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I. INTRODUCTION

The behavior of scattering in the limit of high energy and fixed momentum transfer
is described in QQCD, at least for situations in which perturbation theory applies, by the
Balitskii-Fadin-Kuraev-Lipatov (BFKL) pomeron [1] (or short distance pomeron). Attempts
to test experimentally this sector of QCD have started in the last few years, mainly based
on measurements of deeply inelastic events at low values of the Bjorken variable x in lepton-
hadron scattering [2] and jet production at large rapidity separations in hadron-hadron
collisions [3]. In this paper we study the possibilities for investigating QCD pomeron effects
in a different context, namely in photon-photon scattering at e e~ colliders, where the
photons are produced from the lepton beams by bremsstrahlung. The results of this paper
also apply to e~ e™ or u* u~ colliders. Some aspects of this study have been presented in
Refs. [4-6].

The quantity we consider is the total cross section for off-shell photon scattering at
high energy. This can be measured in e e~ collisions in which both the outgoing leptons
are tagged. This cross section presents some theoretical advantages as a probe of QCD
pomeron dynamics compared to the structure functions for deeply inelastic scattering off a
proton (see for instance the discussion in Ref. [2]) or a (quasi)-real photon (see for example
Ref. [7]), essentially because it does not involve a non-perturbative target. Unlike protons
or quasi-real photons, virtual photon states can be described through perturbative wave
functions. In some respects the off-shell photon cross section presents analogies with the
process of scattering of two quarkonia (or “onia”), which has been proposed as a gedanken
experiment to investigate the high energy regime in QCD [8]. In this case, non-perturbative
effects are suppressed by the smallness of the onium radius. In the case of virtual photons
the size of the wave function is controlled by the photon virtuality instead of the heavy
quark mass. It is an interesting feature of investigations at ete™ colliders that this size can
be tuned by measuring the momenta of the outgoing leptons.

On the other hand, such experimental studies may prove to be difficult due to the
smallness of the available rates. As we shall see, for large photon virtualities Q* the cross
section falls off like 1/Q?. An estimate of the number of events that one may expect to be
available for such studies at LEP200 and a future linear eTe™ collider will be provided later
in the paper.

There have recently been other investigations of the high energy regime in the context
of photon-photon scattering. Balitskii [9] has proposed an expansion of the scattering am-
plitude in the high energy limit in terms of Wilson line operators. This method provides
an elegant reformulation of the BFKL problem, and may prove to be useful to get beyond
the leading logarithm approximation. Bartels, De Roeck and Lotter [10] have evaluated the
photon-photon cross section at present and future ete™ colliders. Their results are similar
to those in Refs. [4-6]. In Ref. [7] detailed studies have been carried out for diffractive meson
production and photon structure functions at LEP200.

To describe the electron-positron scattering process (Fig. 1), we will parametrize the
five-fold differential cross section as
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(1.1)

Here we denote by x4, xp the fractions of the longitudinal momenta of the leptons A and
B that are carried by the photons, by Q% = —¢4qa,., @% = —¢hqs, the photon virtualities,
and by ¢ the angle between the lepton scattering planes in a frame in which the photons
are aligned with the z axis. The overall factor in the right hand side gives the distribution
averaged over the angle ¢, while Ay, A are the asymmetries.
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FIG. 1. The photon-photon scattering process in ete™ collisions.

We will start by considering the ¢-averaged cross section, and we will express it in
the equivalent photon approximation [11] by folding the v*~* cross section with the flux
of photons from each lepton. This flux is proportional to the probability density for the
splitting e — e+, and depends on the photon polarization. We will thus write
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where the transverse and longitudinal photon flux factors PT), P(X) are given by

T 1—|—(1 —l’)z I 1—=z
PU)(x) = —— PNy =2 : (1.3)
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and o, .x, with a,b = T, L, is the cross section for the scattering of two photons with
polarizations a and b.

We will proceed in the following way. In Sec. Il we set our notations and describe the
Born approximation to the photon-photon cross section at high energy. In this section we
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concentrate on the case of transversely polarized photons, that is, the cross section Ug*w* in



Eq. (1.2) above. In Sec. I1I we extend these results to include the full polarization dependence
and we discuss the associated asymmetries. In Sec. IV we consider the summation of the
leading logarithmic corrections to the photon-photon cross section due to BFKL pomeron
exchange, and emphasize how the perturbative results depend on the total energy and the
photon virtualities. Secs. V and VI are devoted to discussing some of the limitations of the
treatment based on the BFKL equation. In Sec. V we focus on the dependence of the cross
section on two mass scales (in the running coupling and in the high energy logarithms), which
are left undetermined in a leading log analysis. In Sec. VI we consider the limitations of
using the BFKL approach that follow from the behavior at very large s. Sec. VII illustrates
how to relate the summed result for the photon-photon cross section to the small-z behavior
of the photon deeply inelastic structure function. In Sec. VIII we compare the QCD result
with expectations based on traditional Regge theory. In Sec. IX we consider the limit of low
photon virtualities and discuss the region of transition between hard and soft scattering. The
rates at the level of the eTe™ cross section are examined in Sec. X. Some concluding remarks
are given in Sec. XI. We collect in Appendix A the details of the Born order calculation,
and in Appendix B some formulas which are useful for comparing the gluon-exchange and
quark-exchange contributions to the photon-photon cross section.

II. NOTATIONS AND LOWEST ORDER CALCULATION

We consider the total cross section for the scattering of two transversely polarized virtual
(space-like) photons v*(¢4) and ~v*(¢g), with virtualities ¢ = —Q% and ¢} = —Q%, in the
high energy region where the center-of-mass energy /s = /(¢4 + ¢g)? is much larger than
@4, @p. We also suppose that the photon virtualities are in turn large with respect to
the QCD scale AZQOD, so that the process occurs at short distances (much smaller than
Ac_gch ~ 1 fm) and QCD perturbation theory applies.

We work in a reference frame in which the incoming photons have zero transverse mo-
menta, and are boosted along the positive and negative light-cone directions. For a four-

”

momentum p*, we define the “4+”7 and “—” momentum components p*, p~ as

pr=(p"£p%) V2 (2.1)

The incoming photon momenta are parametrized as follows in a notation where ¢* =

(q+7 q QT):
Q%4 Qs _
4= (q;{a—mao . 4= —an&o : (2.2)
Here the “4+” and “—~” components ¢}, q5 approximately build up the total energy s, and

are much larger than the initial virtualities
2qkqp ~ s> Q4,05 - (2:3)

The Born contribution to this cross section is given by the high energy approximation
to the reaction



7(q4) +77(g8) — q(pa) + q(pa) + q(ps) + 4(pB) (2.4)

in lowest order perturbation theory. The corresponding diagrams involve the exchange of
two gluons between the two quark-antiquark pairs [12], and are exemplified in Fig. 2.
We parametrize the outgoing quark momenta as

pfjl = (ZAq,-LZAqéva) ’ p% - (Z/BQX,Zqu7pB) , (25)

and denote by k* the exchanged gluon momentum.

In the high energy limit defined by Eq. (2.3), the kinematic region which dominates
the integrations is the one in which the transverse momenta flowing in the loops are of the
order of the initial virtualities, and the light-cone components of the exchanged gluon are

suppressed with respect to the transverse momenta by a quantity of order @ 4/+/s or Qg/+/s,
so that k% ~ —k%

Ga== [ ga—

Pat— i

dp—> Dp S qp—
FIG. 2. One of the two-gluon exchange graphs contributing to the high energy v*y* cross

section in the Born approximation. The gluons can be attached to the quark lines in 2* different
ways.

The squared amplitude for the graph in Fig. 2, integrated over the final quark and
antiquark phase space, for fixed transverse photon polarizations ¢4, ¢p, is given by

2 d*k dpsy dipp 1 ) )
ME = [ G Gy e g 275+ 08) 278 b) X (26)
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Here €,, e, are the electric charges of the quarks in units of e = v/4 7 o, and the indices a, b
run over the light quark flavors, u,d, s. (The flavors ¢, b need a separate treatment.) In the
high energy approximation this amplitude takes the form
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[4z5(1 — zB)ep - pe eB - (pB — k) —pB - (PB — k)]
[z (1 = 28) Q% + (pB — k)] [28 (1 — 2B) Q% + P
See Appendix A for details of this calculation.

The amplitudes for the other graphs, in which the gluons are connected to different
fermion lines, can be derived from Eq. (2.7) by using the replacements

(2.7)

S
24 (0= 20) QA+ (pa + )] = == |24 (1= ) Qi + i (2.8)
in the denominator, and
S
(pa+ k) — — = pa (2.9)
Za

in the numerator. (Analogous replacements hold for the momentum components of the
quark pg). In addition, the contribution from the graphs in which the quark and antiquark
lines are interchanged can be obtained by symmetrizing the above expressions with respect
to pa — pa + k (and, analogously, pg — pg — k).

We add the graphs, and divide by 2 s to form the 4*~* cross section

1 2
o). = TPLAE (2.10)
We find
Pk

1
oA, Q4 Qheaen) = 5 [ Gk Q% ea) G(=kiQben) - (211)

(k)2

The factors 1/ (k2)2 in this formula come from the gluon propagators. These factors multi-
ply functions G(k; Q*, ), which describe the coupling of the exchanged gluon to the quark-
antiquark system created by the virtual photon with virtuality )? and transverse polariza-
tion e. The explicit expression for G is

G(k; Q% 2) = daa, (zq:eg) / d;—p /01 dz (2.12)

X{W—sz(l—z)(e-p)?]_ P (pt k) —42(l —2)c pe-(pt )] }
Pte(-2QF [+ (-2 +=01-2)¢]

The functions GG can be thought of as “color functions” of the virtual photon since they

describe the color flow in the ¢q states. From the point of view of light-cone perturbation
theory [13], they correspond to the coupling of the null-plane photon wave function to gluons.

In the remainder of this section we discuss the case of the average over the two transverse
photon polarizations. The detailed polarization dependence of the color functions ' and

6



the associated polarization asymmetry in the cross section are treated in Sec. III. By taking
the polarization average

1 1
5 S MW L Zg (2.13)
A

G (k*/Q%) = % S Gk Q% W) (2.14)
A
We find

G1(K*/Q%) =10 a, (Zq:eg) / ? /Oldz[22+(1—z)2]

x[ P’ _ p-(p+Fk) ]
P +2(1—2)Q) [(p+E)?+2(1-2)Q) [pP*+2(1—2)Q7

(2.15)

Each one of the two p-dependent terms in the integrand of Eq. (2.15) would lead to an
ultraviolet divergent integral, but the divergence cancels in the sum, illustrating that the
gluon does not couple to the color singlet ¢g system in the limit p?* — oo. The photon
virtuality Q? regularizes the denominators in the infrared region, p? — 0. In the limit of small
()?, the probability density P,/.,(z) = [2* + (1 — 2)?] /2 for the splitting of a transversely
polarized photon into a quark-antiquark pair (v — ¢q) correctly factors out in front of the
logarithmic singularity dp?/p* associated with the region of strong ordering Q* < p* < k2.
By introducing the Feynman parametrization

1
[(p+ k)24 2 (1= 2) Q% [p? +2 (1 —2) Q¥

2(1—\)
_/ _ (2.16)
DA+ 2(L—2) Q2+ A (1 — Nk

and carrying out the integration over the shifted transverse momentum variable p’ = p+ A k
in Eq. (2.15), one can obtain the following useful representation of the function G(k*/Q?)
as an integral over two dimensionless variables:

(K /Q%) = 2aa, (ijeg) k2/ / i) 1_1;)2)2 L[i(f_(lz)_gz)] . (2.17)

This representation explicitly shows that the distribution (kz)_l G1(k*/Q%) is symmetric
under interchange of the space-like boson virtualities k* and Q% In the configurations
in which one of the virtualities is much smaller than the other one, this distribution is
logarithmically enhanced. More precisely, we find

2 2 Q* k? 2 2
k2 Gk Q%) ~ daa, (Zeq) ——lnﬁ [1—%(’)(@)] , F<Q” o, (218)

q



2 k2 Q2 2 2

where the coefficient in front of the logarithm is given by the first moment of the splitting
density

Aldxp?+u—xf]:§ . (2.20)

The logarithmic behavior at small k? comes from the region k* < p? < @Q?. Here the
quark transverse momentum is much smaller than the photon virtuality, and the quark
longitudinal momentum fraction is very small, z < 1 (or (1 — z) < 1). This region is
sometimes referred to as the aligned-jet region, and corresponds to configurations in which
the ¢q system fluctuates to large sizes [14]. Note that while for the case at hand of the y*~+*
total cross section this region contributes only a logarithmic enhancement, for the case of
non-inclusive processes, such as processes involving rapidity gaps, this is expected to become
the dominant contribution [15].

The integration over the parameter A in Eq. (2.17) can be explicitly performed. This
yields

Ch(n) = 200, (263) [ (1—%)

URRIE: (WH +f) 1]
nn+€) Wi HE= |

(2.21)

where we have introduced the variables

E=4z(1-2) , n=k/Q? : (2.22)

In Fig. 3, we report the result of the numerical evaluation of the integral (2.21) by plotting
the function Gy versus n = k*/Q?.

The unpolarized 4*~4* cross section to Born order, @, can be obtained by inserting
the result for the function GGy in the general formula (2.11). It is convenient to use the
representation (2.17) of (1. By substituting this representation in Eq. (2.11), and carrying
out the integration over the gluon transverse momentum k, we obtain

S

(0)(8,62?4,@%) _ 20 « ( qeq) /01 dz [2124 +(— ZA)2:| /01 ny [)\124 (- )\A)z]

<[ e [ (1= 2] [ s [+ (1= )]

In[Q% za (1 —2za) A (1 = Ag)/(Q% 2B (1 — z5) Aa (1 — A4))]
Q%241 —24)Ap (1 = Ap) = Q% zp (1 — 2zB) Aa (1 — Aa)

This formula provides an expression for the cross section in the large s limit in terms of

(2.23)

dimensionless integrals, which allows us to study the dependence on the energy and mass
scales. To this order in perturbation theory the cross section has a constant behavior with
the energy s. The cross section depends on the mass scales Q% and Q% only. Factoring out
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an overall scale factor p™' = 1/Q4 Qp in Eq. (2.23), we are left with a function of the ratio
r = Qa/Qp. This function can be computed by performing numerically the integrations
over the dimensionless variables z’s and A’s. The result is plotted in Fig. 4.

When the ratio r is of order 1, the cross section @ scales like the product of the two
photon virtualities, with a mild dependence on their ratio (the derivative of & with respect
to r at fixed p is zero at r = 1)

(O)Np_lzl/(QAQB) , r~1 . (2.24)

Q

When, in contrast, the two virtualities are widely disparate from each other, either r > 1
or r < 1, the function p7® has a strong dependence on r, vanishing linearly (modulo
logarithmic enhancements) with either r=' or r, respectively. This provides the overall
change of scale in the cross section

70~ 1/Qh . QA> QY (2.25)

7% ~1/Qy . QE>Qh% (2.26)

We will come back to this later on and examine the details of these behaviors numerically

(see Sec. VII).
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FIG. 4. The high-energy v*+* cross section in the Born approximation as a function of the ratio
(Q4/Qp between the photon virtualities. The solid line is the unpolarized cross section, rescaled
according to & = Q4 Qpa”/ (16 o af ()2, 63)2). The dashed line is the polarization asymmetry

discussed in Sec. III (see Eq. (3.12)), multiplied by 10°.

I1I. POLARIZATION DEPENDENCE

We now study the dependence of the color functions G and of the photon-photon cross
section on the polarization of the virtual photon. Working in the frame defined by Eq. (2.2),
and denoting by u, v the lightlike unit vectors

v=1(1,0,0) , v=(0,1,0) , (3.1)
we introduce the following decomposition of the polarization tensor for the photon ¢4:

i i Q> GA, Vv T Vuqa,
— G = Y (qa)el(qa) — mv“ v, — 2L pldy (3.2)

i=1,2 qa v

The index ¢ in the first term in the right hand side of Eq. (3.2) runs over the transverse
polarizations. We describe these polarizations by using the linear basis

eilqa) =0, ,i=12 . (3.3)

From the second term in the right hand side of Eq. (3.2), we define the longitudinal polar-
ization vector as

enlqa) = U - (3.4)



The last term in Eq. (3.2) does not contribute because of current conservation. We thus
have

g = Y caa)chan) — chlaa) chlaa) + {gauge terms} . (3.5)

1=1,2

Formulas analogous to Eqgs. (3.2)-(3.5), but with v* replaced by u*, hold for the photon ¢z.
Let us first consider the case of transverse polarizations. It is convenient to introduce
the tensor amplitude G** by rewriting Eq. (2.12) in the form

Gk Q%) =" (kQ") euen (3.6)

The explicit expression for G** can be found in Appendix A. For polarization indices a,a’ =
1,2, L we also introduce the notation

grr el e, =G . (3.7)
We can parametrize the transverse components of the tensor G** in terms of two scalar

functions G and Gy

G (kQ%) = 8" &(k?/@?)—(kz —%6“)%(%/@2), =12 . (38

The function Gq represents the unpolarized color function, which we have discussed in the
previous section (Eqgs. (2.14), (2.15)). The function G carries the information on the
polarization dependence. Its explicit expression is

(K 1QY) = 40 (263) / dsz /Oldzﬂxz(l—z)
[_ p*=2(p-k)* /K p-(p+k)=2(p+k) -kp-k/k ]
P2+ 2(1-2)Q1 [(p+k)3?+2(1—-2)Q% [pP*+2(1—2)Q%

The integrals in Eq. (3.9) can be handled using the same procedure as in the unpolarized
case:

(3.9)

Gy (K2)0?) = 16 a oy (Ze) k2/ dz/ d\ (1A_(i) kar 2(11__22) o (3.10)

2o () [ e - i (GG

where we have used the variables defined in Eq. (2.22).
Correspondingly, the cross section for scattering transversely polarized photons,
Eq.(2.11), can be decomposed as

0yee (5, Q% Qo en) = 7(s, Q4, Q) [1 + (2(ca-e8) — 1) A(5,Q%,Q%)] . (3.11)

The polarization average & has been given to order a? in the previous section (Eq. (2.23)),

and the asymmetry A to the same order o? is given in terms of the color function Gy as

11



1 1 d*k 1
Ao @408 = oy 167 | 5 e GV GRIQY) - (312)

Numerical results are reported in Figs. 3 and 4, where we plot Gy versus n = k?/Q?,
and show the dependence of A on the incoming photon virtualities. Unlike Gy, G5 is not
logarithmically enhanced in the regions k? < %, k* > Q*. This is related to the fact that
the splitting function associated with (G5 has zeros at the endpoints of the spectrum in the
longitudinal momentum fraction, z = 0 and z = 1 (see Eq. (3.10)), whereas the unpolarized
splitting function goes to a finite constant. The asymmetry A associated with the photon-
photon scattering process, calculated here in the Born approximation, contributes to the
asymmetry Ay in Eq. (1.1) at the level of the et e™ scattering. Numerical results for the
et e™ process will be given in Sec. X.

We now move on to the case of the longitudinal polarization. Let us consider the
longitudinal-longitudinal color function:

GIl =grv cbel (3.13)

Following the lines of the calculation described in detail for the case of transverse photons,

we find

GH (K /Q*) =4aa, (Zez) / djr_p/ol dz4z2* (1 —z)?
oy — @

— . 3.14

P +0-9QT T t=0- QP10 o
This contribution equals the color function i3 given above. This can be seen by introducing
an integral over a Feynman parameter A, then integrating over the transverse momentum p

in Eq. (3.14). We get

G (R QY) = 160 a, (qu eg) 2 /01 dz /01 d\ A(li(i);jfﬁl__i) gi =G - (319)

As noted above, (¢ has no logarithms at small k%, This corresponds to the absence of
aligned-jet terms for longitudinally polarized photons [15]. Contributions from longitudinally
polarized photons enter the et e~ cross section (1.2). They will be included in the numerical
estimates that we give in Sec. X.

Finally, we consider the interference contribution between longitudinal and transverse
polarizations:

Gt =Gghi=grr S i=12 (3.16)

In the high energy approximation in which we are working, this contribution vanishes. This
can be seen explicitly by writing the color function in the general form

G = GPO= Ga(R Q) Kl (3.17)

and computing the invariant function G5. We get

12



Ga(k2/QY) = 160 a, (zq:ej) kQ /01 dz /01 )\ A;(ll—_i))zgi—;()l(;)?&) —0 . (3.18)

Interference terms of the kind in Eq. (3.17) would give rise to the asymmetry A; (see
Eq. (1.1)) at the level of the et e™ scattering process. We thus see that this asymmetry
vanishes in the high energy approximation.

IV. SUMMATION OF LEADING LOGARITHMS

We have seen that the two-gluon exchange mechanism gives rise to a constant v*v* total
cross section at large s, 0(%(s, Q%, Q%) ~ a?a? f(Q%,Q%). To higher orders in perturbation
theory, the iteration of gluon ladders in the ¢-channel promotes this constant to logarithms,
and the perturbative expansion of the cross section at high energy has the form

Oy ~ 0O TN ap (o, D)+, L=1In(s/Q%) (4.1)
k=1

where ()% is a scale of the order of the initial photon virtualities, the sum represents the
series of the leading logarithms to all orders in the strong coupling «;, and the dots stand
for non-leading terms.

To study the high energy behavior, it is convenient to analyze the cross section in its
Mellin-Fourier moments, defined by

a4100 dN
o5, Q% Q%) = [ Nt

a—ico 271

on(Q%. Q) (4.2)

where the N-integral goes along a contour parallel to the imaginary axis and to the right
of any singularities in on. We see from this definition that a constant behavior of the cross
section with the energy s is generated by a simple pole in the moments on at N = 0, while
powers of logarithms are generated by multiple poles at N = 0. The inverse of (4.2) is

-N
@@z = [0 (5) Asenan (1.3
o s \Q

To sum the leading logarithmic terms, the basic observation of BFKL [1] is that the
logarithms arise when multiple soft gluons are emitted into the final state. These gluons
have transverse momenta k; of the same order as ()4 and (Jp and have strongly ordered
rapidities, lying between the rapidities of the quarks in photon A and the quarks in photon
B. Along with emission of real gluons, one also includes the exchange of corresponding
virtual gluons.

Fig. 5 illustrates how the two gluon exchange graph of Fig. 2 is generalized to allow for
multiple gluon emission. The quarks comprising photon A couple to a gluon with momentum
ki, while the quarks comprising photon B couple to a gluon with momentum kj. Gluons
can be exchanged or emitted into the final state inside the subgraph labeled F. In fact,
the gluons that carry momenta k' and kJ are, in general, combinations of soft gluons that
carry a net color octet charge, that is, reggeized gluons [1]. From a kinematic viewpoint,
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we can treat these as being equivalent to ordinary perturbative gluons. We consider the
unpolarized v*~* cross section and adopt the following notation for the diagram in Fig. 5:

d*ky 0

7Tk124 —q

o5, Q% Q3) = | T J(=hE g ks %) (44

A

) _
<[ S [ 0 ks Q) GO K ks )
kg Jo
Here G represents the four-point Green function for gluons k4 and kg, while the functions
J represent the quark loops. We have made the following approximation. We note that the
quark loop for photon A depends sensitively on the minus component, &k, of the momentum
that enters the quark loop via gluon A. On the other hand, the quarks in photon B have
very large minus components of momenta. Furthermore, because of strong rapidity ordering,
all the other gluons inside of F have minus components of momenta that are much larger
than £7. Thus we can neglect £ everywhere except in the quark loop for photon A. Then
we include the integration over k3 in the definition of J(—k%/qf, —ka;Q%). Similarly we

neglect k% everywhere except in the quark loop for photon B and we include the integration
over k} in the definition of J(kg/q5, ks; Q%).

dp— | qp—>

FIG. 5. Factorized structure of the virtual photon cross section in the high energy limit.

Consider Eq. (4.4) specialized to the case of two gluon exchange. The approximate gluon
four-point function G is trivial in this case:

Go(kh, kg, ka,kp) == 8(ks — kp) (k%) 6(kp) . (4.5)

[N

We identity

J(0,—ka; Q%) = Gi(K3/Q%) . J(0,kp; QF) = Gi(kp/QF) - (4.6)

Then we recover the earlier result (2.11).
For a generic term in G, the transverse momenta k4 and kp are independent variables,
while the factor §(k%)é(kg) turns into 1/(k}kg). Taking moments with respect to s and
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changing integration variables to £4 = —k1/q}, &g = k5 /q5 and X\ = £4Ep5/Q? gives the
structure

(@4 Q) = [ T [N e~k Q) (4.7

/ dsz 1 de

k%

< dA
& (o ke Qh) [ 5 AT HOQ" ks k)

Having evaluated H at some fixed perturbative order, we are interested in the poles of on
at N = 0. There are poles from the small £4 and £p ends of the integrations over £4 and
¢p. To evaluate on without losing any powers of 1/N, we approximate

J(Eas—ka; Q%) — J(0,—ka; Q%) = Gh(K3/Q%)
J(€p, kp; Q) — J(0,kp; Q) = G1(kE/Q%) - (4.8)

The pole associated with the integration over {4 can be thought of as arising from the
integration over the rapidity of the final state gluon with the largest rapidity. Almost all
of the momentum fraction £4 is taken by this gluon. Since, in the leading logarithmic
approximation, this gluon has a rapidity that is much less than that of the quarks in photon
A, the momentum fraction €4 is negligible compared to 1. Similarly, the pole associated with
the integration over £ can be thought of as arising from the integration over the rapidity
of the final state gluon with the most negative rapidity. The poles from the large A end of
the integration over the function H can be thought of as arising from integrations over final
state gluons with intermediate rapidities.
The leading logarithmic result can thus be written in the form

d*k d*k
on(@4Qh) = [ T [ F GURIQN) Ax(k k) Gi/QY (1)

where Fy(k%, k%) is the BFKL function that describes the interaction of gluons with fast
moving colored systems moving in opposite directions and obeys the BFKL equation [1]. It
is normalized so that at order a2 we have

1
FOK k) = 5 — 80K — k) (4.10)

1
2N

The solution to the BFKL equation can be written to all orders in «; in the form

1/2+ic0 d’y k2 y=1/2 1
K. k) / ~ = 4.11
Flka k) 1/]g2 k3 J1/2-ic0 27 (kz) N —a,x(7) ’ ( )
where
@SZOéSCA/TF , CA:3 . (412)

The function x(7) is determined by solving the eigenvalue problem for the BFKL kernel and
is given by
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X(Y) = 29(1) = p(y) = (1 =) : (4.13)

with i being the Euler ¥-function.

The BFKL function (4.11) has poles at N = 0 order by order in perturbation theory.
Eq. (4.9) shows that the poles in the v*~4* cross section are generated from the ones in
Fn by integrating the color functions over k. While these functions are specific to the
off-shell photon probe, the function F is universal. The same function contributes to the
small @ behavior of the cross sections in hadron-initiated processes [16] via the high energy
factorization formulas.

By inserting the representation (4.11) in Eq. (4.9), and scaling out the dependence on
the photon virtualities, we get

2 N2y _ 1 1ztico dy Q% i 1
on(Q4, Q) = 570108 /1/2_2,00 9 (Q—%) WW(V)WO -7

(4.14)

where Vi(7) is defined as the following &, -transform of the photon color function G

= [0 (g—) G (L.15)

The explicit expression of the function Vi(7) can be determined by using the represen-
tation (2.17) and performing the integral transform. The result reads

v (52} 2=, (), (1 =)
= e (S4) TR G (4.16)

q

Eq. (4.14), together with the explicit formulas (4.13), (4.16), gives the leading logarithmic
result for the moments of the v*~4* total cross section. It sums the 1/N poles to the accuracy
(a?/N) x (ay/N)¥, for any k.

The lowest order perturbative contribution, & = 0, can be recovered from the summed

formula (4.14) by expanding the denominator (N — a; X(’y))_l to the zeroth order in ay,.
The simple pole N=! is the Mellin transform of unity, and one can check numerically that
the y-integral

27 Q4 Qno(Q4. Q%) = [

1/2—ico 2T

1/24i00 d~ (Qi

N—1/2
Q%) Vi) Vil = 7) (1.17)

agrees with Eq. (2.23) and Fig. 4.

In general, multiple pole contributions 1/N**! to the cross section are obtained by re-
taining higher orders in the as-expansion of Eq. (4.14). We see that the general structure
of the coefficients of the leading logarithmic series comes from both y(v) and Vi(v): the
former is a universal function associated with the BFKL pomeron, while the latter describes
the coupling of the pomeron to a specific physical source.
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A. Energy dependence

The total cross section is obtained from Eq. (4.14) by taking the inverse Mellin-Fourier
transform (4.2). By evaluating the N-integral from the residue at the pole N = a; x(7),
one gets

1 1/24ic0 2\ 7-1/2 B as x(7)
o(s,Q%, Qp) = 970405 /1/2_2,00 2—731 (g—g) (@) Vilpvi(l =) . (4.18)

Note that this result depends on two mass scales, the scale u? in «, and the scale Q) in
the high energy corrections, whose reliable determination would require a next-to-leading
analysis. We discuss the uncertainties in the leading log result associated with these scales
in Secs. V and X.

In the limit s — oo the integral (4.18) is dominated by the region near v = 1/2, where
the function y has a saddle point. In the saddle point approximation one obtains

P Vi(1/2) (L)M(m) 410
( 7QA7QB)—27TQAQB \/27'(')(”(1/2)@5 1H(S/Q2) Qz ’ ( . )

with

x(1/2) =41n2~277 , Vi(1/2) =97’ a, (Z eg) /8, xX"(1/2) = 28((3) ~ 33.66 .

q

(4.20)

Eq. (4.19) shows the asymptotic power behavior characteristic of the QCD pomeron, s*

with A = a, x(1/2) ~ 2.65 as;. The pre-factor that determines the normalization of the
asymptotic cross section, on the other hand, depends on the off-shell photon probe, and is
controlled by the value of the function Vi(v) at v = 1/2.

It the two photon virtualities are significantly far apart, corrections of order
In(Q3%/Q%)/(as In(s/Q?*)) need to be taken into account when one calculates the large
s limit. In this case, one finds that the position of the saddle point is shifted to
v~ 1/2 = In(Q4/Q%)/ (as x"(1/2) In(s/Q?)). Apart from corrections in the pre-factor,
the net effect of evaluating the integral (4.18) around the shifted saddle point is to multiply
the expression in the right hand side of Eq. (4.19) by the factor

__ In*(Q4/Q%)
2x"(1/2) a; In(s/Q?)

exp

(4.21)

The cross section acquires a gaussian modulation in In(Q%/Q%) with a width that grows
like In s.

In the general case, the integral (4.18) can be performed numerically. In Fig. 6 we show
the result as a function of s/Q? for a given choice of the values of the photon virtualities and
the strong coupling. For comparison we also plot the saddle point formula. As the energy
increases the two curves get closer. However, in the range considered, the sub-asymptotic
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FIG. 6. The s/Q* dependence of the v*4* cross section. We take Q% = @Q%, a, = 0.2, and
divide o by the Born cross section.

contributions are still significant (about 50% at ?/s ~ 107, 25% at Q*/s ~ 107%). The
large size of the corrections to the saddle point approximation can be mainly traced back
to the fact that the function Vi(7) itself is rather sharply peaked around v = 1/2. This
is illustrated in Fig. 7, where we see that, for instance, for a, = 0.2 and s/Q? = 102, the
width of the pomeron factor is still not small compared to the width of the factor associated
with the off-shell photon color function. This effect accounts for most of the shift in the
normalization of the cross section between the asymptotic and exact evaluation of the leading
logarithmic sum.

B. Summed results for the asymmetry and the longitudinal cross section

Using the same method described above for the cross section averaged over the two
transverse photon polarizations, one can derive summed results for each photon polarization
(1,2, L) and for the polarization asymmetry A. Denoting by «a, a’ and b, b’ the polarization

indices for photons ¢4 and ¢p, we write the factorization formula for the moments of the
aa’,bb’

polarized cross section oy 7" as
aa! bb! d* k d* k ) ~ )
o Q4 Q) :/ kQA / kQB G (ks Qa) Fn(ka k) G (kp,@B) . (422)
TR TrB

The colorjunctions (G have been discussed in Sec. III. The full solution for the Green’s
function F of the BFKL pomeron reads [1]
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FIG. 7. The BFKL pomeron factor exp [a, (x(7)— x(1/2))In(s/Q?)] and the photon factor
Vi(y) Vi(1 = v)/VE(1/2) (normalized to the saddle point) along the contour of integration in
Eq. (4.18). We parametrize this contour as v = 1/2 4+ iA. We take o, = 0.2, and show the
BFKL pomeron factor for two different values s/Q* = 10%, s/Q* = 103.

= 1 T p1/2+ic0 1 2\

Fn(ka, kp) = ——=—= / e (—‘2“) elm(9a=98) (4.23)
2m k124 k% m=—oco 1/2—ico 2re N — Qs Xm(’}/) kB

with
Xm(7) = 20(1) =y + [m]/2) =1 =~y + |m|/2) . (4.24)

The function F in Eq. (4.11), relevant to the case of the unpolarized cross section, is given
by the term m = 0 in Eq. (4.23).

Consider the product ¥ = @A of the asymmetry times the averaged cross section, with
the asymmetry A defined in Eq. (3.11). Due to the azimuthal integration only the terms
with m = +2, -2 in Eq. (4.23) contribute. Substituting the color function Gy (see Eq. (3.8))
in Eq. (4.22), one finds for the N moments

1 2+ico d~ [ Q2 v-1/2 1
Z 2 2 — / 0 _A _ 1 -
(@4, @) 167 QaQB Jij2—icc 270 (Q% N — a;s x2(7) V2(7) Va(l =) ’

(4.25)

where V5(v) is defined from the k) -transform of the function (G5 analogous to (4.15), and
has the expression
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— 97raa 62 7(1+7)7(2_7)7(7)7(1_7)
Vilr) =2 S(Z ) B=24).03/247). 62— (4.26)

g
By inverse Mellin-Fourier transformation, one obtains the summed formula for the asymme-
try in the energy space:

1 1
7(s,Q%, Q%) 167 Qa Q5

2tico d~ [ Q% mHZ o ()
27 \ Q% 0? 1 - 4.2
: /1/2_2»00 27 (Q% 0’ Ve Vel =9) o (4.27)

Als,Q%,Qp) =

where 7 is given by Eq. (4.18).

As in the case of the unpolarized cross section, the asymptotic behavior in the limit
s — oo is determined by the saddle point approximation to the integral in Eq. (4.27). In
this case we observe a negative power law with the energy s, controlled by the value of y5 at
the saddle point, y2(1/2) = —4(1 —In2) ~ —1.23, indicating that the angular correlations
between the two photons tend to be washed out when BFKL pomeron exchange dominates.

The contributions to the photon-photon cross section from longitudinally polarized pho-
tons are given by formulas analogous to Eq. (4.18) in terms of different combinations of the
functions V; and V5, and the same function y:

1 1/24ic0 Q2 VL2 o\ Fex()
(LL) 2 02y = — — / 47 [=a = Vol Vol —
g (S7QA7QB) QWQA QB 1/2_2,00 27TZ (QQB) Q2 2(7) 2( 7) 9

o(s,Q%,Q%) = o' D(s,Q%, Q%)

L e dy (Q) v=1/2 (i)asx(w) )
C 27QaQB /1/2—2'00 27 (Q%) Q2 Vi(y) Va(l =) . (4.28)

Unlike Vi(7) in Eq. (4.16), V5 has simple poles at v = 0,1 (instead of double poles), cor-
responding to the non-logarithmic behavior of the color function Gy at k% < Q?%, k* > Q*
noted in Sec. III. Replacing functions V; by functions V5 accounts for the different size of
the longitudinal cross sections with respect to the purely transverse one. Roughly, one finds

o)~ 0.05 D | oTD) 0.2 T (4.29)

Y

V. SCALE DEPENDENCE AND UNCERTAINTIES OF THE LEADING
LOGARITHMIC APPROXIMATION

The result (4.18) for the v*~* cross section depends on two mass scales which cannot
be determined in a leading logarithmic analysis: the mass p? at which the running coupling
a, is evaluated, and the mass Q? that provides the scale for the high energy logarithms.
The former can be thought of as being associated with the integrations over the transverse
momenta in the loops contributing to higher order diagrams, while the latter stems from the
longitudinal integrations. A reliable determination of these scales would require a next-to-
leading order calculation. Lacking this, we provide here qualitative arguments to relate these
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scales with the physical hard scales of the problem. In Sec. X we will use these relations to
examine numerically the dependence of the cross section on the scale choices.

A possible choice of the scale p? in the strong coupling is based on the prescription of
Ref. [17]. To apply this prescription, we consider the lowest order gluon exchange contribu-
tion, which we have discussed in Sec. II. This is given (see Eq. (2.11)) by the integral in dk?
of two G factors, each of which is proportional to oy, G = as(p?)G. We first compute the
quark loop contribution to the gluon propagator, renormalized in the MS scheme:

(k?) = Bo [In(k*/u?)+C] (5.1)

where (3, = —1/(6 ) is the contribution to By = (33 —2 N;)/(127) from one quark loop, and
C = —5/3. Inserting a quark loop into the gluon propagator in the lowest order diagram
amounts to replacing a,(u?) by

(1) [1 = foas(p?) In(k* e /%] (5.2)

(as in [17] this can be regarded as a contribution to an effective coupling a.;;(k?)). Now,
following [17] we choose the scale u? so that the quark loop contribution vanishes after
integrating over k?:

b <Zk> G(K*/QA) G(K*/Q) n(k* e /u*) =0 . >3

This is the same procedure that applies in the case of the abelian theory. Using the repre-
sentation (2.17) for (&, we are led to calculate an integral of the form

/°°dk2 1 1 | (kzec)
n
0 )\A(l—)\A)kz—I-ZA(l—ZA)Qi )\B(l—)\B)kz—I-ZB(l—ZB)QQB ,u2
(5.4)

Exploiting the symmetry of the integrand under the transformation k?/Q4 Qp — Q4 Qp/k*
and interchange of the variables z4 < Ag, zp <> A4, one can show that the condition (5.3)
is satisfied by

/LQZCMQAQB , cM:e_5/3 . (5.5)

Note that, when the two photon virtualities Q% and Q% are far apart from each other, the
prescription [17] picks out a scale for as which is neither of the order of the big virtuality nor

of the order of the small one, but rather is proportional to the geometric mean 1/Q% Q%. The
value of the proportionality coefficient ¢, in Eq. (5.5) is specific to the subtraction scheme
(MS) chosen to define the quark loop insertion.

The argument given above applies to the factors of ay that appear in the Born ap-
proximation to the high energy cross section. The result (4.18), however, also contains a
dependence on the running coupling through the higher order factor s“<X associated with
the solution of the BFKL equation. For the scale in «, in this case one does not have such
a simple argument as the one described above. For the numerical estimates in Sec. X we
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will make the assumption that the same value of u? also controls the running coupling in
the BFKL factor. In Sec. X we will check the numerical effect of varying this scale.

We now consider the mass Q? that provides the scale for the large energy logarithms
(avs ln(s/QZ))k (see Eq. (4.1)). To estimate this scale, we observe that the rapidity of gluons
exchanged in the rungs of the BFKL ladders should lie between the rapidity y4 of the quark
pa (produced by the photon ¢4) and the rapidity yp of the quark pg (produced by the
photon ¢g). This gives rise to integrations over the rapidity intervals

ya
dy =yas—yp . (5.6)
yB
The logarithms of the energy s are generated precisely by these integrals. Estimating the
size of the rapidity intervals thus allows us to estimate the scale Q2.
Expressing the “4+”7 and “—” momentum components of the quark p4 as

2

o
ph=zaq} pA==2Lﬁ : (5.7)
Pa

we write its rapidity as
1 + 1 922 (g1)2
M:—m(¥>:—m(i%%l) . (5.8)
2 Pa 2 D1a
Similarly, for the quark pg we have
1 T 1 22% (g5)*
yp = —In (p—]f) =——In (M) . (5.9)
2 Pp 2 P1B
Taking the difference between these rapidities gives

ya—yp=1In (7214 5 ) : (5.10)
[pLallpLBl

The average transverse momenta p, 4, p; g carried by the quarks are of the order of the
photon virtualities ()4, ()p. For the longitudinal momentum fractions z4, zp, we assume
a typical maximum value of the order z,,, ~ 0.1 in the high energy region. Using these
estimates, we obtain

2

yA—szm(gfgi) : (5.11)

We thus identify the scale

Q2 = CQ QA QB Y CQ = 1/Z’r2nax = 102 ‘ (512)
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VI. LIMITATIONS ON THE BFKL POMERON APPROACH AT VERY LARGE
ENERGY

The transverse-momentum integrations in the factorization formula (4.9) are dominated
by values of the order k5, k3 ~ Q? (for the purpose of this section we will take Q% ~ QF ~
@*). As a result, for sufficiently off shell photons the dominant contribution to the cross
section comes from short distances, and the evaluation of Eq. (4.9) gives rise to a finite
result in perturbation theory. However, there are limitations on the perturbative treatment
which are intrinsic to the BFKL equation. These limitations come from the region of very
high s. Although an accurate understanding of these effects is an open problem [18] that
goes beyond the scope of this work, one can nevertheless make some rough estimates. We
discuss them in this section.

It is known from the structure of the BFKL equation that, even if the incoming k%, k%
are large, say, k%, k3 ~ Q?, the typical transverse momentain the gluon ladders contributing
to the function Fn(ka, kg) (see Eq. (4.11)) may diffuse away from ()* as the energy becomes
very large. The diffusion coefficient in In £% can be read directly from the asymptotic solution
to the BFKL equation (or, equivalently, from the exponential term (4.21) in the v*~* cross
section) and is given by

paisy =2x"(1/2)a, In (s/Q%) (6.1)

As a result, the distribution of the transverse momenta in the BFKL ladders is a gaussian
in In k* centered around )* with a width proportional to pg;;; [19]. With increasing s the
distribution broadens, and one becomes sensitive to the region of small transverse momenta.

A self-consistency check of the perturbative treatment requires that the contribution
from transverse momenta of the order of Agep be suppressed. In order to keep away from
momenta of this order one has to have

In*(Q*/A%)/ (2x"(1/2) &, In(s/Q%)) 21 . (6.2)

Identifying o, with the strong coupling evaluated at the scale @2, a; ~ (S 1H(Q2/A2))_1,
one gets

a,(Q%) In(s/Q*) S 1 /aX(Q?) | cr=m/(2x"(1/2) B2 Ca) = 1/30 . (6.3)

For any given @2, this can be read as an upper bound on the domain of energies s in which
we expect the perturbative approach based on the BFKL pomeron to be reliable. Observe
that, for small values of as, this is not so stringent a constraint. However, because the
BFKL function y has a large second derivative at the saddle point, the numerical value of
the coefficient ¢; is small. Therefore, the limit (6.3) may become relevant unless )* is very
large.

The BFKL equation is also known to give rise to violation of the unitarity bound at
asymptotically large energies. The growth of the cross section predicted by the BFKL
equation cannot continue indefinitely, and unitarity corrections must arise to slow it down.
Roughly, these effects are expected to become important when the calculated cross section
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is bigger than the naive geometrical cross section 1/Q?. A careful discussion may be found
in Ref. [20]. The simplest estimate, o < 1/Q?, yields, using Eq. (4.19),
!

s &sx(1/2)<
V27 X"(1/2) @, In(s/(Q2) (@) ~1 (6.4)

where we have neglected factors from the term in V4(1/2) in Eq. (4.19). Assuming, as we

2
5

did before, o, to be evaluated at the scale (), we can write

,(Q%) In(s/Q%) S ez In(1/05(Q%)) + A . e =7/(Cax(1/2))~1/3 . (6.5)

In the term A we collect contributions arising from the factor in the square root in Eq. (6.4)
as well as from the factor V] in Eq. (4.19).

The different functional dependence on «; in the right hand sides of the inequalities
(6.3) and (6.5) implies that, for small enough values of s, the unitarity limit (6.5) is more
stringent than the diffusion limit (6.3). This suggests that for sufficiently high @? it should
be possible to study unitarization in a purely perturbative context [20].

On the other hand, the coefficients ¢; and ¢y are significantly different in size. This
may make the two bounds (6.3) and (6.5) rather comparable for moderate values of Q2.
In addition, inspection of Eqs. (4.19), (6.4) suggests that the term A in Eq. (6.5) is not
necessarily negligible, and may contribute to push the onset of unitarity corrections further
away.

te~ colliders, we observe that

As to the impact on experimental studies at future e
unitarity corrections should set in when the cross section has grown to be much larger than
the Born value ~ o?/Q?% At a future ete™ collider one may thus expect to see the rise of
the cross section with s/Q?*. Possibly, one may see this rise slow as unitarity corrections

become important [10].

VII. VIRTUALITY DEPENDENCE AND RELATIONSHIP WITH DEEPLY
INELASTIC SCATTERING

If we let Q% be much larger than Q% in Eq. (4.18), we obtain a result that describes
small @ deeply inelastic scattering from a transversely polarized photon [21] whose virtuality
Q% is sufficiently large to allow the use of perturbation theory to analyze its decomposition
into quarks. The structure function Fi(x,Q?*) (which is the same as Fr) is related to the
virtual photon-photon cross section by

1
(27 )2«

Fl(vai) = Qi U(SinszB) (71)

with
Q%
s = YA

X

Thus Eq. (4.18) gives a leading logarithmic summation for Fy at small :
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oL e dy (QF) Q3 )\
Rle @)= o [0 () () wema-a - @)

The scale Q% is not fixed by a leading logarithmic calculation. A sensible choice for Q*
based on a qualitative argument has been discussed in Sec. V. For the purpose of the
present section we simply leave it undetermined.

Consider the perturbative expansion of Eq. (7.3),

Bl @)= e [ a2 (&) [ ()4 v via -,
(7.4)

The functions V1 (v), Vi(1—7) and x(7) have poles at integer values of v. Thus this expression
contains contributions proportional to (%)° times logarithms, (Q%)™" times logarithms,
and so forth. We extract the leading twist contribution, the part proportional to (Q%)°
times logarithms, by rewriting the integral as an integral over a contour C that encircles the
singularity at v = 0 plus an integral over a contour from —1/2 —i00 to —1/2 + ico. The
integral over the contour C is the leading twist contribution. We discard the integration over
the contour from —1/2 — 100 to —1/2 + ioo, which contains the higher twist contributions.
Thus the leading twist contribution to Fj is

@) = e [ a2 (B [ e () 4] werna -

- (%1)3& 52605 (g_%)” [1 + s x(y)In (xQ542) 4. ] Vi(1)Vi(l —~). (7.5)

It is straightforward to determine the perturbative coefficients. The function V;(v) has
a double pole at v = 0, as does the function Vi(1 — 7). Thus there are three powers of
In(Q?%/Q%) at leading order in ay, which is a? since Vj o a,. We find

P Qy) = L (263)2[—13(g§)+§1 (8;)%@—4« )1 (8)
(1063q

- —C( )) +o(a5)] . ((2) ~1.64 . (7.6)

If we restore the summation of the leading logs of 1/x, we obtain

m opy L pdy (@AY (@A
R =g [ (8 (%) wema-n o an

This is not a simple function. However, one can easily perform the integration numerically.

One interesting result is that we observe what used to be called “precocious Bjorken
scaling”. That is, the leading twist approximation begins to be accurate at values of Q%
that are not really very large compared to the only other scale in the problem, Q%. We
illustrate this in Fig. 8, working at order a?. We compare the leading twist approximation
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that applies for Q% > Q%, the leading twist approximation that applies for Q% > Q%, and

the full result. First we define 24 = Q% /s and plot

(27) %«
Q%

versus Q4/Qp. Then we define x5 = Q% /s and plot

UL.T.—A(Sv Q,247 QzB) = FlL.T.(xAv Qi)

(27) %«
Q%

or1.-5(s, Q% QF) = F1L'T'($Ba Q%)

(7.8)

(7.9)

Finally, we plot o(s, %, Q%) at the leading order in s without approximation. We see that

the leading twist approximation for Q% > Q% is quite good down to Q% = Q%, while the
leading twist approximation that applies for Q% > Q% is quite good down to Q% = Q%. In
fact, at Q% = Q%, both approximations are quite good. A similar behavior is observed if we

include higher orders in as.
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FIG. 8. The full and the leading-twist approximation to the virtual photon cross section. We

plot the cross section divided by 16a*aZ(3", €2)*/(Q4Qp), as in Fig. 4.

VIII. REGGE FACTORIZATION

The QCD result for 4* v* scattering can be compared with expectations for the structure
of the high energy cross section based on traditional Regge theory [22]. In Regge theory, to
analyze the elastic scattering of particles A and B one considers the singularity structure of
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the amplitude A(s,?) in the complex angular momentum plane. The simplest case is a pole
in the angular momentum j plane located at a position dependent on ¢, 1/ (5 — «(t)). One
then obtains the asymptotic behavior s*®) for s — oo and t fixed, and the amplitude takes
the factorized form

A(s, 1) ~ Ba(t) s°® Bg(t) . (8.1)

Here 34, 8p are functions of the transferred momentum, associated respectively with the
couplings of particles A and B to the reggeon whose trajectory is a(t).
For the case of the v* ~* total cross section, this would correspond to the structure

e (5, Q%, QF) ~ Balt = 0;Q%) 5O Bp(t = 0;QF) (8.2)

where we have used the optical theorem to relate the total cross section to the imaginary
part of the forward elastic amplitude, and we have let 34 and g depend on the photon
virtualities in the case of off-shell photons.

However, it has been long known, from various phenomenological and theoretical consid-
erations [22], that this structure cannot be exactly true, and strong-interaction scattering
at high energy has to have a more complicated singularity structure than a pole, such as
moving or fixed cuts. In this case, one does not expect the factorized form for the cross
section to hold.

If we now turn to the QCD result (see Eq. (4.14)), we may ask what kind of singularities
the amplitude has in the angular momentum plane. The BFKL pomeron is known to give
rise to a (fixed) branch point singularity [1]. To see this, let us consider the moments of
the v*~* cross section. At leading level, we are allowed to identify the moment N with
the complex angular momentum j [22]. Eq. (4.14) is written in terms of an integral in
the complex v-plane. The integrand has the pole 1/ (N — a; (7)) and one factor of V for
the coupling of the gluon system to the quarks in each photon. Thus the integrand has
a factorized structure. To understand the angular-momentum singularity structure, one
should see what becomes of the pole N = a; x(v) after y-integration.

For Q% > Q%, the y-integral is well approximated by the residue at the rightmost pole 5
to the left of the integration contour. As we have seen in the previous section, numerically
this approximation turns out to be fairly good down to values of Q%/Q% just above 1. In
this approximation one gets

1 _
O-N(Q?MQQB) ~ 5 _ 2 C1]\7 €xXp [7]\7 IH(QZ/QQB)] ) CN = -
2m Q%
The leading pole 4y is determined by the equation N — a, x(7) = 0. At N = a, x(1/2) it
has a square-root branch point singularity:

Vityn) Vi(l — aw)
as X'(7n)

(8.3)

12 (V- Ny
27\ @ (12)

N~ N — Ny =a,x(1/2) . (8.4)

Correspondingly, the residue C is also singular:

Cn ~ [Vi(1/2)]/y/2 a5 x"(1/2) (N = No) , N — Ny . (8.5)
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Therefore, the QCD result implies a branch point rather than a simple pole in the
angular momentum plane. As a consequence, we do not obtain a Regge-factorized form for
o5, Q% Q).

It is of interest, however, to see by how much this factorization is violated. We first
consider the asymptotic formula (4.19), obtained by using the saddle point approximation
around v = 1/2. In this case, provided the scale ()? is fixed by Q* = cg Q4 @B, as discussed
in Sec. V., and the QCD coupling «; is fixed, an approximate form of Regge factorization
is recovered. The piece which violates this factorization in Eq. (4.19) is proportional to the
square root of a logarithm, and is therefore a slowly varying function. A more substantial
source of factorization breaking comes in when one takes into account the correction due to
the position of the saddle point drifting away from 1/2, see Eq.(4.21).

For the exact leading log result (4.18), a possible way to quantify the deviation from the
Regge-factorized behavior is to look at the ratio

[0-'7* 'y*(Sv Q,247 QzB)]2
Ty ¥ (S, Qi, Qi) Oyx 'y*(Sv Q2B7 QzB)

It Regge factorization holds, this quantity should be equal to 1. On the other hand, from

Eq. (4.18) we see that R goes like R ~ Q%/Q% for Q% > Q%, and R ~ Q%/Q% for
Q% > Q%. That is, for Q4 and @Qp sufficiently far apart the Regge-factorized form breaks
down.

R= (8.6)
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FIG. 9. The Q4/Qp dependence of the ratio R defined in Eq. (8.6), at different values of s/Q?.
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In Fig. 9, we plot R as a function of the ratio of the photon virtualities Q) 4/Qp for
different values of the energy. It is interesting to observe that, for typical parameter values,
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R varies by not more than 40% when @ 4/@Qp varies from 0.1 to 10. We take this as an
indication that an approximate Regge factorization holds numerically for the exact integral
(4.18) if Q4/Qp is not too large or too small.

IX. SOFT SCATTERING AND HARD SCATTERING

The calculation of the high energy photon-photon cross section discussed so far is a
perturbative calculation, based on the dominance of short distances for large photon virtu-
alities. When the photon virtualities decrease, one goes out of the region of validity of the
perturbative approach. As the photons go near the mass shell, the high energy scattering
process is expected to become dominated by soft interactions. In this regime one is not able
to calculate in QCD, and in order to have a (phenomenological) description of the cross
section, one rather has to rely on models for strong-interaction scattering based on Regge
theory.

For on-shell photons, the Regge factorization hypothesis allows us to relate the photon-
photon total cross section to the photon-proton and proton-proton cross sections, as follows

Ty R Orp Orp Oy : (9.1)

Assuming the values o,, ~ 0.1 mb, 0,, ~ 40 mb, one gets o,, ~ 250 nb. For virtual
photons with small Q)4 and () g, the fall-off of the cross section can be estimated from vector
meson dominance:

M? 2 M? 2
O jkmx N L L ag. . (92)
TTOAMP+ QL) \Mp+QE) 7

As the photon virtualities increase, the cross section, instead of continuing to fall like 1/Q°®,
should begin to fall more slowly. At large photon virtualities (of the order of a few GeV,
or bigger), it should go over to the perturbative scaling behavior in Eq. (4.18), ¢ o< 1/Q* at
fixed s/Q?.

Note that the 1/Q* behavior could not be obtained in the framework of the Regge
factorization (9.1) even if one assumed perturbative scaling in each one of the photon cross
section factors, that is, even if one assumed ., oc 1/Q? This is the counterpart (at the
level of hadronic cross sections) of the effect of the deviation from unity observed for the
ratio R in the previous section (see Eq. (8.6)). In fact, experimental data on the v p cross
section for large photon virtuality are now available in the region of high energies from
the measurements of small-z deeply inelastic scattering at HERA. The above observation
amounts to saying that, even if one used the data for o.,, the relation (9.1) would not lead
to the correct perturbative QCD result for the 4* ~* cross section.

In Fig. 10 we show a log-log plot of the curves corresponding to the soft and perturbative
formulas for the *-behavior of the cross section [6]. For the former, we use Eqs. (9.1)-(9.2),
and for the latter we take the Born approximation to Eq.(4.18). In this plot we are interested
in emphasizing the dependence of the cross section on ? at fixed s/Q?. For this reason we
limit ourselves to the lowest order formulas, and do not include the higher order summation
of the In(s/Q?) terms that give an enhancement at large energies. It is understood that
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FIG. 10. Q*-behavior of the vector meson dominance and perturbative cross sections in lowest

order, with Q% = Q% = Q.

such high-energy corrections affect both the soft and perturbative curves, giving rise to
“soft-pomeron” and “hard-pomeron” effects in the two cases.

The region of intermediate values of Q* in Fig. 10 (@ of the order of 1 GeV) is where the
transition from the soft-scattering regime to the hard-scattering regime is expected to occur.
The mechanism through which this happens is not theoretically under control at present,
and one may consider trying to estimate the cross section in this region by interpolating
between the two curves.

In the next section we will study the prospects for investigating high energy v* v* scat-
tering at et e™ colliders, and we will discuss which regions in Q% in Fig. 10 can likely be

accessed experimentally at LEP200 and a future ete™ collider.

X. NUMERICAL RESULTS FOR THE ELECTRON-POSITRON CROSS
SECTION

The cross section for high energy virtual photon scattering can be measured in e* e~
collisions in which the outgoing leptons are tagged. The cross section for the electron-
positron scattering process is obtained by folding the ~*~+* cross section with the flux of
photons from each lepton. Consider the four-fold differential et e~ cross section averaged
over the angle between the lepton scattering planes, Eq. (1.2). To get an estimate of the
rates available to study BFKL effects in virtual photon scattering at et e~ colliders of the
present and next generation, we integrate this cross section over a region R determined by
cuts that we discuss below:
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dQ% dQ% Q4 Q%dal )
Q% Q% daadepdQ? dQk

0':/ dxsdzp (10.1)
R

We choose

1) Qa > Qumin, @B > Qumin, Where Qi is a few GeV, in order that the coupling a; be
small, and that the process be dominated by the perturbative contribution;

) x42pSee > £Qa @B, in order that the high energy approximation be valid. We
discuss the parameter £ below.

Note that, with these criteria, the photon virtualities Q? lie in a range Q2. < Q% < s
in which the equivalent photon approximation (Eq. (1.2)) is expected to work fairly well.
On one hand, kinematical corrections of order )?/s are suppressed in this range. On the
other hand, contributions of order m?/Q? to the e — e~ splitting process can be neglected.

To choose a value for the parameter k, we compare the gluon exchange contribution
with contributions that are suppressed by a power of s [5,6]. We consider first the two gluon

exchange graph, for which o ~ s° for large s. Taking the case Q4 = Q5 = @, we have from
Fig. 4

2
0.9 x 16 o*a? (Zq eg)

o O(s, Q%) =~ 5 (1+0(Qs) . (10.2)

Next, we consider the leading order (electromagnetic) contribution to v*v* — ¢ ¢, occur-

ring via quark exchange, for which ¢(@ ~ 1/s. In Appendix B we report results for this

subprocess. For Q4 = ) = ) and large enough s, the corresponding cross section is well

approximated by the formula:

oW (s, Q%) ~ % (In(s/Q*) — 1) (1+0(Q*s) . (10.3)

Demanding that the gluon exchange graph give a larger contribution than the quark ex-
change graph leads to the requirement
s 1 i 87 >, eg 1

= > S~ 10.4
Q? (In(s/Q*)—1) ™ a? 49«16 ( qeg) % (104

For typical perturbative values, a, ~ 0.2, we get s/Q* 2 102. We will therefore use 10% as
a standard value for .

We note that for s/Q* 2 102, one is surely entitled to drop terms in the gluon exchange
graphs that are suppressed by powers of Q?/s, as we have done.

We thus compute the integrated rate o in Eq. (10.1) using the results given in Sec. IV for
the photon-photon cross section, and setting the scales in the running coupling and in the
high energy logarithms according to the prescriptions discussed in Sec. V. The dependence
of o on the lower bound Q? .
in Fig. 11 for the energy of a future ete™ collider. Fig. 12 shows the cross section for the
LEP collider at CERN operating at /s = 200 GeV.

The dashed and solid lines in Figs. 11 and 12 correspond to the result of using, respec-
tively, the Born and the summed expressions for the photon-photon cross section. At the

on the photon virtualities is shown by the “summed” curve
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FIG. 11. The Q2,, dependence of the integrated rate o, Eq. (10.1), for /s = 500 GeV. We
take k = 10%. We set the scales u* and Q? according to the prescriptions given in Egs. (5.5) and
(5.12). The solid curve represents the full leading log summation, while the dot-dashed curve shows
the Born result. The dotted curve shows the contribution to the fully summed result coming from
transversely polarized photons.

values of /s considered in the figures, summation effects enhance the rates significantly in
the range of )i, of a few GeV. As (), increases, lowest order perturbation theory gets
closer and closer to the fully summed prediction, as a result of both «; becoming small and
the phase space closing up for the high energy logarithms.

In Figs. 11 and 12, we also plot separately the contribution to the cross section from
purely transverse photons, that is, the contribution from the term in o™ in Eq. (1.2). We
see that this contribution accounts for about three quarters of the full cross section.

For values of the cuts Qi = 2 GeV, k = 10?, we find

o~ 1.5pb (Vs = 200 GeV) (10.5)
at LEP200 energies, and
o~ 12pb (Vs = 500 GeV) (10.6)

at the energy of a future collider. These cross sections would give rise to about 750 events
at LEP200 for a value of the luminosity L = 500pb~", and about 6 x 10° events at /5 =
500 GeV for L =50{b™".

The choice of the cuts that can realistically be implemented is affected by experimental
constraints. In particular, the lowest photon virtualities that can be reached are limited

32



T
s = 200 GeV

100 = summed —>

(T only) summed (T & L)

—_
-
—

T \\\HH‘
/

o [pb]
=

—_
O\
w

T \\\HH‘

|

10 50
Q2. [GeV?

min

—_

FIG. 12. Same as in Fig. 11 for /s = 200 GeV'.

by the angular acceptance of the detector, according to the relation Q? ~ (1 — z)E?6?,
where F is the beam energy, § the angle of the tagged lepton, and z is the momentum
fraction of the emitted photon. In this situation, the value @),.;, = 2 GeV, for which the
rates (10.5), (10.6) are given, implies detecting leptons scattered through angles down to
about 20 mrad at LEP200, which is close to the range of the current luminosity monitors
at the LEP experiments [23]. For a future 500 GeV collider, @ ,.;, = 2 GeV corresponds to
a minimum angle of about 8 mrad. It appears that working down to such an angle will be
difficult but not impossible [24]. If instead we take Q,.;, = 6 GeV, the minimum angle is
24 mrad. Then the cross section is about 2 x 1072 pb, corresponding to about 10° events.

As stated earlier, the numerical results given above depend on the choice of the scales in
as and in the high energy logarithms that enter the photon-photon cross section. For the
calculations described above, we have used the prescriptions given in Sec. V. Different scale
choices are possible, and they would affect the predictions at the next-to-leading logarithmic
order, which is beyond the present theoretical accuracy. We can use the variation of the
results with the scale choices to get an estimate of the uncertainties associated with unknown
sub-leading corrections. We can vary the two scales y? and Q? (see Egs. (5.5), (5.12))
independently. An illustration of this is reported in Fig. 13. Here we compare the result of
Fig. 11 with the curve obtained by multiplying the scale in a, by a factor of 4, u* — 4 x u?,
and the curve obtained by reducing the scale in the high energy logarithms by a factor of
4, Q* — Q*/4. The band between these two curves indicates that the uncertainty on the
leading logarithmic result is fairly large, and emphasizes the need for improving the accuracy
of the calculations at high energy.

The plots of the cross section versus Q2. shown in Figs. 11 and 12 illustrate the expected
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FIG. 13. Estimate of the uncertainty on the leading logarithmic result for the rate . The solid

curve is the summed result shown in Fig. 11. The dot-dashed curves summarize the variation of

this prediction as a result of varying the scales in the strong coupling (u? — 4u?) and the high

energy logarithms (Q* — Q?/4).

dependence of the photon-photon cross section on the photon virtualities. If we fix ),,;, we

can look at the dependence on the photon-photon c.m. energy v/a. It is useful to use

S=1T4TRS
and the photon-photon rapidity

_ll(f_A)
y_2 t B

as variables instead of z4 and zg. Then we define

do 3/(KQmin) 3/(KQ a) do
= aQa [ Qs
dln s dy Q Qumin dInsdy dQ 4 dQp

min

Using Eq. (1.2), we can write do/(dIn §dy) as

do a\2 @ "
dh’lédy - (;) xAP’y/e‘F (xA) xBP’y/e—(xB)
/g/(HQ””") d@) 4 /g/(”QA) dQBs 17
X _ v
@ Q

A 2 2
— S

min QA min QB ’7*’7*( ’ QA7 QB)
_I_ JCIE
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where we omit three similar terms. We see that do/(dIn s dy) is very directly related to the
~ v cross section.

We plot do/(dIn édy) at y = 0 in Fig. 14 for /s = 200 GeV and in Fig. 15 for /s =
500 GieV. Here we choose Q%. =10 GeV? and k = 10%. In each case, we show a curve
for the Born level cross section and another for the full BFKL cross section. We also show
the cross section arising from the scattering of (transversely polarized) photons via quark
exchange instead of gluon exchange. We see that, with our choice of cuts, quark exchange

scattering is suppressed.

summed

1073 .7 ~ =~ _ _quark exchange

~

-
~
/ —

\\\\\H‘
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w
)

FIG. 14. The cross section do/(dInsdy), Eq. (10.9), at y = 0 for /s = 200 GeV. The solid
curve is the summed BFKL result. The dot-dashed curve is the Born result. The dashed curve
shows the cross section arising from the scattering of (transversely polarized) photons via quark
exchange. The cuts are Q2,;, = 10 GeV?* and x = 10°.

For v/§ < 50 GeV the cross section shows a strong dependence on the cut £ Q4Qp < 3.
With our choice of k = 100 and with Q4, Q5 > Qumin = V10 GeV, the cross section is
forced to vanish for v/§ < 31.6 GeV. As v/§ increases, the effect of this cut on the Q4 and
() integrations becomes less and less important. Since o.+«(5, Q%, Q%) is independent of
§ at Born level, the cross section begins to flatten out as V5 increases to about 100 GeV.
For larger values of v/3, the Born cross section decreases because of the influence of the
photon flux factor x4 P(x4) xpP(xg) = (3/5)P([3/5]'/?)%. For the summed BFKL curve,
the growth of o\ (3, Q%, Q%) overcomes the effect of the photon flux factor, so that the
cross section rises with /3.

The curves for /s = 200 GeV and /s = 500 GeV are similar. The main difference is
that at \/s = 500 GeV there is more available range for \/.

Our plots are for y = 0. The available range of y is |y| < L In(s/$). Thus the cross
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section integrated over y goes to zero as V& — /.
We see from the results presented above that at a future e™e™ collider it should be possible
to probe the effects of pomeron exchange in a range of Q% where summed perturbation

_|_

theory applies. One should be able to investigate this region in detail by varying Q4, OB
and § = x4 xp s.. independently. At LEP200 such studies appear to be more problematic
mainly because of limitations in luminosity. Even with a modest luminosity, however, one
can access the region of relatively low Q2 in the graph of Fig. 10 if one can get down to small
enough angles. This would allow one to examine experimentally the transition between soft
and hard scattering.

We now move on to the angular distribution for the et e~ scattering cross section, and
consider the asymmetries Ay, Ay introduced in Eq. (1.1). As pointed out in Sec. III, Ay is
zero at leading order. On the other hand, A, is given by an equivalent-photon formula in
terms of the asymmetry A for the y* 4* scattering process discussed in Sec. IV B. This reads

Q4 Qpda")
ey deg dQY dQ%
aN?1l—241—2
= (2_) A B A,y*,y*(waB 87Q1247Q2B)E’Y*’Y*(x14xB S7Q?47Q2B) , (1011)
T T A B
with A and @ being given in Eqgs. (4.27), (4.18).

We can use the same cuts discussed earlier in this section to integrate Eq. (10.11), and
thus define

dQ% dQy Q4 Qdo' ")
Q% Q% dradrpdQ%dQy
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where o is the integrated rate in Eq. (10.1). Performing the integral numerically, we find that
the asymmetry A, is very small. As noted in Sec. IV, the role of the summed BFKL terms
is that of reducing the magnitude of the asymmetry with respect to the Born order result.
At a 500 GeV collider, in the range of the angular and energy cuts previously described, we
find Ay ~ 1072, We observe that spin effects in photon-photon scattering at high energies
are interesting, but the predicted asymmetries are either zero or small.

XI. CONCLUSIONS

Understanding the behavior of high energy hadron reactions from a fundamental perspec-
tive within QCD is an important goal of particle physics. As we have shown in this paper,
virtual photon scattering v*(Q%) +7*(Q%) — hadrons at high energies, s >> Q%, Q%, pro-
vides a remarkable window into pomeron physics. The total cross section can be studied as
a function of the space-like mass of each incident projectile. Most importantly, the process
can be investigated in the regime where the photons both have large virtuality, so that one
can use the framework of perturbative QCD.

Compared to tests of the QCD pomeron behavior based on deeply inelastic structure
functions, the measurement of the total cross section for sufficiently off-shell photons is free
from the long-distance ambiguities related to the structure of the hadronic target. On the
other hand, unlike tests based on associated jet production in lepton-hadron or hadron-
hadron collisions, the 4*v* measurement is fully inclusive and therefore it does not depend
on specifying the details of the final state.

The scattering of highly virtual photons can be described as the interaction of two
incident color singlet ¢g pairs of small transverse size interacting through multiple gluon
exchange. We have studied this reaction both in the Born approximation (corresponding to
two-gluon exchange) and also with the inclusion of the higher-order summation encompassed
by the BFKL equation. The cross section at high energies and large virtuality takes a
factorized form in transverse coordinates. However, it does not factorize simply into separate
functions of Q% and Q%, which reflects the cut structure of the BFKL pomeron in the
complex angular momentum plane. We have also examined the background contribution
from quark exchange, a process which is power-law suppressed at high energy.

According to this analysis, the v*~4* cross section falls off at high virtuality only as
1/Q% where Q* ~ max{Q?%,Q%}. The rate for sensitive tagged-lepton experiments at high
energy efe” or puTu~ colliders is thus not negligible. In particular it appears that the
main features of the perturbative QCD predictions, such as the energy dependence, the
factorization properties of the cross section, the scaling laws in Q%, Q%, as well as the
polarization and azimuthal correlations can be tested in detail at a high-energy and high-
luminosity next linear collider. We have also found that an interesting first look at virtual
photon scattering can be obtained from the tagged lepton events measured in the luminosity
monitors of present experiments at LEP200.

More precisely, we estimate that, in the region of photon virtualities where summed
perturbation theory is expected to apply, there should be several hundred events at LEP200,
and about 10° events at a future 500 GeV collider with an integrated luminosity of 50 fb™'.
We also find that the enhancement due to BFKL pomeron terms over the Born cross section
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is sizable, and should be visible particularly in the s-distribution of the cross section, with
8= TATR Scc.

The dependence of the cross section on the photon virtualities () 4 and ()5 is perturbative,
and can be predicted in the framework of the BFKL equation. These predictions can be
tested by measuring the angles of the recoil leptons. Both the case in which the two photon
virtualities are varied together (Q4 ~ Q)p) and the case in which they are kept far apart
(Qa > @p) are of interest. In the second case one gets to observe the structure function of
a virtual photon at small Bjorken-z.

The spin structure is rich, but hard to observe. Most of the observable cross section
comes from the scattering of two transversely polarized photons. For this part of the cross
section, there is an asymmetry in the angular distribution of the outgoing leptons, but this
asymmetry is less than 1%.

In the region of low photon virtualities (Q4, @5 smaller than a few GeV), the photon-
photon cross section becomes dominated by soft interactions. Here one cannot use a per-
turbative analysis. On the other hand, one may explore experimentally at what scales the
breakdown of the perturbative result occurs, and how this is connected to the onset of the
phenomenological “soft-pomeron” behavior.

The theory that is available at present is leading logarithmic and therefore is affected
by rather large uncertainties. These uncertainties can be parametrized in terms of two
mass scales, the transverse scale that controls the running coupling and the longitudinal
scale associated with the high energy logarithms. A next-to-leading logarithmic calculation
would help determine these scales. Such a calculation could make the theoretical predictions
much more precise. At the largest values of s, new effects related to unitarity and diffusion
may become important. If so, an improved theory that deals with these effects would be

_|_

testable at a future eTe™ collider.
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APPENDIX A: THE BORN ORDER CALCULATION

We start with the expression (2.6) for the amplitude corresponding to the graph in Fig. 2.
The overall charge factor in Eq. (2.6) is

2
dgiele; et Tr(171°) T (1'°) = 320% o (Z ez) 20t (A1)
a,b

q

where we have used the color trace Tr (1"*) = (1/2)6"".
We use the mass shell constraints on the final quarks, p4 and pp, to eliminate the integrals

over their “—” and “+” components, respectively, thus obtaining
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d* d
/ P4 27_‘_5+(p124) H/Zﬂdsz (277')_3 , 214 — piA_ , (AQ)

(27) 24 2 24 qiqp
d*ps dzp P}
27 2 /—d2 27)73 =B A3

We use the mass shell constraints on the antiquarks to eliminate the integrals over the “—”

and “4+” components of the exchanged momentum k, as follows:

dk~ 1
96 s — ) - =

_ 1 ph , (pa+ k)
o~ @y A AT A4
(e g bt (A1)
d k+ 1
P _ ) - — =
£ v on o)
1 2 k)
k+z—_(Q%—|—p—B—|—7(pB )). (A5)
2qg ZB 1—2zp

Note that in Eqs. (A4), (A5) we have neglected terms of order k%/\/s and k~//s with
respect to unity, consistently with the high energy approximation.
Eq. (2.6) can then be rewritten as

2 2 2 2 ’ 4 d*k  d*pa &ps
M| =320 (Zq:eq) (27) / CESE (2:)2 (25)2
11 dzy 11 dzp 1 1
0 27 2z4(1 —z4)Jo 27 2zp(1 — zB) 25 (k?)?

% Tr[pyva (PatF)Ealda—ba—F) s (ha —da)ial
((pa+ k) +ie)((pa—qa)* —ic)

y Te (57" (s — B) 5 (s — D5 + D)7 (B — ds) £5]
((pB—k)*+1ic)((pp —qB)* —1¢)

(A6)

We now re-express the denominators and numerators of the amplitude (2.6) in the high

energy limit. With the neglect of terms of order k% /\/s and k~/4/s, the denominators take
the form

(pa+ k) = == (2a (1= 20) Q4 + (a + )°) (A7)
(pa — qa)" = —i (ZA (1—24)Q% -l-p,24) ; (A8)

and analogously
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1
1—ZB

(pp — k)? =~ — (25 (1= 28) Qb + (g — F)*) (A9)

(pB —qB)* = —i (ZB (1-28)Q% -l-p%) : (A10)

In the numerator, light-cone gluon polarizations are dominant at high energy, and therefore
we are led to calculate the product of traces

T,:Il—-l— Tg_ (All)
= T (B0 7" a4 B (s = Pa = )7 (= )44

¢
<Te By (bs = B)#5 (s — bs + B)7™ (Bs — ds) 5] -

The result reads
Tit Ty (A12)
=8(q%)* (4za(l —za)ea - paca- (pa+k) —pa-(pa+k))
% 8(q5)” (4z8(1 — z8)es pp 5 - (pB — k) — P - (P — K))
Substituting Eqgs. (A7)-(A10) and (A12) in Eq. (A6), we obtain the expression (2.7) for
the amplitude corresponding to the graph in Fig. 2.
The total cross section is arrived at by adding the contributions from the other graphs

according to the replacements described in the text below Eq. (2.7), and dividing by 2s.
The result reads

0 2 d*k d*py d*pp ! 1 1
0'(*)*—1280é a? (Ze) / 1) 27)2 (2r)? /0 dZA/O dZBW (A13)
{[42,4(1—2,4)5,4 Pa €A (A—I—k) pa - (pa+ k)
[2a (1 —24) Q% + (pA+k) za (1 —z4) Q% + pi]
_[4ZA(1—ZA)(€A pa) —pA}
[za (1 — 24) Q% + p%]
{ [42p(1 — zB)ep -pp e - (P — k) — pB - (pB — k)]
[26 (1 — 28) Q% + (P — k)?] [28 (1 — 2B) Q% + PH]
_ [42B(1 — 2B)(¢B - pB)* —p?a]} ‘
28 (1 — 28) Q% + P}l

This coincides with Eq. (2.11) in the text once the explicit expression (2.12) for G is used.
Using Eqs. (A6)-(A11), the tensor G** (k; ()?) introduced in Eq. (3.6) takes the form

. s d* p
G (10 = 1155 ( )/ L) A
X{Trm B+B = p— Pt (=)o usymm}

(p+ k)P +2(1—2) QT [P +2(1-2)Q7] ’

where the additive symmetric terms are obtained from the replacements given in Sec. II.
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APPENDIX B: COMPARISON WITH THE CROSS SECTION FROM QUARK
EXCHANGE

The gluon exchange diagrams discussed in the text provide the dominant contribution
to the photon-photon cross section in the high energy limit. They give rise to constant (in
Born order) or logarithmic (in higher orders) terms at large s in the cross section. This
appendix is concerned with quark exchange contributions, which vanish in the large energy
limit. We examine quark exchange in order to estimate the energy at which gluon exchange
becomes dominant.

10 — — —

5 L .

— 10 ] ]
10V 10° 102 10°
1/7

FIG. 16. The 7-dependence of the functions f; and f5 that enter the leading order expression
for o9, Eq. (B4). We report f, and f, for two different values of Q% /Q%.

The leading-order term of quark-exchange type comes from the purely electromagnetic
process

7(q4) +77(g8) — q(p) + q(p) - (B1)

This contribution is suppressed by a power of s at high energies, o(? ~ 1/s. To express the
cross section for this process, we parametrize the incoming photon momenta as in Eq. (2.2),
and introduce the variables

Q% Q%

fA = _ ) fB — — 5 B2
2¢1 45 2¢1 45 (52)

in terms of which the total energy s has the expression
s=2qkqp (1-&)(1-&) . (B3)
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FIG. 17. The 7-dependence of the quark-exchange contribution to the v*y* cross section in

leading order. We take Q4 = Qp, and we plot the rescaled cross section Q4 Qp c'?)/ (a2 (>, 63)).

The dashed curve is the exact expression, Eq. (B4), while the dot-dashed curve is the expression

—_
-)
o

approximated for high energies, Eq. (B5).

In the high energy region one has {4, {p < 1, and s ~ 24} g5 as in Eq. (2.3).
The cross section for the process (B1) to order a?, averaged over the transverse photon
polarizations, has the form

0 — 2ra’ ¥, 63 VEaln
Qi@ 2(1—¢E48B)

where f; and f; are rational functions of {4, £p, and are plotted in Fig. 16 versus the variable

7 = /€4 &p for different values of the ratio p = £4/¢5.
The 7-dependence of the cross section (B4) is reported in Fig. 17 for the case of equal
virtualities. The cross section vanishes at the kinematic threshold 7 = 1, it has a maximum

i+ o In(1/(€a8B))] (B4)

around 7 ~ 107%, then it falls off and vanishes for 7 — 0 (corresponding to high energy) like
7 In 7, according to the asymptotic formula

2 4
OB LD L R e S LS B (B5)

Q4@
The power suppression with 7 at small 7 is the one expected from the exchange of a spin-
1/2 line in the t-channel. The logarithmic enhancement is associated with the integration
over the region of small angles at the splitting vertex v* — ¢ ¢ in the limit of small photon
virtuality. The behavior of the cross section is qualitatively the same in the case of unequal
virtualities.
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