SLAC-PUB-7159May, 1996Paper Presented at the 7th Beam Instrumentation WorkshopArgonne, IL, May 6 - 9, 1996Spectral Analysis of Relativistic Bunched BeamsR. H. Siemann*Stanford Linear Accelerator Center, Stanford University, Stanford, CA 94309INTRODUCTIONParticles in a storage ring are oscillating in the longitudinal and transversedimensions, and therefore, the frequency domain is natural for analyzing manybeam generated signals. Information ranging from oscillation frequencies tobeam phase space distributions can be extracted from the spectral content of thesesignals.It is often necessary to switch between time and frequency domains usingFourier transforms. If f(t) is a function of time, F(w) given by

F(ω) = f(t)e− jωt − ∞∞∫ dt

(1)is its Fourier transform. In this equation

j = − 1

and w is the angular frequencywhich is the appropriate mathematical variable rather than the frequency

ν = ω 2π

that is measured by spectrum analyzers. The meaning of the word"frequency" depends on context, but the notation n for frequency and w forangular frequency will be rigorous. The inverse transform is

f(t) = 12π F(ω)ejωt − ∞∞∫ dω .

(2)These notes are restricted to relativistic beams, and for these beams theimage current flowing in the walls of an accelerator vacuum chamber,

iw

, has aline density equal to the line density of the beam current,

ib

,

iw(t) = − ib(t) and Iw(ω) = − Ib(ω)

(3)with an overall minus sign since it is an image current. The image current is anideal current source; nothing placed in the vacuum chamber wall can affect it

*Work supported by the Department of Energy, contract DE-AC03-76SF00515.

2because the beam would have to be decelerated for that to happen. The imagecurrent flowing through a beam detector produces a voltage

Vout

given by

Vout (ω) = Iw(ω)S(ω)

(4)where S is the detector longitudinal sensitivity. The sensitivity depends on thedetector, on whether it is a cavity, strip line, capacitive pickup, etc., and S(w) canvary rapidly or slowly with frequency. I am assuming the variation is slow, andthat the spectrum of the output voltage is the same as that of the wall and beamcurrents. Many measurements can be made in a narrow frequency band where thesensitivity can be treated as a constant, so this is a good approximation. If it isn’t,corrections must be made to account for frequency dependence of the sensitivity.If the beam is offset from the vacuum chamber center, the image current isnot uniform; instead, it varies around the beam pipe due to the displacement of thebeam. A transverse beam detector responds to the dipole moment

d(t) = ib(t)r⊥ (t)

(5)where

r⊥ (t)

is the displacement from the center. The output voltage of atransverse detector is

Vout (ω) = D(ω)SΔ(ω)

(6)where

SΔ

and D are the transverse sensitivity and the Fourier transform of thedipole moment, respectively. As with the longitudinal,

is assumed to varyslowly with frequency, and corrections must be made if that isn’t a goodapproximation.A SINGLE PARTICLEThe spectrum of a single particle is like a Green’s function, and it is thekey to understanding the spectrum produced by a beam. Three separate cases areconsider in an order of increasing complexity: 1) constant revolution frequency,2) Frequency Modulation introduced by synchrotron oscillations, and 3)Amplitude Modulation introduced by betatron oscillations.Longitudinal Motion & Constant Revolution FrequencyThe current of a single, unit-charge particle with a constant revolutionfrequency wr , Figure 1, is a periodic set of impulses spaced a time

T = 2π ωr

apart

ib(t) = δ(t − nT) n=− ∞∞∑ .

(7)

3_{Ib(ω) = ib(ω)− ∞}∞_{∫ e− jωtdt = δ(t − nT)n=− ∞}∞_{∑− ∞}∞_{∫ e− jωtdt= e− jωnTn=− ∞∞∑ = e− j2πnω ωrn=− ∞∞∑ .Ib(ω) = e− j2πnω ωr} n=− ∞

∞

∑

= ω

r

δ(ω− n

n=− ∞

∞

∑

ω

r

).

i

b

(t) = ω

r

2π e

jnω

r t

n=− ∞

∞

∑ . ℜ (e

jnω

r t

+ e

− jnω

r t

) = 2cos(nω

r

t) τ = τ a cos(ω s t +φ ) τ a i

b

(t) = δ(t − [nT + τ

a

cos(ω

s

nT +φ )])

n=− ∞

∞

∑ . τ a ω s = Q s ω r

I b (ω) = exp − jω[nT + τ a cos(ω s nT +φ )] ( )

n=− ∞

∞ ∑^.ωτ a <<1 I b (ω) ≈ e − jnωT

n=− ∞

∞

∑^{1- jωτ}a^{cos(ω}s^{nT +φ )} ( )

= e − jnωT

n=− ∞

∞

∑^{1-} jωτ a

2 e j(ω s nT+φ ) − jωτ a

2 e − j(ω s nT+φ ) .

exp − jnωT + jω s nT + jφ ) ( )

n=− ∞

∞

∑ = e

jφ

exp − j2πn(ω− ω s ) ω r ( )

n=− ∞

∞

∑

= e

jφ

δ(ω− ω s − nω r )

n=− ∞

∞

∑ .

e

− jzcosθ

= J k (z)e

jk(θ− π 2)

k=− ∞

∞

∑

I b (ω) = J k (ωτ a )e

jk(ω s nT+φ − π 2)

e

− jnωT

n,k=− ∞

∞

∑

= e

jk(φ − π 2)

J k (ωτ a )e

− j2πn(ω− kω s ) ω r

n,k=− ∞

∞

∑ .

1.0 0.8 0.6 0.4 0.2 0.0 -0.2

-0.4

Jk(ωτ^a)

-10 -5 0 5 10 ωτ^a

k = 0 k = 1 k = -1 k = 2, k = -2 k = 5 k = -5

s

Ib(ω) = ωr ejk(φ − π 2)Jk(ωτa) δ(ω− kωs − nωr) n=− ∞ ∞∑ k=− ∞ ∞∑ .ωτa ωτ a ≈ k ω <<1 τ a

ωτ�

�(ωτ� ω�τ� ω�τ� ω�τ� ω�τ� ω�τ� ωrτ a ℜ (i

b

(t))

= ℜ e

jk(φ − π 2)

J

k

(ω

nk

τ

a

)e

jω

nk t

+ e

− jk(φ − π 2)

J

− k

(− ω

nk

τ

a

)e

− jω

nk t

[ ]

= 2J

k

(ω

nk

τ

a

)cos(ω

nk

t + kφ - kπ 2) .

r ⊥ (t) = A β cosω β t =

A β

2

(e

jω β t

+ e

− jω β t

) d(t) = i b (t)r ⊥ (t) =

A β

2

(e

jω β t

+ e

− jω β t

) δ(t − nT)

n=− ∞

∞

∑ ,

D(ω) =

A β

2 e

− j(ω− ω β )nT

n=− ∞

∞

∑ + e

− j(ω+ω β )nT

n=− ∞

∞

∑

=

A β ω r

2 δ(ω− ω β − nω r )

n=− ∞

∞

∑ + δ(ω +ω β − nω r )

n=− ∞

∞

∑ .

r ⊥ (t) = A β e

jω β t

. r ⊥ (t) = A β e

jψ β (t)

.

dψ

β

dt

= ω

β

(1+ξδ)+O(δ

2

)

ξ = 1 Qβ0 dQβ(δ) dδ δ=0 . δ = 1

α dτ

dt = − ω s τ a

α sin(ω s t +φ ) ψ

β

(t) = ω

β

t +ω

ξ

τ a cos(ω s t +φ )+ ψ . ω ξ = ω β ξ α ψ = ψ

β

(t = 0)− ω

ξ

τ

a

cosφ = ψ

β

(t = 0)− ω

ξ

τ(t = 0) .

d(t) = i

b

(t)r

⊥

(t) = A

β

e

jψ

β

(t)

δ(t − [nT + τ

a

cos(ω

s

nT +φ )])

n=− ∞

∞

∑ .

D(ω) = ω r A β e

jψ

e

jk(φ − π 2)

J k ((ω− ω β

k=− ∞

∞

∑ − ω ξ )τ a )

× δ(ω− (nω r + kω s +ω β ))

n=− ∞

∞

∑ .

1.0 0.8 0.6 0.4 0.2 0.0 -0.2

-0.4

J^0((ω−ω^ξ)τ^a)

-10 -5 0 5 10 ωτ^a

ω^ξτ^a = 0 ω^ξτ^a = +1 ω^ξτ^a = -1

I(ω) = ω r δ(ω− kω s − nω r ) τ a

0

∞

∫ dτ a dφ

0

2π

∫ ρ(τ a ,φ )e jkφ J k (ωτ a )

k,n=− ∞

∞

∑ .

ρ(τ

a

,φ ) = ρ

0

(τ

a

) 2π

I(ω) = ω

r

δ(ω− kω

s

− nω

r

) τ

a

0

∞

∫

dτ

a

1

2π

dφ

0

2π

∫

ρ

0

(τ

a

)e

jkφ

J

k

(ωτ

a

)

k,n=− ∞

∞

∑

= ω

r

δ(ω− nω

r

) τ

a

0

∞

∫

dτ

a

ρ

0

(τ

a

)J

0

(ωτ

a

)

n=− ∞

∞

∑ .

ρ 0 (τ a ) =

Q σ τ

2

exp(− τ a

2

2σ τ

2

) , I(ω) = Qω r exp(− ω

2

σ τ

2

2) δ(ω-nω r )

n=-∞

∞

∑ .

ρ(τ

a

,φ ) =

1

2π

ρ

m

(

m=− ∞

∞

∑

τ

a

)e

imφ

.

I(ω) = ω r

2π δ(ω− kω s − nω r ) τ a

0

∞

∫ dτ a dφ

0

2π

∫ ρ m (τ a )e

j(k+m)φ

J k (ωτ a )

k,n,m=− ∞

∞

∑

= ω r δ(ω + mω s − nω r ) τ a

0

∞

∫ dτ a ρ m (τ a )J k (ωτ a )

m,n=− ∞

∞

∑ . ρ(τ a ,φ ) = ρ 0 (τ a )

2π

1+ A 2

τ a

2

σ τ

2

cos(2φ )

I(ω) = Qω r exp(− ω

2

σ τ

2

2) δ(ω-nω r )

n=-∞

∞

∑

+A 2

ω

2

σ τ

2

2 δ(ω-nω r +2ω s )+ δ(ω-nω r − 2ω s )

n=-∞

∞

∑

n=-∞

∞

∑ .

10_{-5} 10_{-4} 10_{-3} 10_{-2} 10_{-1} 10_0

Envelope

-4 -2 0 2 4 ωστ

A^2=0.01

Rotation Harmonics

Sidebands

ρ(τ a ,φ ) = q δ(τ a − τ ap )δ(φ − φ p )

p=1

P

∑

I(ω) = δ(ω− kω s − nω r )I nk (ω)

k,n=− ∞

∞ ∑_;

I nk (ω) = qω r e jkφ p J k (ω nk τ ap )

p=1

P ∑_{;ω}nk_{= kω}s_{+ nω}r_.

I nk

2 (ω nk ) =

1

2

I nk (ω nk )I nk

* (ω nk )

=

q 2 ω r

2

2

e

jkφ p J k (ω nk τ ap ) e − jkφ s J k (ω nk τ as )

s=1

P

∑

p=1

P

∑

=

q 2 ω r

2

2

e

jk(φ p − φ s )

J k (ω nk τ ap )J k (ω nk τ as )

p,s=1

P

∑_.

I nk 2 (ω nk ) = q 2 ω r 2

2 J k 2 (ω nk τ ap )

p=1

P ∑

= qω r 2

2 τ a dτ a ρ 0 (τ a

0

∞

∫^{)Jk} 2 (ω nk τ a ) .

20nA 15

10

5 0

Current

8 6 4 2 0 ωστ

Rotation Harmonic

Rotation Harmonic (×10_{-6})

Quadrupole Mode A^2 = 10_{-4}

Schottky Noise (k =2)

I

nk

2

(ω

nk

) =

qQω

r

2

2

exp -ω

nk

2

σ

τ

2

( ) I

k

ω

nk

2

σ

τ

2

( ) .

D(ω) = ωr δ(ω− (nωr + kωs +ωβ)) n,k=− ∞

∞ ∑^Aβ^{dA}β^{dψτ} a^{dτ} a^{dφ} ∫ ×κ(Aβ,ψ ,τ a,φ )Aβe jψ +jkφ Jk ((ω− ωβ − ωξ)τ a) .

κ =

1

(2π)

2

ρ

0

(τ

a

)δ(A

β

- A

0

)e

-jψ

,

D(ω) = ω

r

A

0

Q δ(ω− (nω

r

+ω

β

))

n=− ∞

∞

∑

exp −

(ω− ω

β

− ω

ξ

)

2

σ

τ

2

2

.

r

⊥

(t = 0) = A

β

e

jψ β

(t=0)

= A

β

e

j(ψ +ω ξ

τ a

cosφ )

= A

β

e

j(ψ +ω ξ

τ )

.

-3 -2 -1 0 1 2 3

ω^ξστ = 1.5

-3 -2 -1 0 1 2 3

ω^ξστ = 1.0

ω^ξστ = 0.5 ω^ξστ = 0.0

τ/στ

Dipole Moment

ψ = 0 ω^βt = 0 ω^βt = π/4 ω^βt = π/2 ω^βt = 3π/4 ω^βt = π ω^βt = 5π/4 ω^βt = 3π/2 ω^βt = 7π/4

I b (ω) = ω r e

jk(φ − π 2)

J k (ωτ a )(1+ e

j(kΔφ +ωT 2)

)δ(ω− kω s − nω r )

k,n=− ∞

∞

∑ .

Δφ + nω

r

T

B

=

2πm

B

+

2πn

B

= 2πp; p = integer .