SLAC-PUB-95-6829

Transverse instabilities for multiple nonrigid bunches in a storage ring^�

J. Scott Berg, Ronald D. Ruth Stanford Linear Accelerator Center; Stanford University; Stanford, CA 94309

Submitted to Physical Review Letters

Abstract

We describe a method for computing eigenfrequencies for a system consisting of several highly relativistic bunches of charged particles circulating in a storage ring. The bunches are treated as nonrigid, smooth distributions of charge. A bunch feels forces due to fields induced in the vacuum chamber by the dipole line density of itself and other bunches. It also feels forces due to magnets designed to guide the beam. We also include effects of feedback systems designed to correct these dipole motions. We include an example from a real storage ring design.

Typeset using REVTEX

∗This work has been supported by the Department of Energy, contract DE-AC03-76SF00515

We consider a storage ring in which there are several bunches of charged particles circulating at a frequency ω_0. The charged particles are confined so as to keep them bunched and moving near an ideal orbit. The charges also induce electromagnetic fields which can then act back on the charges, potentially causing the beam to be unstable. These instabilities can often be corrected by making a feedback system which senses the dipole moment of the beam at a given position and acts back on the beam at a different position based on the dipole moment detected.

The particles are bunched in the following sense: Parameterize the distance along the ideal orbit by s, and consider a particle’s position to be the position along the ideal orbit of a plane perpendicular to that orbit that the particle lies in. Then at any given time, all particles in the bunch lie in a closed interval in s. Also, the intervals for any two bunches do not overlap, nor does any interval extend more than the length of the ring.

Previous work has considered several aspects of this effect. We will confine our description to work considering the force due to transverse wakefields (forces depend on the dipole line density of the charge distribution). Authors have considered how the various eigenmodes involving transverse and longitudinal motion in a single bunch can couple together and create instability (transverse mode coupling) [1–6]. Authors have also shown how to calculate multibunch eigenfrequencies where the bunches are considered to be point particles [7] or where internal degrees of freedom are included but are not considered to be coupled [8–11].

Here, we show how to compute eigenfrequencies for modes of multiple bunches where the internal degrees of freedom are considered and allowed to couple. The technique we use here is a straightforward extension of the formalism of J. M. Wang [8]. The single-bunch case for this has been worked out by R. D. Ruth [3,4].

We will describe the force that a single particle feels by a Hamiltonian [12]. The Hamiltonian is written with s, the position along an ideal orbit through the ring, as the independent variable. Because of the bunched nature of the beam described above, the Hamiltonian may be written as a sum of the Hamiltonians H_r that describe each bunch. Each bunch Hamiltonian will be the sum of two terms.

The first term describes the forces due to magnets, as well as any “potential well distortion” due to longitudinal wakefield forces [13–15], which may be different for different bunches. We assume that the motion due to these forces is at least approximately integrable, so we can write this term as a function of the action variables only [12]. We call this term H_{r0}(J ), where r is the bunch index.

The second term in the bunch Hamiltonian describes the forces due to electromagnetic fields generated by the bunches. The fields induced at a position s in the ring are proportional to the transverse displacement and charge of a particle passing that position. The transverse force a time τ later at the same position in the ring will then be proportional to this dipole moment of the source charge times a transverse wakefield W_⊥(τ ). Taking into account the fact that a storage ring is periodic with length L, this second term for the rth bunch is �^{r0}_{β20 γ0L}yr(θ, J )^∑_{kn} Nn^∫ yn(θ^′, J^′)Ψn(θ^′, J^′, s � kL) W_⊥[τ_r(θ, J ) � τ_n(θ^′, J^′) + kT_0]d^2θ^′d^2J^′. (1)

Here r_0 is the classical radius of the electron; β_0 is the average velocity of a reference particle divided by the speed of light; γ_0 = (1 � β^2_0 )^{−1/2}; β_0cT_0 = L where c is the speed of light; N_n is the number of particles in bunch n; y_r(θ, J ) is the transverse displacement for particles in bunch r; τ_r(θ, J ) is the arrival time of a particle in bunch r minus the arrival time of a synchronous particle; and Ψ_n(θ, J , s) is the phase space distribution function for bunch n at a position s. The summation over k takes into account the circulation of the particles around the ring. Note that y_r and τ_r represent the two of the four phase space coordinates, and these functions describe part of a canonical transformation to the coordinates y and τ from the action-angle coordinates θ and J .

The quantity y_n(θ, J )Ψ_n(θ, J , s) is a dipole density about the “central orbit” in the ring as a function of phase space position and longitudinal position in the ring. W_⊥ couples this dipole density to a transverse force.

We have assumed here that the ring is uniform, in the following senses: First of all, the transverse displacement y_r and time-of-flight displacement τ_r, written in terms of actionangle variables, are independent of s. Secondly, the wake field W_⊥ is also independent of s. We can also consider the effect of adding a feedback system to this formalism. Such a system is designed to damp the motion of multibunch modes by sensing the position of each bunch and giving it a kick a distance from the pickup so as to reduce the oscillation amplitude of the bunch in question.

We can describe such a system through an extra term in the Hamiltonian similar to Eq. (1) above. Simply replace kL in that equation with kL+Δs (and thus kT_0 by kT_0 +Δs/β_0c), and rename W to WFB.

We have once again assumed that the ring is uniform; in this case, this corresponds to the fact that a distribution at any point s in the ring generates a feedback kick a distance s + Δs further down in the ring. The real system generally consists of a pickup and kicker at fixed positions in the ring. The approximation here is that the feedback kick received by the beam is small compared to other forces in the system.

We now consider a distribution Ψ^′_n(θ, J , s) = Ψ_{n0}(J ) + Ψ_n(θ, J , s), where Ψ_n is a small perturbation to Ψ_{n0}. We further assume that ∫ yΨ_{n0}[J (y, p_y, τ, p_τ )]dy dp_y dp_z = 0, (2) where y and τ are the canonical phase space coordinates corresponding to the transformation described above, and p_y and p_τ are the corresponding canonical momenta. This is true if J is only a function of y^2, which is the case for “midplane symmetry” in accelerator ring designs (usually true in the vertical direction only). If this is not the case, we may still do an approximate normalization of the Hamiltonian H_{r0} plus the term from Eq. (1) with the Ψ_n replaced with Ψ_{n0}. We then change to the action-angle variables of this system for subsequent calculations. This is similar to the process used to handle potential well distortion in the longitudinal case [13–15].

The time evolution of the distribution Ψ of particles where the motion of any individual particle is described by a Hamiltonian H is given by the Vlasov equation [13]

∂Ψ ∂s + [Ψ, H] = 0, (3)

where [ ] are Poisson brackets [12]. Note that since the distribution itself appears in our Hamiltonian, this is not strictly true. However, even with interactions, the Vlasov equation turns out to be the first equation in the BBGKY hierarchy of equations, and we can truncate that hierarchy under the assumption that the two-particle distribution function factors into a product of one-particle distribution functions [16].

Because of the bunched nature of the beam, we may write an individual Vlasov equation for each bunch. The Vlasov equations will end up being coupled through the wakefield term in each Hamiltonian. The Vlasov equation for bunch r is ∂Ψ^′_r ∂s + [Ψ^′_r, H_r] = 0. (4)

Note that Ψ_{r0} is independent of s. Second of all, note that from Eq. (2), H_r does not contain Ψ_{n0}. Because Ψ_r is a perturbation to Ψ_{r0}, we will also ignore terms that are second order in Ψ_r.

It is useful to define the impedance, which is the Fourier transform of the wakefield:

Z_⊥(ω) = i ∫_∞ −∞ W_⊥(τ )e^{iωτ} dτ. (5) Next we define the Fourier transform of the perturbation to the bunch distribution:

Ψ_r(θ, J , Ω) = 1 β_0c ∫ Ψ_r(θ, J , s)e^{iΩs/β0c}ds. (6) Since the phase space variables have already taken into account the motion of the bunch around the ring, the frequency Ω refers to the frequency of oscillation in the bunch frame. In the lab frame, the frequencies seen will be Ω plus all multiples of the revolution frequency ω_0. We can thus define the dipole moment due to the entire train of bunches seen in the lab frame at frequency pω_0 + Ω to be

D_p(Ω) = ∑ r N_r ∫ e^{i(pω0+Ω)τr (}`^,J^)y_r(θ, J )Ψ_r(θ, J , Ω)d^2θd^2J . (7)

The Vlasov equation then becomes [ Ω + iω_r(J ) � ∂ ∂θ ] Ψ_r(θ, J , Ω) = � r_0c^2 γ_0L^2 ∑ p D_p(Ω)

Z_⊥(Ω + pω_0) ∂Ψ_{r0} ∂J �^∂_{∂θ}^[yr(θ, J )e^{−i(pω0+Ω)τr (`,J)]} (8) where ω_r = ∂H_{r0}/∂J .

Adding a feedback system simply adds a term to the right hand side of this where Z_⊥(Ω + pω_0) is replaced by ZFB(Ω + pω_0)e^{−ipΔs/R}. ZFB is the Fourier transform of WFB in the same way as Z_⊥ was done.

To find the eigenfrequencies Ω in Eq. (8), we must first turn the left hand side of that equation into a D_p. To do this, we need to invert the operator

Ω + iω_r(J ) � ∂ ∂θ (9) After doing so, and applying Eq. (7), we get an eigenvalue equation D_q(Ω) = ∑ p A_{qp}(Ω)D_p(Ω).

We now assume that we have a lattice consisting only of linear focusing and defocusing magnets. We also assume that all bunches are identical and equally spaced. We also assume that the distribution Ψ_{r0}(J ) depends on J only in the Hamiltonian H_{r0}, and is Gaussian in τ and y. Since all the bunches are identical, all the r indices in the above equations disappear, except in τ_r. The linear lattice leads to ω being independent of J . Thus, we get

Ψ_{r0}(J ) = | |ω^yα^{2c} β^{20} c^2 4π^2σ^4_l ω^3_z | | e^{−(ω}y^Jy^{+ω}z^Jz^{)α}c^β0^{c/ω2}z^{σ2}l , (10)

y_r(θ, J ) = √ 2J_yβ_y cos θ_y, (11)

τ_r(θ, J ) = 2πr Mω_0 + √ 2J_zα_c β_0cω_z cos θ_z (12)

where α_c is the momentum compaction factor, β_y is the average betatron function [17], σ_l is the RMS bunch length, and M is the number of bunches. Also, ω_{ry} and ω_{rz} are the y and τ components of ω_r respectively.

There is a summation over bunch number resulting from the application of Eq. (7) described above. Under our approximations, this summation can be performed; it gives zero unless p and q are separated by M, and M in that case. Thus, we get M separate eigenvalue systems, indexed by p_0, with p = p_0 + αM and q = p_0 + βM. Thus, α and β are now the indices on A. The resulting A is

A^{p0}_{βα}(Ω) = i r_0c^2β_yNM 4γ_0L^2ω_y

Z_⊥(pω_0 + Ω)e^{−σ2l} [^{(qω0+Ω)2+(pω0+Ω)2}]^{/2β20c2} ∑ m (δ_{m1} + δ_{m,−1}) [ 2e^{σ2l (qω0+Ω)(pω0+Ω)/β20 c2} �^Ω_{ωz} csc π^Ω �^{mωy}_{ωz}^{∫ π}_{−π} cos^{(Ω} �^{mωy)θ′}_{ωz} e^{−σ2}l^{(qω0+Ω)(pω0+Ω) cos θ0/β20 c2} dθ^{′]} (13)

We take the series for small σ_l of the bracketed term in Eq. (13). Next, we make a change of basis to

ϕ_n(Ω) = ( σ_l β_0c )_n ∑ α Z_⊥[Ω + (p_0 + Mα)ω_0]D_{p0+Mα}(Ω)

e^{−σ2l [Ω+(p0+Mα)ω0]2/2β20c2} [Ω + (p_0 + Mα)ω_0]^n. (14)

Our system then becomes

ϕ_m(Ω) = ∞∑ n=0 K_{m+n}(Ω + p_0ω_0)F_n(Ω; ω_y, ω_z)ϕ_n(Ω) (15)

F_n(Ω; ω_y, ω_z) = 1 2^nn! n∑ k=0 (n k ) [ω_y + (n � 2k)ω_z ]2 Ω^2 � [ω_y + (n � 2k)ω_z ]^2

(16)

K_k(Ω) = �i r_0c^2β_yNM γ_0L^2ω_y ∑ α Z_⊥(ω + Mαω_0)e^{−σ2l (ω+Mαω0)2/2β20c2} ( σ_l β_0c )_k (ω + Mαω_0)^k (17)

We consider the PEP-II B-Factory [18] low-energy ring as an example. We will only calculate the effects involving the m = 0 and m = 1 terms in Eq. (15). If we consider only a single bunch, we find that the m = 0 and m = 1 modes couple, as expected (Fig. 1). If we consider multiple bunches, but don’t consider coupling between the modes, we would see growth rates and frequency shifts approximately proportional to current. If we now allow

FIG. 1. Single bunch mode coupling. Solid lines are the real part of the mode frequencies, dashed lines are the imaginary parts (growth rates).

the multibunch modes to couple, we see a strong mode coupling effect, as frequencies much smaller than the mode coupling threshold we see for a single bunch (Fig. 2; compare Fig. 1). The growth rates of the m = 0 modes which have large growth rates when mode coupling is ignored are only slightly affected by mode coupling. Those which had small growth rates essentially mirror the single bunch behavior of Fig. 1.

The major effect is on the m = 1 modes. If mode coupling is ignored, these typically have small growth rates which increase linearly with current. Mode coupling affects these modes in two ways. First, the m = 1 growth rates no longer increase linearly with current, and so for even small currents, can become very large. Second, the sudden increase in growth rate as a function of current that occurs in the single bunch case (see Fig. 1) now occurs at much lower currents. The approximate location of this increase can be seen from the point where the real frequencies coincide (see Fig. 2), similarly to the single bunch case.

While the growth rates are still typically dominated by the m = 0 modes, there is still reason to be concerned with the m = 1 modes. Typical feedback systems damp only the m = 0 modes. Damping the m = 1 modes requires pickups and kickers that operate at very

FIG. 2. Multibunch with mode coupling, real part of frequencies.

high frequencies, as can be seen by examining the form of K_k in Eq. (17). Thus, the strong effect of mode coupling on the m = 1 modes can produce instabilities that are difficult to correct, and are at much lower currents than the single-bunch mode coupling threshold (see Fig. 3).

We have demonstrated a method for calculating the eigenfrequencies for a storage ring containing multiple bunches, which allows us to include coupling between the internal degrees of freedom in the bunches. We show that this can have a similar effect to what is seen with single-bunch mode coupling, but at significantly lower currents. This is an important effect to consider in the design of the next generation electron-positron storage rings such as the PEP-II B-Factory.

FIG. 3. Multibunch growth rates with feedback. Dashed lines are the m = 0 modes, other lines

are m = 1.

Yunhai Cai and Sam Heifets were both very helpful in getting the correct parameters and impedance model for the B-Factory.

REFERENCES

[1] R. D. Kohaupt, Technical Report No. DESY 80/22, DESY (unpublished). [2] K. Satoh and Y. Chin, Nucl. Instrum. and Methods 207, 309 (1983). [3] R. D. Ruth, Technical Report No. BNL 51425, Brookhaven National Laboratory (unpublished).

[4] R. D. Ruth, in 12th International Conference on High-Energy Accelerators (Fermi National Accelerator Laboratory, Batavia, IL, 1983).

[5] F. Ruggiero, Particle Accelerators 20, 45 (1986).

[6] G. Besnier, D. Brandt, and B. Zotter, Particle Accelerators 17, 51 (1985). [7] K. A. Thompson and R. D. Ruth, Phys. Rev. D 43, 3049 (1991). [8] J.-M. Wang, in Physics of Particle Accelerators, No. 153 in AIP Conference Proceedings, edited by M. Month and M. Dienes (AIP, New York, 1987).

[9] J. L. Laclare, in 11th International Conference on High-Energy Accelerators, edited by W. S. Newman (Birkhäuser, Basel, Switzerland, 1980).

[10] F. J. Sacherer, in Proceedings of the IXth International Conference on High Energy Accelerators (Stanford Linear Accelerator Center, Stanford, CA, 1974), pp. 347–351.

[11] M. S. Zisman, S. Chattopadhyay, and J. J. Bisognano, Technical Report No. LBL-21270, Lawrence Berkeley Laboratory (unpublished).

[12] V. I. Arnold, Mathematical Methods of Classical Mechanics (Springer-Verlag, New York, 1989).

[13] A. W. Chao, Physics of Collective Beam Instabilities in High Energy Accelerators (John Wiley & Sons, Inc., New York, 1993).

[14] K. Oide and K. Yokoya, Technical Report No. KEK Preprint 90-10, KEK (unpublished).

[15] K. Oide, in Fourth Advanced IFCA Beam Dynamics Workshop on Collective Effects in Short Bunches, edited by K. Hirata and T. Suzuki (KEK Report 90-21, KEK, Japan, 1990).

[16] D. C. Montgomery and D. A. Tidman, Plasma Kinetic Theory (McGraw-Hill, New York, 1964).

[17] H. Wiedemann, Particle Accelerator Physics: Basic Principles and Linear Beam Dynamics (Springer-Verlag, Berlin, 1993).

[18] Technical Report No. SLAC-418, Stanford Linear Accelerator Center (unpublished).