hep-ph/9502416

SLAC–PUB–95-6761

CLASSICAL PHOTOABSORPTION SUM RULES^⋆

Stanley J. Brodsky Stanford Linear Accelerator Center Stanford University, Stanford, California 94309 and Ivan Schmidt Universidad Federico Santa María Casilla 110–V, Valparaíso, Chile ABSTRACT We use a quantum loop expansion to derive sum rule constraints on polarized photoabsorption cross sections in the Standard Model, generalizing earlier results obtained by Altarelli, Cabibbo, and Maiani. We show that the logarithmic integral of the spin-dependent photoabsorption cross section ∫_∞ νth dν ν Δσ_{Born}(ν) vanishes for any 2 → 2 process γa → bc in the classical, tree-graph approximation in the Standard Model, supersymmetric gauge theories, and other quantum field theories where the Drell-Hearn Gerasimov sum rule is valid. Here ν = p · q/M and Δσ(ν) = σ_P (ν)−σ_A(ν) is the difference between the photoabsorption cross section for parallel and antiparallel photon and target helicities. Tests of the sum rule for the reactions γe → W ν and γγ → W^+W^− can provide new tests of the canonical magnetic and quadrupole couplings of the Standard Model. We also extend the sum rule to certain virtual photon processes. Submitted to Physics Letters B.

⋆ Work supported in part by Department of Energy contracts DE–AC03–76SF00515 and DE–AC02–76ER03069, and by Fondo Nacional de Investigación Científica y Tecnológica, Chile, contract 1931120.

I. Introduction The Dirac value g = 2 for the magnetic moment μ = geS/2M of a particle of charge e, mass M, and spin S, plays a special role in quantum field theory. As shown by Weinberg [1] and Ferrara et al. [2], the canonical value g = 2 gives an effective Lagrangian which has maximally convergent high energy behavior for fields of any spin. In addition, one can use the Drell-Hearn Gerasimov (DHG) sum rule [3] to show that the magnetic and quadrupole moments of spin-^1_2 or spin-1 bound states approach the canonical values μ = eS/M and Q = −e/M^2 in the zero radius limit MR → 0 [4, 5, 6], independent of the internal dynamics.

In the case of the Standard Model, the anomalous magnetic moments μ_a = (g − 2)eS/2M and anomalous quadrupole moments Q_a = Q + e/M^2 of the fundamental fields vanish at tree level, ensuring a quantum field theory which is perturbatively renormalizable. The canonical values μ = eS/M and Q = −e/M^2 are thus fundamental properties of the classical limit of the Standard Model. The anomalous couplings receive contributions of order α/π from radiative corrections [7]. Deviations from the predicted values could reflect new physics and interactions such as virtual corrections from supersymmetry or an underlying composite structure.

The canonical values g = 2 and Q = −e/M^2 lead to a number of important phenomenological consequences:

1. The magnetic moment of a particle with g = 2 processes with the same frequency as the Larmor frequency in a constant magnetic field. This synchronicity is a consequence of the fact that the electromagnetic spin currents can be formally generated by an infinitesimal Lorentz transformation [8, 9].

2. The forward helicity-flip Compton amplitude for a target with g = 2 vanishes at zero energy [10].

3. The amplitude for a photon radiated in the scattering of any number of incoming and outgoing particles with charge e_i and four-momentum p^μ_i vanishes at the kinematic angle where all the ratios e_i/p_i · k are simultaneously equal [9]. For example, the Born cross section dσ/ cos θ_{cm}(ud → W^+γ) vanishes identically at an angle determined from the ratio of charges: cos θ_{cm} = e_d/e_W + = −1/3 [11]. Such “radiative amplitude zeroes” or “null zones” occur at lowest order in the Standard Model because the electromagnetic spin currents of the quarks and the vector gauge bosons are all canonical.

The vanishing of the forward helicity-flip Compton amplitude at zero energy for the canonical couplings, together with the optical theorem and dispersion theory, leads to a superconvergent sum rule; i.e., a zero value for the DHG sum rule. This remarkable observation was first made for quantum electrodynamics and the electroweak theory by Altarelli, Cabibbo and Maiani [12]. In this paper we shall use a quantum loop expansion to show that the logarithmic integral of the spindependent part of the photoabsorption cross section ∞∫ νth dν ν Δσ_{Born}(ν) = 0 (1)

for any 2 → 2 Standard Model process γa → bc in the classical, tree graph approximation. The particles a, b, c and d can be leptons, photons, gluons, quarks, elementary Higgs particles, supersymmetric particles, etc. We also can extend the sum rule to certain virtual photon processes. Here ν = p · q/M is the laboratory energy and Δσ(ν) = σ_P (ν) − σ_A(ν) is the difference between the photoabsorption cross section for parallel and antiparallel photon and target helicities. The sum rule receives nonzero contributions in higher order perturbation theory in the Standard Model from both quantum loop corrections and higher particle number final states.

We shall refer to the superconvergent relation Eq. (1) as a classical photoabsorption sum rule. More generally, we can use Eq. (1) as a new way to test the canonical couplings of the Standard Model and to isolate the higher order radiative corrections. The sum rule also provides a non-trivial consistency check on calculations of the polarized cross sections. Probably the most interesting application and test of the Standard Model is to the reactions γe → W ν and γe → Ze which can be studied in high energy polarized electron-positron colliders with back-scattered laser beams. In contrast to the timelike process e^+e^− → W^+W^−, the γe reactions are sensitive to the anomalous moments of the gauge bosons at q^2 = 0. The Standard Model predicts ∞∫ νth dν ν Δσ_{γe→W ν}(ν) = O(α^3). (2)

The vanishing of the logarithmic integral of Δσ(ν) at the tree-graph approximation also implies that there must be an energy ν_0 where Δσ_{Born}(ν_0) = 0 [13]. Modifications of the Standard Model, such as those arising from composite structure of the quarks or vector bosons, will lead to corrections to the sum rule. We will investigate the sensitivity of the position of the crossing point √ s_{γe} ≃ 3.16M_W and the value of the DHG integral to higher order corrections and violations of the Standard Model in Ref. [13].

II. Classical Limit of the DHG Sum Rule The DHG sum rule relates the square of the anomalous magnetic moment of a particle to the logarithmic integral of the difference of the cross section for the absorption of a photon with spin parallel or antiparallel to the target spin:

μ^2_a = 4παS^2 M^2

(g − 2)^2 = S π ∞∫ νth dν ν [σ_P (ν) − σ_A(ν)] . (3)

The DHG sum rule is derived by assuming an unsubtracted dispersion relation for the forward spin-flip Compton amplitude f_2(ν), plus the low energy theorem which relates this amplitude at zero energy to the square of the anomalous moment [10]. It is valid for a target of any spin S, whether elementary or composite [3, 6].

Some years ago Weinberg noticed that the validity of the DHG sum rule requires that the first term in a perturbative expansion of the anomalous magnetic moment is of order α, so that g = 2 at tree level for a particle of any spin [1]. This can be easily seen by expanding both sides of Eq. (3) in powers of α. The lefthand side of the DHG sum rule would start at order α if the perturbative expansion for the anomalous magnetic moment had a contribution of order α^0. But the first contribution to the righthand side is elastic Compton scattering, which starts at order α^2. Consistency then demands Weinberg’s result. Conversely, the Standard Model predicts that the lefthand side starts as α^3. Thus there is another important consequence of the DHG sum rule: the tree graph contributions of order α^2 to the DHG integral must vanish. This can be easily verified in QED [12] by explicit integration of the logarithmic integral of the Compton scattering cross section γe → γe in Born approximation:

σ_P (ν) − σ_A(ν) = − 2πα^2 mν [( 1 + m ν ) ℓn ( 1 + 2ν m ) − 2 ( 1 + ν^2 (m + 2ν)^2 )] . (4)

We can extend these results to general processes in quantum field theory by considering a loop expansion of the perturbative contributions to the forward Compton amplitude and demanding that both sides of the dispersion relation track in the number of loops. The classical limit corresponds to zero quantum loops. Loops can be counted by the following device [14]: to each vertex of a Feynman graph one assigns a factor of a^{−1}. To each propagator one assigns a factor of a, since it is the inverse of the differential operator that appears in the kinetic term in the Lagrangian L. If P is the number of propagators and V is the number of vertices, then P − V counts the powers of a and L = P − V + 1 is the number of loops of the Feynman graph. This counting corresponds to formally rescaling L → L a^{−1}. The rescaling changes the quantum theory but not the classical theory.

In the rescaled quantum theory, the dispersion relation for the forward spin-flip Compton amplitude f_2(ν) is modified by a power of a:

aμ^2_a ∝ ∞∫ νth dν ν Imf_2(ν). (5)

The extra power of a appears on the left hand side since the zero energy spin-flip Compton amplitude f_2(0) contains one extra propagator not counted in the square of the anomalous moment [15].

The Schwinger α/2π contribution to the anomalous magnetic moment of the electron is computed in QED from a Feynman amplitude with V = 3, P = 3, L = 1. Thus the lefthand side of the dispersion relation Eq. (5) is proportional to a^1. On the other hand, the lowest order (box graph) contribution to Imf_2(γe → γe) has V = 4, P = 4, P − V = 0, i.e., the power a^0, so it must have a vanishing integral. Thus, by the optical theorem, the Born contribution to Δσ(γe → γe) cannot contribute to the DHG sum rule. Notice that the two-loop contribution to Imf_2(ν) has V = 6, P = 7, P − V = 1; it thus has power a^1 and can contribute to the DHG integral. The two-loop contribution to Imf_2(ν) has a cut which corresponds to the square of the tree graph contribution to σ(γe → γγe) as well as virtual radiative corrections to σ(γe → γe). Thus 2 → 3 tree graphs can give non-zero contributions to the DHG integral, but the contributions of 2 → 2 tree graphs to the logarithmic integral of Δσ(γe → γe) vanish.

The above counting of quantum loops reflects the non-linearity of the forward Compton dispersion relation and is representative of all Standard Model contributions to the DHG integral. In fact, in any field theory where the DHG sum rule is valid, the tree graph contributions to 2 → 2 processes give zero DHG integral; i.e. ∞∫ νth dν ν [ σ^{γa→bc} P (ν) − σ^{γa→bc}_A (ν) ] Born

= 0. (6)

III. Sum Rule Tests of the Standard Model We now consider some explicit examples of the classical photoabsorption sum rule Eq. (6) in the Standard Model.

1. γe → W ν. The cross section has been computed in the Standard Model at lowest order for polarized photons and massless electrons in Ref. [16]. The result for the difference of cross sections for parallel and antiparallel helicities is: Δσ = 2~σ x [ x − 1 4x ( 13 + 3 x ) − ( 1 + 3 x ) ℓn x ] , (7)

where ~σ = πα^2/M^2_W sin^2 θ_W ≃ 47 pb, and x = s_{γe}/M^2_W . It is convenient to change variables to y = 1/x. The DHG integral is then proportional to: 1∫ 0 dy [(1 − y)(13 + 3y)/4 + (1 + 3y)ℓny] , (8) which indeed does vanish. This result was first verified in Ref. [12]. The

cancellation of the positive and negative contributions of Δσ(γe → W ν) to

the DHG integral is evident in Fig. 1.

Figure 1. The Born cross section difference Δσ for the Standard Model process γe ! W ν for parallel minus antiparallel electron/photon helicities as a function of log ps_{eγ} /M_W The logarithmic integral of Δσ vanishes in the classical limit.

2. The classical photoabsorption sum rule also applies to photon targets, and

thus to γγ annihilation to any two-body final state such as γγ → ℓℓ, γγ →

ZZ, γγ → HH and γγ → qq at tree level. An interesting example is the

process γγ → W^+W^−. The Born approximation cross section has been

computed by Ginzburg et al. [16]. The difference in cross sections for the

annihilation of photons with total helicity 0 and 2 is

Δσ = ~σv 8x [ −19 + ( 8 − 5 x ) L ] , (9) where ~σ = 8πα^2/M^2_W ≃ 86 pb, x = s_{γγ}/(4M^2_W ), v = √ 1 − 1/x, and L =^1_v ℓn^{1+v}_{1−v} . Changing variables to y = 1/x, we obtain a DHG integral proportional to: 1∫ 0 dy [ −19v + (8 − 5y) ℓn 1 + v 1 − v ] = 0, (10)

where v = √ 1 − y. As expected, the DHG integral vanishes for the treegraph cross section.

Classical photoabsorption sum rules can also be derived for processes involving off-shell photons. Consider the contribution of the QED process Δσ(γe → μ^+μ^−e) to the DHG sum rule for the electron anomalous magnetic moment. Muon loops contribute to the lefthand side of the sum rule at order a^2 and higher via vacuum polarization and light-by-light scattering contributions to the electron anomalous moment interfering with the one-loop Schwinger contribution. On the other hand, the contribution to the forward spin-flip Compton amplitude Imf_2(ν) from the cut contribution γe → μ^+μ^−e first appears on the righthand side at order a; thus the tree-graph contribution to the DHG integral for this process must also vanish. The same argument also implies that the DHG integral vanishes for virtual photoabsorption processes such as ℓγ → ℓQQ and ℓg → ℓQQ, the lowest order sea-quark contribution to polarized deep inelastic photon and hadron structure functions. Note that in each case the integral extends to ν = ν_{th}, which is generally beyond the usual leading twist domain. These results can clearly be generalized to other higher order tree-graph processes in the Standard Model and supersymmetric gauge theory.

ACKNOWLEDGMENTS We would like to thank Sid Drell, Olivier Espinosa, Fred Gilman, Michael Peskin, Tom Rizzo, and David Whittum for helpful conversations.

REFERENCES

[1] S. Weinberg, Lectures on elementary particles and field theory, Vol. 1, eds.

S. Deser, M. Grisaru and H. Pendleton (MIT Press, 1970, Cambridge, USA). [2] S. Ferrara, M. Porrati, and V. L. Telegdi, Phys. Rev. D46, 3529 (1992). [3] S. D. Drell and A. C. Hearn, Phys. Rev. Lett. 16, 908 (1966); S. Gerasimov, Yad. Fiz. 2, 598 (1965) [Sov. J. Nucl. Phys. 2, 430 (1966)]; L. I. Lapidus and Chou Kuang-Chao, J. Exptl. Theoretical Physics 41, 1545 (1961) [Sov. Phys. JETP 14, 1102 (1962)]; M. Hosada and K. Yamamoto, Prog. Theor. Phys. 36, 426 (1966). For a recent review of the empirical tests of the DHG sum rule see B. L. Ioffe, preprint ITEP-61 (1994); D. Drechsel, University of Mainz preprint, 1994.

[4] S. J. Brodsky, S. D. Drell, Phys. Rev. D22, 2236 (1980). For a recent review of the empirical bounds on the radii and the anomalous moments of leptons and quarks, see G. Köpp, D. Schaile, M. Spira, and P. M. Zerwas, DESY preprint DESY-94-148.

[5] S. J. Brodsky and J. R. Hiller, Phys. Rev. D46, 2141 (1992). [6] S. J. Brodsky, F. Schlumpf, Phys. Lett. B329, 111 (1994). S. J. Brodsky and J. R. Primack, Ann. Phys. (N.Y.) 52, 315 (1969).

[7] The magnetic and quadrupole moments of spin-1 particles are conventionally parameterized as μ =^{ge}_{2M} =^e_{2M} (1 + κ + λ), and Q =^{−e}_M2 (κ − λ) where κ = 1 and λ = 0 at tree level. Here e^2 = 4πα.

[8] V. Bargmann, L. Michel, and V. L. Telegdi, Phys. Rev. Lett. 2, 435 (1959). [9] R. W. Brown, K. L. Kowalski and S. J. Brodsky, Phys. Rev. D28,624 (1983);

S. J. Brodsky and R. W. Brown, Phys. Rev. Lett. 49, 966 (1982). [10] F. E. Low, Phys. Rev. 96, 1428 (1954); Phys. Rev. 110, 974 (1958). M. Gell- Mann and M. L. Goldberger, Phys. Rev. 96, 1433 (1954).

[11] K.O. Mikaelian, M.A. Samuel and D. Sahdev, Phys. Rev. Lett. 43, 746 (1979).

[12] G. Altarelli, N. Cabibbo and L. Maiani, Phys. Lett. 40B, 415 (1972). [13] S. J. Brodsky, T. Rizzo and I. Schmidt, in preparation. [14] S. Coleman, Lectures at Ettore Majorana (1973), in “Laws of Hadronic Matter”, Academic Press, London and New York (1975).

[15] The optical theorem is also rescaled by a final state phase space factor of a^n in each term that contributes to the total cross section, where n is the number of final state particles. Note that the forward amplitude has n extra propagators compared to the square of matrix elements entering in the total cross section σ.

[16] I. F. Ginzburg, G. L. Kotkin, S. L. Panfil and V. G. Serbo, Nucl. Phys.

B228, 285 (1983). See also S. Y. Choi and F. Schrempp, Phys. Lett. B272, 149 (1991); M. Raidal, Helsinki preprint HU-SEFT R 1994-16.