1SLAC-PUB-95-7086December 1995Geometrical Wake of a Smooth Taper*G. V. StupakovStanford Linear Accelerator CenterStanford University, Stanford, CA 94309AbstractAtransverse geometrical wake generated by a beam passing through asmooth taper is considered. Comparison of the existing theories for theimpedance of smooth structures is performed to show that they agree in thefrequency range determined by the dimensions of the transition region. Asimple approach is developed for the calculation of the kick factor, whichreduces finding of the kick factor to the solution of simple electrostatic andmagnetostatic problems. Using results for the real part of the impedance ofthe taper, it is shown that the existing theory allows to accurately estimatethe kick factor for the NLC Final Focus collimator.Submitted toParticles Accelerators_________*Work supported by Department of Energy contract DE-AC03-76SF00515

2 I. INTRODUCTIONScrapers or collimators are often used in circular and linear colliders to eliminatehalo particles from the beam. If the opening of the collimator is small, the wakefield excitedby the collimator can perturb the beam motion and increase its emittance. There are twodifferent physical mechanisms that produce the wakes. Firstly, for a perfectly conductingwall, an incomplete cancellation between electric and magnetic forces acting on the beamfrom the image charges generates a so called geometric wake [1]. Secondly, a finite wallconductivity adds a resistive wake to the geometric one [2]. In many situations, the twowakes can be computed independently and scale differently with the dimensions of thecollimator.To relax the wakefield effects one can try to taper the transition of the beam pipe tothe collimator, and to find the length of the taper by minimizing the wake generated by thetransition. To perform such an optimization one have to be able to compute the geometricalwake for a long, smooth structure. Unfortunately, the existing computer codes such asABCI and MAFIA experience problems for smoothly tapered transitions.Several attempts have been made to evaluate the geometric wake of a pipe with aslowly varying radius using analytical approaches based on the smallness of the anglebetween the pipe wall and the axis. Cooper, Krinsky and Morton developed a theory of theimpedance for a periodic structure with a small but arbitrary variation

Db

of the pipe radius

b

[3]. Using a different method, Warnock generalized their result for nonperiodic tapers[4]. The results of [3,4] assume a small ratio

D b

and cannot be applied to the scrapers,in which

has to be large. The case of arbitrary

has been studied by Yokoya [5]who found purely imaginary impedance and a d-function wake.A comparison of Refs. 4 and 5 for shallow collimators shows an apparentdisagreement between the two papers, since Ref. 5 predicts

ReZ = 0

in contrast tononvanishing

ReZ

of Ref. 4. We address this issue in Section II and show that thisdisagreement is due to the overestimation of the applicability range of the theory of Ref. 5.In Section III, a formula for the transverse kick factor is derived that includes contributionsof both real and imaginary parts of the impedance. Using this formula we show that in thecases when the losses due to the wake are negligibly small, the kick factor is given by thevalue of the imaginary part of the impedance at the zero frequency. This observationprovides a new method of calculation of the wake effect for smooth structures which isused in Section IV to find

ImZ t 0( )

for an axisymmetric pipe with a smoothly varyingradius. In Section V, we study the transverse wake for the NLC Final Focus collimator.Section VI summarizes the results of the paper.II. COMPARISON OF REFERENCES 4 AND 5In Ref. 5, expressions has been derived for the longitudinal and transverse wakesand impedances caused by a smooth transitions in a circular pipe. According to this paper,the longitudinal impedance is given by

3^Z i Z^{c dz bl w} w^{p( )=- ¢( )-¥}¥^�0 2^4,(1)and the transverse impedance is

ZiZdzbt = - ¢�Ł �ł-¥�0 22p

,(2)where

bz( )

is the pipe radius as a function of z, and

Z0 =

120p Ohm and the prime denotesthe derivative with respect to z. Eq. (1) assumes that

bb-¥( ) = ¥( )

, otherwise anadditional term

Z b b

0 2p( ) ¥( ) -¥( )[ ]ln

should be added to the right-hand side. Note thatthe impedance given by Eqs. (1) and (2) is purely imaginary. These formulas are claimed tobe valid for the frequency range such that

kb>> 1

and

kbb¢<< 1

, where

k c=w

. As wewill show below, the validity region for these formulas is actually somewhat different.Another formula for the longitudinal impedance has been derived in Ref. 4 based onthe perturbation theory for small variations of ,

bzbz( ) = + ( )0 D

, where

Db b<<

. Inthis theory,

Z Zcb k d zdu b z b u ik z u i z u c

l ss swpw

( ) = ( ) ¢( ) ¢( ) ( ) - - -( ) ( ) =¥ -¥-¥ � � 0 02 1

2 1 exp

,(3)where

k c j b s s w w ( ) =( ) -[ ]2 02 02 1 2

and

js0

is the sth root of the Bessel function of zeroorder. Evidently, Eq. (3) has both real and imaginary parts.

-0.2-0.100.105101520

Z (

W

)wb/c123Fig.1. Comparison of longitudinal impedances Eq. (1) and (3) for a shallowcollimator. 1 - imaginary part of Eq. (1), 2 and 3 - imaginary and real partsof Eq. (3), respectively.Since either result is applicable to shallow collimators with small

Db

, we compareEqs. (1) and (3) for a particular example when the shape of the collimator is given by

4

b z b d z l

( ) = + + ( ) ( ) 0 1 2 cosp

for

z l<

, and

bzb( ) = 0

for

zl>

(cf. Ref. 4). For theparameters

b0

, d and l we choose the values

b0 1=

cm, d=0.03 cm and l=6 cm. Fig. 1shows the impedances given by Eqs. (1) and (3).The maximum value of

¢b

in this example is equal to

78103. · -

and the condition

kbb¢ < < 1

is well satisfied within the region of k shown in the plot. However, as is seenfrom Fig. 1, the two equations agree only for relatively small values of k. Moreover, theimaginary parts of Eqs. (1) and (3) approach each other when

wfi 0

where the real part ofthe impedance becomes negligibly small. This indicates that both theories agree if we limitEq. (1) by a more stringent requirement than

kbb¢<< 1

. Indeed, it turns out that the upperlimit of validity of equation (1) should be

kb l2 1 <<

,(4)rather than

. We prove this in Appendix A by showing that only in this frequencyrange Eq. (3) reduces to Eq. (1). Since

can be estimated as

D bl

, for large variation ofthe radius,

Db b~

, inequality (4) is equivalent to

, but for small

Db

(as thatcorresponding to Fig. 1) the condition of Ref. 5 strongly overestimates the validity regionof Eq. (1). Furthermore, the requirement

kb>> 1

of Ref. 5 can also be omitted. This willbe demonstrated in section IV by deriving Eq. (2) in the limit

.III. TRANSVERSE KICK FACTOR AND IMPEDANCEWe now proceed to the transverse impedance and a kick factor associated with it. Inapplication to collimators, the kick factor is usually used as an measure of beam emittancedilution caused by the collimation of the beam.We define the transverse kick factor

kt

(which is sometimes called a transverse lossfactor) such that an offset bunch will be deflected by the wake by an angle

¢=y Nr ye tg k

,(5)where N is the number of particles in the bunch,

g

is the relativistic factor,

re

is theclassical electron radius and

y

is the displacement of the bunch. For a given transversewake function

wzt ( )

, the kick factor can be calculated using

kt tf s f s w s s dsds= ( ) ¢( ) - ¢( ) ¢�

,(6)where

fs( )

is the longitudinal distribution function of particles normalized so that

fsds( ) =� 1

.Using the following relation between the wake function and the transverseimpedance,

w s i d e Z

t is c t()

= ( ) - -¥¥�2p w ww

,(7)one can express the kick factor in terms of the imaginary part of the impedance,

kpwt td f Z= - ( ) ( )¥�1 20 ~ Im

,(8)

5where

~_f w ( )

is the Fourier transform of the distribution function

fs( )

. For a Gaussiandistribution,

~ expfkc z ( ) = -( )

s w2 2 22

, and for the impedance (2), Eq. (8) yields,

k p sttzc Z= - Im2

.(9)One can also relate

wzt ( )

to the real part of the impedance [6],

wsdscZt t( ) = �Ł �ł ( )¥�2 0p w w wsin Re

.(10)Using this equation, one can express the kick factor in terms of the real part of theimpedance [7]:

kwswt z td F c Z= �Ł �ł ( )¥� Re0

,(11)where, for a Gaussian distribution function of the beam,

Fxixix( ) = - -( ) ( )p exp 2 erf

.(12)For large x, the function

Fx( )

asymptotically approaches

p -+( )32 1 1 21 2x x

.Clearly equation (11) cannot be used if

ReZt = 0

as it is in Eq. (2). Firstly, it isimportant to understand that a purely imaginary impedance does not mean that the real partof

Zt

vanishes identically; it only indicates that

ReImZ Zt t<<

and, for that reason,

ReZt

has been neglected in Eq. (2). Secondly, Eq. (2) is approximately valid only for a limitedrange of frequencies, whereas integration in Eq. (11) runs up to infinity. Due to a slow rolloff of the function

, the integration in (11) is dominated by so high frequencies, whereEq. (2) is not valid any more. We can improve the convergence in the integral (11) at highfrequencies by the following transformation.Let us introduce a new function

Gx( )

,

G x F x x()

= ( ) - 13 2p

,(13)which decays much faster than

at large values of x,

G x x()

» - - -

2 1 3 2 3 p

. The plot ofthe functions

and

is shown in Fig. 2. From Eq. (11) we find

k w w s w p s ww wtztzt

d G c Z c d Z

= �Ł �ł ( ) + ( ) ¥ ¥ � � Re Re

0 32 0

.(14)

6-2-10101234

G(x), F(x)xG(x)F(x)Fig. 2. Plot of functions

Gx( )

and

Fx( )

.The function

G czws ( ) diverges at

wfi 0

, but the integrals in Eq. (14) converge because

ReZ t w( ) = 0

below the cutoff frequency. The second integral in this equation can beexpressed in terms of the imaginary part of the impedance at the zero frequency through theKramers-Kronig relation [8],

k w w s w p stztzt

d G c Z c Z

= �Ł �ł ( ) - ( )

¥� Re Im

0 122 0

.(15)This equation shows that if the real part of the impedance is much smaller that theimaginary part, the kick factor is proportional to the value of the imaginary part at the zerofrequency. In many cases, calculation of

ImZt 0( )

is much easier to perform than to find

Zt w( )

for arbitrary frequency, because

involves only solutions of Maxwellequations for static (time-independent) fields. In the next section we demonstrate how tofind

ImZ t 0( )

for a smoothly varying axisymmetric structure.Note that putting Eq. (2) into Eq. (15) immediately yields the correct result (8).Furthermore, using Eq. (15) will allow us to find in section V a correction to the kick factordue to nonvanishing real part of the impedance. IV.

ImZ0t ( )

FOR A TUBE WITH A SMOOTHLY VARYING RADIUSIn this section we will solve magnetostatic and electrostatic problems and find thetransverse impedance at the zero frequency for a tube with a smoothly varying radius.A convenient approach to calculate the transverse impedance is based onconsideration of a current

Itzcitikz, exp( ) = - +( )l w

, where

l

is the beam charge per unitlength, displaced by an infinitesimally small distance

D

away from the pipe axis (see Fig.

73). In the limit of

w= 0

,

Itz,( )

reduces to a dc current,

Ic= l

, with the transverseimpedance given by the following formula:

ZicEHdzt x yw l=( ) =- -( )-¥¥�0 D

,(16)where

Ex

and

Hy

are the electric and magnetic fields on the axis of the pipe due to thepresence of the walls.D

zxFig. 3. An offset beam in a pipe with a smoothly varying radius.A displaced beam with a charge density

l

is equivalent to a linear dipole directedalong x with a dipole moment

dx = l D

per unit length, and a linear magnetic momentdirected along y with a dipole moment per unit length

my = - l D

. Hence, we need to findelectrostatic and magnetostatic fields generated by these dipoles inside the pipe. Theproblem can be solved using a perturbation theory in the small parameter

¢b

.First, we will find the electrostatic potential

jqr z, ,( )

. It satisfies the Poissonequation with the dipole sources on the right hand side,

142 2 2 2 2r r r r r z x y¶¶ ¶ j jq j p l d d¶ + ¶ +¶ =- ¢( ) ( )D

,(17)(

¢d

denotes the derivative of the delta function) with the boundary condition

j=0

at

rbz= ( )

.In a pipe of a constant radius

b

, the potential of a linear dipole does not depend on

z

and is equal to

jlq0 22 1= -�Ł �łDr rb cos

.(18)To include the effect of the variation of

bz( )

, we assume that

8^{j j j= +0 1},(19)where

j j1 0< <

and

j0

is given by Eq. (18) in which

b

is considered as a function of

z

.The first order correction

j1

can be found from the equation

111 2 2 12 2 02r r r r r z¶¶ ¶ j jq j¶ + ¶¶ = - ¶ ¶

,(20)in which we neglected

¶ ¶212j z

in comparison with

¶ ¶202j z

. The solution to thisequation satisfying

j1 0=

at

rb=

is

jlq1 2 3 214= ( ) ¢¢ - ( )( )-D b r b z r cos

,(21)with the electric field on the axis,

Exbx = - ¶¶ = ( ) ¢¢-j l1 2 214 D

.(22)A similar approach can be used for the magnetic field

H

. We introduce themagnetostatic potential

yqr z, ,( )

such that

H= -� y

. Note that a single-valued magneticpotential does exist in our problem because a total current in z-direction in a linear magneticdipole equals zero. The function

y

satisfies the Poisson equation

142 2 2 2 2r r r r r z x y¶¶ ¶y yq y p l d d¶ + ¶ + ¶¶ = - ( ) ¢( )D

,(23)with the boundary condition corresponding to the vanishing normal component of themagnetic field at the pipe wall,

¶=¢¶y yr b z

.(24)Again, using the perturbation theory, one finds

yqlqr z r rb r b r b rbb b, , sin( ) = - +�Ł �ł- -( ) ( ) ¢¢+ ¢( ) ¢� �- -2 1 18 32 3 2 2 2D

,(25)with the magnetic field on the axis

Hybbby = - ¶¶ = ( ) ¢¢+ ¢( ) ¢ØºŒ øßœ- -y l D 34 22 2 2

.(26)Putting Eqs. (22) and (26) into Eq. (16) and integrating by parts using

¢–¥( ) =b 0

,yields

ZiZdzbt w p=( ) =- ¢�Ł �ł-¥�0 2 0 2

,(27)which is Yokoya’s result (2). Thus we proved that Eq. (2) does not have a limitation fromthe side of low frequencies and is valid down to

w= 0

.

9 V. NLC FINAL FOCUS COLLIMATORConsider an axisymmetric taper shown in Fig. 4. The pipe radius gradually changesfrom b to g on a conical transition region of length l. The parameters of the taper are chosento be b=0.5 cm, g=0.1 cm and l=28 cm; they correspond to that of the NLC Final Focuscollimator [9]. We will assume the beam size

sz = 001.

cm.Using Yokoya’s formula (2) for the kick factor (9) we find

k q p stzg b= -�Ł� �ł�= = ·-1 1 6 5 0 58 102 3. . .cm V/pC/m

(28)This result, however, should be checked against the applicability condition of Yokoya’sformula. Estimating the highest frequency for which Eq. (2) is valid as

w =cl b2

, we find

wp= ·2 540

GHz, which is comparable to the frequency

c zsp= ·2 500

GHzassociated with the bunch length. This raises a question of how accurate Eq. (28) is.

blgFig. 4. A taper.To find a correction to Eq. (28) due to the contribution of high frequencies whereEq. (2) is not accurate enough (and the real part of the impedance is not negligible), weused Eq. (15) in which the second term reproduces the result (28) and the first termrepresents a contribution caused by nonvanishing real part of the impedance. The latter hasbeen numerically computed for the taper of Fig. 4 using the formulas of Ref. [8], and isshown in Fig. 5. Rapid oscillations of the impedance with the frequency are due tointerference of the waves radiated by the beam in the transition region. For comparison, theimaginary part of the impedance for the taper is equal to 0.7 kW/m. Performing integrationin Eq. (15) with

ReZ t w( )

shown in Fig. 5 yields a correction

Dkt = -0 15 2. cm

to theresult of Eq. (28), that is less than 5%.Note that the results of Sec. V for the real part of the impedance have about thesame region of validity as Eq. (2) and are not accurate enough for high frequency.However, using them in Eq. (15), where the dominant contribution comes from the secondterm, and the high frequency range is suppressed by the rapid decay of the function

G

,allowed us to evaluate the accuracy of Yokoya’s formula for the NLC-type collimator.

1000.050.10.150.20200400600800

ReZ

t

(k

W

/m)GHzFig. 5. Plot of

ReZ t w( )

for the collimator shown in Fig. 4. VI. CONCLUSIONWe have shown that Yokoya’s formula for the impedance of a smooth taper, if usedwithin the right applicability range, gives an accurate estimation of the wake field and thetransverse impedance. As shown in Section IV, it can actually be derived in a much simplerfashion, if one limits the consideration to a low frequency range. The method developed inthis section can be rather easily applied to other geometries, e.g., for a collimator withplane jaws.We estimated the error due to the nonvanishing real part of the impedance for theNLC Final Focus collimator. The prediction of Yokoya’s formula for this collimator arecorrect within few percent. ACKNOWLEDGMENTSThe author thanks A. Chao, S. Heifets, J. Irwin and R. Warnock for usefuldiscussions.References.1. K. L. F. Bane and P. L. Morton. Deflection by the Image Current and Charges of aBeam Scraper. Proc. 1986 Linac Accelerator Conference, Stanford, CA, June 2-6, 1986.SLUC-PUB-3983, May 1986.2. N. Merminga, J. Irwin, R. Helm and R. D. Ruth. Collimation Systems for a TEVLinear Collider. SLAC-PUB-5165, May 1994. Submitted to Particle Accelerators.3. R. K. Cooper, S. Krinsky and P. L. Morton. Transverse Wake Force in PeriodicallyVarying Waveguide. Particle Accelerators, 12, 1, (1982).

114. R. L. Warnock. An Integro-Algebraic Equation for High Frequency Wake Fields in aTube with Smoothly Varying Radius. SLAC-PUB-6038 (1993).5. K. Yokoya. Impedance of Slowly Tapered Structures. CERN SL/90-88 (AP) (1990).6. A. W. Chao. Physics of Collective Beam Instabilities in High Energy Accelerators.Wiley, New York, 1993.7. K. Bane and M. Sands. Wakefields of Very Short Bunches in an Accelerating Cavity.Particle Accelerators, 25, 73 (1990).8. G. V. Stupakov. SLAC-PUB-95-7039, Oct. 1995.9. NLC ZDR Workbook, SLAC, 1995, unpublished.

12APPENDIX AConsider the cernel of the integral in Eq. (3),

expik iks x x-( )

, where

x= -z u

.For positive values of

x

, it is equal to

expi k ks -( )( )x

, and for negative

x

, it reduces to

expi k ks +( )( )x

. For large values of

x

, this function oscillates rapidly and does notcontribute essentially to the integral. Characteristic value of

x= *

, below which the maincontribution to the integral lies, can be estimated as follows,

x* max ,» + -�Ł� �ł�1 1k k k ks s

.(A1)Remembering that

k k j b s s = -[]2 02 02 12

, one finds that the maximum value of

x*

, in thelimit of large frequencies, can be estimated as

x* » 2 0202b kj s

.(A2)Let us denote by

l

a typical distance on which

bz( )

varies. If

l>> x*

, the product

¢( ) ¢( )b z b u

varies slowly on the scale

associated with the function

11 k ik z u ik z uss s=¥� - - -( )( )exp

, (A3)and the latter can be substituted for by a delta function

Azud -( )

,

11 k ik z u ik z u A z uss s=¥� - - -( )( ) fi -( )exp d

,(A4)where the constant

A

is the area under the function (A3). We have

Akikikdibjibss s ss= -( ) =- =-=¥ -¥ =¥� � �1 2 1 21 02 021 02exp x x x

.(A5)Now equation (3) reduces to

ZiZcdzdubzbuzuiZcdzbzl w wp d wp( ) =- ¢( ) ¢ ( ) -( ) = - ¢( )( )-¥¥-¥¥ -¥¥� �0 0 24 4

,(A6)in agreement with Eq. (1). The condition

l>> x *

, by the order of magnitude, is equivalentto Eq. (4).