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I. INTRODUCTION

In the limit of infinite heavy quark masses, the weak decay form factors describ-
ing semileptonic transitions between any two ground-state (pseudoscalar or vector)
heavy mesons, M(v) — M'(v')€v, are described by a universal form factor {(y).
This so-called Isgur-Wise function depends on the velocity transfer y = v - v" and is
normalized at zero recoil, £(1) = 1, where the initial and final meson have the same
velocity [1]. These remarkable results follow from an implicit spin-flavor symmetry,
which QCD reveals for heavy quarks although it is not explicit from its Lagrangian
[2). An expansion about this symmetry limit is afforded by the construction of the

“reavy quark effective theory (HQET) [3-5]. In the infinite mass limit, its effective La-

grangian is explicitly invariant under spin-flavor symmetry transformations. HQET
thus provides a convenient framework in which to analyze the properties of hadrons
containing a heavy quark. In particular, it allows a systematic expansion of weak
~ decay form factors in powers of 1/mg [5-7].

To leading order in this expansion one recovers the Isgur-Wise limit, in which a
large set of otherwise unrelated form factors reduces to the Isgur-Wise function. This
function describes the dynamical properties of the cloud of light quarks and gluons
surrounding the static heavy quarks. Being a hadronic form factor, it can only be
investigated using nonperturbative methods. One such method is provided by QCD
sum rules [8], which were originally developed for light quark systems and have yielded
many nice results which are competitive with lattice computations. Recently, several
authors have used QCD sum rules to calculate hadronic matrix elements in HQET
[9-18]. The more refined of these analyses included radiative corrections to both
the perturbative and nonperturbative contributions. For the Isgur-Wise function,
however, the radiative corrections to the perturbative part of the sum rule were
only incorporated in leading logarithmic approximation [12]; the complete two-loop

_corrections to the triangle quark loop were never calculated for the case of heavy

““quarks. On the other hand, from the well-studied case of pseudoscalar decay constants

- it is known that next-to-leading logarithmic corrections can be quite substantial and
should in principle be taken into account [11-13].

With the advance of HQET, considerable progress has been made in the calcula-
tion of radiative corrections. In Ref. [17], for the first time an exact two-loop result
was obtained for a heavy meson form factor, in this case for one of the universal
functions that appear at order 1/mg in the heavy quark expansion. The authors of
Ref. [18] developed a general method to compute the first two terms in an expansion
of a two-loop diagram in HQET as a power series in (y — 1), and applied their tech-
nique to obtain an expansion of the two-loop corrections to the perturbative part of
the Isgur-Wise function close to zero recoil.

_ . In-this paper we derive the exact result for the two-loop corrections to £(y).
T&this end, we develop several techniques to evaluate two-loop integrals in HQET
involving two heavy quarks with different velocities (v and v’) and different residual
momenta (k and k'), among them the method of integration by parts [19-21] and
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the use of differential equations [22]. We also introduce an integral representation
for a general two-loop diagram which is particularly convenient for QCD sum rule
calculations. These techniques are rather general and can be readily applied to other
cases. In Sec. II we briefly review the sum rule analysis of the Isgur Wise function.
The calculation of the two-loop perturbative corrections to &(y) are described in
Sec. I1I. We discuss in detail the contribution of each individual diagram, so that
the interested reader can follow the analysis step by step. After renormalization, we
compare our exact result with the expansion around zero recoil given in Ref. [18] and
find agreement. Sec. IV deals with the renormalization-group improvement and the
_Qumerical analysis of the sum rule. We find that the effects of radiative corrections
"to the Isgur-Wise functions are moderate and well under control. Sec. V contains the
conclusions.

II. SUM RULE FOR THE ISGUR-WISE FUNCTION

The derivation of the QCD sum rule for the Isgur-Wise function has been dealt
with at length in Refs. [10; 12, 14], to which we refer the interested reader for details.
‘Here we restrict ourselves to a brief review for the purpose of introducing the necessary
notations and recalling the main ideas of the method. One studies the analytic
properties of the three-current correlator

/dac dz Ko=) (0] T{[QTM'h,]I’ [A'T hlos [R FMQ]Z}| 0)
= Z(w,w’,v - v") Te{PT P}, (1)

where h and A’ describe heavy quarks with velocities v and v’ in the effective theory.

These quarks have “residual” momenta k and k', which are related to the total exter-

nal momenta by P = mgv + k and P’ = mgv'+ k', where mg and mg: are the heavy

“:quark masses. Depending on the choice I'ny = —vs or I'pr = 7y, — v, the heavy-light
currents interpolate pseudoscalar or vector mesons, respectively. The Dirac structure

T of the heavy-heavy current is arbitrary. Usually, however, this is a flavor-changing
weak current, in which case I' = 4,(1 — 75). The Dirac structure of the correlator is
entirely contained in the trace over “spin wave functions”

1 - = !
P=—+~éFM, "P=FM'1+¢, (2)
2 2
which act as projection operators:
pP=P=-Pyp,
P =P =Py (3)

- The toefficient function Z(w,w’;v-v") in (1) is analytic in the “off-shell energies”
w=2v-kand o’ = 2v'- k', with discontinuities for positive values of these variables.
In particular, it receives a double-pole contribution from the ground-state mesons M
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and M’ associated with the heavy—light currents. This pole is located at w = ' = 24,
where A = mp — mg = mpp — mg. The residue is proportional to the Isgur-Wise
function. It follows that [12]

) P
w—2A +ie)(w' — 2A + 1€)’

(4)

EPOIE(‘“"? w,, y) = (

where y = v-v’, and F corresponds to the scaled meson decay constant in the effective
theory (F' ~ fay/mar). Note that both F' and the Isgur-Wise function are defined
in terms of matrix elements in the effective theory and are therefore scale-dependent
-quantities.

In the deep Euclidean region, the correlator can be calculated perturbatively by
using the Feynman rules of the heavy quark effective theory [5]. The idea of QCD sum
rules is that, at the transition from the perturbative to the nonperturbative regime,

confinement effects can be accounted for by including the leading power corrections in
~ the operator product expansion of the three-point function. They are proportional to
vacuum expectation values of local quark-gluon operators, the so-called condensates
[8]. One then writes the theoretical expression for the correlator in terms of a double
dispersion integral,

/
Em(w,w’,y) = /dy dv' = P—ﬂ;(e’;’(l’j,:'/)w’ — + subtractions, (5)

and pérforms a Borel transformation in w and w’ (see Appendix A for the definition
of the Borel operator). This yields an exponential damping factor in the dispersion
integral and eliminates possible subtraction terms. Because of the flavor symmetry
it is natural to set the associated Borel parameters equal: 7 = 7/ = 2T. Following
Refs. [12, 15], one then introduces new variables wy = 3(v % v’), performs the integral
over w_, and employs quark-hadron duality to equate the integral over w; up to a
~“threshold wp to the Borel transform of the pole contribution in (4). This yields the

- . Borel sum rule

E(y, 1) F2 () €M7 = [duy 47 fun(wos,y) = K (T, wo,9). (6)
0

The effective spectral density gy, arises after integration of the double spectral density
over w... '

To lowest order in perturbation theory, the theoretical expression for the right-
hand side of the sum rule is given by [9, 10, 12]

3/ 2\ 7
- K(Tyw0,9) =5 () [doswl e/~ (g
o (Tywo,y) = g y+1) ) wywi e {q9)
+(y—1)(asGG) L 2y +1) mi(aq) (7)
y+1/ 48T 3 AT?
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We have included the leading nonperturbative contributions in the operator product
expansion, which are proportional to the quark condensate (dimension d = 3), the
gluon condensate (d = 4), and the mixed quark-gluon condensate (d = 5). In the
numerical analysis in Sec. [V we will use the standard values (at 4 =1 GeV)

(Gg) = —(0.23GeV)?,
(a,GG) =0.04 GeV*,
(9:90,,G*" q) = mg (qq) , mg = 0.8 GeV?. (8)

At zero recoil, a Ward identity relates the three-point function (1) to the correlator
“of two heavy-light currents, from which one derives the sum rule for the parameter F'.
It allows one to replace the product F2e~?AT in (6) by K(T,wp,1). Then the final
form of the sum rule for the Isgur-Wise function explicitly reveals its normalization
at zero recoil:

K(T,wo,y)

IX’(T, wo, 1) ) (9)

E(y, u) =
In the following section we will derive the complete expression for the perturbative
co,i‘ge,cjcions to the function K(T,wo,y) arising at order «;. The one-loop corrections
to the quark condensate were calculated in Ref. [12]. The mixed and gluon condensate
are already of order g, or g2, and consequently one does not have to include radiative
corrections to these terms at order a;. What is missing are thus the order-a; correc-
tions to the perturbative contribution. There are restrictive constraints on the result
of this two-loop calculation. The normalization of the Isgur-Wise function requires
that, at zero recoil, one must recover the expression for the two-loop corrections to
the perturbative part of the sum rule for F'. This implies [11-13]

3 7 2 —wy/T o g Ax? 17
Kpert (T, wo,1) = e /dw+ wy e {1 + —;[QInw—+ + o + ?]} . (10)
)

Furthermore, the two-loop calculation must reproduce the known anomalous dimen-
sion of both F(x) and &(y, 1) [2,23,5]. We will see at the end of Sec. III how these

constraints are fulfilled.

III. TWO-LOOP CALCULATION

The two-loop corrections to the perturbative contribution to the three-current
correlator (1) are shown in Fig. 1. We shall analyze these diagrams separately below.
Throughout the calculation we use Feynman gauge. For practical purposes, it is
u_,‘sgful to realize that the dependence of the perturbative spectral density ppert(wy,y)
on wy is known on dimensional grounds:



- ' p
ppert(w+7 y) =L4)i [pl(y) + Pz(y) lIl ] ’
Wy

i . 3
= /dw+ e T ppert(wy,y) = 2T° [m(y) + Pz(y)(ln % + 78 — 5)] . (11)
1]

The coefficient functions p;(y) are independent of wy. It thus suffices to calculate
directly the Borel transform of the correlator, corresponding to the second line in
this equation. The spectral density can then be read off immediately. Below, we will
always denote Borel-transformed quantities by a “hat”.

- o

A. Gluons attached to heavy quark lines

Consider the three diagrams D; to D3 in Fig. 1. The evaluation of the first graph
~ gives

Dy =16N.Cr g2y Tr{ PT P~}
Sa

dsdi - -
X/ s (w+2v-3)(w+2v-t)(w+ 20 s)(w + 20 - t)s?(s—1

2 (12)

where Cp = (N? — 1)/2N,, and d§ = (27)"PdPs. The two-loop integral is most
conveniently performed by using a Fourier representation for the light quark and
gluon propagators, and an exponential integral representation for the heavy quark
propagators. A detailed description of this method, as well as its application to the
above integral, can be found in Appendix A. After Borel transformation we find

- 4yA
D, =—
T (D-1)

2y + 1)]”*7%G(0,0,2 — 1;y) (13)

2

--where we have abbreviated
16N.Crg? (2T)°P°
(4m)P 2y + 1)

Here and in the following we will often encounter integrals of the form

l—u U
b /d
Gla,b ;) 1+2yu+u)

A=—

r2)r& - 1) Te{PTP}. (14)

b

_— (15)

which are related to generalized hypergeometric functions of the velocity transfer y.
The contribution of the second diagram is

X7 D, =16N.Crg Te{ PT P 4%}

Sa

dsdt .
x//s (W4 2v-3)2(w+2v-t)(w + 20" -5)s?(s—1t)?

(16)
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Introducing a shifted loop momentum by ¢’ = t + s, one can first perform the integral
. over t’ and then carry out the integral over s by using the master equations (A1) and
(A2) for one-loop integrals in HQET (see Appendix A). After Borel transformation,
the result is

A 2A
D= hm -9

[2(y + 1)]P/* 2. (17)

Obviously the third diagram, Ds, gives the same contribution.
Next we set D = 4 + 2¢ and expand in ¢, using some of the integrals collected in
-Appendix B. We find

ZD = A{l 2= yr@)] +2[1 = yr@)|In 20y + D] + 2vh(y) — 4 + 0<e)}.

(18)

L Mo ) - L))+ PP 1), ()

where y3 = y++/y2 — 1, and L,(z) is the dilogarithm (see Appendix B). They satisfy
r(1) = k(1) = 1.

B. Gluons attached to the light quark line

- - Next consider the self-energy contribution for the light quark shown in diagram
~ D4 in Fig. 1. It gives
Dy=—4(D = 2)N.Cr g Tr{ PT P 1*7*7"}

Salp Sy

. /dédt (w+ 20 - 8)(w 4 20 - 5)(s2) 12 (s — )2

(20)

After performing the integral over ¢, the remaining one-loop integral can be readily
evaluated using the master equation (Al). After Borel transformation, one finds the
simple result

D=2 =2, (21)



C. Gluons attached to both heavy and light quark lines

Let us now turn to the most cumbersome part of the calculation, namely the loop
correction of the heavy-light vertices. The contribution of the diagram Djs in Fig. 1
is

D5 =8N.Cr g; Tr{ PTP~"$7°}
o ta S8
dsd .
x/ ® t(w+2v-s)(w+2v-t)(w'+2v’-3)32t2(s—t)2

(22)

d¢-is convenient to split the calculation into three parts by use of the trace identity
Te{P TP’} = Tr{ TP (g"‘[i + 3 [, P+ 2v°"yﬁ)} . (23)

~ Let us denote the corresponding contributions by Dgi) and discuss them in turn.

1. Calculation of Dgl)

o 'By rewriting its numerator, the integral appearing in DS) can be further decom-
posed into three parts:
L - - 2 t2 _ —t 2
(w4 2v-s)(w+2v-t)(w + 20" - 5)s2t? (s — t)?

The integral I; can be evaluated by introducing a new variable s’ = s 4+t and using
the master equation (Al). We find

i(— D-3
IIZ%M—D)F(%—U/@—
1

x [di - ,
/ (W20 -1)(Q/V +2V - t)* P2

(25)

where V = (1 4 2yu + u?)/2, Q = w + ww', and V, = (v + uv')4/V is a unit vector.
The integral over ¢ can again be performed using the master equation, resulting in a
double parameter integral. The result simplifies upon Borel transformation. We find

j_ 2 G(0,0,2 — L;y) (27)2P-5
CD=Y Rt T ()P

r($)I(5-1). (26)

2

The calculation of the remaining integrals is straightforward. For I; we introduce
t"=t + s and make repeated use of the master equations. I3 factorizes into the
product of one-loop integrals. To evaluate its Borel transform it is convenient to
combine denominators by a Feynman parameter. This gives



. 2C 1

SN ED RS IR Lo
i3=_(D2f2) G(2-D,0,2 —1;y). (27)

The calculation of the parameter integral in I5 is discussed in Appendix B.

2. Calculation of Dgz)

+=. For the two-loop integral appearing in D?) we use the integral representations
discussed in Appendix A. We find that

1 ' o B ~ 17 lo Sp
1 r / 7
; TH{PTP 7)) [did (W+2v-8)(w+2v-t)(w+ 20" -35)s?t2(s —t)?
=(y-1)T{PTP} I, (28)
where after Borel transforfnation
G(1,0,%25y)

y 20

.»,;.AJ, T C ‘ D, _
;14_0—3{61(3 D020 g o7

I'(D (ugug — 1)P12-2
T /dul/duz T IT } (29)

The double integral becomes trivial in the limit D — 4. The evaluation of the first
parameter integral is outlined in Appendix B.

Remarkable cancellations take place when one adds up the contributions from I
to I;. We find the simple result

D" 4+ DY :A{—£+O( )} (30)

3. Calculation of D§3)

This part of the amplitude involves the hardest integral:

2v-tsg
(w+2v-8)(w+2v-t)(w + 20 -5)s2t2 (s — 1)

Iy = / ds df (31)
It can-be simplified by using the method of integration by parts, which allows one
towreduce a given loop integral to a series of simpler integrals [19-21]. In this case,
we can relate 5 to a sum of four integrals involving five (instead of six) types of
propagators. To this end, we evaluate the identity



. ;0 C 2v-tsp(t — 8)a B
/dsdt ot (w+2v-s)(w+2v-t)(a)’+20'-s)32 t2(s—t)2 =0 (32)

to obtain
— [dsdi g
o (D 4)Iﬁ—/d3dt (w+2v-s)(w + 20" 8)s2t2(s—t)?
~ 2v -tSﬁ
dsdt
+/ ° (w4 20 - 8)(w =+ 20 - t) (W + 20 - 5)(22)* (s — t)?
- [asdi 2v 13
- S (w420 s)(w+ 2v - 1) (W + 20" - 5)(12)% 52
U w Sg
— t
/de (W+2v- ) + 20" - 5)s2t2 (s — t)?
=JM+ I+ I + 5 (33)

The first three integrals can be calculated along the lines discussed above. After Borel
transformation, we find

4C (v+v')s

- J = D7
e (D —4)(D -2) [2(y + 1)]°2
L C g 1G(0,0,2 —1;9)
. J@ - _ {[v—i—v' — ﬁ] Lo ’
SR TS U R R TR
+G(0,1,%;y)vﬂ+G(0,0,%y)%}’

- with C as defined in (26). Notice that because of the factor (D — 4) on the left-hand
side of (33) these expressions have to be evaluated up to first order in e.
The evaluation of J gl) is more involved. We have used the method of differential

equations to calculate this integral [22]. This interesting technique will be discussed
below. For the moment we just present the result:

. 200! 1
JW=— "{ ~(D-4)G(0,D—4,2 —1; }
1 .
—2C [du (1-uP~) (o ¥ ”/)f i (35)
] (14 2yu + u?)

We have not written the last integral in terms of G-functions in order to show explicitly
th%t it is" of order (D — 4).

~ Next we set D = 4 + 2¢ and expand the above expressions, keeping terms of
order €. The integrals encountered are collected in Appendix B. They yield rather
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nontrivial functions of y. However, égain remarkable cancellations appear if one sums
the various contributions to the right-hand side of (33). Not only do the poles in 1/e

contained in ng) and J[(;S) cancel, but also most of the y-dependent terms. Our final
result is, in fact, very simple. It reads

C S
BT P T{PTP} (36)

x{4 — 26[2 + 23i2 + (y? - 1)r2(y)] + 0(62)} .

After Borel transformation, the diagram Dg gives the same contribution as Ds. Hence

(D =4 [ T{PTP+} =

D5+D6=A{%—2—2§—2—(yz—l)rz(y)+(’)(e)}. (37)

D. Calculation of Jg” using a differential equation

In this paragraph we illustrate the application of differential equations to the anal-
ysis of multi-loop diagrams. Such techniques were introduced in Ref. [22] to evaluate
integrals with massive propagators. They are readily adaptable to HQET. The idea
is to derive a differential equation for a particular loop integral whose inhomogeneous
term can be calculated in terms of simpler integrals. The original loop integral is
then obtained from the solution of the differential equation.

We start by rewriting ']l(?4) = 22 J5()|s=1, where

_ [azai sp
Jolz) = /ds dt (zw 4+ 2v - t)(w' + 20 - ) s212 (s — 1)2 (38)

_To derive a differential equation for Js(z), we use again the method of integration by
-“parts. Starting from the identity

L. 0 38 ta _
/detéz(xw+2’v-t)(W'+2U"3)52t2(3"t)2 =0 (39)
we find
0
[(D —4) — 25| Jp(z) = f5(2), (40)
where : | |
z)= [dadi %0
Jo(2) / g (2w + 20 - 1) (W' + 20" - s) 52 (s — t)2]°
» g~ g7 3B
¥j~ --; — /dS dt (:vw + 2 - t)(u)l + 2/ - S) 2 [(S _ t)2]2 (41)

does indeed only contain simpler integrals. The general solution of the differential
equation is '
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(42)

Jp(x) = xD';{ 7(12 227 fa(2) + kﬂ} ;

with kg being independent of z. We are interested in the Borel transform of this
(43)

equation. A straightforward calculation gives
A 2T)2D-5 v/
zB—D 2) = ( P2 D -1 B
fﬁ( ) (47!')D (2 ) (1 4%z 4 Zz)D/2—1
—-D_2(1—Z4_D) zD'a(v-f-zv')ﬁ } )
(14 2yz + 22)P/?

D—-4

- e

SB

In order to determine the constant of integration ks we consider the limit £ — oo in
)s2t?(s —1t)?
(44)

(38), in which
. | Y
Jim IEJg(l:C) == /ds dt @ 120 s
. (27)?P~°
N2 -T2 -2)v.

~ ()P
(45)

By evaluating (42) for z >> 1, on the other hand, we find (for D > 3)
oL R 9T )2D-5 .

JLI&JUJQ(:I:) = (—(74—7)r)—D- INCES l)F(% —2)vg + kg lim zP-

Hence ks = 0 follows. From the solution of the differential equation we now obtain

z (46)

—Jo() + (D = 4) [dzz"Pfo(2).

. 0 -
(4) _
| 5 = ma—x,]ﬁ(:c) -

* “Substituting here z = 1/u leads to (35).
E. Summary and renormalization

We are now in a position to sum up the various two-loop corrections that con-

8
(47)

tribute at order a;, to the Borel-transformed correlator. We find
1
) = o) 1] (5 + 2 2ty + 1)

3/1  4x?
€ 9 3

(

3
£2[yh(v) 1] - 0 = 1)) + Oe)}

6
2=y D=4
i=1

Next we expand A from (14) around D = 4, keeping terms of order ¢, and relate =
to the lowest-order correlator
12



48) .

- 373 2 —
=0 = — ) T r
0 47r2(y+1) PP}
This yields
. 5 2 1 472 17
1
—@[——é— (210 + 235 ~3)] + i) + O} (49
“where - i
1
1 —+7E—1nﬂ’- (50)
é p?
We have introduced the functions
T(y)—l],. (51)
Ay‘}‘l 4 y+1 2 4 2
=] - Slyht) - 1] + o=+ 2P - D)
197

4
v(y)=§[y
A(
.. 2
8
—IHQ—w

Cpert(y) = _“3‘/‘)‘[411'12 -3 + In
T 49
_ —_— — —— _ 1 —
" < n?2 54)(y )= (15
both of which vanish at y = 1. The first two terms in the expansion of cpert(y) around
zero recoil were previously calculated in Ref. [18], and we confirm the result obtained

there.
The 1/¢€ poles in (49) cancel upon renormalization of the heavy-light and heavy-

heavy currents in (1). In the MS subtraction scheme, the corresponding renormaliza-
(52)

().

s Zh 2

A

tion factors are [2, 23, 5]

Zn=1-
hl = 27!'
That means that our two-loop calculation reproduces correctly the known running of

the hadronic form factors F(p) and é(y, p). By comparing (49) with (11) we can now
write our final result for the renormalized correlator in form of a dispersion integral

and introduce the continuum threshold wg to obtain

3 —w.
(y+1> /dw+“’+ .
g 4n? 17
Tttty T

ONE )]} (53)

I(pert(Ta wo, y) = 871'2
et
T

This is the exact expression for the perturbative part of the correlator at order a;. It

<o
is now seen that at zero recoil one indeed recovers (10)
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IV. RENORMALIZATION-GROUP IMPROVEMENT
AND NUMERICAL ANALYSIS

The theoretical expression for the correlator depends on the subtraction scale
p, indicating a scheme-dependence associated with the subtraction of the 1/€ poles.
This just reflects that the hadronic parameters F'(x) and &(y, ¢), which are defined
in terms of matrix elements of currents in the effective theory, are scheme-dependent
quantities. At next-to-leading order in renormalization-group improved perturbation
theory one can define renormalized, scheme-independent form factors by [24]

B[] - 2 (g4 ] F ),
brnlt) = [on()] 1= 2 [Z) 4 b)), (50

- where ar(y) = 2+(y) [5], and we have used that the number of light quark flavors
in the effective theory is ny = 3. The next-to-leading logarithmic corrections consist
of two parts. The coefficients Z are renormalization-group invariant quantities. For
ny = 3, they are given by [24-27]

e 185  Tx?

Ty= ——
M7 T304 T 43

Zly) = {2 )+ s [ - o) + 00 )]

sinh & cosh 6 sinh @ }
sinh?@ — sinh®y " Sinh (A

. 752  8x? 368  4r?
= (735~ 50)0 0~ (i3 ~ 1) 0~ 0+

8 g
—— [dep{tp cothp — 1|4 1) coth?d +
90/ [ cothp — 1] {p o

1215 135
where y_ = y — /y? — 1, and the hyperbolic angle 8 is defined by y = cosh 8. The

coefficients §, on the other hand, are scheme-dependent. They arise from matching
of QCD onto the effective theory and combine with the scheme-dependent terms in
(53) to give a renormalization-group invariant result. In the MS subtraction scheme
one has [24, 26]

2

On = 3 onn(y) = 0. (56)

After renormalization-group improvement, the sum rule for the renormalized
I:géur—Wise function takes the form

Genly) = [o )] "4 ), (57)
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where we have summed the leadmg logarithms down to a characteristic scale given
- by the Borel parameter T'. The renormalization-group invariant function K is given

by

3 wo/T
K(T,wo,y) = 3T ( ) drzle™
| x{ 7(r ) [4% + 13?3 — 27 — [2 =Y In = + cpere(y) — Zhh(y)]}
g = (tiq)(T){H o(T) [g — 27w +7(y) [El(—%) —5| + C(qq>(y)“Zhh(y)]}

L (121) G0, ey e mida

y+1/ 48xT 3 AT? (58)

' We have included the order-a, corrections to the quark condensate as calculated in
Ref. [12].! The function C(qq)(y) has a similar form as cpert(y). It reads

C_(@)(y) 7(2)[41 2+1 ygl}—g[yh(y)—l]—%(y—l)r(y)

e 16, 56 8. . 112 )

A remark is in order concerning the appearance of 7z and the exponential integral in
(58). The effective spectral density for the quark condensate receives contributions
proportional to §(w;) and 1/wy +6(w, ) In(wy ). The latter ones have to be regularized
in the dispersion integral, leading to

lim [dw, e_“’+/T[

n—+0

(.(J+ T
+ 6wy —)ln—| =ln— — . 60
Wy 41 (wy — 1) “ P YE (60)

If one introduces a continuum threshold, one obtains an extra contribution Ei(—wo/T')
from the second term, where Ei(—z) = — [2° 4t¢~* is the exponential integral. This
contribution is very small and has been neglected in Ref. [12].

For the numerical analysis of the sum rule (57) we use the vacuum condensates as
given in (8), as well as Ayg = 0.25 GeV (for ny = 3) in the running coupling a,(T).
In Fig. 2(a) we show the range of predictions for the renormalized Isgur-Wise function
obtained by varying the continuum threshold over the range 2.0 < wy < 2.6 GeV, and
the Borel parameter inside the “sum rule window” 0.8 < T < 1.2 GeV, where the
theoretical calculation is reliable. This window is determined by requiring that the

'The function ¢gzy(y) was called 2c5s(y) in Ref. [12]. Note that we have simplified the
dilogarithms appearing.in h(y) as compared to this reference.
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nonperturbative contributions to the sum rule be less than 30% of the perturbative
ones (T' > 0.8 GeV), and that the pole contribution account for at least 30% of the
perturbative part of the correlator (T' < 1.2 GeV). The lower limit on T also ensures
that a,(T') is small enough to allow for a perturbative expansion. The above range
of values for wo was obtained from the study of the correlator of two heavy-light
currents. As in previous analyses, we observe excellent stability of the sum rule. The
sensitivity of the Isgur-Wise function to different choices of the continuum model is
investigated in detail in Refs. [12,15]. We do not discuss this subject here, since we
are mainly interested in the effects of radiative corrections. We just note that the
‘theoretical uncertainty in the sum rule prediction is probably larger than indicated
by the width of the band in Fig. 2(a).

To study the importance of radiative corrections we first have to relate £ren(y)
to a more “physical” form factor, which includes the logarithmic dependence on the
heavy quark masses. Otherwise it is not possible to consider the limit o, — 0. For
- simplicity, we work with a single scale m and define

as(m)

Eomslrmyy) = [onm)] {1+ 227 20 0) | €nl). (61)

Weé use m ~ 2.3 GeV as a characteristic scale for & — ¢ transitions [24]. Fig. 2(b)
shows the next-to-leading order result for this form factor in comparison with the
“bare” Isgur-Wise function computed by neglecting radiative corrections. We also
show the leading logarithmic approximation to &ynys(m,y), which is obtained by ig-
noring terms of order a, in (58) and keeping only the first factor in (61). It is
apparent from this figure that the radiative corrections to the Isgur-Wise function
are well under control. The large y-independent corrections, which enhance the sum
rule prediction for the decay constant F' by 50% [11-13], cancel out in the ratio (57).
The remaining recoil-dependent radiative corrections are small. At large recoil, they
~tend to decrease the form factor by 5 — 10%. Part of this effect comes from leading
logarithms and is associated with the velocity-dependent anomalous dimension ar,(y)
“of the heavy-heavy current in the effective theory.

V. CONCLUSIONS

We have presented the complete QCD sum rule analysis of the Isgur-Wise form
factor £(v - v') at next-to-leading order in renormalization-group improved perturba-
tion theory. To this end, we have derived the exact result for the two-loop corrections
to the triangle quark loop. Such a calculation, which was never done before for a form
factor of heavy mesons, becomes feasible by using the heavy quark effective theory.
We have developed some general techniques for dealing with two-loop integrals with
two_different types of heavy quark propagators. Using the method of integration by
pa¥ts, complicated integrals can be reduced to simpler ones in a recursive way. In-
tegrals which cannot be reduced any further can be evaluated by using differential
equations. We have applied this technique to the loop corrections to the heavy-light
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vertices. We have also presented an integral representation for two-loop integrals
which is particularly convenient for QCD sum rule calculations. These methods can
be applied to other sum rule calculations and will eventually lead to more accurate
predictions for heavy meson form factors than were available before.

Our numerical analysis shows that, unlike in the case of meson decay constants,
radiative corrections to the Isgur-Wise function are small and well under control. This
is an important result which puts the sum rule analysis of é(v - v) on a firm footing.
The smallness of the two-loop corrections in this particular case was not unexpected,
however, since the normalization of the Isgur-Wise function at zero recoil prohibits
.any recoil-independent radiative effects. This does not imply that such corrections
‘are always negligible. In fact, some of the universal functions appearing at order
1/mg in the heavy quark expansion receive their leading contributions at order a,.
Then the two-loop perturbative contribution is important and cannot be neglected
for a reliable analysis [17].
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APPENDIX A: LOOP INTEGRALS IN HQET

1. One-loop integrals

We summarize some important equations for one-loop tensor integrals in HQET.
Integrals involving massless propagators only can be found, i.e., in Ref. [28]. Inte-
grals involving two types of heavy quark propagators were considered in the second

_reference in [14]. There the master equation

tur -+ tun
Liscn (22 B,7) = /d (= 2)%(w+ 20 - )P (' + 20" - t)” (A1)

i u’t [ Q(u)]D’z‘“‘"

= mpn @8 / WP LT V@) K

-was derived, where dt = (27r)_Dth, and "

'2a+p8+y—D—-n)T(D/2 —a+n)
I'(a)I(B8)(7) ’

T In(a7ﬁ”y):

Qu)=w+uuw,
V(u)=(1+u? + 2uv - v)/2.

For n = 0,1,2 the tensors K, . (u) are given by

K(u)=1,
Ku(w)= =V, (u),
Ko () = V() Vi (u) = —

D—2a+2’

with V,(u) = (v + wv'),/V(u) being a unit vector. We note that the master equation
is valid for arbitrary values of e, 3, and 7.
In the case of one heavy quark the master equation reduces to {14, 25]

Bl 8)= [t (55) (5575570)

In(e, B) (= w)P 72 Koy o s (A2)

~ G

F(2a+ﬂ—D—n)F(D/2—a+n).
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K,, . .. is obtained from above by replacing V.(u) by v,,.
The integral representation (A1) is particularly convenient for a Borel transfor-
mation in w and w’. Defining the Borel operator by

1B£“’)= lim  — ( d> ; T-—-'-——wﬁxed,

r n— o0 I(n) \ dw n
—W — OO
we note that )
e ’ 2—a
i (W) Byw) 1 _ - _ T _r
BB [~ Qu)] ™ = ¢ o 8 (u T,) .

2. Two-loop integrals

Let us now turn to two-loop integrals in HQET. The case with one heavy quark
_ has been discussed in detail in Ref. [25]. Here we consider integrals with two species
- of heavy quark propagators. They have the general form

e (a, B,7,6;a,b,¢) = (A3)

K1 pbm

vy v,
Spp o Su, L

[asai _ ; - — :
(W+2v - 5)*(w+2v - 1) (W' +20" - 8)T (W' +20" - t)°(—52)*(—12) [—(s—1)?]

We will derive a representation for this integral which is particularly convenient for
further analysis. The first step consists in performing a Wick rotation of the loop

momenta,
- s — (is%,8), t — (%),
- . so that
—s? = ("2 4+ 5% =5k,
£ 0.0 o o=
v-s = ws —VU-8=tvg-Sg,

where sg = (s% 8) and vg = (v°,i0) are vectors in a Euclidean space. Note that this

definition of a Euclidean velocity ensures that v4 = 1 and vg-vg = y, wherey = v-v'in
Minkowski space. After the Wick rotation, we represent the massless propagators as
Fourier integrals in a D-dimensional Euclidean space and use an exponential integral
representation for the heavy quark propagators:

1
(sk)”

1 (=D Awt2ivg:
- — d) )@ (w+2ivg-sg) )
(@ + 2ivs-55)° _ T(a) O/ e (w<0)

r(% —a) /dD etiors
7D/2T(a) :c (x2)D/2—a ’

o0
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The most general two-loop integral involves three D-dimensional integrations over z;
and four one-dimensional integrations over A;. The advantage of these representations
is that the integrals over the loop momenta can immediately be performed and give
rise to two D-dimensional §-functions, which eliminate two of the integrations over
z;. Furthermore, note that two of the mtegrals over A; become trivial upon Borel
transfoermation, since

BW v = §(\ —r71),

The tensor structure in the numerator in (A3) can be generated by taking derivatives
with respect to z;. Recall that for every timelike index there is a factor : encountered
during the Wick rotation. For every spacelike index, on the other hand, one encoun-
ters a factor ¢ when rotating back to Minkowski space. Together with a factor 72 from
the loop integrations there is thus a factor of 2t™*" to be taken into account.

Let us illustrate this technique for some of the integrals encountered in Sec. III.
- We start with the integral in (12). It contains only two types of massless propagators,
and consequently there are no integrations over z; left after evaluation the é-functions
arising from the loop integrations. In the notation of (A3) we find

D D oo
MZ)N(5 -1 /d/\l Ay dhg d, PrHXalo+Oatre!
0

- I,(1,1,1,1;1,0,1) = (i)
e e T

R ) Tle 1
()P (@3)PP

L2
where z1 = (A1 + A2)v + (A3 + Ag)v'; and 22 = Av + Ayv’. After Borel transformation
we obtain

, 1
. 1
1,(1,1,1,1;1,0,1) = C(ngj/z/dzl dz,

2(y + 1)] (2} + 23 + 2yz122)

“'with C as defined in (26). Substituting z; = uz;, an integration by parts in z; yields

D/2-1

1 2
le d22 - = — G(ana 2 1’ y) )
0/ (22 4+ 22 + 2yz122)D/2 ! (D—4) ?

which leads to (13). The integral Jﬁ2 in (33) can be evaluated along the same lines.
In this case there are only three integrations over \;, and one is thus left with a single
parameter integral after Borel transformation.

A more complicated integral is that appearing in (28). Following the general
procedure outlined above we derive

. e ( ) ( (A1+Xx2)wHdsw’
- »iglﬁ(l,1,1,0;1,1,1)= - )D/2 /cu1 dXp dAg eCiti2)etls
Z13 x5 1
/dxl D/2 )D/2 (xg)D/2—l )
3
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where 7, = 21+ (A1 +A2)v+A3v', and z3 = 21+ A v+ A3v’. The integral over z, has the
form of a Euclidean one-loop integral and can be performed in the standard manner by
introduction of two Feynman parameters z;. One then contracts the Lorentz indices
with those in the trace in (28) to compute the integral I5. The result is

F(D
(47

where z; = 1 — z;, and

21 (Z%E] 2252)D/2_1

fh= (208, 2P

b

/dAl d)‘2 dAs )\2)\3 6(’\1+’\2)W+)\3w /dz

e MO m) = 21(zap® + Bg?) — 2 (zap + Fag)]

with p = Av and ¢ = (A1 + A2)v + Asv’. After Borel transformation the integral can
be cast into the following form:

. 2D- 5 —
i = D7 / dx 2D / duy / du, (uruz — 1
(47)P I [ur + 2(y + 1)(uz — 1)]

)D/2—2

For D < 3 one can use an integration by parts in A to obtain (29). By analytic
continuation, this result can then be evaluated around D = 4.

APPENDIX B: PARAMETER INTEGRALS

We collect some useful formulae for the evaluation of parameter integrals. We
start with a remark on divergent integrals such as those appearing in (27) and (29).
Assuming first that D is sufficiently small, one can use an integration by parts to
rewrite these in terms of integrals which have a well defined expansion around D = 4.
_For instance, for D < 4 one can show that

- (D-4)G(B-D,0,2,9)=D[yG4-D,0,2 +1,9)+ G4 -D,1,2 + 1;9)| 1.

Similarly, G(2 — D, 0, —L22 — 1;y) can be related to G(3 — D, 0, %; y) plus nonsingular
terms for D < 3. By analytic continuation, one can then evaluate the resulting
expressions in the vicinity of D = 4.

We now present a list of parameter integrals which are encountered when one
expands the results presented in Sec. III around D = 4. When evaluating these
integrals it is useful to introduce a hyperbolic angle 8 by y = cosh §. Then

V3(u) =14 2yu+u? = (u+e)(u+e™?)

factorizes. Setting Ry = V*(1) = 2(y + 1), we find:
. ..
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J VR w) 2
F"’:R"o/l e T
R"/d“[;;“;] :_ygl’"(y)_li&:j—l(w’
S = RO/d i );‘)=—’"Ef)—4(y1_1){[r<y)+1] In Ry ~ 21(3)}
/d an2 - %y)lnRo-i—h(y),
RO/d ‘[’;Zw ) = 5= {2~ 2000 + ) = 11+ Ro)}.

In(1 —u R2 In?Ry, w2 y?-1 y+1

d 0 _q| = _r_ 2(y) —

./ ! (1—u) [[V2(u)]2 l 8 12 5 ) ()
ylmR (2-y)y+1)

2y-1)  4y-1)
1 200\ _ 2 2
F8=R2/d InV*(u)—InRy 7° y lrz(y)_y—l-l

AmwrwrE T 6 4

[r(y) InRo — 21(y)],

1
+Hy+1) (1 =InRo) = 5+ (¥ +1) [Fs+ Fs — F, In Ry .

- The functions r(y) and h(y) have been defined in (19). In addition, we have introduced

i(y) = ﬁ[h(—y +y2—1) = Lo(—y — 2 = 1)],

which satisfies [(1) =2In2. Here Ly(z) = — J§ ‘y In(1—1) is the dilogarithm. The first
, h'(1 ):18,andl'( ) = l—~—1n2

derivatives of these functions at y = 1 are /(1) = —
):

Finally, we note the following useful identity (n >
D(y +uw) WY1 —w) [ b2 2, -D/2

1
3
1
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- FIGURES

FIG. 1. Two-loop diagrams contributing at order a; to the perturbative part of the
sum rule for the Isgur-Wise form factor. Heavy quark propagators are drawn as double
lines, while the wavy line represents the weak current.

FIG. 2. (a)Sum rule prediction for the renormalized Isgur-Wise function &ren(y). The
~width of the band arises from variation of wy and T as specified in the text. (b) The
“physical” form factor &pnys(7,y) computed in next-to-leading order in renormalization-
group improved perturbation theory (solid), in leading logarithmic approximation (dashed),
and without including any QCD corrections (dotted). We use the central values wy = 2.3

.. GeVand T = 1.0 GeV.
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