Ter,, | +2 [0 + g, ] + 1] }0(60) = % (% N %) 47)

This is completely local and thus demonstrates that the renormalization has been carried out properly and that
the integrals given are correct. In order to further check this term we need the pole term from the “overlapping”
Abelian two point diagram from Eq. 6 (which in QCD develops a color factor proportional to (Cr — %CA) in
order to get the fermionic part of the overall gluon wave function renormalization constant Z3. The counterterm

for M, reads

_ 8i94 Ca 2 2 2

and gives in agreement with [12]:

- 4 Ca 2
4 g (Cr=5)Trq” (16 52
{ [Ht + Hct4] }O(EO) = (47)4 3¢2 Q¢
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Adding Eqgs. 47 and the C'4 term of 49 gives the correct non-Abelian fermionic part of the gluon wave function

renormalization constant ((times lq%) see Ref. [36] for example) in the Feynman gauge:

3fe7'mionic - (47r)4

4
C g CATF 20 5
oo = (52 0)

This testifies to the overall correctness of both the decompositions used as well as all the integrals listed in the
appendices!

For completeness we also give the counterterm for M4, , which in the MS-scheme must be treated in the same
way as the graphs before. All divergent terms proportional to m? cancel the corresponding non-local infinities in

Eq. 23:

41 g*CpTr 2 2 2 2 2.2 4
I, “ oD [n (12m Bas + 2¢°Brs — 445 — 124°m 0122) + (242m? — 48m*)Chan
—~24m? By — (g% + 16m?) By + 845 ] (51)
with
([m+m,])  =0Clea( 8 8 (52)
£ ] o0 (4m)* 362 ' 9e

It is an important difference to the massless case that the counterterms 48 (rather its Cr part) and 51 are
not related by a simple minus sign as implied by the Ward identity. There is an additional constant term 4m
which gives new contributions. For the purely Abelian fermionic part of the gluon wave function renormalization

constant in the Feynman gauge we find in agreement with Ref. [36]:

Cr _ ¢'CFTr <_§>
3fe7'mionic (47-‘—)4 €

(53)
The cancellation of the higher order (double) pole is a characteristic feature in QED that holds to all orders
[31].
For M,., we do not need to remove non-local terms as the fermion loop is finite due to the projection of all
three Lorentz indices to zero. It is easy to check this by calculating all divergent pieces after the integration of

the fermion loop. All that is left is the divergence from the remaining integral which has to be subtracted in the

usual MS-fashion. This is indicated in Fig. 4. The explicit pole term is given by:

;6
g CFCATF 1
[Mvcl]@(eo) = W <_E) (54)
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in agreement with the massless case [20]. In the case of M,., we do have non-local terms, and the counterterm

reads:

_ 4ig°CpCaTr 0% [1 o[l (5) 1+ (1+5)
M = iy /o ! ( 2ol —0)f | (Eo(l—u)f
Lls -+ mll) Q4 of(s)) ) (55)
2(n —1)(55ov(l —v))2  8(n—1)(ZHv(l—v))2 4(n—1)(Fv(l —v))2

Adding Eq. 55 with the appropriate normalization and color factors to the result given in 37 does indeed give
completely local double and single pole terms as required in dimensional regularization after the subdivergences

are subtracted:

Ta Tr (1
g CFCA F( 5 > (56)

[Moey + Muczi] ooy = (@n)ig 2 T2

It demonstrates that indeed all non-local divergences are canceled and agrees furthermore with the pole terms
obtained in the massless analysis [20]! It should be noted that all the integrals needed were already used in the
Mse, calculation for which such a strong internal consistency check was performed just above. All the required

expansions above were carried out with the help of MAPLE in face of the complexity involved. As mentioned

before, also the translation into FORTRAN was handled by MAPLE as to reduce possible accidental errors. .

4.1 Counterterms with Gluon Mass

At this point we need the counterterms of the IR-divergent contributions, M., M., and M. As indicated
above and expressed in Egs. 38, 39 and 40, these were regulated by introducing a gluon mass regulator. The
remaining UV-divergences are treated as above in the context of dimensional regularization. We therefore have
to calculate all counterterm contributions that occur for gluon propagators with a gluon mass. Without such a
dimensionful quantity, only the crossed ladder diagram would yield a counterterm in dimensional regularization.

We again use the gluon mass only for kg-dependent terms as explained in section 3.1. This is indicated below.

The results are obtained in a similar way as for the corresponding amplitudes, first integrating over the heavy
quark propagator in the complex ky-plane with a subsequential (n — 1)-dimensional Euclidean integral remaining.
The results are obtained straightforwardly as there are only pole terms and no branch cuts in the counterterm

contributions. We find for the gluon mass regulated terms:
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lower curve (squares) has ¢> = —100GeV? and m = m;. The overall normalization neglects color factors and the
coupling strength. All data are obtained by using 10° evaluations per iteration with VEGAS and 100 iterations.
The statistical error is indicated and smaller than the symbols where invisible. The sum for each of the displayed

sets of parameters is clearly independent of the IR-gluon mass regulator A as expected.

4ig5CrCAT, 2F 1—|— 1
M??Ct = J b FT’ / dU 2 )\2 (57)
(47‘—) F 2 v 1 - U) —|— ) 2

) 8ig6CFC’ATF 772I‘ (_)
k — 2

UgSct - ) 7 3 N5 (58)
3eq?(4m)=T (5) (m)

For completeness we also list the remaining counterterm stemming from the kg-independent part of M.;:
16ig8CrCaTr 45157 (1 + €) T (—¢
M, = AT Uts)res) (59)

2 T 1 7q2 1+%
The gluon mass terms that occur in the expansion of the original as well as the counterterms above in powers

of € in the pole terms of dimensional regularization represent now non-local divergences which have to cancel
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in the same way as terms containing m? or non-polynomial functions of ¢>. The remaining IR-divergent pole
terms are contained in the form of logarithmic divergences in A. Fig. 5 demonstrates that in the sum of the IR-
divergent amplitudes plus their corresponding counterterms no A-dependence is left within the statistical errors.
For convenience, three sets of values for ¢> and m? are displayed while the renormalization scale ; remains fixed.
We have checked that it also holds for a variety of other choices of parameters. Some need fewer evaluations to
converge while others need up to 107 per iteration.

It is perhaps interesting to note that the crossed ladder diagram, naively only singly IR-divergent, actually
possesses a quadratic divergence in [og(A) which cancels the (also unexpected) quadratic divergence in the Abelian

vertex correction term. The remaining UV-divergent pole terms in the MS-scheme are found to be:

(M + M’j{’ct]o(eo) - 0 (60)
- 6
ko ko _ 1g°CrCATF <_E @)
|:M’UC3 + M'UCSCt:I 0(60) - (47r)4q2 362 96 (61)
- 6
k k k _ 19 CrCyTR (_E E)
[MCZ + MUC3 + MClct] O(EO) - (47_‘_)4(]2 362 + O¢ (62)

which states that the counterterm in case of M’;lo completely remove all pole terms in €. It is also clear that
all non-local terms are removed by the appropriate counterterms as was expected. In order to compare this with

the results obtained in the massless case one would need to differentiate between ey and €rg.

5 Numerical Results

At this point we have calculated all diagrams that contribute to the massive fermionic corrections to the heavy
quark potential that were previously unknown. In the previous section we demonstrated that the counterterms
successfully remove all non-local divergences and that the MS-subtraction terms coincide with the massless limit.
The complexity of the explicit results given in the appendices raises some questions about how stable a numerical
integration over up to four Feynman parameters is with VEGAS as well as about the correctness of the finite

terms of these expressions. An ideal test is provided by the results obtained in Ref. [21] for the massless limit.

Fig. 6 contains the results of the IR-finite two loop amplitudes from Figs. 2 and 3 in section 2. The tadpole

diagram vanishes trivially in that limit so that only the six graphs shown remain. The sames choices for ¢
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and the renormalization scale ;1 were made in all six plots. Since the results of Ref. [21] were calculated in the
M S-renormalization scheme, we use
e
Hars = E“M—S (63)

It is clear from these results that deviations from the massless limit only occur when m? ~ —q? or greater.

This was of course expected and the motivation for this calculation. A similar dependence is observed for the sum
of the three IR-divergent amplitudes from Fig. 2 in section 2. Here it is impossible to compare on an amplitude
by amplitude level since a different IR-regulator was used. Only the sum of infra-red finite contributions can be
compared at the two loop level. We checked explicitly that by replacing log(\) with %, only the double pole terms

can be seen to be identical.
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The single pole terms differ and so do the finite contributions for each amplitude. In the sum, however, the
IR-divergent pieces cancel (as demonstrated in Fig. 5), and here we can find a meaningful comparison. Fig. 7
demonstrates that the correct massless limit is indeed recovered. The numerical accuracy in terms of the statistical
error from the VEGAS Monte Carlo integration is actually included in the figures. It is better than 1% though,
and thus not visible on the scale of the plots. The gluon mass regulated graphs were evaluated over twice as many
iterations (100) compared to the graphs from Fig. 6 as the required cancellations are numerically more unstable.
In both cases the number of evaluations per iteration is 10°.

Fig. 8 displays the sums of all non-Abelian as well as the sum of all Abelian fermionic contributions to the
heavy quark potential. In addition we included the one loop corrections (bottom) in the MS-scheme (omitting
coupling constants) as given in Eq. 26. The simple logarithmic behavior of the massless one loop result is clearly

visible and asymptotically approached by the massive curves. The sign of the one loop correction is opposite to

. . . QED QED\? /.
the two loop Abelian result, reflecting the fact that effectively for large momenta [ — ( A ) (in the
massless case, with ﬁ(?ED = —%) The relative size of the mass effects are comparable for the one and two loop

corrections.

The massless two loop results can be seen to possess the expected double logarithmic contributions. The

massive two loop results show an almost completely opposite behavior for low values of T—;Q. At the flavor
thresholds, though, both contributions increase the value obtained from the massless case by the same (relative)
order of magnitude. The overall corrections are much larger in absolute terms for the non-Abelian case, partially
due to an extra factor of C4, while in relative terms the Abelian corrections are bigger. In the high energy regime
both graphs show that the massless limit is approached asymptotically.

The complete massive fermionic two loop contributions to the heavy quark potential are presented in Fig. 9. It
can be seen that the overall curve is dominated by the non-Abelian threshold behavior (partially due to the extra
factor of C4). The “m,-graph” (triangles) matches the massless case for lower values of —¢? as m? < mZ. At the
respective thresholds we find roughly a 33 % deviation relative to the massless case. This could be very significant
for applications where quark masses are expected to play an important part. Furthermore, the physically defined
effective charge ay(q2,m?) incorporates quark masses naturally at the flavor thresholds and is also analytic.
Thus, there is no problem of evolving the strong coupling constant through these thresholds and one never needs

to impose matching conditions. At high values of q? the theory becomes massless and reproduces the leading

logarithmic terms obtained by the g-function analysis as these coefficients are scheme independent through two
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approach the massless limit when 1”—;2 < 1.
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loops in a massless theory.

The above analysis can also be helpful for the incorporation of massive fermions in lattice analyses as the
heavy quark potential is defined by the gauge invariant vacuum expectation value of the Wilson loop in Eq. 1.
For a direct application of the presented results, a recently proposed way of incorporating quark flavor thresholds
by relating the “natural” heavy quark potential m,-dependence to an effective continuous and smooth function

nr(—q?,m?) [30] seems to be a promising candidate.

6 Conclusions

We have calculated all the necessary integrals for the non-Abelian massive fermionic corrections to the heavy quark
potential through two loops. They describe the analytic flavor thresholds of the physical coupling ay-(q2, m?).
The new results were obtained by using a mixed analytical, computer-algebraic as well as numerical approach

and strong consistency checks were performed by observing that all non-local divergences cancel by adding the
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appropriate counterterms. In case of the complicated two point diagrams it is found that the weighted sum of
all diagrams gives the correct local gluon wave function renormalization constant. The renormalization constants
were given explicitly.

It was also checked that no spurious infra-red divergences were introduced by the implemented reduction
scheme as they are present in the intermediate steps of the calculation. For the explicitly IR-divergent diagrams
we proved that no physical results depend on the introduction of the gluon mass regulator A. This is a consequence
of the color singlet state of the external heavy quark sources.

All physically interesting and gauge invariant finite parts were integrated with VEGAS [25] and found to agree
perfectly with the massless results of Ref. [22] in that limit which actually checks this part of the analysis in [21].
The difference to the massless case around the charm and bottom flavor thresholds was found to be roughly 33%.
The size of this effect can have important consequences for processes in which one cannot neglect these masses as

well as for the evolution of the strong coupling constant through analytic flavor thresholds.

A Decomposition of Two Loop Tensor Integrals

For the gluon self energy graphs Mg..,, Mgyse, and Mgy, we chose to not do the fermion loop integral first,
as we did for all vacuum polarization insertions, but to decompose the occurring tensor integrals into a linear
combination of scalar two loop integrals. The scalar integrals entering in the expression given in Eq. 18 (or 20)
will be treated in detail in the next section together with all other integrals needed in this work.

We work in n space-time dimensions, n = 4 — ¢, and for the two loop integrals we use the following notation:

M=0+a?—m* 2 =07 —m?[B] = (- k)?—m® [4] = (k+q)° [5] = & (64)

[ denotes the loop momentum of the massive fermion loop and k the remaining loop momentum. A prime like
[2'] = {2 denotes the massless propagator with the same momentum as the unprimed. While there are different
possible technical approaches to our desired decomposition, such as the one recently suggested in Ref. [24], the
general method we use follows that of Ref. [10]. We also denote integrals with squares of “denominator” terms in
the numerator “Y”- integrals and pure two loop scalar integrals by “17.

In the following we use various symmetries between Y- as well as between T-integrals. For instance

Yiies = Yoy Tisa = Thss (65)

For two loop scalar integrals that are actually a product of scalar one loop integrals we use the respective one

loop notation of Ref. [11]. All of the decompositions were programmed in FORM [13] and lead to the following
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relations for Mg, :

Vil = / 'k / d"l p*((1 + q)* —m?)?
2345 — (Qﬂ)n (27r)" (l2 _ m2)((l _ k)z _ m2)(k + q)2k2
1 n
= ¢ (Toss — Tiss) 1% —m* o35 + m*Thzs +m2 A Bry — m*Targs — A3) — m*Tizs
—116
n n ™
+m*Tyss + Zq4T2345 + 5‘141420455 — m*q* Thsass — q* AzCluss + gm2q2T12'35 + 154 *Tiss
n n
_Zq2T135 +ng? A2 Bys — gq2A2B121 + 2m*¢*Tozas + m*q* Tozss — q2T135} (66)
Yobus = / - / — (+q) %)
e @m)r ) @m)r (2 = m?)(L = k)? = m?)(k + q)°k?
1
= A2B45 + 5 (T235 - T135 + q2T2345) (67)
Vi = / "k / drl p2(k + q)°
129 2m) ) (27)" (1 + q)2 —m2)(12 — m2)((I — k)2 — m?2)k?
1
= AsBi> + ¢*Tizs5 + 3 (T2’35 + A3Bay — AsBiy — Tiss — ¢° A2Cha + (m* — qz)T12/35) (68)
I (L R ) 2
5 = = AyBys — = BB
Yio4s / (271.)71 / (271.)71 ((l + q)2 _ mz)( )(k + q)gkg 2045 2 12545 (69)
Vi = / LA (14 9)* —m?)
234 (27T) (Qﬂ)n (l2 _ m2)((l _ ) _ m2)(k )
= 3 [A2 +m (T2’35 — AyBiy —Thigs +m T12'35) +q (T135 + Ay By — m2T12/35)] (70)
Yi = / - / - ¥ (k + q)?
w @ ) @ U+ 07 = m?) (= k)2 = m?)2
2
= (A +q T135) 3 [ 2 (T2/35 — A2B121 — T135 + m2T12,35) + q2 (A2B121 o m2T12135):| (71)
Th O[T (R —m?)
by = 2
Y35 / (2m)n / (2m)" (12 — m2)((I — k)2 — m2)k2 q 1235 (72)
d'k [ d"l p*((+q)* —m?)
Yl = / / — 2A B 73
245 (27)" (2m)n (12 _ mz)(k + q)zkg q A2D45 (73)

For the remaining two diagrams, M., and Mg, , we have slightly different denominators as is evident from
Eqgs. 6 and 7. It is possible, though, to relate these to the conventions given in 64 with the exception of the
finite scalar integral 73345 which is given in Eq. 128. “A” denotes the fact that the topology of these diagrams is
Abelian. Below we list the Y-functions we need for the required decomposition with terms on the Lh.s. having the
denominators of the original integrals and given in terms of functions on the r.h.s. which are using the conventions

of Eq. 64:
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Wi = AoBio+ Tass — Tiss + ¢ Thass — Yidgs (74)
A = 249Bia + (2m® — %Z)B%2 (75)
AVihas = Thss + ¢*Thoss (76)
AY1235 = AY2534 = AY1435 = AY2134 = Y2134 (77)
Ashs = ¢°Thss (78)
A = ¢*Thss (79)
Ayts = A3+ ¢*AsBa (80)

B Two-Loop Integrals

In this appendix we give the explicit results for all the integrals needed in the calculation of the two loop fermionic
corrections to the heavy quark potential. These include all the scalar two loop integrals occurring in the decom-
position of the gluon self energy graph M., in section 3 as well as the remaining tensor integrals needed for the
remaining contributions. Since the potential between two infinitely heavy color test charges represents a physical
quantity, all integrals presented are real due to the spacelike value of the physical momentum transfer ¢> < 0. For
this reason we found it convenient to adopt both analytical as well as numerical methods for the implementation
into FORTRAN. Wherever possible we proceed with the integration of the remaining Feynman parameter integrals
and where this becomes too involved, we integrate the remainder with the Monte Carlo integrator VEGAS, [25].
The notation is as follows:

The following Feynman parameter identities [26] are very useful and were employed in all integrals in this work:

el 0 L e e s ey A
7 Tt S e 2
aablﬁcv - g((j);(g)i:(?) /Ocll“ u /Oél” (Cffﬁﬁ )i_b;((ii(l—;)vl) [:11 (—1 ;);QI;; (83)
a“bﬂlcvd‘s B &3%3&555 /ocll“ “2/021” ‘ ocllw (ai%uf ;;z(f(tf . ;)wjz)cﬁ;(z(i(i)_+vg)(1_i(i);aﬁ)ﬁ§+_vl+é (84)

We use the following abbreviations in addition:

e A (1 —we(l—a), G=u+ (1—w)(1—a) (85)
m —q

n =
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A 7 <u2(1 —v)? Cu(l— v)> N 1—wu (86)

a? « «
2 /,2 2
~ ¢ [u(l—w) u(l —w) 1
A= m( 7 & )*a (87)
—~ 2 [u2(1 —v)? 1— 1—
X q_2 u(~2v) _u(Nv) Llow (88)
m a Y Y

where p is the dimensional-regularization mass parameter [23]. All results are given in terms of their dependence
on € and would have to be expanded with the factors given in the explicit results of section 3 up to O (¢). The
results in this paper were obtained by employing MAPLE to do the required expansion and are too cumbersome
for explicit presentation.

We start with results of the following simple scalar one and two loop functions:

o= [y fﬁm2>:‘im2ngﬂsgl+%) (59
Ba = [ty - 0)
By = /(chgn ~ —M:nz)lz = (:7:722(1; (_5)%) (91)
me = [ (2d7r§ ((1+q>2_ﬁ§z)(12_m2) ) /oldx(4w)2(‘m—gj(rl(—%)x>+lﬁ *
ps = | (;lw]; (k +Mq6>2k2 B /o1 dx(m)%iif - 0 K%(Zif?rr(z(i;%) o
0w = | (;lwl; (k +Mq6)2k:4 :Z{%F(;2%()45)(21{(1%)—1;)(1%) )
G = | (zdwi ((z+q>2—:;2>(zz—m2>2 B ‘/(Jldx(4w>2m2z(il§£((ll—+:>)+1>l+% "
Crz = / (2d7r§ ((l+q>2—75;)(12—m2)l2 - _/old'” oldy(4w)2m2(qj7(7j(i(—1:)§ >_x1 + PESTE

A very useful integral for 97 is given by

/01 dx /01 dy(a(x(l — y)21 = —g\/a2 —4a tanh™! < ¢ ) - 1log(l —a) (98)

—1+y)+1) a a—4 a
This integral is needed in order to analytically separate the divergent pieces since C12or is multiplied by As in

the solution for Eq. 6.



&k [ dvl p2e - mP T (5T (-1+e I (1-5)

Torgs = / (27" / @m)m 2((1 — k)2 — m2)k2 2(47r)4F 2- 5) 2 (99)
&k [od 2 P T (T (140 (15

Tozs = / (2m)" / 20" (@ —m2) (= k)E —m2)iE (47T2)4F = %) e 2 (100)

The reason why the following integrals cannot be given in such a simple form is the presence of the external
momentum transfer ¢ in addition to the masses. In order to extract the infinite pieces from the next integral 7135,

we repeatedly use the following propagator identity:

1 1 2lq + ¢*
(raF—m ~ B~ oA+ gF Hon
It then follows that
d"k d"l 2€
Tis = | ey | G g R = Tt Tt BT 1
with
B k[ dvl 2 (21 + ¢2) @ T (ST (OT(1—T (1+5)
1=~ | G | Grp e e~ @ eograrg - (%
noo [ pA@g 2 AP T (5T (T (1= $T(1+5)
b 2mr ) @o)r (12— m2)3(( — k)2 — m2)k2 n(@mn)iT (2 - 5)T (1 +¢)
(2 + L) nT(HT A+l (1-$T (2+5) o
24T (2 - 5)T (2 +e) (104)
In passing we note that
Too35 = —;—2Ta (105)

The last term 7, has only a simple pole in € which is, however, buried in the Feynman parameter integration.
This is a quite common problem that arises because of the I'-factors in Eqs. 82 and 83. We take “u” to be that

Feynman parameter and for our purposes it suffices to write the following identity:

! e 2 ! e
| dut =0T @ = 250+ [ du(t =i (7w - 1)) (106
The respective terms for T, = — [ (g;fn [ (g;)ln (l27m2)3((14‘:;52&32;@27m2)k2 are:
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q2776u31)2 4 1 _ 8 (13’0) + 12u2(£;'u)2 _ 6u(]_:’l))
/ du / 4 a P24
2(4m) 4554135 m4 A2+e

g2 6— 12432
— L~ o DP(l+e) (107)

m2 Al+e

and thus

€

B qnv ¢t 1=8(1—v)*+12(1 —v)* —6(1 —v)
o= Lol T T

L4 6-121-v) T'(1+e) (108)

m? (—31—221)(1 —v) + 1)1+e

Although this result for Tiss is correct, it is numerically unstable in the massless limit because of terms of
order 31—22 which have to cancel as m? — 0. A way out of this calamity as well as a very good check on the
correctness of our result for this integral is to use the propagator identity 101 for G + (L instead after shifting the
loop momenta. This yields

2kq

Tiss = Tass — ¢ Tasss— < m >> (109)
(1—v)

The result for 75345 is given below and the last term in the equation can easily be found to be 2q2uT
times the expressions for the scalar integral. This term just stems from the momentum shift & — k' — q@.
Numerically, away from the singularity at m = 0, both solutions agree.

In similar ways we treat the following more complicated integrals, always calling “u” the Feynman parameter

that contains an additional divergence if f(u)-terms are quoted. The desired value for the respective integrals are

understood to follow from an expansion in € of Eq. 106. For

Ak [ d 2
Toss = [ oy | ey EB R = R (110)
we get
n°L(e)u _ ! I'(e)
flu) = —/ dx/ dvm, f() = —/0 dv(4w)4 —q—2v(1 Y (111)
Similarly,
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. d"k d"l s
i = [ oy | G @ o TR )

with
——/ dx/ dv 775 IR ——/ d:z:/ dv 2F(6) (113)
m)tzzattIA (4m)4zs( (= Lu(l —v) 4+ 1)
For
&k [od 2
Tyorar = 114
1235 /(277)"/(27r)" (I +q)2 —m2)2((l — k)% — m2)k? (114)
we find

= - ' x ' v nT(eu =— x v n°T(e)
flu) = /0 ¢ /0 ¢ (4m)tzza’ts A f= / d / a 47r)4a:2(—7?”—221)(1—v)+1—v)e (115)

The infra-red finite integral

B &k fod 2 (k2 4 2kq)
b=~ [ o | G (116)

is a product of two one loop functions which are given by

m?nsl (—1+ §
Ay = (2 *3) (117)

Liss = /du 5) < (iu))%r(%)—%F@Jr%)) (118)

and in dimensional regularization we have Ioys5 = Aolyss = 2 A2C4s5, where A&C denote the respective one

loop scalar integrals. For the infra-red finite combination

&k [ d 126 (k2 + 2kq)
Insyss = ¢*Tozass — Thass = —/ /
23455 = ¢ 123455 — 12355 @ry | @r) (=m0 = B2 = m2)(k + )2k (119)

we get two “f(u)” terms, distinguished below by capital (containing double pole terms) and lower case (with

only simple poles) letters:

nn°L(e) Mt nn°T (e)v
/ dx/ 2(4r) 4a3+2Af Py = /0 dv2(47r)4(—,%2 v(1 = v))e 120
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_ 1 nT(1 + €)uv _ 1 (1 +v)nT(1 +¢€)
flu) = /de dv A : f(l):—/0 - ! (121)

0 (4m)4aT3 Al+e Am)4(—Lzv(1 — v))e
2 2 2
_ ¢ (w(d=v)*  ul—v)
A = m2< a? 2 « (122)
For
T :/ 'k / drl i (123)
) o ] @mnr (4 9)2 —m?) (2 = m?)2((1 - k)2 — m2)k?
we find
/ dx/ a1 lte)“ " ra / d:z:/ dv N+ e (124)
47r 43S ts Al+e (4m)izs (= Lru(1 —v) + 1)Lte

The completely finite integral Tyo345 = [ (g:rf" (g;)l GETRI —m2)((l =Ty (kg 2 is given by:

a? a

1 1 1 1 T (1 1—u)s
Tio345 = dx dy du d’U77 ( + 6) .%'u( u) ’ — (]_25)
2 4 2 1+€
0 0 0 0 m?2(4m) a3+§(q2 (0_2_3)4_9)
m 6]

e can of course be set to zero in the above expression and we use the following abbreviations:

u(l—v)+ (I —u)(l —y)z(l —x) (126)

u(l = o)+ (1 —u)(z(l —y) —2*(1 - y)*) (127)

o

p

For the “Abelian” gluon self energy graph M., we need another completely finite integral with five denomi-

2e

nators, namely TS345 =/ on) / ) (lzfmz)((l+q)2fm2)(lfk)2((lc+q)2fm2)(lc27m2)' Here we find

['(1+e) zu(l —u)2
T —/dx/d/du/d 128
12345 Y m2 4m) e (q—é (0_2 B E) N x(17u))1+f (128)

a? @ @
Again, we can savely set € to zero like above. The following integrals are needed for the diagrams where we

integrated out the fermion loop first, with 7(k?,m?) taken from Eq. 26:

m?T (=1 + €) (1 — z)u(l —u) "y ( £ ueow)
1670’3

d"k pem(k?, m? 1 —146z(l—2)(1l—u) 3n
[ = [ +§2§4a2;( L (120
'k pen(k?,m?) ! (~1+ ey a(l = 2)(1 —w) e (— =) )T
/(27r)"M(1<?+(1)2 N /0 / 3274022 (130)
/ —q¢?

/d”k 2kquem(k?,m?) B /1
@2 (k+q)? o
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Below we split again into f(u) and f(1) terms. For

/ d"k pcm(k?,m?) (132)
(2m)" (k + q)2k?
we find:
1 Juz(l — x)ne
= — 133
flw) /0 / 327r4 2H3Ae (133)
1 1 -
0 = o A
0 E et )
For
/ d"k (k% 4 2kq)pucm(k?, m?) (135)
(2m)n (k + q)%k*
there are two contributions corresponding to terms with double poles (F') and only single poles (f):
1 ) nuvz (1 — x)n
136
/0 / 647r aPTIAe (136)
/1 / )nvz(l — z)n° (137)
0 64 4 =q U(l U))
1 1 L1+ e) w?vr(l — z)n° (uQ(;v)Q — QU(I(;U))
flu)y = / dx / dv > (138)
32m2riadta Alte
(1 1-— €
/ dx/ gyl (L) (L vzl = o)y (139)

327 4( q U(l U))
B.1 Two Loop Integrals with Gluon Mass

In this appendix we give details about the evaluation of the IR-divergent integrals of section 3.1. The contributions
containing heavy quark propagator terms were regulated using a gluon mass regulator and lead to the following

general integral over ky:

dky 1
I, = 140
o /oo 21 (ko +i€)?(—k3 + k2 + M2 —ig)f (140)

The general power in integral 140 leads to a branch cut along the real axis for all those values for which
k3 > k% + M?. Including the ie-prescription as indicated in 140, we choose a path in the complex plane around

the branch cut in the upper half of the plane and find the following solution:

33



o = —riamon [T e
= —21sin —
Fo " Vicrare 2m k3| — kE + k2 + M2|P

ra-pAr(i+p)
273 (k2 + M2)3+0

= —2isin(pn) (141)

The remaining Euclidean integral can then be performed easily. In the case of the crossed ladder diagram
M, we find in this manner again a divergence which is hidden in Feynman parameters. This can be handled by

splitting into f(u) and f(1) terms as above. For

d"k pem (k2 m?) 149
/ (2m)™ (ko +1ie)2(k2 — N2 +ie)((k + q)%2 — A2 + ie) (142)
we find
B (e NI (-1=-5)T 1+ (2+%)n° 1—x)u
f(u) = 16 sin (571') 2 (@)t 2 / d:z:/ dv % Ti\l_{‘;u) i (143)
_ (e NT(1-5)T(1+eI'(2+35)n° 1—;5)
f(1) = 16 sin (271') (@) m2 / d:z:/ dv m2 v o+ %)HE (144)

The vertex correction graph M,., and the integral occurring in the onle-loop verex correction term M., can

be calculated analogously. Here we have

/ d"k pem (k2 m?) (145)
(2m)" (ko +ie)2(k? — A2 + ie)
with the corresponding solutions
F(—£)r(e)'(1+ £ 1 1—
2 (4m)tm g2 0 (1= u+ 25u)

€ - € St (m2\°
F(1) = _g sin <§W>F( 2)F()F(12+ 5) 1 (_) (147)
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