SLAC-PUB-7225July, 1996Paper Presented at the 1996 Snowmass WorkshopSnowmass, CO, June 25 - July 12, 1996_______________________* Work supported by the Department of Energy, contractDE-AC03-76SF00515.Figure 1: Beams crossing at an angle 2j.Crossing Angles In The Beam-Beam InteractionR. H. Siemann*Stanford Linear Accelerator Center, StanfordUniversity, Stanford, CA 94309 USAABSTRACTA Hamiltonian perturbation analysis of the beam-beam interaction with a horizontal crossing angle isperformed. The beam-beam tune shifts and resonancesthat result from a crossing angle are determined.I. INTRODUCTIONMany storage ring colliders are being designed toreach high luminosity through the use of a large numberof closely spaced bunches. This introduces a potentialproblem of parasitic collisions near the interaction point,but these parasitic collisions can be avoided by havingthe beams cross at an angle rather than head-on (Figure1). The contributions to the tune shifts and the beam-beam resonances introduced by a crossing angle areanalyzed in this paper.The beam-beam interaction with a crossing angle hasbeen studied by a number of authors, [1] - [4]. This paperis closest to that of Sagan et al [2] which obtained someof the results presented here. The notation and methodare discussed extensively in references [5] and [6].II. PERTURBATION FORMALISMThe Hamiltonian of a particle in beam 1 is

H = H0 − Nrcγ ṼBB

where H0 i s t h e H a m i l t o n i a n o f t h e t r a n s v e r s e m o t i o n i n t h e a b s e n c e o f t h e b e a m - b e a m i n t e r a c t i o n ,

ṼBB

is thebeam-beam potential, N is the number of particles inbeam 2, rc i s t h e c l a s s i c a l p a r t i c l e r a d i u s , a n d g i s t h e e n e r g y i n u n i t s o f r e s t e n e r g y . T h e b e t a t r o n m o t i o n s i n t h e a b s e n c e o f t h e b e a m - b e a m i n t e r a c t i o n c a n b e w r i t t e n in terms of the action-angle variables {Ix , y x } {Iy , y y } ofthe unperturbed Hamiltonian, H0 ,

xβ = 2Ixβx cosψ x; yβ = 2Iyβy cosψ y .

(1)These expressions are used in a perturbation analysis of

ṼBB

.The beam-beam potential is

ṼBB = 2πσ L2 VF(x,y,s)

n=− ∞∞∑ e(− 2(s− (nC+cτ ))2 /σ L2 ) .

The sum is over all turns and the variables in thisequation are: sL ” the RMS bunch length of beam 2; s ”coordinate along the reference orbit; C ” the collidercircumference; c ” speed of light; and t ” displacementof the collision point given in terms of the synchrotronoscillation amplitude,

τ̂

, and tune, Qs, by

τ = τ̂2 cos(2πnQs).

The potential VF d e p e n d s a t t h e d i s p l a c e m e n t s o f t h e particle from the center of beam 2

VF = dq

(2σ x2 + q)(2σ y2 + q)

0∞∫ exp − x22σ x2 + q + y22σ y2 + q

where sx and s y are the RMS transverse sizes of beam 2.Using the expressions in eq. (1) as approximations fort h e b e t a t r o n m o t i o n s a n d a s s u m i n g t h a t t h e c r o s s i n g i s i n the x-dimension, the potential can be rewritten

VF = dq (2σ x2 + q)(2σ y2 + q)

0∞∫ exp − 2βyIy cos2 θy2σ y2 + q

× exp − (ssin2φ + 2βxIx cosθx)2 2σ x2 + q .

Fourier transforming the x expression with respect to sgives

VF = π2π 1sin2φ dq(2σ y2 + q)

0∞∫ exp − 2βyIy cos2 θy2σ y2 + q × eiωsdω − ∞∞∫ exp − ω2(2σ x2 + q)

4 sin2 2φ + iω 2βxIx cosθx sin 2φ .

Following the usual procedure of Fourier transforming

ṼBB

with respect to yx , y y and s gives an expression for

ṼBB

in terms of Fourier coefficients each of which isrelated to the resonance

pQx + rQy + mQs = n

where p, r, m, and n are integers. Making a change ofvariables z = w/sin2j this expression is

ṼBB = 1C m,n,p,r=− ∞∞∑ dζ− ∞∞∫ Upr(Ix,Iy,ζ)

× exp − (kprm +ζsin2φ )2σ L2 8 ( ) × imJm((kprm +ζsin2φ )τ̂c / 2)

× exp i(pψ x + rψ y − 2π(n − mQs)s / C)

where

Upr = π(2π)3 dθxe− ipθx 02π∫ dθye− irθy 02π∫ dq(2σ y2 + q) 0∞∫ × exp − 2Iyβy cos2 θy

2σ y2 + q

× exp − ζ2(2σ x2 + q)4 + iζ 2βxIx cosθx

and

kprm = 2π(n − mQs) / C + p(1/ βx* − 2πQx0 / C)

+r(1/ βy* − 2πQy0 / C).

The quantities

βx*

and

βy*

are the b-functions at thecollision point, and Qx0 and Qy 0 are the tunes in theabsence of the beam-beam interaction.The resonance pQx + r Q y + m Q s = n occurs forvalues of the tune where the phase is stationary, i.e.

dds (pψ x + rψ y − 2π(n − mQs)s / C) = 0 ,

and the average value of the beam-beam potential isgiven by the term in the series with p = r = m = n = 0.Perform a Taylor expansion in powers of sin2j

ṼBB = ṼBB sin2φ =0 +sin2φ ∂ṼBB∂sin2φ sin2φ =0+....

The first term in the Taylor series is

ṼBB sin 2φ =0 =

1C m,n,p,r=− ∞∞∑ dζ− ∞∞∫ Upr(Ix,Iy,ζ)

× exp − kprm2 σ L2 8

( )imJm(kprmτ̂c / 2)

× exp i(pψ x + rψ y − 2π(n − mQs)s / C) ( ).

(2)The integral is

dζ − ∞∞∫ Upr(Ix,Iy,ζ) =

1(2π)2 dθxe− ipθx 02π∫ dθye− irθy 02π∫ dq

(2σ y2 + q)(2σ x2 + q) 0∞∫ × exp − 2Iyβy cos2 θy

2σ y2 + q − 2Ixβx cos2 θx

2σ x2 + q . (3)

The second term in the Taylor series is

∂VBB

∂sin2φ sin2φ =0 =

1C m,n,p,r=− ∞∞∑ ζdζ− ∞∞∫ Upr(Ix,Iy,ζ)exp − kprmσ L( )2 8 im × τ̂c2 Jm− 1 kprmτ̂c2 − kprmσ L24 + mkprm Jm kprmτ̂c2 × exp i(pψ x + rψ y − 2π(n − mQs)s / C)

{ } (4)

where

ζdζ − ∞∞∫ Upr(Ix,Iy,ζ) =

2i(2π)2 dθxe− ipθx 02π∫ dθye− irθy (2σ y2 + q)(2σ x2 + q)3

× 2Ixβx cosθx exp − 2Iyβy cos2 θy

2σ y2 + q − 2Ixβx cos2 θx

2σ x2 + q . (5)

Equations (2) - (5) contain the results. Thesefrightening looking expressions can be interpreted to giveuseful information about the beam-beam interaction.III. DISCUSSIONA. Tune ShiftsThe tune shifts as a function of amplitude are

ΔQ x = − CNr c

2πγ

∂ ~ V BB

∂I x

; ΔQ y = − CNr c

2πγ

∂ ~ V BB

∂I y where

~ VBB

is given by eqs. (2) - (5) evaluated with p= r = m = n = 0.The tune shifts are the same as for head-on collisionsbecause there are no contributions from the second termin the Taylor series, the term proportional to sin2j. Thisfollows from the parity of the qx integrands. In the case ofD Q y the integral is

ΔQy ~ dθx02π∫ cosθx exp − 2Ixβx cos2 θx

2σ x2 + q = 0

because the argument is an odd function of qx . T h e horizontal tune shift, D Q x , is proportional to

ΔQx ~ βx2Ix dθx02π∫ cosθx exp − 2Ixβx cos2 θx2σ x2 + q

− 2Ixβx3

2σ x2 + q dθx02π∫ cos3 θx exp − 2Ixβx cos2 θx

2σ x2 + q .

Evaluating the integrals D Q x = 0 b e c a u s e t h e a r g u m e n t s of both integrals are odd functions of qx .The tune shifts from the head-on collisions have beenc a l c u l a t e d i n n u m e r o u s r e f e r e n c e s a n d a r e g i v e n h e r e f o r completeness. They are

ΔQyξy = 1+ R2 dη η + R2(1− η) 01∫ I0e Βx2 I0e Βy2 − I1e Βy2 ,

and

ΔQxξx = 1+ R2R dη η +(1− η) / R2 01∫ I0e Αy2 I0e Αx2 − I1e Αx2 .

The functions Bx , ..., Ay are

Βx(η) = η Ix εx η + R2(1− η);Βy(η) = η Iy εy ; Αy(η) = η Iy εy η +(1− η) / R2 ; Αx(η) = η Ix εx .

The variables in these equations are R = sy / s x ; x x and x yare the beam-beam strength parameters; and e x and e y arethe emittances. The functions

Ine

are related to modifiedBessel functions

Ine (x) = e− xIn(x).

B. Beam-Beam ResonancesPossible resonances can determined from the parityof the integrands in eqs. (3) and (5). The integrand of eq.(3) is an even function of qx and an even function of q y .T h e o n l y a l l o w e d r e s o n a n c e s f o r h e a d - o n c o l l i s i o n s m u s t h a v e b o t h p a n d r e q u a l t o e v e n i n t e g e r s . T h e i n t e g r a n d of eq. (5) is an odd function of qx and an even function ofq y . T h e a l l o w e d r e s o n a n c e s m u s t h a v e r e q u a l t o a n d even integer and p equal to an odd integer.T h e c r o s s i n g a n g l e h a s i n t r o d u c e d n e w b e a m - b e a m r e s o n a n c e s t h a t h a v e o d d h o r i z o n t a l o r d e r a n d F o u r i e r e x p a n s i o n c o e f f i c i e n t s p r o p o r t i o n a l t o s i n 2 j. There areboth betatron, m = 0, and synchrobetatron, m „ 0,resonances. The appearance of odd order betatronresonances can be understood because there is a phaseshift of p across the interaction region. Thesynchrobetatron resonances arise from modulationintroduced by the synchrotron oscillations. They dependon the synchrotron amplitude and have zero Fourierexpansion coefficient when

τ̂ = 0

.C. RemarksThe crossing angle has not changed the tune shifts, sothe beam-beam footprint, the area of the tune planeoccupied by the beam, is the same as for head-oncollisions. The effect of the crossing angle has been tointroduce odd horizontal order resonances. Theseadditional resonances could lower the beam-beam limit.TeV33 is considering using both horizontal andvertical crossing angles. The vertical crossing angle willintroduce odd order vertical resonances as well, and thereis a still larger probability of a reduced beam-beam limit.IV. REFERENCES[1] A. Piwinski, DESY Report DESY 77/18 (1977).[2] D. Sagan, R. Siemann and S. Krishnagopal,

Proc.

of the 2nd EPAC, 1649 (1990).[3] D. V. Pestrikov, KEK Preprint 93-16 (1993).[4] K. Hirata, Phys Rev Lett 74, 2228, (1995).[5] R. H. Siemann,

Frontiers of Particle Beams:

Factories with e+ e- Rings (Springer-Verlag, LectureNotes in Physics, Volume 425 edited by M. Dienes, M.Month, B. Strasser and S. Turner), 327 (1994).[6] R. H. Siemann, Informal note "Extension ofBeam-Beam Calculations in SLAC-PUB-6073".