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ABSTRACT

earlier paper, are used to find the actions for low-momentum gauge fields induced
by loops of heavy scalars and Dirac fermions. Because of the special organization
inherent in the first-quantized methods, certain gauge invariant structures in the
effective action appear automatically, each multiplying a separate Feynman pa-
rameter integral; others can be extracted with minimal effort. In the abelian case
the low-momentum effective action can be completely analyzed for an arbitrary
number of external photons; the calculations are significantly simpler than those
used in Feynman diagrams. On the basis of these results it is argued that the
advantage of the Bern-Kosower rules lies not simply in their use of the Feynman
parameter representation but also in the special way the Feynman parameter inte-
grands are organized. It is suggested that the benefits demonstrated in this sample

calculation are also useful when computing full S-matrix elements.



1. Introduction

In the past year significant advances have been made in techniques for calculat-
ing one-loop scattering amplitudes in gauge theories. There has been considerable

interest and debate concerning the new Bern-Kosower technique for perturbative

bosons into Feynman parameter integrals and uses a novel diagrammatic expan-
sion. In a recent paper [9] (which I will henceforth refer to as Paper A), I showed,
using first-quantized path integrals, that Bern-Kosower-type rules could be derived
from field theory for computation of one-loop effective actions. Recently Lam has
reminded us [6] that any Feynman diagram may immediately be written as a pa-
rameter integral [7,8], raising the question as to whether the Bern-Kosower rules
represent a real advance in calculational techniques. In this work I will argue that,
at least at one loop, the new rules do indeed have advantages; their power lies not

merely in their Feynman parameterized form but in their special organization.

In this paper, I will study the semi-classical effective action for low-momentum
abelian and non-abelian gauge fields due to massive scalar or spinor particles. My
purpose is to illustrate several special features of the Bern-Kosower techniques in
a setting where the concepts are clear and the calculations are trivial. The most
elegant way to do the specific calculations of this paper is to use the gauge invariant
methods of Schwinger [12] and Shore [13]; however these results are only derived
for covariantly constant fields and do not easily generalize to arbitrary momentum.
On the other hand, traditional Feynman diagrams, even when parameterized as in
[7], are somewhat clumsy, despite the conceptual simplicity of their building blocks,

because their individual pieces are not gauge invariant. The Bern-Kosower rules

.



have the conceptual simplicity and broader applicability of the Feynman approach
while benefiting from the more explicitly gauge invariant structure of the Schwinger

proper-time representation.

- A particular feature I will emphasize is one that I discussed briefly in section 5
of Paper A: the manifestly gaﬁge invariant organization of the formalism. Feynman
diagrams are simply not gauge invariant in their various pieces, whether one uses
Lam’s technique or more standard approaches. By contrast, the starting point of
the Bern-Kosower formalism [1,2], eq. (2.1), is explicitly gauge invariant. After
applying the integration-by-parts (IBP) procedure, which is described by Bern
and Kosower [1,2] and in Paper A, one finds that the full abelian amplitude can
be easily orga,nize-d into gauge invariant combinations of Lorentz invariants, each
multiplying a single integral. In Feynman diagrams, one must compute many
more parameter integrals, cancel many terms against each other, and reshuffle the
algebra to make the answer look explicitly gauge invariant. In the Bern-Kosower
approach the cancellations are removed at the start by the IBP, and the appropriate
organization comes out automatically. Non-abelian theories are more complicated:
the effective action contains more gauge invariant structures, not all of which are
easy to identify from the organization of the amplitude, and there are contact terms
from the IBP which must be accounted for, which are nevertheless well-organized,
as they are computed from the pinch rules of Paper A. All of these points will be

illustrated below.

In Sec. 2 I discuss the Bern-Kosower Master Formula and its properties, and
state a theorem which I use in later sections. Sec. 3 contains a discussion of

the effective action of abelian gauge fields due to a massive scalar or spinor; a
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simple formula for the leading term in 1/m? at order-g" is written down. In
Sec. 4, a similar computation for non-abelian gauge fields is carried out to order-

g*. Discussion and conclusions are presented in Sec. 5.

2. The Bern-Kosower Master Formula and its Properties

The computation of the effective action begins from the following expression,
called the Bern-Kosower Master Formula. It was first arrived at from string theory
by Bern and Kosower [1,2], and later rederived in Paper A from field theory. (It
may also be viewed as a gauge invariant form of eq. (2.1) of ref. [7].) The abelian
Master Formula is

)V T dT emT X

1
71
FN(kl,...,kN)=(47r)D/2 TI_N+D/2 /du, exp Z k; - kG)
0 0

1= 1<y=1

N
X exp [ 2 ( —1 (.k,'-e]- —kj- e,)Gﬂ + € - 6jé]é)]
i<j=1

linear in ¢

(2.1)
which is valid in D-dimensional Euclidean spacetime. (Here u; = 0.) This ex-
pression gives the abelian one-loop effective action for N external photons and
a scalar loop; on shell it gives the one-loop photon S-matrix. The ¢ and k; are
the polarization and momentum vectors of the i** photon; the scalar has mass
m. The last line in (2.1) is called the “generating kinematic factor” (GKF); only
terms containing each of the NV polarization vectors ¢; exactly once are to be kept.
Normally one carries out an integration-by-parts procedure (IBP), described in
refs. [1,2] and discussed in Paper A, which removes all factors of ég, leading to

an “improved generating kinematic factor” (IGKF) which is a sum of terms each
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containing N G p functions. For large NV, there are many equivalent ways to carry

out the IBP, and consequently many possible forms for the IGKF.

For a Dirac spinor loop one multiplies (2.1) by —2 and makes the following

replacement- wherever possible in the IGKF:

d d
I] ¢ — ( I] ¢ H Gisir- ) (22)
k=1 k=1

where 79 = i4. (This manifestation of world-line supersymmetry is easily derived

from an explicitly supersymmetric formalism. See also ref. [10].) The functions

G}];, Gg, Gg and G'é are [1,9]

G” = GB(t,,tJ)

(Iw — uj] — (ui — uj)z) ;
G = 0nGa(ti, ;) = (sign(ui — uj) — 2(ui — u;)) ;

(2.3)

[\

G = 8LGp(ti,tj) = 7 (8(ui — wj) = 1)
G = GF(ti,t;) = sign(t; —t;) = sign(u; — u;)
where the ¢; are proper times on a loop of total proper time T, and u; = t;/T. Note
that G = G’; and G = Gg are symmetric, while GY = —Gg and G = ——Gfpi
are antisymmetric.
There is a basic though limited theorem about the structure of the IGKF which

I will use throughout the remainder of this article. Before stating it I must define

some terminology.

A chain is any series of G p functions arranged so that the second index of one

G p 1s the first index of the next, as in the expression

GRGHGY . Gyarigytn (2.4)



Every factor of G’é in the GKF or IGKF is accompanied by a kinematic invariant
of the form ¢; - €;, € - kj, or ki - k;. I will sometimes use the word chain to refer not

only to the chain of G p functions but also to the kinematic invariants multiplying

them.

A chain which completely closes on itself will be called a closed chain, and will

be denoted by its indices placed (in order) between braces; for example,

€1 - kaes - €2k - kees - k1G5 GRGRGY (2.5)

is a closed chain denoted {1326} or {2316} or {1623}, etc. The kinematic factors

which may appear as part of a closed chain will be specified in the theorem below.

A chain whose last index j appears in a closed chain but which itself is not

part of a closed chain is called a tail. For example, in
€5 - k1€q - kzeg - €ako - kieg - kgGsBlG?G:gG%SG%; (2.6)

the structure e5 - keg - kgGsBlG};’ is a tail attached to the closed chain {326};
the complete notation for (2.6) will be |513) {326}. (It is proved in Appendix D
that in any tail |ab- - -ij) appearing in the GKF or IGKF, the last Gg function is
associated with a kinematic invariant €; - k; or k; - k;.) Tails may have branches,
as in |41) |513) {326}, and closed chains may have an arbitrary number of tails, as

in [41) |513) |76) |86) {326}
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It is useful to define the invariants

; o 14 —( k- Hp . Bey .. (L. B2 . 2 . 115 M1
Dp(ip - -+ y12,21) =(kipm €, — Cipma ki,, )+ (Kiyps €, — Ciaps ki2 ) (Riy o €, — Gy k“ )
=€, * Kip_y + €y - kiyeiy - ki + (=1)Pei, - iy - €0y - Kig€iy - Ky

+ all possible exchanges of (6i & —k;)
(2.8)

for p > 3, and

Da(i,7) = (& - kjej - ki — € - €5ki - kj) . (2.9)

In general, every term of the factor Dy(p,...,2,1) which appears in the IGKF

multiplies the closed chain of G g functions

bp(py..,2,1) =GP ---GHGY . (2.10)

To state the theorem, I need to define a set Q. An element ¢ € @y is defined
as follows:. Let S' be any subset ofA the.integers 1,...,N. Divide S into ordered
subsets Si, where each S has at least two elements, and where Sj is defined
only up to cyclic permutation and inversion of its ordering. The set {S;} is an
element ¢ € Qy. Let n(q) € {2,3,... ,‘N } be the number of indices appearing in
S. Considering all possible S and S} gives all possible g for fixed N; the set of all
possible ¢’s will be called Q. For example, the elements of ()4 are

{isb1<i<i <4 {ykhl<i<j<k<4
. (2.11)
{12}{34}; {13}{24}; {14}{23}; {1234}; {1324}; {1243}.
For ¢ € Qn let D(q) be the product of D, functions whose arguments are the sets

Sk contained in ¢, and let 6(g) be the associated product of closed chains 6, of G



functions. For example, for ¢ = {421},
D(q)6(q) = D3(4,2,1)GYGH¥GY (2.12)
while for ¢ = {42} {31},

D(q)6(q) = D2(4,2)D5(3,1)GHGEGEGY . (2.13)

The statement of the theorem is the following:

Theorem: The IGKF at order ¢V has the form

IGKF(N) = ¥ Z [D(q)&(q)n(q) ET(q)] + other terms, (2.14)
gEQN {1}

where 7(q) = %1, and where the second sum is over all tails or products of tails of
the form

T(q) = H kG (2.15)
réq

the product is over only those indices r which do not appear in ¢, and the j, =
1,2,..., N are chosen so that T itself contains no closed chains. The “other terms”
in the IGKF all possess at least one tail containing a factor €;-€; (with ¢, j not in g.)
This result is independent of the choice of algorithm for the integration-by-parts

procedure.

The proof of the theorem is given in appendix D. It is somewhat tedious,
however, and readers may instead wish to convince themselves by working a few

examples, or by following along with Sec. 4 where the four-gluon case is discussed

in detail.



One may conjecture an extension to the theorem, which to this point I have

been unable to prove, though I have verified it up to NV = 4.

Conjecture: If the integration-by-parts procedure is carried out using a particular

algorithm (as yet unknown), the IGKF at order g" has the form

IGKF(N) =i 3 [D(9)8(a) 3 T(a)n(T(g);q)] (2.16)

9€QN {1}
where the second sum is over all tails T(¢) of the chains represented by D(q),
such that each ¢; appears once either in D(q) or T', and where n(T'(¢);¢q) = 0,+1
depends on ¢ and on T'(g). If T(¢) = 1 or a product of ¢; - k]Gg. factors, then
the factor D(q)T&q) appears in the IGKF no matter what algorithm is used for the

integration by parts, so n(T'(q);q) = 1.

Proof or disproof of this conjecture might be useful, in that it might help us
to understand the IBP procedure, and might identify a particularly efficient IBP

algorithm.

3. The Abelian Case

In this section I will compute the one-loop effective action of QED due to
a massive scalar or Dirac spinor particle in the limit of low momentum. For N
external photons, I will calculate the leading term in k%/m? of the N-point one-
loop amplitude, where k is the characteristic momentum of the gauge bosons and
m is the mass of the particle in the loop. After studying the vacuum polarization

in some detail, I will use theorem (2.14) to write the low-momentum effective
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action for all N as an expression equivalent to Schwinger’s famous result [12]. All

calculations will be performed in Euclidean space.

- First, I review the result of Paper A for the infinite term in the vacuum polar-
ization of scalar QED. I will explicitly present many steps in this calculation so as
to illustrate how unnecessarily difficult the standard Feynman diagram techniques

actually are.

Let us work for the moment in an arbitrary number of dimensions D. For

N =2 the Master Formula yields [9]

oo 1
19)? dT R
La(k1, k) = (4(:31)/2/ 1 /du ¢F1k2Gr(u)—m’T
0

(3.1)
[q kaes - k1 [Gp(w))? + q-ezéB(u)] .

which contains both diagrams of figure 1. This expression is similar to that which
one would arrive at using the formalism of Lam and Lebrun [7], but it is organized
in a very special way. In particular, if one straightforwardly computes the leading

term in (3.1), and expands in powers of k?/m?, one finds

-
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2 4-D 2 2 25_—4
X | €1 -kzez . kl(l —2u) F(—z-—) [m - k] -kz(u——u )]

| + 261 - € (6(u) — 1)F(2—_§£) [mz — k1 - ka(u — “2)] T_}
1 k'2
)mD—4/du {61 < koey - kl(l — 2u)2[1 + O(m)]

0

2
—g 4—-D
(47r)D/2F( 2

+ €1 koea - k(1 — 2u)2 + 2¢1 - €2k1 - k2 (6(u) — 1)(u - UZ)}

—g? 4—D
I__r

~ (4r)DP2 (=3

- 2
ymP—4 [261 . 62m2D—_——2(1 -1)

1 1
+ €1 - kaeg kl(é‘) — 2€; - 2k - kz(g)}

2
9 4-D  p_4
D(—5—)mP™

=3(47T)D/2 €] " 62k1 . kz — €t k262 . kl]

(3.2)
The leading terms are highly divergent in any integer dimension D > 2 but are not
gauge invariant; after these cancel one must pull out the sub-leading divergences
and only then take the limit £2/m? — 0. Notice the four separate (though, in this
case, simple) Feynman parameter integrals. If we had not taken the k%/m? — 0

limit then it would have been taken somewhat more effort to show that the leading

.
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terms cancelled and the result was gauge invariant.

The more clever method, introduced by Bern and Kosower via string theory

[1,2,9], is to integrate the éB term in (3.1) by parts to arrive at

3 N
Ta(k1, ko) = '(Z%/—z [61 -€2 k1 - ko — €1 koea kl]
r AT )
2 k1-k2Gp(u)—m*T
/duGB /TD/ZI Ga(w)
g2 4—D
=(47r)D/2F( 5 )[el-ezkl-kz—q-kzeg-kl]
! (3.3)
x/mqaﬂwﬁmﬂ_h.@@—u%ﬁﬁ
0
2 4—-D
—)(47rg)D/2F( 5 )mD—4[61-62 kl-kz——e]-k262~k1]

1
x 0/ du' [C (w2

and the single Feynman parameter integral yields a factor of % Notice that the IBP
removed the higher-order, gauge noninvariant divergences, left the expression in a
manifestly gauge invariant form, and gave us a single Feynman parameter integral

to perform which, in the limit £2/m?2 — 0, easily gave us the correct coefficient.

If we specialize to four dimensions, the vacuum polarization is logarithmically
divergent. It is interesting to see this emerge through the use of a single Pauli-

Villars regulator of mass M, which appears in the Master Formula through the

2 2 2
replacement e ™™ I’ — (=™ T _ ¢=M°T)),

o

13



0 1
. \92 ] 2
I‘Z(kl,kz) = ((A:Z—))? /sz /du ek1-k2GB(u)(e—m T _ M T)
0 0

X [61 - kaer - ka[GB(w)]* + er- ezéB(u))]

g2
o = a2 [61 e kioke—e- ke kl] -
/du GB u)]z/ kl szB(u)( -m?T _ e-MzT)
0
2 M2 1
- gl a ki k-a ka k] [@ G
0

In the standard techniques, the use of Pauli-Villars regulators for vacuum polar-
izations requires three regulator fields and a careful balancing of their masses to
ensure both quadratic and logarithmic divergences are controlled [11].

The same calculation for a Dirac spinor gives

2

Lo(k1, ko) = [61 €2 ki - ky — €1+ koeg - kl]

( 7)?
/—,}/du ekl.kzas(u)—sz([GB(u)]z _ [Gp(u)]2) ‘
0

1
2g° M?
— (4i)2 log (m2 ) [61 €2k - ko — €1 - koea - kl] /du [(1 = 2u)? — 1]

0

42
3(47‘_ log( 2)[ 62k1~k2—61-k262-k1}.

(3.5)

Granted, these calculations are not hard to do from Feynman diagrams. Let

us therefore move on to something more complex.

First, let us see why all amplitudes with an odd number of abelian gauge bosons

vanish. To calculate the amplitude with N photons, one expands (2.1) to order

14



gV. As we saw, every term in the IGKF contains exactly N Gp’s (or, for spinor
loops, n Gp’s and (N — n) G p’s-) When every gauge boson is integrated over
the entire loop, as it is in an abelian theory, we can make the change of variables
u; — v; = 1 — u;. The integration region and the exponential exp[}_ k; - ij{Bi] are
unchanged; the IGKF changes by a factor of (—1)¥, showing that if N is odd the

result of the integration must give zero.

I now turn to the calculation of the four-photon amplitude in figure 2. (For
the remainder of this paper I will work in four dimensions. In the Bern-Kosower
formalism all calculations beyond N = 2 are finite, so no regulator is needed.) The
starting expression is now rather long; however, we may discard most terms from

the start by using the theorem (2.14).

The key is that any term C in the IGKF possessing a tail, as defined above
eq. (2.6), may be discarded in the low momentum limit. The reason for this is that
when &2/ m?2 — 0 the only depende;lce c;n the Feynman parameters is in the IGKF
itself. The first index of any tail |ijk---mn) € C can occur only once in C, as

part of the function G’g, so C can be written as d;,C’. For example
GYGRGBGY = 0,[GH G GEGY (3.6)
is a total derivative, while
GYGUGECGY and GHGRGYGY (3.7)

are not. Since Gg and Gg are periodic functions, and the integration region of

each u; is the entire loop, a total derivative like (3.6) vanishes when integrated.
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We may therefore keep only those terms which are made purely of closed chains

without tails; in other words, rewriting the theorem (2.14),

IGKF(N) =& Z [D(q)6(g)n(q)] + total derivatives; (3.8)
o 9€Q%

where Q(}V is the subset of Q y whose elements contain all N integers.

Thus, in the limit k%/m? — 0, the four-photon scalar-loop amplitude is

1 1

I‘4:—(4—:—)%Z/du4 /du3 /dug

0 0 0

{Dz(z, 1)Da(4, 3)[GHHCS?

+ D2(3,1)D2(4,2)[GH PIGET
+ Da(4,1)Da(3,2)[GH P[GH? &)
+ D4(4,3,2,1)GEGEGY GY
+ D4(4,2,3,1)GEGEGUGY

+ D4(3,4,2, 1)G§*G‘},¥G’§GIB§}

The Feynman parameter integrals are simple and yield
2g%

Ty= 9
7 (ar)zmd

{(%)2 [Dg(?, 1)Ds(4,3) + Da(3,1)Da(4,2) + Da(4,1)Da(3, 2)]

|
+ = [04(4, 3,2,1) + D4(4,2,3,1) + Da(3,4,2, 1)] }

(3.10)
In the Feynman diagram calculation each of the three types of diagrams has terms
proportional to log[M?/m?] and to 1/m?; in the Bern-Kosower formalism these
terms are automatically removed by the IBP procedure and never need to be com-

puted. Even if one were to identify all terms in the Feynman diagram calculation

16



that are lower order than 1/m* and discard them, the remaining terms would mul-

tiply a substantial number of integrands, in contrast to (3.9) in which only two

appear.

For a Dirac spinor world-line supersymmetry gives us

1 1 1
I'y = 47r)2m4 /dU4 /dU3 /du2
0 0 0

{ Da(2,1)D5(4,3)([CH]? ~ [GRP)(GEP - [GEP)

+ D(3,1)D2(4,2)([GH)* - G )N(GEY - [GF)

+ a4, )Do(3,2)((GHP - (GHPCH? — oy

+ D4(4,3,2,1)(GEGHGYGY — GRG¥G¥F G

+ D4(4,2,3,1)(GEGE G GY — GRGRGHGY)

+ Dy(3, 4, 2,1)(G34G42G G G%G}QG?G}?)}

leading to
gt 2
ry =~ 37 [Dat2.)Da(,8) + Daf3,1)D2(4,2) + Dafa, 1)Da(3,2)
i‘; [D4(4 3,2,1) + D4(4,2,3,1) + D4(3,4,2 1)]}

(3.12)

Clearly Dy bears some relation to F¥Fyy, and Dy to FUF,pFP?Fyy. Let us
make this relationship more precise. In Paper A the derivation of (2.1) required a

gauge field A* = 3 e'**_ The appropriate field strength is therefore

N
W= OMAT - VAR =Y (ke — KYel (3.13)
1=1

17



while (F

v\p — # B2 i s :
WP = Ful - Fug Fy, s given by

N
o Z (klpul i‘ — Cipm ku ) (kizus l‘ = Cizpg k12 )(kHM 111 qle:”ll)

11,12,°+,2p=1

N
E -Dp(ipﬁ"',i27i1)

21,32, 4,3p=1

N
*
=2pip< E ) Dp(ilh'" 77:2’7:1)
1,03, mrip=1
(3.14)
where the starred sum indicates that only terms in which ¢, is the largest index

of the set and in which i,—1 > i1 are to be included (this eliminates all equivalent

factors of Dy.)
With this result we may identify the expression (3.10) as

294

T = (47)2m4

1
o L

z(zhrg)szi{lso(E2 —BY g (B 3)2}

where I have used

(3.15)

F"F,, =2(E? - B?) ;F*"F,,FF°F,, = 2(E* — B*)? + 4(E- B)?.  (3.16)

(The general relation between electromagnetic fields and (F,”)? is given in ap-

pendix B.) For the Dirac spinor the four-photon amplitude is

2¢* 22 14
[a=—2 HY B 2 _ ny Fpa'F
‘ (47\')2m4{2 g ) - PR }

s (3.17)

g 4 2 pove, 28 2
= - — (F -
(47()2m4{ 45 (B =B+ 45 (E-B)
This is of course the famous Euler-Heisenberg Lagrangian.

18



We may also use (3.14) to write down the effective action for general N. Re-
ferring again to the theorem (3.8), and computing the signs n(q) by comparison
between particular terms in (2.1) and particular terms in (F),”)?, the complete ef-
fective action in this limit may be written down. The coefficients of the various
terms are simply given by the integrals of the G g chains and G chains. Specif-
ically, note that any structure D{q)é(q) in (3.8) contains at least one term of the

form
N
I em - ki G . (3.18)

m=1

On the other hand, the GKF and IGKF always contain the terms

(=) H [ Z €m - kjmérgj"' . (3.19)

m=1 jm=1

We may use this to determine the overall sign n(q) for each ¢. Now, with the help
of (3.14), we may conclude that at order-g% the low-momentum photon effective
action due ‘to a rﬁassive scalar loop is given by summing over all partitions II(V) of
N into even integers — [ will write II(N) = {ng,n4,...,ny}, np € {0,1,..., N/p},
such that N = Y (npp) — and associating with each partition the appropriate

gauge-invariant factor and coefficient:

b= 229) 2(N 2) Z H ( b )‘”P. (3:20)

(W) p=1
Here
am , 1
ban = ( / du,~> A=t G
oo (3.21)
92n+1 n-1 92r+1,.

2
= _[4n? —4n — 2 T .
Gnyoim —in— ] +§ Gr 1)1

19



For an arbitrary number of dimensions one makes the replacement

(N —2)! (N —D/2)!
m2(V=2) (47)2 - m2(N=D]?)(47)D/2"

(3.22)

For spinor loops the result is

i L (b = fp)(F )Py s
Ty = 224{3 - 2) E:H—,( ) . (3.23)
(N)p=

2p

where b, is as above and

2n 1

fan =]] ( / du,-) GGl GRGY
T (3.24)
22n—2 n—1 227 -1
= G 1) o] ——fon—2r .

r=1
The recursion formulas (3.21) and (3.24), which are straightforward to derive
with the help of appendix A, yield
- 1 1 2

by=—%, by=—, by = ——;
3 45 945
s (3.25)

fa==1; fu= —,fs 15

We may use these results to check that (3.15) and (3.17) are indeed given by the

general expressions (3.20) and (3.23).

At order ¢%, the scalar hexagon gives

31g" 1 3 1 ’
fe=- (47r)2m8{ T ) g (T B Fou) (P Fpa)
2 .
~T5om P FupF? FooF ﬂF[,u}

6
=(47r£;2m8 {8 -33115(E2 - B’ + —L (E* — B®)(E - B)z}

(3.26)

20



while the Dirac spinor hexagon gives

Do =42, 29 2 (FE) - B (FME,, P E,,)(F*0Fs,)
6=+ (47)2m8 3!-43-33( i) 4-8-135 e e Ao

124
. + 12 - 945

T (47:;;718 {3§5(E2 - B+ %25 (E* - B*)(E - B)2}

(3.27)
At this order, Feynman diagrams generate spurious terms at 1/m?2, 1/m*, and

1/m®, all of which cancel in intermediate steps.

The above results of course agree with those derived by Schwinger [12] for
constant background fields. Indeed, Schwinger’s exact result may be derived from
the path integrals of Paper A. Alternatively, one may expand the path integral in
powers of the background field; one arrives at the same products of G g and Gy

chains as in (3.20) and (3.23).

In surrimary; the ﬁrst-quantizeci apbroach to calculations allows many of the
steps of Feynman diagrams to be circumvented. In this approach it is easy to
identify the gauge invariant structures of the effective action and the integrals which
must be computed to find their coefficients. The regularity of these structures
and their associated integrands makes it possible to analyze the one-loop effective
action completely. While this was done years ago by Schwinger [12], it is not
straightforward to do this using Feynman diagrams because many spurious terms
are generated and must be calculated and cancelled, and because many terms
related by gauge invariance multiply different integrands which nonetheless give
in the end the same coefficient. These problems are solved by the Bern-Kosower

formalism, independently of the £2/m? — 0 limit which was used in this section
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as an illustration. Thus, the power of the Bern-Kosower approach lies not in
its expression in terms of Feynman parameter integrals, which could be simply
accomplished from Feynman diagrams [6,7,9], but in its special organization which
allows terms to be easily analyzed and computed and unnecessary cancellations to

be avoided. This power is evident even in abelian gauge theory.

4. The Non-Abelian Case

In this section I treat particle loops in non-abelian background fields. There
are several new complications. In a non-abelian theory the expansion in powers
of k2/m? at fixed power of g is not useful; for example, there are logarithmically
diveigent terms not only at order—gA2 but also at g% and ¢g*. We should therefore
expand the full one-loop effective action in powers of 1/m?2. At order-g?V we will
compute terms up to 1/m2(¥=2) which is as far as we would go in the abelian case.
A second ;:omplication is that if thé IB? procedure is used, there are extra terms,
called pinch terms, which must be computed when working at any given order in
g- (The rules for calculating them are closely related to the pinch rules presented
by Bern and Kosower [1,2] for the computation of scattering amplitudes; they are
discussed in Paper A and presented in appendix C. As of now they have not been
proven correct to all orders.) These terms are organized in a way which reflects the
underlying gauge invariance. In fact, these pinch terms never need be computed;
they always contribute parts of gauge invariant structures at the same or lower
order in 1/m? whose coefficients are already known. Another important change
concerns the addition of color traces and the associated alteration of the integration

regions. Instead of integrating all gauge bosons freely around the loop, we must

R
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now restrict the integrations in accordance with the path-ordering associated with
each color-ordering, as explained by Bern and Kosower {1,2] or in Paper A. As a
consequence the total derivatives which vanished in the abelian case will not do
so here — implying that structures other than (F,,)?" will occur in the effective

action — and in addition the argument for the vanishing of odd-point amplitudes

fails.

At the four-point level and beyond, the discussion is further complicated by
the different possibilities for performing the IBP and by ambiguities inherent in

the expression for the effective action itself. For example, one may write
1
F*DPD?D,F,, = —5 " F*" Fpg Fuy + F**D°D? Dy Dy Fiuy (4.1)

showing that any given expression for the effective action is not unique. Further-
more, by integrating by parts with respect to = (not proper time, as in the IBP
used in the Bern-Kosower formalism) one may change the form of terms in the
effective action. Fortunately for the previous chapter, these ambiguities do not

arise in the abelian theory.

The vacuum polarization due to massive scalars or Dirac fermions is the same
in QCD as in QED,

g2 complex scalar loop;

_— M1, 5
2= (47(')2 1Og ( 2 )(ZTIF FVN)'order—A"’ X %, (42)

Dirac spinor loop.

so let us turn our attention to the 3-gluon effective action of a massive particle.
We may expect terms of the form (F}” )3, but we should not forget that the term
(F,” )2, which appears at order g2, has an order g3 piece which must appear in this

calculation. We will see that this happens in a very beautiful way.
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The expression for the three-gluon amplitude is

1 U3
(29) as az a1 /
T3(ki, ka, k3) = ot {Tr TaraTe) [ qus | dus
0
) . (4.3)
+ T (T T T™) / dus / duz } GKF
0 u3
where the generating kinematic factor is
3 - . -
GKF = [(—i)3 3 - kper- kyes -k GRGHGY
pgr=1
i | (4.4)
+ ( — €1 - ezG%@l Z €3 - k'pG? + cyclic permutations )]
=1
(Recall that % = 0.) Integrating by parts yields
3 . .
IGKF =~} [ €3 - kpD2(2,1)[GH2GY
p=1
+ €1 - kDo (3,2)[GHPGY (4.5)

+ €2 - k‘pDQ(l, 3)[G}33 2G2;
and the integrations yield

3

L3(ky, ko, k3) = —%m—‘Z(Lr)—z{Tr(T“sT“’T“l)

x( €3 - (k2 — k1)Da(1,2) + €3 - (k1 — k3)Da(3,1)
+e1- (ks — ka)Ds(2, 3)] — 2D5(3,2, 1))
+ 2oy |
(4.6)
Of course, this is not the entire order-¢3 effective action; there is still a pinch term

to be evaluated below.
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Clearly, we should identify D3(3,2,1) as stemming from a term Tr(F,” )3 in

the effective action. The other terms contain (F,*)?, and in order to be gauge

I
invariant should also contain two covariant derivatives. Because of the Bianchi
identity, the term Tr(D?F#*)? is the unique term involving two field strengths
and two derivati\/;es; the equation of motion is not needed for this conclusion. By

writing out these gauge invariant structures, we may easily use (4.6) to identify

their coefficients in the effective action:

g 1
{ T [(DPF, (D, F )] +ig

_ vp R B
7 T Tr[F” F, Fp]} (4.7)

1
45m?
In particular, (4.6) contains the part of (4.7) which is order g* and which involves
the abelian pieces of F,)”. Other terms in (4.7) come from pinches or from expand-

ing (3.4) in k?/m?, as will be shown below.

For example, it is interesting to see how the term (9° F#¥)2, part of (D? F*¥)2
appears in this approach. Since it is.an order-g? term and is higher order in
k?/m? than the term (F,”)?%, it must appear in the next-to-leading term in (3.4).
Expanding (3.4) we find

(19)*

1-‘2(1917]“‘2)|1/'rn2 = 7!')2

[61-62 kl-kz—q-k262~k1] kl-kz

0 (4.8)
du (G [ FGalu T T

X T3

S =

o

which has the correct Lorentz structure but not obviously the correct coefficient.

However, since

Gi=T / duy G (4.9)

the coefficient in (4.8) is equal to the coeflicient of €; - (k3 — k2)D2(2,3) in (4.3).
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Now let us move on to the application of the pinch rules, as described in
Paper A and presented in Appendix C, to the IGKF of (4.5). For the color trace
Tr(T*T%T*) and the diagram given in figure 3, the pinch rules tell us to extract

a contribution from the term D3(3,2,1) in (4.3) of the form

us

(o) 1 N
z/ dT /dU3/ dus exp( Z k,ﬁ-ijg——m2T>
0 0

[(63 ’ k162 *€1 —€2 k163 . 61)G%Gb3 5(U3 — U2)/T]

(4.10)
=—1(e3-kiea- €1 —€a- krez - €1)
fove) 1
< / T / du [Gp(w)*{1+ O(K*/m*)}

0 0

where I have left off the overall factor of (ig)3(47)~2. Symmetrizing in 2 « 3
and summing over cyclic permutations, we get the full pinch contribution, which
is plainly the cubic term in (F,”)?,-as expected from (4.2). Notice it has the same
dependence on the Feynman parameters as does the quadratic term (eq. (3.4));
thus it has the correct coefficient. Furthermore, the antisymmetry in exchange
of any two indices show that this term is proportional to the structure constant
Te([T%,T])T*), as it should be. We could have guessed this would be the case;
every pinch removes a factor of k; - kj/m? from the result without changing the
power of g in the coefficient, indicating that pinch terms stem from operators which
first appear at order g* /m2(*~2) but which have pieces at the same order in m and

higher order in g.

Eq. (4.10) also demonstrates that pinching a closed chain of G p functions leaves

a closed chain of G p functions (though the kinematic structure acquires a gap);

o
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similarly, pinching a tail leaves a tail of G p functions. (This is a trivial consequence
of the pinch rules.) Of course the number of G g factors in a closed chain or tail

decreases by one when it is pinched.

If we now expand (4.10) to the next order in k?/m?2, we will find a contribution
. that is at the same order in/.g, k and m as those in (4.6). However, as we will
see, the Lorentz structure of these terms cannot include any of the Dj functions
as defined in (2.8) and (2.9), and therefore must involve non-abelian pieces of F,”
in (4.7). Since the commutator in F},” carries a power of g, the only term in (4.7)
which fits this description is the order-g® part of (0 F#¥)%. Indeed, the expansion

of (4.10) yields

us

- o0 1 N
: / dT / dus / duy ™ T N ki - kG
0 0

X [(63 . k162 c€] — €7 k163 . 61)G231Gg 5(U3 — u2)/T]

! (4.11)
= —i(e3-kie2-e1 —€2- krez - €1) k1 - (ko + k3)
00 1
8 / %Z:—e_sz/ du [Gp(u)*Gp(u){1 + Ok /m?)}
0 0

which from (4.9) has the correct coefficient.

Repeating all of this for quark loops is simple, using world-line supersymmetry;
the same gauge invariant structures appear but with new coefficients. The new

terms in the effective action are

3
sl [Fu”Fy(’Fp“} } (4.12)

I will now compute the order-g* terms in the effective action. If I were merely
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interested in calculating the effective action, it would be sufficient to use the the-
orem (2.14) to write down enough of the IGKF to compute the coeflicients of all
new gauge invariant structures appearing at this order. My interest, however, is in
showing that the Bern-Kosower formalism has a special organization which makes
it easy to undersfénd how and where individual terms in the effective action arise.
For the purpose of illustrating this feature, I will compute the full IGKF in detail,
use it to find the coefficients of the new structures in the effective action, and
then study the pinches of the IGKF to find explicitly all remaining order-g* terms

expected from the new structures and from (4.2) and (4.7).

The first step is to compute the full IGKF, which requires choosing an algorithm
for ihtegrating by parts. The ideal method for carrying out the IBP has not yet been
found. It is useful, for the purposes of this paper, to maintain as much symmetry
as possible under cyclic permutations of the indices and under the replacement
¢ < k;. However, this still does not éompletely specify exactly how to perform
the IBP, nor is complete cyclic invariance possible. Perhaps by systematically
analyzing the gauge invariant structures produced at arbitrary order it will be
possible to design a particularly elegant algorithm, or perhaps many equivalent

techniques can be found, but I will not discuss this issue further in this work.

At order-g¢*,

Ta(ky, ko, k3, k4) =

2g4 1 U4 Uus
—__(47r)2m4 {tr(Ta4TasTa2Ta1)/dU4/dU3/duZ (4_13)
0 0 0

+ all non — cyclic permutations }[IGKF]
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To find the IGKF, we start from the Master Formula, which gives

4
GKF ={(_i)4 > e kperkyes- kees - ks GEGHCYGY
p,q,7,8=1

4
+ (=) e G Y e ke kGFGE
r,s=1

+ all non — equivalent cyclic permutations ]
+ [61 * €2€3 - qéfglé% + €1 - €362 - 64@%@? + €1 - €4€2 - 63@431 G2B‘Q’]}
(4.14)
At this order one may proceed by applying the IBP first to the terms with the most
factors of G p» though there is an ambiguity in the choice of index As a specific
algorithm, I choose to IBP with respect to the largest available index whenever
the fequirements of gauge invarianc;a and cyclicity are not sufficient to determine

the next step. With this arbitrary choice, the GKF becomes

4
GKF =‘{ Z €1 kpez kqeg" . kre4 . kng)G%quBrG%g
Pyg,78=1

4
- [61 - €2 Z €3 - kreyg - kstBlG‘},fG‘};

r,8=1
+ all non — equivalent cyclic permutations ] (4.15)
4
- Z (61 + €2€3 * 64k‘4 . k‘,gG%ngxG%g
8=1

+ €4 €162 - e3ks - kGHGEGY

+ €1 - €3€2 - €4ky - k‘gG%lGlleGg)}

One may now recognize that the new terms generated in the previous step are

related by gauge invariance to other terms in the GKF, and the remainder of the

* I thank Bern and Kosower for suggesting this method to me.
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IBP should be carried out in such a way as to preserve that relationship. The
related terms are
(61 - €9€3 - 64k4 . ks > €] * €2€3 k4€4 : ks)GzBIG%gGg ;
N (61 © €3€2 * 64‘_]64/_- ks & €1 - €3€2 - kyey - ks)GsBngG%g ; (4.16)

(€2 - €3€1 - €aky - ks <> €3 - €3€1 - kyeq - ks)G%ngG‘}gs .

The IBP is now applied to all the remaining terms with a G p function. In most
terms, the choice of index for the IBP is irrelevant. For example, if we integrate

G?G‘;’; GzBl by parts with respect to t4, we find

4
- GBGYCH ks - kG (4.17)

s=1

whereas if we IBP with respect to ¢3, we get

- 4 “ .
=N GHCYCY (ks - ks + by - kG + Ky - £, G (4.18)
s=1
Since G%‘ = —(;"1133, etc., (4.17) and (4.18) are equal. Similarly, the IBP of

G¥GY G¥% is unambiguous because
4 4

> (ks - kG + ki -k GY) = — > (ks kGE + k2 - kGE) (4.19)

s=1 s=1

However, in the case of G?[G%}]Z, using 3 for the IBP is just as valid as but is

not equal to using t4. The reason for this ambiguity is unclear. Notice, however,

30



that in either case the term [G’:}E,:‘]z[GzBl]2 will occur; this is in accordance with the

theorem of Sec. 2. (See also lemma 3 in Appendix D.)

Again I use the prescription that when in doubt the largest available index is

used for the IBP. .This results in
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IGKF:{[q kaes - ksCBGE + €1 - kaey - kGG
+e1 - kzer - biGHEGY + €1 - kzep - kG GY
+e1 - ksea - kiGEGY + €1 - kaer - ksGHGE
,:V ' +(61 ka€o - ks — €1 - €2ka - kg)GEGY
+(er - kaea - ks — €1 - exks - ks) Gl G23]D2(4 3)G3 (3

+ three cyclic permutations }

+{[61 kaes - kaGRG% + ) - kaes - ke GHC3
+€1 - koeg - k4G GB + €1 - ke - sz G32
+€1 - koes - le G + €1 - kgez - le G31
+( ~k3eg - ko — €1 - 63k3 kz)G G32
(4.20)
+(e1- kaes - kg — €1 - esks - k)Y G34]D2(4 2GU G2

+{1—)2—>3-—>4ﬁ1}}
{D2(2 1)D2(4,3)[GEPIGET + Da(1,4)Da(3,2)[GY2[G3)2

+ Dy(3,1)Da(4, z)[é%?ﬁ@é?lz}

4
+{ [Z e - k,,G},!’] D3(4,3,2)G13G26%
p=2

+ three cyclic permutations }
+{D4(4,3,2, 1)GH GEGHGY
+D4(4,2,3,1)GHGEGY G}éi
+D4(3,1,2,4)GY G4 G’“G‘*"’}
where the Dy, are defined in (2.8) and (2.9). In a non-abelian theory the structures
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Te(F,YF,°F,°F,") and Tr(F,YF,°F," F,”) are different; the order of indices in
Dy, up to cyclic permutations, is therefore important. Note also that the terms
multiplying D2(4,2) are not cyclically symmetric.

- The result of the integrations in the limit k% /m2 — 0 is

4
(0) g 1 Q4 Az a2 ay
Iy = (47)2m* 630 {Tr[T =TT

[{ [ —3e1 - k3ea - k3 — 31 - ken - kg + 3eg - k3ea - by
+3(e1 - koea - kg — €1 - e2ka - ka) — 2€1 - k3en - ky
—8e€1 - kyex - k1 + 8¢y - kyea - k3

—8(e1 - kyey - ks — €1 - eaky - ka)] D, (4,3)

+ three cyclic permutations }
+{ [661 ~koeg - ko + 6€1 - kaes - ko — 6ey - koes - ky

| -;661 kyez - kp + 56; . kzés k1 + 51 - kaes - ky
+5(€1 - kaez - ky — €1 - e3ks - ko)
+5(eq - kses - kg — €1 - ek - k4)] Da(4,2)

+{1—>2——>3——+4—->1}}
+30[D2(2,1)D2(4,3) + D2(1,4)D2(3,2)] + 10D4(3,1)Ds(4,2)

+{961 - (k2 — k4)D3(4,3,2) + three cyclic permutations }

—10D4(4,3,2,1) 4+ 12[D4(4,2,3,1) + Dy(3, 1,2,4)]}

+ all non — cyclic permutations, }
(4.21)
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where the superscript zero is to remind the reader that the pinch contributions
are not included in this expression. Note that most of this result could have
been written down using the theorem (2.14); only the terms of the form ¢; - €;k; -

km D2(m,n) depend on the algorithm used for the IBP.

This expression is far more organized than similar expressions coming from
Feynman diagrams. Certain pieces of the above result are easy to identify, while
others are more subtle. Terms made entirely of closed chains can be identified
as powers of F,”; the terms with D3 and a factor ¢; - k; are evidently part of
F,’(Do Fyp)(D*F?*). The terms with a single D2 are obviously more complicated,
and we must enumerate the possible gauge invariant operators. We may note the
absence of factors like ¢; - k; or € - kje; - k; in the tails of the Dy(m,n) chains
to eliminate structures like (D2F#")... and (D,DyF,,)(D° D? F**) respectively.
(Not that these structures are disallowed — they just do not give the simplest
representation of (4.21), and since they can be reexpressed in terms of other op-
erators using (4.1) and similar identities there is no need to use them.) The only

remaining structures are

Tr[(D, Dy Fy, )(D? D F*#)] , Tr[(F*°(D, F,, ) (Do FM)] . (4.22)

Next, merely by studying the terms in (4.22) which are a product of a term in a
D; factor and a tail of ¢;-k; factors, one can easily identify which linear combination

of these structures appears in the effective action. The effective action contains

34



the terms

2
I Tr
47w )em
2m4 315

2 - v 1
LI (DpF)(Da )] + o5

iol(DpDs Fuy)(DP D7 F™F)]

& O F (Da B YD) + (Y FFETE)

7(g)2 ; 168 (4.23)
+ to05 Fu F B 1F, P — —(F””F,,PFP"F,“)
9° 92
vpoppp FYFOFREP
+ o B B B ES) + 55 (B F,Fy v)

This shows that, using the theorem (2.14), one can write down enough of the IGKF
to find the order-1/m* contribution to the effective action without actually going
through the IBP to find (4.20). Whether this is true for any number of gluons is

not known.

However, the astute reader will notice that although (4.23) contains many terms
of the form ¢; - €¢;k; - kyn D(m, n) from the structures (4.22), not all of these terms
appear in (4.21). The reason for this is as follows: because each pinch removes a
k; - k; factor, while expanding in k2 / m? adds factors of k, - k, with r, s not equal
to 1, j, it is possible for terms of this type to hide in the k%/m? expansion of pinch
contributions. I will show this, as well as other aspects of the pinching process, in

the remainder of this section.

First, I should write the result for four gluons and a Dirac spinor loop, which
is given by supersymmetrizing (4.20) and repeating the integrals. The new terms

in the effective action are
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g* 1Teg

Tt Tt | Sl Dy (Do F¥)] + 7{( Dy De Fus ) (DF D7 F*¥)
32@9 p ap 92 VIR O P
105 [F (DaFu )(D F )]__5(Fu Fu Fp Fa) (424)
17g 10g '
— (P ET R EP) = = (FFPF R
1192/1—91!1—!51-1’1)11#\ 1192/nllﬁgn#ﬁp\-|
—WU‘I‘ fp r,F, )+T\F“ TAP P )J

Most of the remainder of this section will be devoted to studying the pinches
of (4.20) and their expansions to 1/m*, so as to find all order-g* terms in (4.2)
and (4.7), as well as those in (4.23) which did not appear in (4.21). There are
a number of features which we may guess on simple grounds. For example, the
double pinches, which come from diagrams like fig. 4, are order g*log(M?/m?),
and are therefore the g* term in (4.2); the single pinches, from fig. 5 and related

diagrams, are order g*/m? and therefore come from the g* piece of (4.7).

Before going further, it is useful to define some shorthand notation: let F?|,,
F2|3, F?|4 be the pieces of F#*F,, which are quadratic, cubic and quartic in the
gauge field; let F3|3, F'3|4, etc. be similarly defined. We will also write [OFO'Fly u,
where O and O’ are gauge covariant operators coming from the tail(s) of an (F g )2
closed chain, to indicate the part of this structure involving m factors of the gauge

field of which n factors come from (F,")2.

Now I turn to the explicit computation of the pinch contributions. To begin
with, the only ¢* term at order log(M?/m?) is F2|4 from (4.2). Since it is divergent,
it must come from a Bern-Kosower diagram whose loop has two legs, as in figure

4. Only Dy factors from (4.20) contribute to double pinches; if we double-pinch
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D4(4,3,2, 1)@?@%@%@}; using the diagram in figure 4, whose associated color

trace is Tr[T®T*T*T*], we get

oo 1 us us N
/ dT /dU4/ dU3/ dug exp( Z k,--ijjBi—sz)
0 0 0 0 i<s=1
[63 - €9€4 * elG']l;G:;Bz S(ug — u3z)d(uz — ul)/TQ] (4.25)
) 1
= —e3- €264 q/ d?Te—m’T/ du [Gu)*{1 + O(k*/m?)}
0 0

which has the correct coefficient and Lorentz structure to be part of F2|4. (In this
and subsequent formulas I ignore the overall factor of (ig)*/(4r)2.) By permuting
indices, one may easily show that the full set of double pinches gives the full

structure of F?|4.

Eq. (4.7) implies the existence of several terms at order g*/m?. These are F3|q,
[DFDFl43, and [DF DF)44 = [(0,Fuv)?]|s, which all involve the non-abelian part
of F,*, and [DFDFlss = g%[A,, F,,)[A?, F¥]|42, which contains factors of the
form Dz(m,n). On the other hand, only single pinches of (4.20) and the expansion
of the double pinch (4.25) can give contributions at order 1/m?. If we pinch a factor
Dy(3,j,m,n), we get a term with a closed chain of three G g functions, which can

only come from F3|4; for example, pinching Dy(4,3,2,1) with figure 5 gives
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Ug us

o0 1 N
/ dT /du4/ dug/ dus exp( Z k,--ijg —-sz>
0 0

X [(61 . k463 © €4€9 kl — €1 * €4€3 * ]{:462 . kl
14 ~43 21
4 kl_ ~€q€3 - kgez - €1 — k1 - kyez - eser - €1)Gp GGy b(us — ug)/T]
=(€1- kqe3 - €s€2 -k — €1 - €4€3 - kaex - kg

+ k1 - e4€3 - kaeg - €1 — k1 - kae3 - es62 - €7)

x> d 1 ki ¥y
« / 7—’56—“ / dug / duy GG
0 0 0

(4.26)

which is one contribution to F3|4 in (4.7).
If we pinch a'term of the form ¢; - kjD3(j, m,n), then we get a closed chain of
length 2 which is not proportional to Dy; the ¢; - k; tail is unchanged. Such a term

must contribute to [DF DF'|4 3, as may easily be checked.

The only other terms in (4.20) which contribute to pinches are terms like
€ - €jk; + kmDa(m,n); the pinch leaves the D, factor unchanged, allowing us to
identify the result as part of [DFDF)s2 = g2[A,, F,][A?, F"#)|4,2. For example,

pinching the D2(4,3) and D3(4,2) terms in (4.20) using figure 5 leaves

o0 1 Uqg u3
/ dT /du4/ dU3/ duz exp(
0 0 0 0

X< €1 - €D2(4,3 G’};GMG% — €1 -€307(4,2 GBGHGYIS uz — ug) /T
BYB B“YBYHB

N
> ki kGl —m™T)

1<j=1

= [61 -€2D2(4,3) — €1 - 63D2(4,2)]

o0 1 U4

% / %Te—m”f / dug / duy RG]

0 0 0
(4.27)
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which is clearly part of [Ap, Fiuu][|A?, F¥#] with the coefficient function appropriate
to (DPF#*)? (see eqs. (4.5)-(4.9).)

The only remaining 1/m? term, [DF DFl4 4 = [(8,Fuv)%]4, contains the quartic
part of (F“'.’.)z, which requires a double pinch; it must therefore stem from the
expansion of (4.25) to the next order in k2/m?, just as in (4.11) where [(8,Fu»)%]s

stems from the expansion of (4.10).

At order 1/ m*, the expansion of the single pinches of the Dy and ¢; - k; D3
terms clearly give [F Do FD*F4 4 = [F””aaF,,paan“hA and [(D?D° F)*4 3, while

expansion of the double pinches of Dy gives [(D?D? F)?|4 4 = [(870° F*)%)4 4.

However, the expansion of the pinches of ¢; - €jk; - km Da(m, n) is complicated.
Befdre pinching, these terms contribute to the structures F PODpFuDe FPF and
D,DsF,,, D? D’ F¥#. The pinch removes the factor of k; - k., but expanding in
k%/m? adds a factor of k,-ks, with {r,s} # {j,m}. It is straightforward if tedious to
show that all of the required terms from-Fp"DpFu,,DdF”" and D, D, F),, D?D° F**
are produced, though there is nothing elegant about the way in which this occurs.
It is also at this point that ambiguities in the IBP procedure make their presence

felt, as I will now demonstrate.

As an illustration, let us focus our attention on all terms in the effective action
of the form € - €2D2(4,3)k; - k; with color trace Tr[T'“T*T*T*]. The IBP

procedure used above led to the following terms in (4.20):
—€1 - 62@?D2(4,3)G‘7§1G§(k2 . k3G’233 + ks - k4G§1) . (4.28)

For this color trace, only the k3 - k3 term can be pinched, since gluons 2 and 4 are

not adjacent. Carrying out the pinch, which comes from diagram 5, and expanding
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to the next order in k?/m?, one finds the contributions

N
€1 - GED2(4,3)GHGEo(us — u2) [T > ki - ;G
J=1

. a4 4.29
=€ - 62’G§D2(4,3)G%G4§6(u3 —u2)/T ( )

[ky - (ko + k3)G% + k1 - kaGY + (ko + k3) - ksG] .

Adding (4.28) and (4.29) and carrying out the integrals over the Feynman param-
eters, one finds an overall contribution of

4
g ——1—61 - e2Dy(4,3)

(47)2m* 630
[S(kz k3 + k1 - ka) + 3(k2 - kg + K1 - k3) + 3k - k2 + 63 - k4] (4.30)
+...
which is in agreement with (4.23).

By contrast, if the factor G}Bz in (4.15) is integrated-by-parts with respect to

the index 1 instead of 2, then the IGKF contains the terms
+€1 - 62G3D2(4,3)G%G"§(k1 . ksGlB3 + ky - k4G}§i) . (4.31)

This expression is related to (4.28) wia the exchange of labels 1 « 2, 3 « 4 and
an overall minus sign; this minus sign is cancelled by another sign stemming from
the change in the integration direction under the label interchange. Since the label
interchange leaves (4.30) invariant, the process of pinching and expanding in k% /m?

leads to the same result as before.

Thus, the result (4.23) does not depend on the IBP procedure, even though

(4.21) does depend upon it. The pattern with which this occurs is somewhat
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mysterious, and it would be helpful to understand this point better. The way to
avoid running into any confusion is to study first the terms whose tails contain
only ¢; - k; factors, since they are independent of the IBP procedure, are covered
by the theorgm (2.14), and, up to this order at least, are sufficient to specify the

effective action.

The project is now complete: all order-g* terms in (4.2), (4.7) and (4.23) have
been found in the Bern-Kosower formalism. To do the same using Feynman rules
would be much more difficult, as the reader is encouraged to verify. This again
suggests that the special organization of the Bern-Kosower Master Formula and
the accompanying pinch rules gives the new technique advantages over standard

Feynman diagrams.

At higher orders, the proliferation of gauge-invariant structures hinders the
prbcess of writing down the non-abelian effective action. In terms of Lorentz
invariants, any amplitude may be straightforwardly computed; it is merely a matter
of patience to write down all the terms and compute the polynomial integrals. It
seems, however, that identifying the gauge-invariant structures being represented
becomes rapidly more difficult at higher order in g, and an organizing principle is

needed if a general all-orders analysis is to be carried out.

The work of this section shows that while the non-abelian effective action is
much more complex than the abelian case, it is still possible to make relatively
quick progress in comparison to what would be expected from Feynman diagrams,
and to identify terms which do not occur for covariantly constant fields. Without
the IBP procedure, this would be much more difficult, for the reason that at a

given order in g, the terms at low order in 1/m? are a mixture of spurious gauge-
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non-invariant terms, all of which cancel in intermediate steps, and terms which
are completions of gauge invariant operators from lower order in g. Unless the
IBP is performed one cannot tell these two types of terms apart. The pinch rules
also make the analysis easier by employing Bern-Kosower diagrams, which separate
terms according to their dependence on the particle mass, or, when the £2/m? — 0

limit is not taken, by their dependence on the length of the loop T'.

5. Discussion and Conclusion

In this paper 1 have used some simple calculations to illustrate the power of
the Bern-Kosower approach. The calculations can be carried out from Feynman
diagr'ams but are clearly easier in the new technique. In contrast to previous com-
putations using the Bern-Kosower rules, this can be verified by any field theorist
in ran hour or two, and skeptical readers are encouraged to try these calculations

themselves.

One crucial point should be kept in mind. These computations were performed
in the simplifying limit of low momentum. However, the cancellations inherent in
the IBP procedure do not depend on this limit. The advantage that spurious non-
gauge-invariant terms are removed and the number of integrands and diagrams is
reduced is a general feature of the Bern-Kosower rules. This has importance not
only in reducing the amount of work in analytic calculations but also in avoiding
dangerous cancellations of large spurious terms which occur in numerical evaluation
of Feynman diagrams. We still do not know why the IBP procedure works this
way, nor do we have a proof of the off-shell pinch rules given in Appendix C and

used 1n Sec. 4.
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Finally, I want to stress that the Bern-Kosower rules are not simply equivalent
to writing all Feynman diagrams as Feynman parameter integrals. This is the
technique used in [6, 7] and also, for comparative purposes, in [9]. Such a technique
does not lend itself to the sort of simple analysis used in this paper, because the
results it leads tb are not ofgam'zed by Lorentz invariants and one-dimensional
propagators. Only with the special organizing principle of first-quantization does
the IBP become a natural procedure, and without the IBP none of the results
of this paper would have been possible. It should also be stressed that without
the IBP the simple Bern-Kosower scattering amplitude rules [1,2] would also be
impossible. In conclusion, it is the special gauge invariant organization of the
Bern-Kosower Master Formula which distinguishes the Bern-Kosower rules from

all previous techniques.
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APPENDIX A: Formulas needed to derive recursion relations

In this appendix I compute the integrals

m 1 1
H(/ du;) GGt GE6E L T /d JeEmGpm - GRGY.
0 1—2 0

As always I have set u; = 0.

For this, I use

oo . 1 oo
/ du; (Z apuf)G% =/ du; (Z aruf)[sign(uj;) — 2uji] =
0

0 k=0 k=0
[ ulg—l—l 1
= .12 J 11—
k=0[ak(k+1+k+2 —( 2u,)k+1]

where uj; = u; — u;. If we assume 20 T = 0 then we find

which also satisfies Y o° 7 k+1 = 0. Using this result, along with G%l = —2ug +1, it

is easy to derive the recursion relation (3.21).
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Similarly,

00 1 oo
/ du; (Z ckulc)(;'}‘z ::/ du; (Z ckuf)sign(uﬁ) =

o QCkuIH_l Ck
:kg[ k+31 w1c+1}

Using G¥ = 1, this leads to (3.24).

APPENDIX B: Expressing (F#")p in terms of electromagnetic fields

It is easy to write (Fﬂ")p as a function of S = E? — B? = % Fu F"* and

P=E-B=1c,,,,F*’F?°, using the generating formula

[(FNYE = F*'F)\,F* F,5 = SF*'F,5 + P%gf. (B.1)

o

If we write

[(FYP)d = ApF* Fyg + Cpgll. (B.2)
so that (F,”)P = 25 A, + 4C), then it is easy to see that
Ap=SAp-2+Cpa, Cp=P? A, . (B.3)

Starting from Ap = 0, Cp = 1, one may generate the entire sequence. For example,

Tr(F,)* =252 + 4P%, and Tr(F,”)® = 25% + 6S P2
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APPENDIX C: Pinch Rules

In the following paragraphs, taken directly from Paper A, I explain how to
compute the pinch terms at order-gV. (These pinch rules have not yet been proven
to all ‘orders‘.l)

Draw all (planar) ¢3 graphs with one loop, N external legs and any number Nt
of trees, such that although each tree may have several vertices, the total number of
tree vertices Ny is at most N/2. (Diagrams with trees may seem out of place in the
construction of a 1PI object like an effective action, but the trees used here, unlike
those for scattering amplitudes, do not contribute the usual propagator poles; they
serve only as a mnemonic for ensuring all surface terms are accounted for.) The
gluons which flow into a tree before entering the loop are said to be pinched; the

number of these is Ny + Np.

Consider a particular graph and a particular color(path)-ordering; label the
external legs clockwise from 1 to N following the path-ordering. Each tree vertex,
since it is a three-point vertex, is characterized by one line pointing toward the loop
and two outward pointing lines I and J, with two sets of external legs 71, ..., %,
and jy,...,Jn that flow into them. Let J be the line lying most clockwise. Now
examine the improved generating kinematic factor term by term. If a given term
does not contain a factor k; - ijg or ki- ijfpi for each tree vertex, where ¢ belongs
to the set of gluons flowing into line I and j flows into J, then it vanishes. Even
then, it must contain exactly one Gﬁ or G’{Fi at each vertex; otherwise it vanishes.
If it survives, then replace G’g or G? by +1, replace ¢; — t; in all Green functions,

and eliminate the ¢; integral. Finally, for every internal tree line (into which flows
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momentum from gluons r,r + 1,...,s), divide by

[k = Y], ()
g=r g=r

which becomes the expected intermediate-state pole only when all external gluons

N =

are on-shell. The effect of this procedure is to produce contact terms; no actual

poles are ever generated.

APPENDIX D: Proof of theorem (2.14).

In this appendix I will prove the theorem (2.14), using several lemmas as
stepping stones. A reader finding the presentation too dry may wish to study
eqs. (4.14) through (4.20) in which the lemmas are illustrated by example. The
reader should note that I have ignored most signs in proving the lemmas; they play
no role in most of the proofs and merely clutter the discussion. The skeptic may

easily add them in.

In Sec. 2 the definitions of closed chains, tails, and Dp(ip,- - -, 22,11) Were given.

We will need some further terminology and notation in this appendix.

A chain which contains a single ¢; - e]Gg factor and does not close on itself is

called an open chain. An example is
es - kiey - esks - 2GR GRGY | (D.1)
denoted [5(13)2]. Open chains may also have branches, as in |51) [41(32)67]:
GHGUGRGREREGY . (D.2)
which may also be denoted |41) [51(32)67]. We may separate the indices of an open
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chain into those attaching to one index of the G p function and those attaching
to the other; the two groups may be called the two wings W (i) and W(j) of the
open chain. The wings in (D.2) are the sets of indices W(3) = (5,4,1,3) and

W(Q) = (7,6’2)'

. We will see that closed chains with tails and open chains are the only forms that
can arise in the GKF before integration by parts. The IBP procedure eliminates

all open chains leaving only closed chains with tails.

To get from the GKF to the IGKF one carries out an IBP of all factors of G'é
The IBP of an open chain leads to the replacement
o 2 .. N .
Gh— =G5> > km kGE, (D.3)
meW (i) r=1
where W (i) is the set of indices in the wing containing index ¢, or
o P N .
G3 =465 > S km kG (D.4)
mEW(]) r=1

or a linear combination of the two. (Recall G’gm = 0.) This is easily proved by

noting

1 N
[ dusce exp [3 k- kG =
0 r<s
1

) . N . . . " e I3 N
/du.-(_GgG’g > ki kG + GRGE) exp [ Y ke - ksG]
0 r=1 r<s
(D.5)
Every term Cy € GKF contains 0 < n < N/2 factors of ¢; - e]‘ég and N — 2n

factors of ¢; - k,Gg., (D.3) and (D.4) show that after the complete IBP every term
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C € IGKF will contain n factors of ¢; - €ng, n factors of k; - kjég, and N —2n
factors of ¢; - k]Gg. C thus contains N G p functions along with N dot products

of the N polarization vectors and N not necessarily distinct momentum vectors.

The descendants of a term Coy € GKF are the terms C formed from Cy during
the IBP; the ancestor of the terms C is Cy. The ancestor Cy of any term €' € IGKF
may be found by disintegrating C', namely, by removing all factors of k; - k; G’é and

replacing all factors of ¢; - ejég by €; - ng in C.
Lemma 1:

Any term C € GKF has the property that every index is either in a unique

open chain, a unique closed chain, or a unique tail of a closed chain.
Proof:

Choose an index ¢ and a term C € GKF. The polarization vector €; appears
once in C, either in a factor ¢; - ejég or in a factor ¢; - k,G’é In the latter case one
may move forward in the chain containing ¢ and j by identifying the term ej-emé’gn
or ej-kmégn in which €; appears. I will say that j is the indexz ahead of i, while m is
two steps ahead of . Since each € appears only once in C, the definition of the index
ahead is unambiguous. If by moving forward one arrives at a term €, - enég” then
one cannot move further forward, since ¢, has already appeared in C; otherwise
one may move forward indefinitely. However, since the number of indices is finite,
it is obvious that either index ¢ is in a chain containing an ¢, - ené%m factor, or it

is in a chain which closes somewhere on itself, in which case ¢ is either in a closed

chain {zj---n} or in a tail of a closed chain [---25---n) {n---s}.
The notion of moving backward is also useful, although there may be any num-
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ber of indices behind. Given an index 7, with ¢; - e]Gg or €; - k]Gg in C, one moves
backward by identifying all factors in C' with € - kiGiB; the set of indices h are the
indices behind 7. The number of such indices may be anywhere from zero to N —1.
If the number is zero, then the chain ends; otherwise the chain continues with one
or more branches,- and one fné;y continue moving backward. Of course one cannot
move backward from ¢; - k; Gg into a factor €, - e;é’g , since ¢; appears only once
in C.

Choose an index @ with ¢ - k; € C and begin creating a chain by moving
backward. After p steps in this process, consider an arbitrary index g which is p
indices beind 7. Let us try to move backward one more step; what may happen?
There may be no indices behind g, in which case its branch of the chain stops.
There may be one or several indices behind g, none of which have previously
appeared in the chain, in which case the chain continues as before; however for
sufficiently large p this option becomes impossible since the number of indices is
finite. The third option is for there to be an index f behind g which has previously
occurred in the chain, which implies €5 - k; € C. However, if f is in the chain then
either €7 has already appeared or f = j, in which case ¢; - kgég’ is in C and the
chain is closed. We therefore conclude that the chain containing ¢; either closes on
itself so that ¢ is in the closed chain {g---:j}, or ends with one or more indices

g each with ¢4 - ky, € C for some m and €, - ky ¢ C for any n, as in |g---ij) or

lg - B)|g---h---ij).

If instead we choose an index ¢ with ¢; - ¢; € C and begin creating a chain by
moving backward, we find the arguments of the previous paragraph are unchanged

except that since ¢; has already appeared in C the chain cannot close on itself;
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thus the chain must end as in [g---(z5) -]

From these considerations it follows easily that any chain in the GKF contain-
ing an ¢; - e]Gg factor is an open chain, and that any other chain closes on itself
exactly once, forming a closed chain with one or more tails. This is enough to

prove lemma 1.
Lemma 2:

Any term C € IGKF has the property that every index is either in a unique

closed chain or in a unique tail of a closed chain.
Proof:

From lemma -1, a term Cp € GKF consists of open chains V, closed chains D
and tails of closed chains T'. Consider the effect of the replacement (D.3) in an
open chain Vj, and for any m € V; consider the possibilities for r. If r is an index
in Vg, then a closed chain is formed, and every index in the formerly open chain
is in the closed chain or in a tail connected to it. If r is in a different open chain
V, then V5 and V join to form a new open chain. If r is in a closed chain D, then
Vo becomes a tail of D. If r is in a tail T of a closed chain D, then Vj becomes a
branch of T'. In all four cases the resulting term has the property that every index
is either in a unique open chain, a unique closed chain, or a unique tail of a closed
chain. We can now repeat the process until all open chains have been removed, at

which point lemma 2 is obvious.
Lemma 3:

When new closed chains are formed in the IBP of an open chain V = [- - - (45) - - ]

they always include the indices 7 and j, and the same closed chains are formed what-

51



ever the choice of index for the IBP. Furthermore,if V =[---a---b---(:j) - - -], then

any closed chain formed containing index a also contains b.
Proof:

- Let us IBP using (D.3) (for definiteness) and try to make a closed chain by
usingr € V. If r = n € W(i), no closed chains are formed, because both ky,-kz GB"
and ky - knG%™ appear in (D.3), and they cancel. If r € W(j), however, a closed
chain {m---4j---r} is formed which includes indices 7 and j. The full set of chains
is

Yo D Ame(ig) o} (D-6)
meW (i) reW(j)
If instead we use (D.4), or even a linear combination of (D.3) and (D.4), we get

the same set of closed chains. The last part of the lemma is obvious from (D.6).
Lemma 4:

If, at any stage of the IBP, a term C contains an open chain V = [--- (mn) - -],
and ¢,7 € W(m) or i,j € W(n), then any closed chain in any descendant of C

containing the indices 7,7 must also contain the indices m,n.
Proof:

Let us assume the contrary, and try to construct a closed chain d containing
¢,7 but not m,n. Let us take 7,5 € W(m). Lemma 3 prevents us from forming a
chain of this type from V alone, but perhaps we may do so by combining V with
another open chain V' = [--- (ab)---]. Let us consider various choices for the IBP.
If we first IBP using index a (or b), we fail, since a term k, - kp, r € W(a) and

p € V = W(i) + W(j) creates an open chain [---(mn)--] with 4,7 € W(m), to
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which lemma 3 applies. If instead we IBP using index n, then from the term k- &,
p € W(n) and r € V' we get an open chain [--- (ab) - -] with 7,5, m,n in the same
wing but with m,n lying between 7 and (ab) and between j and (ab); from lemma

3 any closed chain with ¢ and/or j contains m,n as well.

If we IBP with respect t.o }ﬁ, however, the term k;-k,, r € W {(a) creates an open
chain [---mn---ir---(ab)---] with ¢,j,m,n in W(a) but with m,n further from
(ab) than i; the IBP with repect to a or b permits a factor k; - k;, where s € W(b),
to close the chain, potentially leaving out indices m,n. However, there is another
term generated by the same IBP with the indices ¢, r, a exchanged with j,s,b. The
factor G“Bb changes sign under this replacement, and so the two occurrences of this

chain cancel; thus the lemma holds in this case.

The argument may be continued essentially unchanged for cases involving sev-

eral open chains.
Lemma 5:

In the IGKF, the kinematic factor in every closed chain of length p contains
p dot products of the p polarization vectors and the p momentum vectors which
carry its indices, and is therefore a term in D,, as defined in (2.8) and (2.9). Any

other closed chain formed in an intermediate step of the IBP will not occur in the

IGKF.
Proof:

If a closed chain is formed only out of factors of ¢; - k;, then the lemma is
self-evident. If not, lemma 4 ensures that for every factor of k, - ks inserted to help

close a chain, a factor ¢; - €; occurs as well; since the remainder of the chain is made

o
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of €m - kn factors, the lemma holds.
Lemma 6:

Suppose a term C consists of a product of closed chains

C= Hdp(im"'viz’il)‘sp(iz)a---ai2,i1) (D.7)

where d,, is a term in D} as defined in (2.8) or (2.9), and éy(n,m. .., j,7) is defined
in (2.10), such that C contains N G g functions and all N polarization vectors
appear once in C. Then the ancestor of C is a term Cy € GKF, and C appears

exactly once in the IGKF. As a corollary, if any such term appears in the IGKF,
then all of ] Dp occurs in the IGKF.

Proof:

The assumptions about C imply that C has N Lorentz dot products of 2N
vectors of which N are the polarization vectors and N are momentum vectors.

Disintegrating C leads therefore to a term Cp with 0 < n < N/2 factors of ;- ¢;G%

and N — 2n factors of ¢; - ijg; all such terms are in the GKF.

Now we must show that C is a descendant of Cy.

Consider first the case when C consists of a single chain dy = {mimg...my}.
If C contains n factors of ¢; - éjég, then Cy will consist of a set of n open chains
whose wings span the closed chain except for n gaps:

[mimg...(mimiz1) ... m,]
[Mrg1Mrga ... (Mjmjq1) ... my]
(D.8)

[m3+1m3+2 e (mkmk_H) .. ]

54



If we IBP with respect to index m;41, then Gﬁ’ s replaced with a sum of terms
as in (D.4); the factor km, - km,,, appearing in the sum is special in that it closes

the gap between m, and ms41, leaving a term with n — 1 open chains and n — 1

gaps:

[mima ... (mimis1)...my]
[Myt1Mrg2 ... MMjp1 ... MegMep1Meg2 ... (Mrmiy1) .. ] (D.9)

Similarly, if we IBP with respect to index m; there is a unique term in the sum

which closes the gap between m, and m,41:

[mimg...(Mimig1) ... MeMep1Mypyy ... MjMjp1 ... M)
[m3+1m3+2 e (mkmk+1) .. ] (DlO)

Thus, the terms stemming from the IBP of ¢; - e,'ég € Cp with respect to ¢ include
a unique term in which the gap at the end of the wing W(¢) is closed by the
same ky - ks factor that was removed in the disintegration of C. Each of the n
integrations-by-parts closes one of the n gaps in Cy; after the last step the factor
dy remains, with the correct closed chain of G p factors, and thus no matter what

IBP procedure is used the chain dy is created in a unique way from Cj.

If C' consists of a product of chains, then, since no index appears in more than
one chain, the same arguments may be applied to each chain independently. This

proves the lemma.
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Lemma 7:

Suppose a term C consists of a product of closed chains, as in the previous
lemma, and some tails T, all of which are products of ¢; - kJG'g, factors, such that
C contains N G p functions and all V polarization vectors appear once in C'. Then
the ancestor of C is a term.C;o € GKF, and C appears exactly once in the IGKF.
As a corollary, if any such term is in the IGKF, then all of T[] D, appears in the
IGKF.

Proof:

Here C = dT', where d is the product of the closed chains in C' and T consists
of all the tails of-d. Since T is unchanged by disintegration of C, it follows that
Co = doT', where dy is the ancestor <;f d. As in lemma 6 it is clear Cy € GKF. The
arguments of lemma 6 apply to dp, since the terms used in reconstructing d from

do do not involve any part of T'; again there is a unique way to construct d from

do and hence C from Cj.
Lemma 8:

Take any structure K = T[] Dyép, where [| D,6p is a product of closed chains,
and where T is a set of tails, each of which is a product of zero or more ¢; - kJGg
factors, such that all N polarization vectors appear once in K and each term in K
contains N Lorentz dot products. There is at least one term in K which appears

in the IGKF, with an overall factor +:%.
Proof:

Consider a term in d € [[ Dy, which consists only of ¢; - ijg factors. (That

such a term exists follows from (2.8) and (2.9); note it occurs with a factor +1.)
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Since the terms (3.19) always appear in the GKF, and are unchanged by the IBP,

the term T'd is in the IGKF with an overall factor of +:%.

The theorem now follows from combining lemmas 5 through 8.
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FIGURE CAPTIONS

1) Feynman diagrams associated with the photon vacuum polarization.

2) ‘The three types of Feynman diagrams contributing to the four-photon effec-

tive action.

3) A Bern-Kosower diagram associated with a single pinch in the three-gluon

effective action.

4) A Bern-Kosower diagram associated with a double pinch in the four-gluon

effective action.

5) A Bern-Kosower diagram associated with a single pinch in the four-gluon

effective action.
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