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M. BENEKE 

Stanford Linear Accelerator Center, Stanford University, Stanford, CA 94309, U.S.A. 

We discuss the calculationof the width difference APB, between the B, mass eigenstates to next-to-leading order 

in the heavy quark expansion. l/mb-corrections are estimated to reduce the leading order result by typically 30%. 

The error of the present estimate (Af’/P),, = O.lS~“,:~~ could be substantially improved by pinning down the 

value of (Bsl(6isi)S--P(6353)S--PIBs) and an accuracy of 10% in (AP/P)B8 should eventually be reached. We 

briefly mention strategies to measure (AP/P),, , and its implications for constraints on AMB~, CKM parameters 

and the observation of CP violation in untagged B, samples. 

1 Introduction 

Mixing phenomena in neutral B meson systems 
provide us with an important probe of standard 
model flavordynamics and its interplay with the 
strong interaction. As is well-known, non-zero 
off-diagonal elements of the mixing matrix in the 
flavor basis { 1 B,), IB,)} are generated in second 
order in the weak interaction through ‘box dia- 

grams’. In the B, systerrr’ the off-diagonal ele- 

ments obey the pattern 

I$++!). (1) 

The mass and lifetime difference between eigen- 
states are given by (‘H’ for ‘heavy’, ‘L’ for ‘light’) 

Ait4~~ G MH - ML = 2 IMrz[, (2) 

Al?,, E IL - I’H = - 2 Re @wu ~ -2r12 

Wl2l 
, 

(3) 
up to very small corrections (assuming standard 
model CP violation). Anticipating the magnitudes 
of the eigenvalues, we have defined both AMB, 
and AI’,* to be positive. Note that the lighter 

state is CP even and decays more rapidly than 
the heavier state. 

The lifetime difference is an interesting quan- 
tity in several respects. Contrary to the neu- 
tral kaon system, it is calculable by short- 

distance methods and directly probes the specta- 
tor quark dynamics which generates lifetime differ- 
ences among all b hadrons. If the mass difference 
AMB. turns out to be large, the lifetime differ- 
ence also tends to be large and may well be the 

aFor Bd mesons there is further CKM suppression and 

their lifetime difference will not be considered here. 

first direct observation of mixing for B, mesons. 
If AI& is sizeable, CP violation in the B, system 
can be observed without flavor-tagging ‘. 

The following sections summarize the calcula- 
tion of Ref. 2 and discuss some of the implications 

of a non-zero AI&. 

2 Heavy quark expansion of ArB8 

The mass difference is dominated by the top-quark * 
box diagram, which reduces to a local AB = 2 ver- 
tex on a momentum scale smaller than Mw. The 
lifetime difference, on the other hand, is generated 
by real intermediate states and is not yet local on 
this scale. But the b quark mass rnb provides an 
additional short-distance scale that leads to a large 
energy release (compared to h~cD) into the inter- 
mediate states. Thus, at typical hadronic scales 
the decay is again a local process. The lifetime 
difference can then be treated by the same opera- 
tor product expansion that applies to the average 
B, lifetime and other b hadrons 3. 

Summing over all intermediate states, the off- 
diagonal element I’21 of the decay width matrix is 

given by 

r21 = L(fisl ImiJd4rT71elf(2)Helt(0)IBs) 
2MB, 

(4) 

with 

%ff = $vpi3 (C1(CL)(6iCj)“-A(FjS()“-A 

+ C2(~)(biCi)“--A(CjSj)“--A). (5) 

Cabibbo suppressed and penguin operators in 
‘Z’,ff have not been written explicitly. In leading 
logarithmic approximation, the Wilson coefficients 
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are given by Cz,r = (C+ f C-)/2, where 

C+(P) = 
as (Mw ) 6’23 [ 1 4P) C-b>= cr,(Mw) -12’23 [ 1 a&L> 

(6) 
and ~1 is of order ma. 

The heavy quark expansion expresses AI& 
as a series in local AB = 2-operators. In the 
following we keep l/ma-corrections to the lead- 
ing term in the expansion. Keeping these terms 
fixes various ambiguities of the leading order cal- 
culation, such as whether the quark mass ma or 
meson mass MB, should be used, and establishes 
the reliability of the leading order expression ob- 
tained in Ref.4v5. Compared to the ‘exclusive ap- 
proach’ pursued in Ref. 6 that adds the contribu- 

tions to AI& from individual intermediate states, 
the inclusive approach is model-independent. The 
operator product expansion provides a systematic 
approximation in A~c~/ma, but it relies on the 
assumption of ‘local duality’. The accuracy to 
which one should expect duality to hold is diffi- 

cult to quantify, except for models7 and eventually 
by comparison with data. We shall assume that 
duality violations will be less than 10% for AI&. 

To leading order in the heavy quark expan- 
sion, the long distance contributions to AI& are 
parameterized by the matrix elements of two di- 

mension six operators 

Q = (bisi)v-TV-A, (7) 

Qs = (bisi)s-&sj)s-p (8) 

between a fi, and B, state. We write these matrix 

elements as 

(Q) = ;f;,~&B, (9) 

tQs) = -; f&M;. cmby;812 Bs, (10) 

where fBs is the B, decay constant. The ‘bag’ 
parameters B and Bs are defined such that B = 
Bs = 1 corresponds to factorization. B also ap- 

pears in the mass difference, while Bs is specific 
t0 ArBs. 

The matrix elements of these operators are not 
independent of ma. Their mb-dependence could be 
extracted with the help of heavy quark effective 
theory. There seems to be no gain in doing so, 
since the number of independent nonperturbative 
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parameters is not reduced even at leading order 
in I/me and since we work to subleading order in 

I/mb even more parameters would appear. The 
matrix elements of the local AB = 2-operators 
should therefore be computed in ‘full’ &CD, for 
instance on the lattice. 

Including I/ma-corrections, the width differ- 
ence is found to be 

ArB, = lz!$ (ve*aK8)2d-- 
B* 

. 
K 

(1 - z)K1 + f(l - dZ)x,) (Q) (11) 

+ (1 + 22) (I(1 - K2) (Qs) + &,m + &,, 1 , 

where z = rnz/rnt and 

K1 = N,C; + 2C1C2 K2 = C;. (12) 

The l/ma-corrections are summarized in 

^ 
h/r72 = (I+ 22) [KI (-2(h) - 2(R2)) 

+ K2 ((Ro) - Z(k) - 2(i2,,] 

- & [K1 ((R2) + 2(h)) 

+ K2 ((ii,) + 2(rz,))]. (13) 

The operators Ri and ki involve derivatives on 
quark fields or are proportional to the strange 

quark mass m,, which we count as AQCD. For 
instance, 

RI = $(&si)s-&sj)s+p, (14 

R2 = l(bi~poPsa)v-a(bjsj)“-~. (15) 
4 

The complete set can be found in Ref. 2. Oper- 
ators with gluon fields contribute only at order 

(hQcD/mb)2. Since the matrix elements of the 

Ri, l$ are l/mb-suppressed compared to those of 
Q and Qs, we estimate them in the factorization 
approximation, assuming factorization at a scale 
of order mb (A smaller scale would be preferable, 
but would require us to calculate the anomalous 
dimension matrix.). Then all matrix elements can 

be expressed in terms of quark masses and the B, 
mass and decay constant. No new nonperturbative 



Table 1: Dependence of a, b and c on the b-quark mass 

(in GeV) and renormalization scale for fixed values of all 

other short-distance parametels. The last column gives 

(Ar/lY),# for B = B.y = 1 (at given p), fB, = 210MeV. 

mb P a b c (Ar/%s 

4.8 mh 0.009 0.211 -0.065 0.155 
I II I I I 

4.6 1 ma 11 0.015 1 0.239 1 -0.096 1 0.158 
I II 

parameters enter at order l/ma in this approxima- 

tion. 
The term &,, denotes the contributions from 

Cabibbo-suppressed decay modes and pengiun op- 
erators. They can be estimated2 to be below f3% 

and about -5%, respectively, relative to the lead- 
ing order contribution. We neglect this term in 

the following numerical analysis. 

3 Numerical estimate 

It is useful to separate the dependence on the 
long-distance parameters fB,, B and Bs and write 

- (Arlr)~. as 

(F),. = [aB+bBs+c] (21kev)21 (16) 

where c 

incorporates the explicit l/mb-corrections. In the 
numerical analysis, we express IB, as the theoreti- 
cal value of the semileptonic width divided by the 
semileptonic branching ratio. The following pa- 

rameters are kept fixed: ma -m, = 3.4 GeV, m, = 

200 Mev, AfA = 200 Mev, MB. = 5.37GeV, 
B(B, + Xev) = 10.4%. Then a, b and c de- 
pend only on mb and the renormalization scale 
p. For some values of mb and p, the coefficients 
a, b, c are listed in Tab. 1. For a central choice 

of parameters, which we take as mb = 4.8GeV, 
p = mb, B = Bs = 1 and fB, = 2IOMeV, we 

obtain @r/r)& = 0.220 - 0.065 = 0.155, where 
the leading term and the I/m,-correction are sep- 
arately quoted. We note that the V - ‘A ‘bag’ 
parameter B has a very small coefficient and is 

practically negligible. The I/m!,-corrections are 
not small and decrease the prediction for AI& 

by about 30%. 

The largest theoretical uncertainties arise 
from the decay constant fB, and the second ‘bag’ 
parameter Bs. In the large-NC limit, one has 
Bs = 615, while estimating Bs by keeping the 
logarithmic dependence on mb (but not l/m&- 
corrections as required here for consistency) and 
assuming factorization at the scale 1 GeV gives 5 
Bs = 0.88. Bs has never been studied by either 
QCD sum rules or lattice methods. In order to es- 
timate the range of allowed AI& conservatively, 
we vary Bs = 1 f 0.3, fB, = (210 f 30) MeV and 
obtain 

= 0.16:;:;;. (17) 

This estimate could be drastically improved with 

improved knowledge of Bs and fB#. 

4 Measuring ArBS 

In principle, both IL and rH can be measured 
by following the time-dependence of flavor-specific 

modes ‘, such as B, + D,lu, given by 

e-r.4 + e-rLt. (18) - 

In practice, this is a tough measurement. Alterna- 

tively, since the average B, lifetime is predicted 2 
to be equal to the Bd lifetime within l%, it is suf- 

ficient to measure either IL or rH. 

The two-body decay B, + D$D; has a pure 
CP even final state and measures I’L. Since Do 

and D* do not decay into 4 as often as D,, the 
&$X final state tags a B,-enriched B meson sam- 

ple, whose decay distribution informs us about IL. 

A cleaner channel is B, + J/@$, which has 
both CP even and CP odd contributions. These 
could be disentangled by studying the angular cor- 

relations 8. In practice, this might not be neces- 
sary, as the CP even contribution is expected 6 to 
be dominant by more than an order of magnitude. 
In any case, the inequality 

rL 1 l/7(& + J/$4) (19) 

holds. CDF g has fully reconstructed 58 B, + 

J/$x$ decays from run Ia+Ib and determined 
T(B$ + J/q@) = 1.34+~:~~ f 0.05 ps. Together 
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with r(Bd) = I.54 f 0.04 ps, assuming equal aver- 
age Bd and B, lifetimes, this yields 

(20) 

which still fails to be significant. 

In the Tevatron run II, as well as at HERA-B, 
one expects lo3 - lo4 reconstructed J/$4, which 
will give a precise measurement of AFB, . 

5 Implications of non-zero ArB, 

5.1 CKM elements 

Once AI& is measured (possibly before AMB, 
is measured!), an alternative route to obtain 
the mass difference could use this measure- 
ment combined with the theoretical prediction for 

(AM/A%. ‘I~‘. The decay constant fB, drops 
out in this ratio, as well as the dependence on 

CKM elements, Since I(vcbvc8)/(S/t.,h,)12 = 1 f 
0.03 by CKM unitarity. However, the dependence 
on long-distance matrix elements does not cancel 
even at leading order in I/ma and the prediction 
depends on the ratio of ‘bag’ parameters Bs/B, 

which is not very well-known presently. We obtain 

AI/AM = (5.6 f 2.6). 10m3, where the largest er- 
ror (f2.3) arises from varying Bs/B between 0.7 
and 1.3. 

When lattice measurements yield an accurate 
value of Bs/B as well as control over the SU(3) 
flavor-symmetry breaking in Bfi , the above indi- 

rect determination of AMB, in conjunction with 
the measured mass difference in the Bd system 
provides an alternative way of determining the 

CKM ratio 1s/ts/&dl, especially if the latter is 
around its largest currently allowed value. In con- 
trast, the ratio I’(B + K*y)/I’(B + {e,w}y) is 

best suited for extracting small ]&/&I ratios, 
provided the long distance effects can be suffi- 
ciently well understood. 

5.2 CP violation 

The existence of a non-zero AI,, allows the ob- 
servation of mixing-induced CP asymmetries with- 
out tagging the initial B, or B, 1111, These mea- 
surements are difficult, but the gain in statistics, 
when tagging is obviated, makes them worthwhile 

to be considered. The mass difference drops out in 

the time dependence of untagged samples, which 
is given by 

A+(esrLt + emrHt) + A-(emrLt - edrHt). (21) 

A- carries CKM phase information even in the 
absence of direct CP violation. 

In combination with an analysis of angular 
distributions, a measurement of the CKM angle y 
from exclusive B, decays governed by the b + cCS 
or b + Fug transition can be considered ll. 

Acknowledgements 

I am grateful to my collaborators G. Buchalla and 
I. Dunietz for sharing their insights into problems 
related to this work with me. This work is sup- 
ported by the Department of Energy under con- 

tract DE-AC03-76SF00515. 

References 

1. I. Dunietz, Phys. Rev. D 52, 3048 (1.995) 
2. M. Beneke, G. Buchalla and I. Dunietz, 

SLAC-PUB-7165, to appear in Phys. Rev. 

D [hep-ph/9605259] 
3. I. Bigi et al., in ‘B Decays’, 2nd edition, ed. 

S. Stone (World Scientific, Singapore, 1994) 
4. J.S. Hagelin, Nucl. Phys. B 193,123 (1981); 

E. France, M. Lusignoli and A. Pugliese, 
Nucl. Phys. B 194, 403 (1982); L.L. Chau, 
Phys. Rep. 95, 1 (1983); A.J. Buras, W. 
Slominski and H. Steger, Nucl. Phys. B 

245, 369 (1984); 
5. M.B. Voloshin et al., Sov. J. Nucl. Phys. 

46, 112 (1987) 
6. R. Aleksan et al., Phys. Lett. B 316, 567 

(1993) 
7. B. Chibisov et al., TPI-MINN-96/05-T [hep- 

ph/9605465] 
8. A.S. Dighe et al., Phys. Lett. B 369, 144 

(1996) 
9. E. Meschi, FERMILAB-CONF-96/013-E 

10. T.E. Browder and S. Pakvasa, Phys. Rev. D 

52, 3123 (1995) 
11. R. Fleischer and I. Dunietz, FERMILAB- 

PUB-96/079-T [hep-ph/9605220]; FERMI- 
LAB-PUB-96/080-T [hep-ph/9605221]; R. 
Fleischer, these proceedings 

4 


