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Abstract

We present methods for evaluating the Feynman parameter integrals associated with the pen-
tagon diagram in 4 — 2¢ dimensions, along with explicit results for the integrals with all masses
vanishing or with one non-vanishing external mass. The scalar pentagon integral can be expressed
as a linear combination of box integrals, up to O(e) corrections, a result which is the dimensionally-
regulated version of a D = 4 result of Melrose, and of van Neerven and Vermaseren. We obtain and
solve differential equations for various dimensionally-regulated box integrals with massless internal
lines, which appear in one-loop n-point calculations in QCD. We give a procedure for constructing
the tensor pentagon integrals needed in gauge theory, again through O(e?).
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1. Introduction

The search for new physics at current and future hadron colliders demands that we first refine
our understanding of events originating in known physics, most importantly in QCD and QCD-
associated processes. To date, the matrix elements for all pure QCD processes with up to seven
external legs are known exactly at tree-level [1] allowing the computation of events with up to five
jets in the final state. (Various techniques [2] allow one to approximate cross sections with more
jets.) Because the perturbation expansion for jet physics in QCD is not an expansion strictly in
the coupling constant, but is rather an expansion in the coupling constant times various infrared
logarithms, radiative corrections play an important role in matching theoretical expectations to
experimental data. The calculation of radiative corrections requires of course the computation of
loop corrections to the basic tree-level partonic processes. Thus far, the one-loop corrections are
known only for the most basic processes, matrix elements with four external partons [3]. To go
beyond these basic processes in the computation of radiative corrections in pure QCD (for example,
to calculate the next-to-leading order corrections to three-jet production at hadron colliders), one
must calculate five-point one-loop amplitudes in a theory with massless particles; and these in turn
require the computation of one-loop Feynman parameter integrals with five external legs, within
the dimensional regularization method. To discuss one-loop corrections to five-point amplitudes
with external W and Z bosons, at least one of the external legs must be massive. In the present
paper we address the computation of such dimensionally-regulated pentagon (and higher-point)
integrals. Recently the techniques described in this paper have been used in the calculation of the
one-loop helicity amplitudes for five external gluons [4].

Various authors [5,6,7,8] have discussed the computation of pentagon integrals that can be
carried out in dimension D = 4 (i.e. that have neither soft nor collinear infrared divergences).
In particular, Melrose [5] and independently van Neerven and Vermaseren [7] were able to express
pentagon integrals as linear combinations of five different loop integrals with four external legs. Such
box integrals (which, with external masses but no internal masses, are also required in radiative
calculations in QCD) can be calculated readily in dimensional regularization, by direct integration
or in terms of hypergeometric functions, if the number of masses is not too large.

The techniques of Melrose and of van Neerven and Vermaseren do not apply directly to
dimensionally-regulated integrals, however, and the required pentagon integrals have not yet been
presented in a closed and useful form, which is to say with all poles in € = (4 — D) /2 manifest, and
with all functions of the kinematic invariants expressed in terms of logarithms and polylogarithms.*

Here we will provide such an expression for the basic scalar integral. We employ a set of equations

* We have been informed that R. K. Ellis, W. T. Giele, and E. Yehudai [9] have recently evaluated the pentagon
integrals by an independent technique.



derived in a separate paper [10]. These equations actually apply more generally to dimensionally-
regulated one-loop n-point integrals; they can be used as a starting point for the reduction of an
(n > 5)-point integral to a linear combination of boxes. For the pentagon integral (n = 5), the
equations are the dimensionally-regulated analogs of equations derived in references [5,7]. In this
paper we will use the equations to obtain explicit expressions for the pentagon with all lines mass-
less, and for the pentagon with one massive external line, up to O(e) corrections. Such integrals
are of use in the calculation of next-to-leading-order contributions to processes such as gg — ggg

and Z — qqgg.

Besides the scalar pentagon integral, in QCD one requires tensor integrals — loop integrals
with up to five powers of the loop momentum inserted. In the string-based technique [11,4] for
evaluating QCD amplitudes, one obtains directly integrals over Feynman parameters rather than
loop momenta. Tensor integrals correspond in this framework to the insertion of polynomials in the
Feynman parameters into the numerator of the integrand. In order to construct an integral table
that meshes well with this technique, we choose to work in terms of the Feynman-parametrized
integrals. This approach also lets us take advantage of an observation that appropriate derivatives
of the scalar pentagon insert Feynman parameters into the numerator of the integrand. Thus the

scalar pentagon may be used as a generating function for all the tensor integrals.

In the more usual momentum-space approach to tensor integrals, one performs a Brown-
Feynman [12] or Passarino-Veltman [13] reduction, solving a system of algebraic equations for the
tensor integrals. For example, integrals with just one loop-momentum inserted in the numerator
are reduced to a linear combination of scalar integrals [14]. The counterparts of these equations
exist for Feynman parameter integrals. In particular, integrals with just one Feynman parameter
inserted in the numerator can be expressed as a linear combination of scalar integrals. If one
now equates these expressions to the above-mentioned derivative representations of the same one-
parameter tensor integrals, one obtains a set of first-order partial differential equations for the
scalar integral. Thus an alternate approach to determining the scalar pentagon is to solve a set of
differential equations. The differential equations are also an efficient way to obtain various infrared
divergent scalar box integrals, with massless internal lines but with 0, 1, 2 or 3 external masses.
(Most of these box integrals have been obtained previously by other techniques.) Together with
the infrared finite box integral with four external masses [6], for which a compact form has recently
been provided by Denner, Nierste, and Scharf [15], these constitute the set of box integrals required
for computing one-loop n-point amplitudes in QCD without quark masses, for any n. (These box
integrals will appear both in the recursive determination of higher-point diagrams [5,7,10], and as

diagrams in their own right.)



The partial differential equation approach just described is reminiscent of similar procedures
for performing two-loop and higher-loop integrals (usually with fewer external legs) [16]. However,
the latter manipulations have generally been carried out in terms of either a momentum-space
or a configuration-space representation of the integrals, in contrast to the Feynman parameter

representation used here.

The rest of the paper is organized as follows: in section 2, we introduce the Feynman-
parametrized n-point integrals, in particular the pentagon and box integrals, and we make a change
of integration variables and kinematic variables that allows the tensor integrals to be expressed as
derivatives of the basic scalar integral. In section 3 we present an alternative derivation of the set of
algebraic equations derived in ref. [10]. One of these equations can be used to determine the general
n-point scalar one-loop integral recursively, as a linear combination of (n — 1)-point integrals. (For
n > 7 there are some subtleties, as explained in appendix VI.) The other two equations are useful in
the calculation of tensor integrals, given the scalar integral. Also, in combination with the results
of section 2 they give partial differential equations for the scalar integral. In section 4 we begin by
illustrating the general derivation of the partial differential equation in section 3, using the simple
example of the box integral with all massless external legs. We then solve the differential equations
for box integrals with 0, 1, 2 or 3 massive external legs. In section 5 we use one of the algebraic
equations derived in section 3 to obtain explicit formulae for the pentagon with all massless exter-
nal legs, and with one massive external leg. In section 6, we describe how to obtain the (tensor)

pentagon integrals with Feynman parameters in the numerator, through O(e°).

For the reader’s convenience, we have collected our results for the scalar box integrals and
for the scalar and tensor massless pentagon integrals in appendix I. In appendix II we show that
when the integrals are infrared finite, our results for the scalar pentagon integral reduce to the
non dimensionally-regulated result of van Neerven and Vermaseren [7]. Appendix III presents an
argument (verifying an observation of Ellis, Giele and Yehudai) which shows that the approach
of section 6 generates all tensor pentagon integrals needed in gauge theory calculations. In ap-
pendix IV, we compute an integration constant for two- and three-mass boxes. In appendix V, as
another illustration of the partial differential equation technique, we obtain a manifestly symmetric
expression for the triangle integral with all three external legs massive, to all orders in €. (To O(€?),
such a formula has been obtained in ref. [17].) In appendix VI, we discuss subtleties that arise in
obtaining scalar integrals for n > 7, and in appendix VII, we derive and discuss formulee for tensor

integrals for both the pentagon and hexagon diagrams.
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2. Properties of Feynman Parameter Integrals

In this section, we shall show that Feynman parameter integrals with Feynman parameters
inserted in the numerator of the integrand (which arise from tensor integrals) are given by appro-
priate derivatives of the basic scalar integral. We present the particular cases of the massless box
and pentagon integrals in more detail.

For convenience, we assume here that the masses for all internal lines vanish. (The extension
to nonvanishing internal masses is entirely straightforward [10].) Then the n-point scalar one-loop

integral in 4 — 2e dimensions is

9 d4—26p 1
T e / , 2.1
! : (27T)4_26p2(p_k1)2(p_k1_k2)2"'(p_k1_kQ_"'_kn—l)Q 21)
where k;, ¢ = 1,...,n, are the external momenta and p is the usual dimensional regularization

scale parameter. Performing the usual Feynman parametrization, and integrating out the loop

momentum, we obtain

1
1
L] = D(n—2+¢) / d"a; 5(1— 1) S (2.2)
0 [Z;L,jzl Sijaiaj —ie
where
L = (- (40 T, (2.3)
is the basic n-point parameter integral, the symmetric matrix S;; is defined by
Sij = —%(k}i—i-"'—i-k}j_l)Q, 7 75']7 S;i = 0; (’L,j are mod n); (24)

and where we have put in the ie explicitly. The poles in I,, produced by the I function prefactor
are ultraviolet ones; the remaining poles represent infrared divergences. In explicit calculations
of cross-sections, they will ultimately cancel corresponding poles arising from soft and collinear
emission of particles in (n + 1)-point tree-level processes.

We shall use the notation I,, [P({a;})] to denote an integral in which the polynomial P appears

in the numerator of the integrand,
P({ai})
[szzl Sijaiaj — i€

In QCD calculations, one encounters integrals of this form, where the degree of P is less than or

LIP{ah] = Tn=2+0 [ da; 51 -5 0) (2.5)

n—24+e °

equal to n.

For the box (four-point) integral, the “scalar denominator” is

4
S = t 2 2 2 2 2.6
ijaia; = —saijag — taaas — MTA1a2 — M5A203 — M3A304 — MGA401 (2.6)
ij=1



where s = (k1 + k2)? and t = (ko + k3)?, and m? are the masses of the external legs (some or all of

which may vanish). For the all-massless pentagon integrals,

5
E Sijaiaj = —51201a3 — §230A204 — 53403045 — S450401 — S51A502 , (2'7)
ij=1
where s; ;41 = (ki + kiy1)?. A nonzero mass for external leg 5 would add a term —m§a5a1

to (2.7). All external indices are understood to be taken mod n for the m-point function. We

will present our results for kinematics in the Euclidean region, where all momentum invariants s;;,

m? are negative. In this region, the scalar denominator is always positive, and the integrals are
purely real, which simplifies the resulting expressions. We define the integral for physical values
by analytic continuation from the Euclidean region; the analytic continuation back to the physical
region should be understood implicitly in all formulee presented below, and we shall henceforth
leave the ie implicit.

Following 't Hooft and Veltman [6], we make the change of integration variables in (2.2),

Q;U; .
a;, = — 1no sum on 7
LY gy ’
. 2.8
Qn <1 - Z;L:I uj) 28)
a = .
" Dy Qg

Assuming that all «; are real and positive, the integral becomes
n n n—44-2¢
1= Yus) (T ) (S0 agu)

i|n—2+e

1 )
I,[1] = F(n—Q—i—e)/ d"u ( (2.9)

[Zi,j Sij QUi

This form for the integral is most useful if we can also define the «; in such a way that all of
the dependence on the ay-variables is scaled out of the denominator. Let us define the «;, and
simultaneously a matrix p, through

Pij
K — . 2.10
P e (2.10)

The elements of the matrix p;; are to be thought of as additional kinematic variables, independent
of the ;. (In specific cases many of the elements p;; may be taken to be pure numbers.)

For the four-point integral described by the denominator (2.6), we can choose

~2 ~2 ~2 ~2

_ 1 t = 1 2 _ my 2 _ my 2 _ my 2 _ my
s = — ) - ) my; = — ) myg = — ) mg = — ) my = — .
Q03 Qo Oy (63K Qa3 Q304 [671e3]

(2.11)

(Other choices are also possible; see section 4.) Equations (2.11) do not have a unique solution in

terms of the c;. One simple solution is aq = a3 = 1/v/—s, as = ay = 1/v/—t. However, we would
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like all four «; variables to be independent of each other, so that we can use the scalar integral as
a generating function for integrals with insertions of all four Feynman parameters a;. Therefore we
consider the a; to be general solutions to equations (2.11), with no other constraints on them. The
set of independent kinematic variables corresponding to the choice (2.11) is then {a;;m?}.

For the all-massless pentagon integral, the unique solution to

1
Q42

O 523534 o 534545 o 545851
1 = - 2 = - 3 = -
545551512 551512523 512523534 (2 13)
o 551512 o 512523
Qg = - Q5 = N
523534545 534545551

Because we have taken the s;; to be negative, the a; are real. No additional kinematic variables

Siip1 = — (2.12)

is

are necessary for the massless pentagon.

With these choices of «a;, the four and five point scalar integrals become

2e
Loy p 5= w) (Sim agu;)
I, [1] :F(2+e)<Haj>/d4u > > =~ = e o
i 0 [urus + uguyg + M3ugug + Miugus + Miugug + Mmiugus |
51— Yu) (27 o
5 1 1—> wuy < 1 ajuj)
Is[1] :F(3+e)<Haj>/ d’u = 5Tc
s 0 [uruz + ugug + uzus + ugus + usus)

(2.14)
Further examples of the {ay;p;;} change of variables are to be found in sections 4,5 and
appendix V.
It will be helpful to define the reduced integrals

o [P({ai})] (H%> P{ai/ai})] (2.15)

As we will see, dividing out the factors of «; connects the tensor integrals more simply to the
scalar integral. For the scalar integrals (that is when the polynomial is simply 1), we will use the
abbreviated notation I,, = I,, [1].

We can use the 't Hooft-Veltman form of the tensor integrals (2.15) to obtain derivative rela-
tions for them. Let P,,({a;}) denote a homogeneous polynomial of degree m. Then for the massless
box integral, the change of variables (2.8) gives

—m—2e

. 1 P ({ui}) ZJ 1 5y
L (Pufe)] = T@+0) [ dhud - S ( ) . 210

0 [U1U3 + UQU4]2+€
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which we can rewrite in terms of derivatives acting on Iy,

L [Po({a:))] = % P, ({%}) A (2.17)

Similarly, the change of variables (2.8) leads in the five-point case to

A ' Pol(ud) (Socyogn)
fs [Po({asd)] = T3+9) [ dus(i- T e ————— R Gl
which we can write as follows,
P ()] = Seo e, (fon ) Bl (2.19)

These equations hold when there are external masses as well, provided that one holds fixed the

matrix p defined in (2.10) when differentiating with respect to c;. The result for the general n-point

f(atta)] = S e, ({G)) fun- (220

integral is

Equation (2.20) allows one to obtain tensor integrals by differentating the basic scalar integral.
Certain subtleties do arise in this approach; they will be dealt with in section 6 and in appendix VII.

Using equations such as (2.17), (2.19), and (2.20), one can translate an algebraic system of
equations for integrals with Feynman parameters inserted, into a system of partial differential
equations for the basic scalar integral; in principle one can then solve the equations for the latter
quantity. This effectively turns a problem of definite integration into one of indefinite integration
(in a different set of variables). We shall use this approach to give concrete expressions for all the
box integrals. It is also possible, as we shall see in the next section, to derive a purely algebraic set

of equations for the n-point integrals fn, in which a new unknown quantity enters only at O(e).

3. Algebraic Equations for n-Point One-Loop Integrals

In this section we will derive a set of algebraic equations for the general n-point one-loop
integrals. Some of the equations are of use in the partial differential equation approach of section 4;
others can be used to determine the n-point scalar integrals for n > 5 in terms of box integrals,
in an entirely algebraic fashion (subject to some subtleties for n > 7, which are explained in
appendix VI). The equations have been derived in ref. [10] using a momentum-space representation
of the loop integrals. Here we will derive the same general equations using the Feynman parameter

representation; in this derivation the equations arise from the consideration of integrals of total
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derivatives of the Feynman parameters.* For a specific, simple example of the following general
derivation, we refer the reader to the beginning of section 4.

The total derivatives we will consider are

—

1 l_anfl l—al—a2—~~~—am—---—an71
Jn;m = F(n—3+€)/ dan_1/ day,—o / da,,
0 0 0
d 1

X

(3.1)

dam [Zn Sijaiaj

n—34¢€
Fimr Sijai;|

ap=l—a;—az——an_1

There are two ways to evaluate .J,,.,,,. First, one can carry out the differentiation with respect to

Qp,, tO get

> j—1(Smja; — Snja;)

n n—2+e
[Zi,j:l Sija;a;

- <H 0‘6) DI [(Smj = Snj) o] -
(=1 Jj=1

Jpm = —2T(n—2+e¢) /d”ai O(1—22;a:)

Second, one can perform the integral over a,,. At the lower integration endpoint, a,, is set to 0.
The remaining (n — 1)-point integral corresponds to removing the propagator parametrized by a,
— i.e., the propagator between lines (m — 1) and m — from the original n-point (scalar) integral;
we denote such a “daughter” integral of I,, (I,,) by I,(LT)I (I;ST)I)T Similarly, at the upper integration
endpoint a,, is set to 0, yielding the (n — 1)-point integral Ifln_)l. It is always possible to choose the
ik

«; variables for the integrals I,””; so that they are the same as those for the parent integral I,.

Having made this choice, the second evaluation of J,,.,,, gives

(n) (m) . AR M)
Jpm = L, 241 = 1,71 [1] = Haﬁ - . (3.3)
/=1

Qn Qm

Equating (3.2) and (3.3), using S;; = p;j/(o;) and the definitions (2.15) of the reduced integrals,

and relabelling the index m — ¢, we have

87} Qp 87} Qp

n r(1) 7(n)
| N . 1117 I
j :(pz] _ pn]>In[aJ] _ 5 [ n—1 _—n_ll , 1= 1,2,...,’]1—1. (34)

Jj=1

* The motivation for considering such objects arose from the observation that the field-theory limit of integrals

of total derivatives in string theory yields expressions that are sums of loop integrals with differing numbers of
external legs (multiplied by various coefficients); these sums must necessarily vanish because the world-sheets in
the string loop expansion have no boundaries, when appropriate analytic continuations of the external momenta
are used.

t For more explicit examples of this notation, see the beginning of subsection 4.2.
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We would like to solve for the n one-parameter integrals I, [a;]. To do so we supplement the n —1

equations (3.4) with the equation that follows from the constraint on the Feynman parameters,
> j=1 @; = 1, namely
n
> ajlnla) = I[1] = I (3.5)
j=1
Before solving equations (3.4), (3.5), we introduce a little more notation and some “kinematic”
results from ref. [10]. We define the Gram determinant of the (n — 1)-vector system associated with

the n-point integral by
A, = det'(2k; - kj), (3.6)

where the prime signifies that one of the n vectors k; is to be omitted before taking the determinant;
due to momentum conservation, >_k; = 0, any one of the vectors may be omitted. Next we

introduce the rescaled Gram determinant,

A, = <£[1 az)An, (3.7)

which has a simple bilinear representation in terms of the variables «;:

A, = Z Nij Qi Qe (3.8)

ij=1

Here 7;; is independent of the «;; in fact 7 is proportional [10] to the inverse of the matrix p defined

in equation (2.10):
p = Ny 77_17 n = Ny p—l’ N, = 2! det p. (3'9)

We also define the variables v; by

n .
10A
Vi =Y mijay = oW = (3.10)
]_1 aZ Pij fixed
They are in a sense conjugate to the a; variables:
n
Zpij'Yj = Npa;. (3.11)
j=1
If we define
Yki

n

¥ The notation for, and normalization of, the Gram determinant in equation (3.6) differ from other conventions
in the literature, e.g. references [5,18].
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then we may note the following identity,
n
Z OAiRki =0 s (3.13)
i=1

which follows from equations (3.8) and (3.10). Thus if we multiply both sides of equation (3.4) by

a; Ry;, and then sum over ¢, the terms not containing «; will drop out, leaving us with

n R 1 n ad
nkipij_?l—k')’ipij In[aj] = = Rkilﬁll, (3.14)
A 2
i,j=1 n i=1
or
. 1 &
Nylpjaw] = §ZR J0 4 Ok A N Zaj . (3.15)
i=1

Performing the sum on the right-hand side with the help of (3.5), dividing by N,,, and writing

out the definition of Rj;, we obtain

folas] = 2N < Wﬂ)l(”l v %fn. (3.16)

n

Combining this set of equations with the derivative representation (2.20) for m = 1, we obtain a

system of partial differential equations for the n-point scalar integral,

= o Z( Wﬂ)l(”l + %fn. (3.17)

1
71—4—1—26804Z

Section 4 is devoted to solving these equations for various scalar box integrals.

In ref. [10] a momentum-space representation was used to derive an algebraic equation that
involved only scalar integrals, at the expense of introducing a new object, f,? =6-2¢_ The object
f,’? =6-2¢ comes from an integral in D = 4 — 2¢ with two loop-momenta inserted in the numerator,
but it can also be interpreted as the n-point scalar integral in two higher dimensions. The latter
interpretation is helpful for understanding the properties of f,’? =6—2¢ a5 € — 0, which are needed in
order to use the “dimension-changing” equation to obtain D = 4—2¢ scalar integrals through O(e).
We shall now re-derive this equation using Feynman parameter representations of the integrals.

The integral I7=6-2¢[1] is most easily obtained from the D = 4 — 2¢ equation (2.2) by letting
€e—e—1,

1
[Zz j=1 Sijaia;

It may also be obtained by inserting one power of the scalar denominator of the D = 4 — 2¢ integral

IP=672¢[1] = T(n—3+¢) /1 d"a; 6(1—3,a;) (3.18)
0

n—3+e€

into the numerator (summations are implicit in the following derivation):

—6—2e I'n—=3+¢€) p_s_oc 1 .
L[P=072%] = ﬁﬂ? 1S yaia5] = 33 P L7747 [(ai/ ) (aj/ag)] - (3.19)
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In terms of the reduced integrals (2.15), and using the derivative representation (2.20), we have

I“TJLD:G—Qe _ 1 01

= ¥ . 2
(n—3+ ) —4+2(n—5+20) " 00, (3:20)

We may now evaluate the right-hand-side of (3.20) using equation (3.17) to replace the deriva-

tives, and also using the relations between p, n and v to simplify the expressions:

1 P, 0 1 Ve | p
Pij = pija— |\ o |mik— = | In I,
n—4+2 7 0a;0a; Oa; \ 2N, A, A,
_ e (g ) | o O P 70 oL,
= Pi A n-1 7t Njk A ij
2N, A2 A, 2N, A, doy;

Pij 1| ¢ pivi (1 [ %%] k) i )
+ —— i'—2A In+ n—4+26 =~ 4 I + = I
A [n imrR ] ( )7A ( Mk = x| it 3

n—1 (k) {0 Y 0 | rm < )Nn 5
- QI PR VAN () _9 —A4420)) 2]
2 A 1+ 5 | 3as Ana 3 | 11 +((n—2)4+(n + 2¢) A

n n

n n

Now IA,(Lk_)l is actually independent of «y, (since aj has been set to 0 in IA,(L]“C_)I)7 also

0 k #(k
g I = (n—5+2¢) I, (3.21)
So we obtain
1 021, 'yk 2Nn .
. — (n—3 iy 3.22
n—4+26pJ8ai8aj (n +6 1 An ( )

which can be solved for I,, using equation (3.20),

= 33, [Z% I9) + (n—5+20 A, [P=0 ] . (3.23)

In ref. [10] it is shown how to use this equation to obtain n-point integrals with n > 6. However,
for n > 7 there are some complications, which are discussed in appendix VI. In this paper our main
interest is the pentagon integral (n = 5). For the scalar pentagon integral it suffices to note that

the integral f5D:6_2€

is finite as € — 0, because the D = 6 scalar pentagon integral possesses neither
ultraviolet nor infrared divergences (soft or collinear), and also that the coefficient of I, D=6=2¢ iy
equation (3.23) is of order e. Therefore to O(e”) the general scalar pentagon integral is given by

the sum of five scalar box integrals,

5
1 2(1)
5 9N, ;:1 Yily 0(6) (3 )
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A schematic depiction of this equation, with the coefficients suppressed, is given in fig. 1. For the
tensor pentagon integrals we have to keep the I 5D =672¢ term around a while longer (see section 6).
One further equation for all n can be obtained by eliminating I, from equation (3.16) using

equation (3.23), with the result

1 oI, il 1
- — ] =
n—44 2 0oy ne 2N,

n
[Z iy IV 4+ (n— b5+ 2€)y; [P=6-2¢| | (3.25)
j=1
Since the D = 6 scalar box is also finite, setting n = 4 in equation (3.25) yields a simple set of

partial differential equations for the box integrals, through O(e):

~ 4 4
9y ¢ 2(5) ~D=6-—2 € ~(5)

_ U 1492~ [P=6-2¢| _ —E o IY O(e) . 3.26
da; N, ;nw 3+ ( + 6) Vi Ly N, 2 Nij 1377 + (f) ( )

The right-hand-side depends only on the infrared singular pieces of the triangle integrals.
This completes our re-derivation of general all-n results presented in ref. [10]; we now apply

these results to various box and pentagon integrals.

4. Partial Differential Equation Technique

In this section, we solve the partial differential equations (3.17), (3.26) for scalar box integrals

with all internal lines massless, but with 0, 1, 2 or 3 massive external lines.
4.1 The Massless Box Integral

We begin with the box integral with all external lines massless,

1

[—saias — tagay]

e - (4.1)

L0 = T+ [ da 50- 5 )

This integral is simple enough to perform directly after the following change of variables [19] which

factorizes the integrand®
ap = y(1—ux), az = z(1—y), a3 = (1—y)(1-—=2), ay; = xy. (4.2)

However, our purpose here is to illustrate the partial differential equation technique, including the

derivation of the equations, via this simple example.

T J. Vermaseren has pointed out to us that the factorization of the integrand in terms of x,y, z arises naturally
if one combines pairs of propagators using Feynman parameters, and then combines the two resulting factors
using another Feynman parameter. See also ref. [19].
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As noted above, algebraic equations for Feynman parameter integrals can be obtained by
considering integrals of total derivatives. Here we consider the box integral I4[1], with the parameter
a4 eliminated, and with the integrand differentiated with respect to ay:

1 1—a3 1—a2—a3 a 1
J4;1 = F(1+6)/ da3/ da2/ dai — e - (43)
0 0 0

day [—sayaz — tas(1 — ay — as — as)]

Observe that Jy,; can be evaluated in two ways, either by explicit differentiation, or by evaluating
the integrand at the boundaries a4 =1 —a; —as —ag = 0 and a; = 0. The boundary terms yield

! 5(1 -0 a;) ! S(1— S0 pa;)
(1 dag——==1""" _ 1(1 dasdazda, ——=1=2"2 4.4
( —l—e)/o daydasdag Coaras]i™ ( —i—e)/o agdagda, = N (4.4)

which is the difference of two triangle integrals, each with one massive external leg, as depicted in
fig. 2. These integrals are easily evaluated,

! B 3 a; T —1—
n™(s) = F(l—i—e)/o d3ai% = 6—(—3) ‘, (4.5)

where
I(1+e)l%(1—¢)
I'(1 — 2e)

rr =
is a ubiquitous prefactor. Thus

rr

_ —1- —1-
S = (=) = (7). (4.6)
The other way of evaluating equation (4.3), explicit differentiation, yields

—sas + tas

1
Ji1 = -T(2+e¢) / d*a 5(1 — Z?ai) 5T
0

[—saias — tagay)
4
1 1 0 1 0 |
= I —tag| = — o | |——=—+—=—| 14,
4[8@3 2] 2¢ <]:[1 Z) |: Qq 8043 + Qg 8042:| 4
where we have used equations (2.11), (2.15) and (2.17) in the last step.
Equations (4.6) and (4.7) together constitute one differential equation for I,. In fact, due to
the symmetries of the original integral, total derivatives in other Feynman parameters do not yield
independent equations. Instead, we recognize at this stage that I is really a function of s and ¢

alone, not of all four «;,

f4 = f4(8,t) = f4(—(a1a3)_1,—(a2a4)_1), (48)
so that A A A A
1 01, 501y 1 01, 501y

_ — g2 = 7 = =, 4.9

oy 0oz % s oy O ot (4.9)
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Combining equations (4.6), (4.7) and (4.9), we see that Iy(s,t) satisfies the partial differential

equation X X
ol ol 2r
214 2Y44 r —1—¢ —1—¢
—_— —_— = —— — — (= . 4.1
53, t 5 ; st [(—s) (=) ] (4.10)

We still need one additional equation, which comes from the fact that the dimension of Iy is equal

to —e x dimension(s, t), so that
P R RS (4.11)
s

Equations (4.10) and (4.11) form a complete set of partial differential equations.

If we consider instead of I, the dimensionless quantity I {, defined by

(s, 1) = (-8;5)_6 Li(s,t) | (4.12)

we see that it is a function only of the ratio y = t/s, and that

oLy oLy dlf
2014 2014 4
-— — t"—=— = —t(1 —_— . 4.13
8 5t (1+x) Ix (4.13)
In terms of x, the first equation (4.10) becomes
70 e . —1
dfy _ _2m w . (4.14)
dx € (14+x) "

One can solve this differential equation to all orders in e as follows. We observe that the

1

transformation x — x ™ interchanges the two terms on the right-hand side. Taking the second

term, shifting x — x — 1, using the hypergeometric function formulae

zc—i—l
/dz 2 pFq({ai}; {bi}; 2) = P p+1Fg1 ({ai}, e+ 13 {bi}, e+ 2; 2) (4.15)
and
1Fo(§2) = (1-2)7¢, (4.16)
the hypergeometric function identity
21— l—el+x) = (=) 2F(-6—61-gl+x7), (4.17)

and using the interchange of x and x~! to furnish the first term, we obtain (note that x should be

thought of as having a small imaginary part in order to avoid difficulties with branch cuts)
A or _
1= 5 [(14x) 2R (—al a1+ x ) + (1) 2R (L a1 - 61+ ))

2 _
- % (1 + X_l) 6 [(_X_l)e o1 (6, —6 1 — 61+ x)+ (=x)X 21 (—6, —l—€1+ X_l)] )
€
(4.18)
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The constant of integration may be determined by evaluating the integral (4.1) directly at some

convenient value of x, say x =t/s=1 (s=t=—1),

1
Px=1) = 2°0,[1] = 27°T(2 diq; L= 2 )
Pv=1) = 2L = 2T [t et

= €F2+e/d:r/ dy/ dz y= 17

) 1—e [(1 _

z)(1 - z) + 2]

—2—e¢

(4.19)

where we have made the change of variables (4.2). The y and z integrals are elementary and leave

us with a standard hypergeometric integral,

N 21_€?”F 1 x—l—e _ (1 _ x)—l—e
PDix=1) = -=—"2L1/ 4
a(x ) € /0 v 1—-22

91=¢pp T(—e)T(1)

- 1im<2F1(1,—e;1—e;2+i5)— 2F1(1,1;1—e;2+i5)) (4.20)

€ F(l—e) 6—0
21_6TF

= 2 lim<2F1(1,—e;1—e;2+i5)+2F1(1
€ 6—0

,—6;1—6;2—i5)).

Comparing with the first line of equation (4.18), we see that the constant of integration vanishes.

Alternatively, we may solve equation (4.14) order by order in e. Observe that I ¥ must con-

tain 1/€? poles from the overlap of collinear and soft singularities. As the right-hand side of the

differential equation only contains a single power of 1/¢, this leading pole should be multiplied by

something to the +e power, so that one power of € is cancelled upon differentiation. Through O(€?),

we then have

{F )

Ig = ’I”F{G% [(1+X)_€+(1 +X_1)_6] — anX_'/rQ} + 0(6)

] ) 00

where the constant of integration can be fixed as in the all-orders solution.

(4.21)

Restoring the prefactor (—(s + t)/st), and expressing the result in terms of the «;, we have

A 2
I,[1] g [(—042044)6 2F1 (-67 —e 114

Qa0ly

Qa0ly

- [6%((041043)64-(042044)6) C I (O‘lo‘f”) —WQ] + 0l .

) + (—a1a3) 2 F1 (—6, —l—¢l+ 0@044)]

Q103

(4.22)

In this form, the differentiation formula (2.17) may be applied to the scalar integral I, to obtain

the integrals with arbitrary Feynman parameter polynomials inserted. Because of the I'(1 —m 4 2¢)

prefactor in (2.17), the O(¢) terms in I, contribute to the polynomial integrals at O(e°). Instead

of displaying the O(e) terms in I explicitly, we quote the reduced integrals with one parameter

16
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inserted, I4[a;], to O(e°):

o Lufar] = asfafas] = o {é(aga@e— % <&> [an <%> +7r2]} + 0,

Q103 + a0y Qo0

o Falas] = aulias] = o {é(alag)e— 1 <%> [an (O‘lo‘f”) +7r2]} + 0.

103 + a0y Qa0
(4.23)

The latter integrals may be differentiated further to obtain through O(e®) the integral with any

polynomial of the Feynman parameters inserted.
As mentioned previously, the branch cuts can be obtained by inserting the ie associated with

each kinematic variable,
(_8)—6 N ‘8‘—ee+i7re@(s) ’
(4.24)
In(—s) — In|s| —imO(s),
where ©(x) is the usual Heavyside function: ©(z) =1 for z > 0 and ©(z) = 0 for z < 0. For the

massless scalar box we therefore obtain

o 12 Is| \7¢ ireo [t} N7 ineo
7.1 = — )~ < ) 1meO(s) < ) imeO(t)
4l z(47r)2 st{eQ [ 47 p? ¢ * 47 p? ¢

~1n? E\ + 270 (O(s) — O(t)) 1n|§| " [1 —(O(s) — @(t))ﬂ } +O(e)

(4.25)

where s and ¢ are the Mandelstam variables defined below equation (2.6).

4.2 The Box Integral with One External Mass

Following the same techniques, we can obtain partial differential equations for boxes with one

external massive leg (or equivalently, one external leg off-shell),

1
1
sy, 59,m2) = D(2+ ) / dha 5(1— 3 a,) 2 (4.26)

24€
0 [—sayas — tagas — miasaq]

(This integral could also be evaluated using the same change of variables (4.2) as for the massless
box.) By analogy with equation (4.4), such integrals will clearly arise in the consideration of
massless pentagon integrals. Following the conventions of section 3, we label these boxes by I, ii)
when the momentum invariant s,_; ; for the adjacent legs (i — 1) and i of the pentagon diagram

serves as the “mass” of the massive leg of the box. For example,
5
LE ) [1] = I;™(s12, S23, S45)

1 4.27
— F(2—|—6)/0 d'ad(l—3a;) ! (4.27)

2+4€
[—812(11(13 — 5230204 — 845(14(11]

is the box integral arising from the diagram depicted in fig. 3, in which a tree with external legs 4

and 5 is attached to a four-point loop. Note that the scalar denominator for the integral (4.27)

17



can be obtained from the massless pentagon denominator by setting the parameter as to zero.
Similarly, I, ii) can be obtained by setting a; — 0 in the massless pentagon.

From these remarks it is clear that the change of integration variables described earlier for
the pentagon can be used here to remove the kinematic factors from the denominator of the box

integral,

[urus + uzug + ugur]**

1) = F(2+e)<£[laj> /01 d*u 02 u) <Zﬂ 10‘””)26 7 (4.28)

where «; are given by equation (2.13). (These variables «; should not be confused with the corre-

sponding «; for the massless box.) The other integrals that will arise,

LEI) = I, (23, 534, $51), LEQ) = 13" (s34, 545, 512), (4.29)
LE?)) = I;™ (545, S51, 523), IF) = I;™(s51, 512, 534),

can be obtained from I f) by cyclic permutation of the a;. We define the reduced integral, I ii) or
1™, via equation (2.15).
We can now apply the general results of section 3 to the example of equation (4.27). The

matrix p defined in equation (2.10) is now given by

(4.30)

—
8
[S—
_—_0 O
_oo o o
OO O =
S O ==

so that Nj™ = %, and the rescaled Gram determinant is given, using egs. (3.8) and (3.9), by

A}Lm = 2(0&10&3 + o0y — 042043) . (431)

Using equations (3.8) and (3.10), the explicit values of the quantities y}™ and ?7 M can be read off
from (4.31):

H =g, BT = -y, B = a-as, " = oy
1 1 1 1 1 1 . 1 (4.32)
My = Mg = —Ta3 = N3 = My = —M33 = 1, remaining ni]m = 0.
In terms of these quantities, the differential equations (3.16) read
oIlm E vimyg (
4 im iy 7) F1m
da; ;("”’ Alm )I +A1 l
(4.33)

= 2¢ 24:\/@ F”(]) 1 a\/@jim

4 A Gai

18



The triangle integrals appearing on the right-hand-side of (4.33) include both the triangle integral

with one external massive leg, I3™, defined in equation (4.5), and the triangle with two external

masses,

rr (=81)7° = (=82)~°

137 (s1,59) = e (—s1) — (—s2)

Explicitly, the following reduced triangle integrals appear (defined again via (2.15)):

f(l) _ . TF 064062

3 042043044 (6167 Q3 ’

f(Q) o o 'rl"a 064 063

- - T a1

3 041043044 041043 g 62 g4 — Q3 ’

B _ _ D 0] =05

3 041042044 042044 g 62 a1 — 9 ’
€ €

i@ im [ _ 't a3

3 1003 3 103 62 (6]

The differential equations (4.33) have the solution,

. 2r
Iim = G—QF [(—043(041 — 042))6 2F1 (—6, —€; 1-— €]

Q103 + Qo0 — 042043>
043(041 - a2)

[e5Ke oy — AoX
+ (—on (o — a3))" o Fy (—e,—e;l—e; 108 1 0204 — @2 3)

042(044 - 043)

Q103 + Qo — Q203

— ((041 — 042)(044 — 043))6 2F1 (—6, —€; 1-— €; —

2’]”F 1 1 A}Lm
¢ [( R R R S T

293" y4™

Alm
- dndar (a1 -a-pb)

Alm
+ (—1™i") 2Py <—6, —61— € )

2953

= %p [(O‘iﬂJrL (1—a—2>+L12< —Z—i)—%] +0(e)

where Liy is the dilogarithm [20], which satisfies

d In(x)
— Lig(1 — =
dx f2(1 =) 1—x’
and also the identity
. . 1 L 2
Lig(1 — )+ Lix(1—27") = —§ln (z), x> 0.

(a1 — az)(ay — az)

)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)



In principle, one could also add any solution of the homogeneous equations, (4.33) with I ?Ej ) set to
zero. The coefficient of such a solution vanishes, as may again be demonstrated by evaluation at a
special kinematic point.

In terms of momentum invariants, the unreduced integral is
2

1 . S12 . 523 ™
~ 4L <1——) L <1——)—— Oe),  (4.39
[62 M S45 k2 845 6 +0(, ( )

2 (—s12)"“(—s23)"¢
(—s45)~¢

5
LE):?”
512523

or alternatively, after using the dilogarithm identity (4.38) and rearranging the terms

If): "”_F{G%[(_m)—w(—s%)—e_(_345)—6}

512523

2
_ 9 L12<1—8ﬁ> ~ 9 L12<1—8ﬁ> - 1n2<$£> - W—} + O(e).
512 523 S93 3

This second form is appropriate for studying the limit s45 — 0 as we do at the end of this section.

(4.40)

Including the overall normalization factors appropriate for the momentum-space integral (2.1)

yields

) 2 —s —€/—5§ €/ —s45\¢| 1 s s 2
P = () () () [ (- 2) ()T o
4 (47T)2 $12823 47TM2 47TM2 47TM2 €2+ 12 S45 T+l S45 6 + (6)’
(4.41)

in agreement with the results of refs. [21]. The correct analytic continuation to the physical region
can be obtained from this expression by taking s;; — s;; + ic.

As with the massless box, it is useful to quote the integrals 7}™[a;] to O(e°); further differ-
entiation of them will give any desired integral to O(e?) as well. The I}™[a;] may be read off
from equations (4.33) and (4.36). We rewrite them in terms of a combination of dilogarithms and

logarithms that will reappear in the massless pentagon tensor integrals:

IPay] = rr

2

€ a1 — 9

afaj | oi(of —a3)

[ 1 aj(af —a5) az L ]

13 + Qiayy — o (i3

~(5 (1
LE)[GQ] - f_2< Q2 a1 — Q2

aj(ag — af)

(ag —ag) Ls
103 + Qaiy — (ia(X3

(5 (1 /o505
Ii)[ag] - T 6_2 232+ g4 — Q3

. [ 1 af(a§ — a5
I£5)[a4] = rp|—= 1( 4 3)

(041 — 042) L5
103 + Qaiy — (ia(X3

2

€ g4 — Q3

where

) ) ) ) 2
Li = Li (1 - —O‘”l) + Li (1 - O‘“) +1n <—O‘Z+1> In (O‘Z*) -z
Qg2 2 Qg2 2 6

(65) L5 :|

13 + Qiary — o (X3

(4.42)

(4.43)

Note that L; vanishes as a; 1102 + qiio0;_1 — qiroq;_o — 0, so the fii) [a;] are not singular in

that limit.
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4.3 Box Integrals with Two External Masses

In order to evaluate the pentagon integral with one external mass, or the all-massless hexagon
integral, one needs box integrals with two external masses, of which there are two types, which
we will call ‘easy’ and ‘hard’. Both of these integrals have been performed previously [22,9]. The
‘easy’ box, with external masses at diagonally opposite corners, can be done with the same change
of variables (4.2) described in section 4. We will not discuss it further, but merely quote the result,
§(1—=a;)

2 2 2+4€
[—8@1@3 — tagas — miajag — m3a3a4]

= Qim{i ((=8) + (=) — (=m3)~ — (—md)™) + iy (1_ mm)

1
Zel] = F(Q—i—e)/ d*a;
0

st —mj € st
2 2 2 2 1
~Lis (1_%) T, (1_%) L, (1_%) _LiQ( _%) w? (;)} +0(0).
(4.44)
The ‘hard’ box, with external masses at adjacent corners (legs 3 and 4),
1
5(1 =5 a;
1] = T(2+e) / d*a (1= 2a:) m— (4.45)
0 [—saias — tasas — m3azay — m3agaq]

cannot be easily done this way; but it is amenable to the partial differential equation technique.
We change to «; variables defined by
1 1 1 1

— _ 2 _ 2 _
s = — , t = — , mz = — , my; = — .
103 a0y 304 g

Then the matrix p is given by

0 01 1
110 0 0 1
2mh __
PP T 51 0 0 10 (4.46)
1110
we have NZ™ = %, and the rescaled Gram determinant is
Aimh = 2(a103 + aoay — g — apag + al), (4.47)

from which y?" and n?m"

;""" can be obtained via equations (3.8) and (3.10).

To obtain the box integral to O(e?), we can use the simple partial differential equations (3.26),
which are sensitive only to the pieces of the triangle integrals that are singular as ¢ — 0. In

particular, the three-mass triangle does not contribute, because it is finite as ¢ — 0. We find that
to O(€%),

aith 4 .
54 — 9% Zmz]mh I?EJ)
(67 X
J=1 (4.48)
1 1 In(as/as) In(ay/a2) In(ayas)
- 9 —,2mh_— _ 2mh _ 2mh 2mh
T L"?m o Ni1 o — 3 U Qg — o + iy s
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Writing
- 1 1
Ith T |:62 _6 X _1 + X 0 + CO:| , (449)

and solving the differential equations for X _; and X, we find

X_1 = QIDOQ,
4.50
X, = 2Li (1—ﬁ>+2Li2 (1—@>+21n2a2, (4.50)
(6%} Qo
or

) 1

Pmh e [—2 +2Liy (1 - ﬁ) +2Li, (1 - %> + CO] + O(e). (4.51)
€ (e%) [6)

The constant ¢y may be determined by computing the function at a specific point, say where
all the oy are equal; the resulting integral is evaluated explicitly in appendix IV, whence we find
co = 0. Finally, rewriting the result (4.51) back in terms of the conventional kinematic variables
yields

12m1] = rp (:;7}%)2((__3%1 [}2 +2Li (1 - m%) +2Li (1 - m%)] + O®).  (4.52)

Using the dilogarithm identity (4.38) and rearranging the terms this can be written in the
alternative form
() (=m3)

(=s)~

o) = 2 o (0 = - )] 4

_ 2L12< —m73> _ 2L12< _m73> —ln2<;)} + O,

which is more convenient for studying the massless limit, as we do at the end of this section.

(4.53)

4.4 The Box Integral with Three External Masses

Here we compute the three-mass scalar box integral,

P[] = T(2+¢€) /d4ai o1 -Ya) : (4.54)

[—8@1@3 — ta2a4 — m%agag — m§a3a4 — mia4a1] e
We again use the partial differential equations (3.26), with the change-of-variables

1 1 A 1 1
_ _ 2 _ 2 _ 2 _
s = — , t = — , m5; = — , msz = — , my = — , (4.55)
a1Q3 A0y Qa3 Q304 [67Ye3]

which is the same as that used for the hard two-mass box, except that now A # 0. The matrix p

becomes

3m

_ = 4.
P4 B ( 56)

—_
=0 O
—_ > O O
_ O > =
O = =



the normalization factor in (3.26) is Nf™ = %(1—\)2, and the matrix n used to construct Adm g

2\ -1-A 1-X  =A(1-X)
g = —11_—)\)\ _(12_ N —(10— A) 1 6 A (4.57)
—A1-=2X) 1—A 0 0
We expand I im as
3™ = pp [019) + Xolai, A) + co(N)| + O(e). (4.58)

(We will see below that there is no 1/€* singularity.) To solve the partial differential equations
order-by-order in € we need to first know c¢;(A). We know that ¢q(\) is independent of the «;
because the daughter triangles here are of the two-mass and three-mass varieties; the two-mass
triangle has a 1/e pole, which feeds into X¢(a;, A), while the three-mass triangle is finite and can
be ignored altogether. So we may compute c¢;(A) by doing the integral I 2™ for the special choice
of all a; = 1. We should compute the finite part of the integral while we're at it, since this result

will fix the constant of integration co(A). This computation is done in appendix IV, where we find

a(n) = A (4.59)

Next we solve the partial differential equations (3.26). Plug the expansion of I3™ (equa-

tion (4.58)) and the divergent pieces of the 2-mass triangles I. 5,53) and I, 5,54),

. 1
I§3) — _r n<a1/a2) + 0(60) ’
€ m T (4.60)
j(4) _ _?”_Fln<)\041/042) + 0(60)
3 € )\041 — (9 ’
into the far right-hand-side of (3.26) and use the result (4.57) for 7;;, to get
0Xo 2 [ In(aa/ag) +)\ln()\a1/a2)
8041 - 1—A a1 — g )\041—042 ’
0Xo 2 [ln(al/ag) B ln()\al/ag)]
8042 1—A a1 — g )\041 — (2 ’ (461)
0Xo 0
8043 N ’
0Xo
— = 0.
8044

Solving these equations for Xo(a;, A), and fixing the constant cg(\) using equation (IV.6), yields

i 1
pm o= T [— + 2 Lip (1—ﬂ> — 2 Li (1—ﬂ> + 2 Lig(1-A) + 2InA lnag — In*A

(4.62)
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Returning to the original kinematic variables, and using dilogarithm identities [20], we get

17 (s,t,m?) = m{3 ()7 4 (-0 (md) ™ — (m)~ — (=) ]
P L L ot
_ 9 L12< _mé) ~ 2 L12< —m%*) + 2 Li (1—mi?”2*> - ln2<§)}+0(e).

(4.63)

4.5 The Box Integral with Four External Masses

The four-mass box integral is infrared finite and has been performed in D = 4 in ref. [6]; a
compact expression is given in ref. [15]. Amusingly, the partial differential equations (3.26) for it
are trivial, because the three-mass triangles appearing on the right-hand-side are non-singular as
e — 0. In other words, through O(e), the reduced four-mass box cannot depend on the «;, but

only on the two other, dimensionless variables, say A1 and Ay, where we define

1 1 A A 1 1

— _ 2 _ 1 2 _ 2 2 _ 2 _

s = — s t = — s miy = — s my = — s ms = — s my = — .
103 a0y 102 Qo3 304 g

(4.64)

One can check that the answer Dy (s, t,m?) given in ref. [15] does have this property — when the

integral is divided by ajasasay it depends only on A\; and As. Indeed,

. D 1
fam = Hg = ;{Lig(%(l—)\l—i—)\g—i—r)) — Lis (3(1= A4+ X2—71))

+ Liz (FE0 =M= de = 1) = Lia (51 M =Xa+7))  (4.65)
1 A 1+ —Xo+r
“in (221 o

T3 n<)\§> n<1+)\1—)\2—"”>}+ (€

Po= 120 - 2 A 20 A (4.66)

where

4.6 The Massless Limit of Massive Boxes

In general there is no reason for the massless limits to be smooth. The limit of taking a mass
to zero does not necessarily commute with the 1/e expansion of dimensional regularization, which
has been truncated at O(e”). For € < 0 (as is required to regulate the infrared divergences in the
box integrals), we see that the single external mass box I}/™ (s, t,m3) (given in equation (4.40) with
s = 12, t = 823, M3 = s45) goes over smoothly to the massless box I{™(s,t) as m4 — 0, and
the easy two-mass box I3™¢(s, t, m2,m3) goes over smoothly to the one-mass box I}™(s,t,m?) as
ms3 — 0. On the other hand, the limits, I7™" — [j™ 3™ — [2m€ and 3™ — [2™" are not

smooth: in each of these cases there are “missing” dilogarithms.
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The fact that some of the above limits happen to be smooth, with only the exponentiation
of the logarithms (—s)7¢, (—t)~¢, (—m?2)~¢, can be understood from the representation (3.23) (for
n = 4) of the D = 4 — 2¢ box integral as the sum of D = 4 — 2¢ triangles and a D = 6 — 2¢ box
integral. The D = 6 — 2¢ box integral is infrared (and ultraviolet) convergent for any choice of
mass, so it has a smooth limit as any mass goes to zero. The D = 4 — 2¢ triangles appearing in the
representations (3.23) for I9™, I}™ and I7™¢ have either one or two nonvanishing external masses;
these integrals can be written in closed form to all order in € merely by exponentiating logarithms.
(See equations (4.5) and (4.34).) In contrast, the representations (3.23) of the box integrals I7™"
and I{™ require the triangle with three external masses, I5™, whose all-orders-in-¢ form (V.11) is
considerably more complicated, involving hypergeometric functions. One should not expect that

these latter box integrals, truncated to O(e?), could be made to have smooth limits simply by

exponentiating logarithms.

5. Algebraic Approach to Pentagon Integrals

It is possible to solve the partial differential equations (3.17) for the massless scalar pentagon
through O(e®). However, a simpler approach, which works equally well for arbitrary pentagon
kinematics, is to use the general algebraic equation (3.23) derived in section 3 to express the scalar

pentagon integral I as a sum of five scalar box integrals, up to O(e) corrections:

5
- 1 ~(4) A 7D=6-2
I:—El 2e As [ 7°74¢ . 5.1
5 IN; i:1%4 + 2e Q515 ( )
(See also fig. 1.) To give an explicit expression for the pentagon, we need only collect the relevant
scalar box integrals from section 4, and compute the kinematic coefficients N, A5, vi and 7;;.

(The 7n;; are relevant for computing tensor integrals.) We now do this for the all-massless pentagon

integral, and for the pentagon with one external mass.

5.1 The Massless Pentagon Integral

For the massless pentagon, equation (2.7) for the scalar denominator, with the change of

variables (2.12), leads to a matrix p given by

001 10
o001
p=5|1 0001 (5.2)
11000
01100

25



We find that N5 = 1, and

5
As = Z(a? — 200041 + 2040412)

=t (5.3)
Vi = Q2 — Q1 T — Qi1+ Qg

Nij = 1—=20;j-1—20; 41 -

Plugging the one-mass box integrals (4.36) into equation (3.24), and using the dilogarithm iden-
tity (4.38), we obtain

> 1 « « w2
- . 142¢ | 1 : % : %y 2
i) = rp;aj [62 + 2L12<1 - ) + 2L12<1 - ) - ] + Oe). (5.4)
In terms of momentum invariants, the unreduced integral is
rr (—s51)(—512)° 1 . 523 . S45 w2 )
Is = ~ 4oL <1——) 2L <1——)—— lic + O(e).
5 (Coag) e (—sa) T (—sga)17e | 2 + 2 Liy Sor + 2 Liy S1o 5 + cyclic + O(e)

(5.5)

From this expression we can obtain the value in any region by using the usual i prescription and
observing that I5 is manifestly real in the region where all s;; < 0.

For the tensor integrals, we do need some information about the O(e) parts of the scalar

pentagon. It turns out that leaving the six-dimensional pentagon I, 5D =0672¢ in equation (5.1) leaves

us with enough information about these terms that we can use the scalar pentagon as a generating

rD=6—2¢
I5

function for the tensor integrals to O(1), without having to evaluate explicitly. (The

explicit solution for 72=0

involves a rather long combination of Lig’s, Lis’s, and logarithms whose
arguments are complicated solutions of various quadratic equations.) We show how to do so in the

next section.

5.2 The Pentagon Integral with One External Mass

For the pentagon with one external mass, ms # 0, we use the same change of variables (2.12),
(2.13) as in the massless case, except that we also define the rescaled mass 12 = —asaym2, which is
taken to be a variable independent of the ;. We find that the normalization factor is N5 = 1 — mg,

while the rescaled Gram determinant is given by
Alm _ AOm -2 2 27,522
A" = A" + mi(—2a1a3 + 20003 — 205 — dagay + 20304 — 2a3a5) + az(ms)®,  (5.6)

where Agm is given in equation (5.3). Using these values in the general expression for the scalar

pentagon (3.24), and collecting the box integrals with one and two external masses from section 4,
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we get

N 1 m2
] = ?”F<H aﬁ){e [ 142¢ +a1+26 +alt g [(041 — 1h2an)a? + (as —m5a4)a§€] 1(_ 5)” ]
+ 2042 |:L12 (1 - —) +L12 (1 - —>:| + 2044 |:L12 (1 - —) +L12 (1 - %>:|
Qy Qy
al—a2+(1—m§)a3—a4+a5 . 5
+ 2«3 |Lig + Lis ~ Lio (1 — m5)
o L =3

A2
+ 20‘11 m50‘2 [ (1 ) — Liy (1 - %mgﬂ + pdn Mot [Lig (1 - %> — Liy (1 - %mgﬂ
— aq 1—mg Qs Qs

2
— %ag} + O(e),

(5.7)
or in terms of more conventional kinematic variables
)= - T i[ (—534) !¢ (—s45)17¢ (—845)1 ¢ (—s51) ¢ (—s51) 1€ (—s510)17F¢
’ 512523534845551 | €2 | (—851)°(—s12)(—523)¢  (—s12)(—523)(—s34)¢  (—523)°(—534)(—545)°

2 _ e(__ €
545551 [823834 (1 _ %) : (—s523)¢(—534)

S45551 — MES23 s51) (—545)(—851)(—512)°
2 _ e(_ € 2 —e
T S19503 (1 _ %) ( i‘m) ( i‘23) 6] <1 _ <m5823) )]
545 (—834) (—845) (—851) 545551
+ 2534845 |:L12 (1 — 82) + Liy (1 — Si>:| + 2551812 |:L12 (1 —_ Sﬁ> + Li, (1 _ &ﬁ>:|
545 534 S51 S12
. 534 . S12
+ 2845851 |:L12 (1 — —> +L12 (1 — —>:|
S51 545

2 2
593534 — 834545 + S45851 — MES23 — S51512 + S12523 Li 1 mgSa3
9 _ 1757240
545551

+ 845851 5
845851 — M5S523

+ 2(551 - m§)8238342845 [L’ (1 _ 6‘ﬁ> ~ Liy (1 _ m_%)]
S45851 — 82315 523 S51

—m?2 2 2
+ 2(845 m5)8518122823 [L' (1 — 82) —Lig( — %>] — 7%845851} + O(e).

S45851 — 82315 523

(5.8)
Observe that it has the expected symmetry under flipping external legs 1 <= 4 and 2 < 3. The limit
of the expression (5.8) as mz — 0 does not yield the massless pentagon integral (5.5), for similar
reasons as explained at the end of section 4 for box integrals. The single mass pentagon Ii™, which
is given through O(€%), should not be expected to have a smooth limit onto the massless pentagon
as ms — 0, because I3™ incorporates the box integral I7™" and through it the triangle integral

I3™ which does not have a smooth limit.
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6. Feynman Parameters in the Numerator

In this section, we explain how to use the scalar pentagon I, when expressed in terms of box

FD=6—2¢
I5

integrals and via equation (5.1), as a generating function for the tensor integrals I5[P(a;)]

through O(€%). The general discussion applies to the pentagon integral with any number of external
(or internal) masses; we shall also give explicit formulae for the massless pentagon at the end of the
section.

The only complication in applying the differentiation formula (2.19) is the appearance of
f5D:6_2€ and its derivatives at O(e”) when the degree of P(a;) is two or higher. It is easy to
eliminate the derivatives of f5D:6_26 in favor of f5D:6_26 itself and the D = 6 — 2¢ scalar box

rD=6—2¢

integrals I ) We just let € — € — 1 in equation (3.17), whence
4

QIP=072% 25 1 ViV \ $D=6-2¢ (j) Vi $D=6-
o 0 = (4 2 L2 J I € AZ ID_6 2e ) 6.1
aai ( + 6) 2N5 771] A5 4 + A5 5 ( )

j=1

Since each term in this equation is nonsingular as € — 0, and since we need [ 5D =6=2¢ only to O(e%),

we can set € = 0 in f5D:6_2€ and ff:6_26 (j), and use in place of (6.1) the slightly simpler equation

oIP=" 1 YiYi\ D=6 (j) Yi sp=
_ B I 7o It jb=6 6.2
da; Ej IN; Mij As 4 As 5 (6.2)

The D = 6 scalar box integrals can be worked out directly, or they can be determined from
the D = 4 — 2¢ box integrals and triangle integrals, using equation (3.25) with n = 4. For the box
with one external mass, needed for the massless pentagon, the explicit result is

pp=o@ _ 4L

A5—7J2 ’

(6.3)

where L; is defined in equation (4.43).

Having eliminated its derivatives, we still have to deal with the appearance of I 5D =6 jtself in the
integrals I5[P(a;)], for m > 2. The way to proceed is suggested by an argument due to Ellis, Giele
and Yehudai [23]. They work in terms of loop-momentum integrals directly, and use the Brown-
Feynman or Passarino-Veltman procedure to solve for the tensor pentagon integrals in terms of
lower-order tensor integrals (pentagons and boxes), all evaluated in D = 4 — 2e. The quantity
I D=6 does not appear at O(¢”) in any momentum-space tensor integral. This fact suggests that
in our approach, I, D=6 will cancel out of the integral of any Feynman parameter polynomial that
is the Feynman parametrization of some tensor integral in momentum-space. In appendix III, we
show explicitly that this is indeed true for integrals with up to three loop-momenta inserted. It is

straightforward to extend the argument to five loop-momenta, the maximum number encountered in
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any gauge theory amplitude. (Beyond five insertions of the loop momentum, ultraviolet divergences
of the integrals complicate matters.)

While 7, D=6 disappears from the final answer in any gauge theory calculation, it is still useful
to know with what coefficient it appears in any particular term. One may use the vanishing of its
coefficient in the final expression as a check on the complete calculation. Also, it is simple to write
recursive formulee for the integrals of monomials in the Feynman parameters using this information.

Let us work out the coefficient of I°=6 in Isa;, .. .a;,]. Define d;, ;, by

7 _ di . D=6
I5[ai1...aim] = ]\%ITE’H I5 + ..., (64)
where ‘. ..” denotes scalar box integrals (in D = 4 — 2¢ and in D = 6) and their derivatives. Notice

from equations (6.2), (3.8), and (3.10) that /A5IP=% satisfies a simple equation,

\/7[13 6 5 o —
< da, ) _2—J1\f52<?7ij_7izj> VAs1P= 00 (6.5)

j=1

Now write the term (¢/N5) A5 I°=5 in equation (5.1) as

e (Va i) @)

and apply the differentiation formula (2.19) to get

(-)mAZ omAL”
- . > 2. .
Qi im 2(m — 2)! Oy, ... 0q;, m= (6.7)

We have taken the limit ¢ — 0 in the I'-function prefactor in (2.19), since we are working only to

O(€%). Carrying out the differentiations explicitly for the cases of interest, m = 2,3,4,5, we get
dij = 3 [mj As - %‘%} )
dije = % [(nij Ve + Mk Vi + ki V) As — 3%‘%’%} ,
dijji = —% [(nijnkl + mienje + angn) A2
— (Mg ke + kY DYV MR Tk + ki) As + 15 %‘%’%%} ;
dijkim = —% [(mjnkmm + perms of ijkim (15 terms))Ag

— 5(nij N ¥m + perms of ijkim (10 terms))A5 + 35 Wﬂjykymm}
(6.8)
In some calculational schemes for gauge theory amplitudes, the D = 6 — 2¢ pentagon integral
will itself appear with Feynman parameter polynomials of degree m < 3 inserted. It is then useful
to know the coefficient dP=$ ~defined by
D=6

. ap=6
1P=%a;, .. .a;,] = 727:” P=5 + (6.9)
5
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3

where again ‘... denotes scalar box integrals (in D = 6) and their derivatives. Writing I D=6 —

Agl/Q X (Aé/QI?:G) and repeating the above steps we find

m Am+1/2 mA—1/2
aP=8 = (=1) nj5 ail é?@aim . om>2 (6.10)
The explicit values for the cases of interest are
di = 7,
dij = —3 [mj As =3y (6.11)
dijp = —% [(mj Vi Mk Vi + Mk 'Yj)A5 — 5V VK

Now we shall give explicit formulzae for the massless pentagon integrals with up to two Feynman
parameters inserted, along with a simple recursion relation for generating the remainder of the
integrals.

For a single parameter insertion, equation (2.19) gives

R 1 0ls
I: ;] = .
slail = 75 dav;

(6.12)

Thus we may differentiate the O(e?) expression (5.4) for I5, using also equation (4.37), to get

A a?e . Qg1 . o1 w2
I [az] = 7rr |:e; + 2 Liy (1— . > + 2 Lis (1— o >—€:| + 0(6) (613)

In the case of two Feynman parameter insertions, we have

5 14ids) = 26(1 —|—26) Gaiﬁaj ’

(6.14)

which must now be applied to the expression (5.1) for I5. The O(1) terms in I [a;a;] receive
contributions both from I=6 and from the O(e) terms in the box integrals I ij ). Since ~; is linear in
the oy, only derivatives of the I ij ) appear on the right-hand side of (6.14). The derivatives ol ij ) /Oa;
at O(e) are nothing but the single insertions I ij )[ai] at O(1), thanks to the box differentiation

formula

1 ot
2€ Gai '
These integrals are tabulated in equation (4.42). Carrying out the differentiations in (6.14), we find

I [a] = (6.15)

Fasa] = { g (aﬁﬂaﬁ_l L Qia(0f —af) | afis(af - a§_1>>
€ &7} Qy — Qg Q; — Q1
041,500 + 0541055 0f —f
€2 a; — O
: Vivive | L d
i Vg Tk k ij $D=6
+ ‘k'—i-'k‘—‘k'kk—ZAJ]A + — 1 + O(e).
;[m Vi NjkYi NikM5k"7 As | As _7]3 As 5 (€)

(6.16)
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For a generalization of this formula to arbitrary pentagon kinematics, and also to hexagon (n = 6)
integrals, see equation (VIIL.8) in appendix VII.

For more than two parameters inserted, we can proceed recursively. Define some new quantities

fé)hys[ail ...a;, ] to be the “non-I1P=%" terms in Is[a;, ...a;, ], i.e.
. A diy..iyy D=
Iilag, ...a;,] = IP™a;, ...a;,] + 222 [P=6 (6.17)
5
Then the differentiation formula (2.19) along with (6.2) generates the following recursion relation
for IP™*[a;, .. .a;, |:
. -1 Gfphys[a‘ coeaq, ] di .. > d; L
PYsi, a] = 5 2l fmotl oy oy MMt tmd 7)) (6,18
5 [azl G‘Zm] (m —9_ 26) aazm Agn—l J; A5 _ '}’JQ ( )

In applying this formula, it is convenient to have a differentiation formula for the L;, in terms of

logarithms:

S, = oo Oig+l = 0ijt2)

oL; _ 1 [_ ;i1 In(ajp1/aj40)
7

+ In(aj_1 /- )]
Q1 — Qo (@j-1/e—2 (6.19)
) )

— (0551 — 0;.i
+ o ( J—1 ] 2)[

i

_ojrln(ay/a; o)

Q51 — Q2

+ 1n(04j+1/04j+2)] :

This completes our prescription for evaluating massless pentagon integrals with Feynman pa-
rameters inserted, in terms of dilogarithms and logarithms. The same basic procedure also works
when external and/or internal masses are present, provided that the relevant box and triangle in-
tegrals are known through O(€®). (The triangles appear through equation (6.15) in combination
with (3.16).) If all internal lines are massless, then all the requisite boxes and triangles can be
found in section 4, except for the three-mass triangle. This triangle may be computed in D = 4;
see for example refs. [6,17]. In appendix V it is computed in D = 4 — 2¢ for arbitrary ¢, as a further

illustration of the partial differential equation approach to scalar integrals.

Acknowledgements

We thank R. K. Ellis and W. T. Giele for discussions, especially regarding the cancellation of
the six-dimensional pentagon from all physical expressions. We thank J. A. M. Vermaseren and Z.

Kunszt for comments on the manuscript, and J. A. M. Vermaseren for other useful comments.

Appendix I. Collection of Massless Pentagon and Scalar Box Results

In this appendix we collect those results that are useful in an explicit calculation. The massless
pentagon integral of interest is

I5[Pr({ai})] = T(3+e) / d°a; 0 (1 =20 ai) Pn({ai})

0 [—812a1a3 — 5230204 — 5344305 — S4504Q1 — S51A502 — ’ié‘]

3+e

(L1)
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where P, ({a;}) is a polynomial in the a; of degree m. For use in differentiation formulae we define

the reduced integrals
L [Pad)] = (H ) I Pafo)) 12)

where s; ;11 = —1/(a;;41) mod 5. The basic differentiation formula for the pentagon is given by

s [Pu(faih)] = %Pm ({%}) [ . (1.3)

Through O(1) the scalar pentagon is given by

_ "”FZ 1+26[ 2L (1

2

+1) 9Ly <1 _ aj—l) _ 77_] + O(e) . (L4)

Oéj Oéj 6

where rr = T'(1 + €)T'2(1 —€)/T(1 — 2¢). The case of one Feynman parameter in the numerator
may be obtained by directly applying the differentiation formula (I.3).

Beyond one Feynman parameter it is best to use the explicit value of the two Feynman pa-
rameter integral as a generating function for integrals with three or more Feynman parameters in

the numerator. The two parameter integral is given by

. 0; .+ [ as5 a8 as_o(af —as af, o (af — af
15[aiaj] = rp Z_éj i+1""—1 + 1—2( i Z+1) + H_Q( i Z—l)
€ a5 a; — Q41 a; — OG—1
041, g + 05410 0o f — OF
62 Oéi—Oéj
: Yivive| L d
i 13Tk k ij 7D=6
+ [nmj + MRYi — Mk — % ] - — I + O(e),
/; As A5—7;3 As
(I.5)
where .
A5 = Z(O&?—Qajaj+1+2aj04j+2)
j=1
1 0A; N .
Vi 2 D i—2 — Q1 i Q1 T Q42 , (16)
0w 1A [l =g,
i = daj  20c;0a; | +1, otherwise,
dij = %[nij A5—%‘%}
and

) ) ) ) 2
L; = Li (1 _ O”“) + Liy (1 _ O‘“) +In <%> In (O‘Z*) - (L.7)
Qg2 2 Qg2 2 6
In calculations there is no need to know the explicit value of the six-dimensional pentagon

IP=% since it cancels from all quantities arising from loop momentum integrals. However, when
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applying the differentiation formula (I1.3) the terms containing I D=6 cannot be dropped since they

generate D = 6 box integrals via the equation

5

oIP=5 1( 7%') D=6 (j) Vi iD=
— N2 (= L) 7o v D=6 1.8
dav; ;2 Mij A, ) A, ® (1.8)

Useful formulae when applying the differentiation formula (I.3) are

OL; 1 oy In(os o
L= — (041 — Gigy2) [_ B /000 +1n(04j—1/04j—2)]

Oay Q; Qi1 — OGiq2 (I 9)
1 a1 1D<a'_1/a'_2) '
N T - J J 1 . . .
+ a (0i,j-1 = bi,j—2) [ 1 — + In(aj+1/0j42)
and
D=6 (i 4L;
[P0 o 2 (1.10)

A5 - W’JZ ’
where L; is defined in equation (I1.7).
We collect here the dimensionally-regulated scalar box integrals with massless internal lines,
but 0, 1, 2 or 3 nonzero external masses, which appear in the process of evaluating (n > 5)-

point integrals, and in subdiagrams in QCD loop calculations. The integrals are defined through

equations (2.5) and (2.6).

197 (s, 1) = "”—F{%[(—s)—w(—t)—e} ~ In? (;) - WQ} + Oe), (L11)

m T 2 —€
et = {59

ottty = L2 [k (07 = () ()]

(L.14)



(1.15)

Appendix II. Connection with the Work of van Neerven and Vermaseren

Melrose [5] and Van Neerven and Vermaseren [7] were able to represent the general scalar
pentagon integral in D = 4 as a sum of five D = 4 box integrals. On the other hand, equation (3.23)
expresses the pentagon integral in D = 4 — 2¢ as a linear combination of five box integrals (also
in D = 4 — 2¢), plus the pentagon in D = 6 — 2¢ dimensions, so it can be thought of as the
dimensionally-regulated version of the equations in refs. [5,7]. Indeed, the D = 4 equation in
ref. [7] was our motivation to find an algebraic D = 4 — 2¢ equation. (Similar relations have
recently been found using momentum-space, rather than Feynman parameter, techniques by Ellis,
Giele and Yehudai [9].) We would like to verify that the D = 4 — 2¢ and D = 4 equations
are consistent with each other, or in other words that the (D-independent) coefficients of the
box integrals in equation (3.24) are equal to the corresponding coefficients in refs. [5,7] (up to
normalization conventions for the integrals). To do this, it is simplest to rewrite equation (3.24) in

terms of unreduced integrals as

5
_ %Z 11 + O(e) (I1.1)

where

¢ = z’Yz ZS 1 (I1.2)

The second form of the ¢;, in terms of more conventional kinematic variables (the matrix S is
defined in (2.4)), is the form in which the ¢; were obtained in ref. [10]. In this form the ¢; are
manifestly the same as those found by Melrose.

The coefficients found by van Neerven and Vermaseren involve the D = 4 Levi-Civita tensor,

and are not manifestly equal to (I1.2). Expressed in our notation, they are given by

A5—22?:1vi-w 2vi-w

¢ = — 2—4A5M12 ) Ci+t1 = _mv

i=1,2,3,4. (11.3)
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Here the “axial vectors” v; are the D = 4 duals of the vectors p; appearing in the momentum-space

version of the pentagon integral
R 5#p2p3p4’ ’Ug = 5p1#p3p4’ ,Uéi = €p1p2/ip4’ ,Uii = €p1p2p3/i’

v =
%
DKL =0,
j=1

] M2 3 o Ha . B
where €, p,p, 15 short for €, 5, 05°05°P,*, etc. The Gram determinant of the vectors p; is

(IL4)

Pl

Ay = ehP2Pabag o oop,, and w# is defined by
4
wh = Z'rivf, ri = pi+ ME— MZZH, 1=1,2,3,4, (IL.5)
i=1

where M; are the masses on the internal lines. The definition of the ¢; in (II.3) may seem to be
tied to D = 4, because of the presence of the axial vectors. However, the inner products v; - v; can

be eliminated in favor of the inverse of the matrix ¢;; = 2p; - p;, according to
viv; = 205 ()i, i,j=1,2,3,4. (11.6)

Thus the ¢; can be written in a D-independent form:
4 _
=2 + 235t )y
Shim1 Tk (g — 2M3
4 g,

=237, (t iy
Shie1 Tk (g — 2M3
To show that the ¢; in (II.7) agree with those in (IL.2), it suffices to show that they obey

c1 =

(IL7)

Ci+1 1= 1,2,3,4.

5
D Sije; =1, i=1,...5 (IL.8)
j=1
since S is generically invertible for n = 5. When internal masses are also present, S is given by
Sij = (M7 +M? —(pic1 —pj—1)?) = 5@2M7 —rig—rj1+tisij), (IL.9)

and rj_1 =t;_1 ;-1 = 0 for j =1, so that

5 5 .
1 1
JZ:; Sijej = 5(2M12 —Ti-1) (Z Cj) t3 Z(—rj +ti1)cj4) - (IL.10)

j=1 j=1

Plugging in the values of ¢; from equation (II.7), we get

=1, (I1.11)

isijcj o (2Mmp 4 "”i—41) + (X jhe i (ke — i)
=1 Dkt Tk () — 2M7
as required.
In the same fashion, an equation obtained by van Neerven and Vermaseren, relating hexagon
integrals to pentagon integrals, can be shown to be equivalent to equation (3.23) for n = 6 (and

D = 4 external kinematics).
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Appendix III. Proof That 157:6 Drops Out

An explanation of why an explicit computation of IP=% is not needed for the evaluation of
pentagon integrals near D = 4 comes from the momentum-space representation of tensor integrals;
when performing a Passarino-Veltman decomposition IP=6 never appears [23] and therefore it
can be expected to cancel from amplitudes evaluated using the Feynman parameter techniques
discussed in this paper. In this appendix, we will demonstrate that I”=6 cancels when summing
over contributions which reconstruct the loop momentum integrals appearing in dimensionally-
regulated four-dimensional field theory amplitudes. Thus, there is no need to explicitly evaluate
IP=6. (In this appendix we treat IX=6 as equivalent to IP2=572¢ since IX=0 is completely finite
the difference between the two is of O(¢).) The argument holds for general kinematics (arbitrary

external or internal masses), though here we suppress internal masses.

Define the general pentagon integral by

> 5(1 = a;)P(pt
Is[P(p")] =i (47)% 4! / R / 50, (1— > a;) P(p") 5
(27) (a1p2 +az(p — p1)? + as(p —p2)? + as(p — p3)? + as(p — p4)2)
(IIL.1)
where p; = 22:1 k; and P(p*) is some polynomial in the loop momentum p*. The normalization

factor in front ensures that the integral, when Feynman-parameterized, is normalized in the same
way as the integrals I5[P(a;)] defined in section 2.

In order to relate the integral (III.1) to Feynman-parametrized integrals of the form (2.5), we
complete the square and integrate out the loop momentum in the usual fashion. To complete the

square in the denominator, we shift the loop-momentum variables to

4
P=q+ Z Ai41P;i - (II1.2)

Integrating out the loop momentum, for up to three powers of loop momentum in the numerator,

then gives
4
P =Y Islai] pl,
i=1
4

1, ) V
Ilpp"] = =5 I~ (1] 0 g + > iy Islainaga]
ij=1

1% 1 1% = 1% =
I5[p"p”p”] = ) <5[€;_26] § pipIEj? ®lai1] + 5[%1_26] E Py = lai] + [4 2¢] E :pz 17 ain )
i i

+ > pPipiTs[ait1as 1ak) -
ijk
(IIL.3)
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Here we will explicitly consider only up to three loop momenta; the other cases follow similarly.
For the case with one loop momentum inserted, since the explicit value for I5[a;1] given in

equation (6.13) does not contain IX=6 there is nothing to check. Beyond this, we have from

section 6 that the coefficient of I2=6 in the explicit value for I5[a; - - - ax] is given by
Al/2 1/2
(—=1)™AL N
i, = ——————q > 2 1114
Cirizim 2N5 (m — 2)!%1%2 e O, 0avj, - - Oy (m=2), ( )
so that for m = 2, 3,
i A
Cij = 2]\; i [mj As —7iv5|
o (I1L.5)
i 2N5 Ag i kT i) ilj )
where 7; and 7;; are defined in equations (3.8) and (3.10).
The identity that we will use to show that IP=6 cancels is
i _ .
Cij = ON. i5 <?7m As - 'Yi'Yj) = ()it i,j =2,3,4,5, (IIL.6)

where t;; = 2p; - pj. To verify the identity, we multiply it on the right by ¢;_; _1, which can be

written [10] in terms of the matrix p = N,n~! using

piiepja = Lo Pn P P ij=23,...n. (ITL.7)
;04 ;00 a1 Qg aq

Thus we have (using the equations (3.9)—(3.13) that relate p, n, v; and o)

5 5
_ o0 < A ) Pjk__ Pjr _ Pk P11
I P — k i D5 — ViYj - - o2
ch Lkl ;N5A5 i Qs — 7Y (ajak ey e | a%) (II1.8)

= O, 4, k=2,3,4,5.

Equation (II1.6) implies that

Z Pipicivi i = Z pipi(t )iy = —5% ) (IIL.9)

1,j=1 1,j=1

since the four vectors p!' span D = 4 Minkowski space.

Using this identity and keeping only the I”=% content we then have

4
1 = v 14 =
Islpupy] = —5153_6[ ]84 o + D PiPjeisniraly ~°[1] + boxes
ij=1
) . (ITL.10)
= —55[_261 IP=5[1] + boxes + O(e)
= boxes + O(e),
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so that I} D=6 drops out as claimed. To arrive at the last line, we used the finiteness of I, 5D =6 and
that 5[“ 5 Can yield only O(¢) contributions. This shows that there are no ‘left-over’ pieces of I2=¢
remaining when all the pieces are combined to form an amplitude derived from a loop momentum
integral with up to two powers of momenta in the numerator.

The three Feynman parameter case is similar. Again applying the identity (II1.6) we have

Is(p!'p"p”) = <5W 9] sz 15 az+1 + Cychc) sz pjpkcmkID:G[l] + boxes
ijk
Lo Qi 1Yit1 . I1.11
= - < = Z pHT;JFID n ]—i—cychc) + boxes + O(e) ( )
= boxes + (’)(e),
where we used
Cijk = kT cij + cyclic (II1.12)
As
and
12=%a;] = OZ% IP=5(1] + boxes, (11.13)
5

from equation (6.11).
It is straightforward to continue in this way, demonstrating that I2=6 drops out from the loop
momentum integrals encountered in relativistic field theories. For gauge theories, up to five factors

of the loop momentum in the numerator can appear.

Appendix IV. Constants of Integration for Box Integrals

In this appendix we evaluate the constant of integration for the box with two adjacent massive
legs, or with three massive legs, by performing the integral at the point where all the «; are equal.
The constant of integration for the adjacent two-mass box is a special case of that for the three-mass

box, with A = 0. We have

I

51— w)

[(ul + Aug)ug + ug(1 — uy

By = 1,0) = F(2+e)/d4ui (IV.1)

)] 24€

We let
up = z(1—y), we = 1-2)1-y), us = y(l—2x), us = ay. (Iv.2)

The z integral is elementary and leads to

Iy = 1+6 / /dy —x 1 —z)(1—y)+z(1— :Izy)] 1_6—[A(l—x)(l—y)—i—x(l—xy)]_1_6}.
(IV.3)
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The y integral can be done in terms of hypergeometric functions,
i_ D+ /1 dx
€ (1 — )\) 0 1—=x

_—
— (E+A1—2) TR <1+e, —e;l—e;AA((ll__—"MH .

{QFl(l—i—e,—e;l —el—x+4 2%
(IV.4)

For A # 0, the integrand has no singularities as ¢ — 0, so we may expand it in €; the

hypergeometric functions have the following expansion for small e,
Fi(l+e—-6l—gv) =1 4+ eln(l—v) + € [-2 Liz(v) — 1In*(1 —v)] + O() (IV.5)

(we only need the first two terms here), which leads to

R 1 —L-—Inz-In(1-2)+2In(A+ (1-Nz) 2In(A+ (1 - N\)2)
By = e [ e e e

1 1 1-A
- 1I'AFA{D—A + / B da(u—A) —In(1 - u) + 2lnu+ 2In(1 — X)) + 2/ d—vln(l—v)}
- A 0

€ u v

= T [@ - lan)\].

1—MA| € 2
(Iv.6)

In the case A = 0, we add and subtract terms in (IV.4) to obtain

. (1 L a
Io(A=0) = ( :_6)/ : xx{QFl(l—i-f,—f;l—6;1—.’17+.’L'2)—$_€2F1(1+6,—6;1—6;.’L')}
o 1—

) 1
(1
_Ll—i_f)/ d:z:x_1_6(2F1(1+6,—6;1—6;:I:)—1)—M/ dr x717¢ .
0

€ 0 €
(Iv.7)
In the first and second integrals, the integrand is again nonsingular everywhere, and we can expand

in €; the third is elementary:

Io(A=0) = 2F(1+e)/01d:1:11nx —r(1+6)/01dx1n(1—$)+F(1+e)

—x z €2

_I+e (1 _ ”_262> (IV.8)

so that ¢(0) = 0.

Appendix V. The Triangle with Three External Masses

The differential equations approach also provides an easy way to derive a compact expression

for the three-mass triangle integral to all orders in e. (The integral is in fact finite, so only the
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leading order is needed in practical calculations; but in order to examine explicitly the limit in

which one of the external masses vanishes, it is convenient to have the forms derived here, or ones

equivalent to them [24].)

The three-mass triangle with massless internal lines satisfies the following system of equations

(using N3 =1):

0 (Ay* L)

3
. 1 1/2 € ViV 70)
o = —1(1-20A Z(’”w A ) ;7
j=1
where
Ag = —a% — ag — ag + 210 + 2003 + 23001,
so that

3
Vi = E o — 204,
i=1

Az = yv2 + 273 + 1371

Also, the two-point integrals fQ(i) are very simple,

) 1
i = 1) (qisran ) / do o—(1 — 2)"¢
0

I N N |
(1 —2¢) (Qit10i-1)
Notice that a function of
(Sj = ’Y—JA
VA
obeys
OF(4;) A —1/2 VY
= A i — L) F'(85;),
aai 3 77] Ag ( J)
and that

Q10— = i(%‘-i-%‘—l)(%‘i‘%‘ﬂ) = iAg(l—i—éf).

Therefore we may solve the differential equations (V.1) by
Iy = AJPTR() + F(8) + F(d) + €1

where F(0) satisfies

rr 21_26TF

e(1 — 2e¢)

F'(5) = —L(1—-2e) A}~ (LAs(1+6))7" = -

and C' is a constant of integration.
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(V.7)

(V.8)



We need the integral

é é
/dz (1422 = / dz (1+02) (1 — i2)=
0 0
1+i6
= —i/ dw w267 (1 — w/2) !
1

91 s 1
- = - [(1—1-1'5)62171 (1—6,6;1+6; —;l ) — SF (1_676;1_’_6;5)]

€
2271 | /1446 1446
= — c (1_15> Fl (2676714‘67_1_15) — 2F1(26,6;1—|—6;_1)
A7 (1400 1+i6
= n Fi (26,61 +¢€—
e (1—i5> ? 1(“’ e 1—i5>

1—46\° 1—1i
- B 2,61 +e—
<1+i5> 2 1(“’ T 1+i5>

where we have symmetrized the result in the last line. Alternatively, we may do the integral as

(V.9)

6d 1 2\e—1 6d = 1 2 ZQm
/0 s (14 22) _/0 2 (e Dle=2) (- T
00 §2m+1
- (6—1)(6—2)-"(e—m)m (V.10)

m=0
B 2—e€-(m—eZ)(3) - (m—1) (=%)™
B 52 (3)--(m=3)(m+3) m!

= (5 2F1( 6,2727 (52)

The two expressions for the integral can be related using a variety of hypergeometric identities.

Thus we have

~ 1?”F

I() = —5 5 A5 P LF@) + £(52) + F(8a) +] (V.11)

fO) = €470 o (1 -, 3; 5;-67)

1[/1+i6 1446 1—i0\° 1—14d
Z[(l—ié) 2l (26’6’1“’_?1'(5) - <1+i5> 2l (26’6’1+6’_1+i5>] '
(

V.12)

To fix the constant ¢, it is easiest to consider the integral at the following, somewhat asym-

metric, kinematic point:

1 1
S12 = :—5 y  S23 = :—5 » 831 = =—1, (V.13)



or

At this kinematic point, we make the change of variables
ap = 1_y7 az = 1Y, az = (1—.’17)y,

with Jacobian equal to y, and obtain

[A3(2’171) _ I'(1+e¢) /01 d3ai ( 51— > a;)

1 1
2 50301 + 5a1a2 + azaz)ite

—1—e¢

2T(1 +¢) / du / dy y=<[1 — (1 - 2(1 — 2))y]

r(1 !
#/ dr oF1(1+€1—¢€2—¢€1—-22x(1—2x)).
—c Jo

= 2°

Next we use the change-of-variables,

1—+1-—
x:fz, z = 4dz(1 —x2),

and a hypergeometric identity, to get

ge-1T(1 +¢) /1 gz (1 )12 [w VFo(1—¢2/2)
0

I5(2,1,1
3(2,1,1) 1—e T(1— 2€)

['(2—el'(e)
F(l—i—ef(l—e)
T(1+e) [.T(2 —€)

—c |° F(1—2
—e)I( e)F(é)
(He)F(%—e)

2€27°€ 2F1( 2671—672/2)]

:261 2F1(1_71731)

272

2 F1 (1, 26;%—6;%)] ,

We then use the following hypergeometric identities,

oFi(1—€1;3:1) = 2170 F(1—¢%:3;-1),

9 7272 672727
I3 -l (3)
3 1y 11 _ .3 _ 1) — —\2 2
2F1(1,1—2€7§_€7§) = 2F1(§,§—€7§_€71) - Wv
to get
X 2 4°r'(1 + €
e = 2TLRa- ok« S0

(V.14)

(V.15)

(V.16)

(V.17)

(V.18)

(V.19)

(V.20)

On the other hand, plugging the values of As and §; from (V.14) into equation (V.11), we have

. 4—1/2+e
I3(2,1,1) = _7"*[2641—6 JF(1—e L3 —1) 4] .

2¢2 — €559
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Comparing equations (V.20) and (V.21), we find

. 2mel(1 +¢) _ _27T6F(1—26)

= Bi o (V.22)

Despite its appearance, equation (V.11) does have a finite limit as ¢ — 0,

o = S B ((2) ()] o0

which is the form given in ref. [17].

Appendix VI. Higher-Point Scalar Integrals

In this appendix, we discuss formulz allowing the evaluation of higher-point scalar integrals
(n > 5), in part to correct some statements we made in a previous paper [10]. The corrected results
will be similar to results obtained previously by Melrose, and by van Neerven and Vermaseren [5,7].
The main difference is that the present results allow for external kinematics in the full 4 — 2¢
dimensions, which is useful for obtaining tensor integrals by the differentiation method discussed
in sections 2, 6, and appendix VII.

We begin by recalling equation (3.23), which we rewrite here in a slightly different form,

n

A NG A, -

i = Eg?\r I 4 (n—5+2¢ o Lo (VL1)
i=1 " "

For n > 6, in order to use equation (VI.1) to evaluate scalar integrals, it is desirable to take the
external momenta ki, ks, ..., k, to be restricted to D = 4. The loop momenta have to remain in
D = 4—2¢in order to regulate infrared divergences. In the 't Hooft-Veltman variant of dimensional
regularization, the external momenta appearing in the one-loop integral in a next-to-leading-order
calculation are indeed taken to be four-dimensional. In the conventional dimensional regularization
scheme, the external momenta are taken to be 4 — 2e-dimensional, but this will generally lead to
only O(e) corrections, since the integrals I2=6-2¢ are finite as € — 0 for n > 4.

In reference [10], we argued that the term containing f,’? =6-2e

in equation (VI.1) could be
dropped for n > 6, when the external momenta are restricted to D = 4. The argument was based
on the fact that for n > 6 the Gram determinant A, appearing in equation (VL.1) vanishes for
D = 4 kinematics, due to the linear dependence of the (n—1) vectors k1, ka, . .., kn—1 [18,25]. If the
f,? =6=2¢ term could be dropped, then equation (VI.1) would reduce to a simple recursion relation
expressing the scalar integrals I,, as a linear combination of the n (n — 1)-point integrals I,_1. For
n = 6, the argument does indeed hold, and the scalar hexagon integral is given by

6
Is = i féz) (D = 4 kinematics). (VL.2)
= 2Ns
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Unfortunately, for n > 7 the situation is more complicated. It is true that for n > 6 the Gram
determinant A,, vanishes for D = 4 external kinematics. However, for n > 7, the factor of N, in
the denominator also vanishes. Indeed, N,, is given by N,, = 2" tdetp = 2"~ ([]\_, 0414)2 det S,
and the dimension of the null space of the n x n matrix S;; is n — 6 for D = 4 kinematics [5].
Therefore, for n > 7, the coefficients appearing in equation (VI.1) are not well-defined for D = 4

external kinematics (which is where we would like to use the equation).

Notice that both numerator and denominator of the coefficient ratios ;/2N,, and An /2N,
vanish for D = 4 kinematics: The matrices that give rise to A, and to v; = %(GAn /Oa;) have null
spaces of dimension n — 5 and n — 6 respectively. Based on the dimensions of the corresponding
null spaces, we can argue that An vanishes “faster” than N,, and ~; vanishes “equally fast”, as
D = 4 kinematics are approached. Thus we might expect that a modification of equation (VI.1)
should exist, which is well-defined for D = 4 kinematics, and for which the coefficient of f,? =6-2¢
vanishes in this limit. In fact, van Neerven and Vermaseren [7] have shown how to obtain such an
equation, which expresses an n-point scalar integral in terms of six (n — 1)-point integrals. (Their
derivation was carried out for D = 4 loop momenta; however it is easy to see that it is equally valid

for D = 4 — 2¢ loop momenta as well, as long as the external momenta are restricted to D = 4.)

Here we will obtain an equation similar to (VI.1), but where the coefficients have N,(Lk_)1 in the
denominator instead of IV,,. Since Ng is nonzero for generic D = 4 kinematics, this equation will be
well-defined for the heptagon integral (n = 7) in D = 4. It reduces to the above-mentioned equation
of van Neerven and Vermaseren in D = 4, but it is also well-defined away from D = 4, which makes
it a useful starting point if one wishes to apply the differentiation approach of sections 2 and 6 to
compute tensor integrals. The reason why restricting external kinematics to D = 4 complicates the
differentiation approach is that the «; variables are then subject to various Gram-determinental
constraints [18,25], which would have to be respected in performing the differentiations. After
carrying out the differentiations it is permissible, and usually desirable, to restrict the external
kinematics to D = 4, in order to take advantages of certain simplifications. An example of this

procedure, for the one-parameter heptagon integrals, is provided in the next appendix.

To derive the new scalar equation, we first need some general relations between the quantities
(k)

An, v; and NV,,, which are associated with the integral fn, and the corresponding quantities An_l,

%(k) and N,(Lk_)1 associated with the (n — 1)-point “daughter” integral IA,(Lk_)l As in section 3, we
choose the «; variables for the daughter and parent integrals to be the same. We also take the
kinematics to be general for now, i.e. not restricted to D = 4, so that all quantities are well-defined.
The necessary relations follow from the observation: If A is a symmetric n X n matrix, and By,

is the (n — 1) x (n — 1) matrix formed by crossing out the &*® row and k*" column of A, then the
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inverse of B can be computed as

AP AL
<B(75)ij = 45 - % : i#k j#k (VL3)
The proof is simply to multiply equation (VI.3) on the left by (B(x))s = Aei, and simplify. Note
also that <B(_k§)m vanishes for either ¢ = k or j = k.

Starting with the expression (3.8) for Agk_)l in terms of a; and the matrix 7(*), and using

equations (3.9) and (3.10), we can rewrite Agk_)l as

A0, = 5wl = oy

1,77k
e NP K\~
= Ty In®pTly = —]C,leTp<pfz_)1) Py
" VL4)
k -1 _—1 .
e o Y 4, |
= N2 Y P\ Py — 1 (PW)J
noogi=1 Pk

Using the definitions (3.9) N,, = 2"~ det p, NT(L]“C_)1 = 2""2det p*) | and the fact that det p(*) =

p,;kl det p is the cofactor of the kk element of p, we have

(k)
Nk -1 2Nn—1
N, Pk N, (VL5)

Using equations (VI.4), (VL5) and the relation 4T py = N, A,, which follows from equation (3.11),

we obtain expressions for Agk_)l and its derivatives with respect to a;:

A(k) . mckAn—%?

nelo 2N,
%(k) _ nkm;;rmm ’ (VL6)
n
n(;:) _ NkETij — NikMkj
. 2N, '
One can iterate this procedure to get expressions for Aff_”;), etc., if necessary.

Now we proceed to derive the new scalar equation which is of use for n = 7. To do this, we

consider equation (VI.1), and also the one-parameter equation

n
ofax] = 277_]’\3 D0 4 (n—5+2¢) % fb=6-2¢ (VLT)
i=1 " "
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Multiply equation (VI.7) by 7k /nkr and subtract it from equation (VI.1), to get

n A 2
s Vi NikVk 5(4) T 5 [An Vi ] SD—6_2¢
I, = — I’ +—1I,]ai] + (n—5+2¢ I VI.&
" Z;[QNn nkk'QNn] T ek nlai] + ( ) 2Np Mk - 2N, - (VL8)

The coefficients in brackets in equation (VI.8) can now be rewritten in terms of (n — 1)-point

quantities using equations (VI.6). We get

A (k)

- % i@ . AnZ1 tp—g-2e
I, + I, + (n—5+2¢) I . VI1.9)
; on®) (k) law] + aN) (

Any value of K = 1,2,...,n may be used in this formula. Note that 7( ) =

= 0, so there are only
n — 1 terms in equation (VI.9).
For n = 7 and (generic) D = 4 kinematics, we have Nék) # 0, while Aék) =0 and v, = 0. So

equation (VIL.9) reduces to

Q’Z\Zf(k) I( ? (D = 4 kinematics), (VIL.10)
1=1

which contains only six hexagons due to the vanishing of 7( ) Indeed, the formula can be shown
to be equivalent to the scalar integral formula of Melrose, and van Neerven and Vermaseren [5,7].
For n > 7, equation (VI.9) is still ill-defined. Presumably one could go on to construct equations

(k l)

in terms of %V, A , etc. that will be well-defined for n = 8, and so on. This would be useful

for evaluating the corresponding tensor integrals via differentiation.

Appendix VII. Higher-Point Tensor Integrals

In this appendix, we derive formule allowing the evaluation of tensor integrals for the pentagon
(n = 5) and hexagon (n = 6) integrals, for arbitrary internal and external masses. We also briefly
discuss tensor heptagon (n = 7) integrals. The situation regarding tensor integrals is similar to
the case of the pentagon discussed in section 6 and appendix III. In order to effectively use the
differentiation approach, one must show two things: First, that the 1/e pole encountered in the
basic formula (2.20), at the level of n — 3 Feynman parameter insertions in the n-point integral,

f,?zfj_?e (for

does not present any problems; and second, that the “hard” six-dimensional integrals
n > 5) always drop out of any “physical” tensor integral, i.e. any integral which is the Feynman-
parametrization of some loop-momentum integral. We discuss these issues here to some extent for
n = 6, 7; presumably both points can be shown to hold for arbitrary n.

For n = 5 and n = 6, the insertion of a single Feynman parameter can be treated using
IATLDZG—QG

equation (VI.7). For m = 5, the term containing the D = 6 — 2¢ scalar integral is
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O(e) and can be ignored. For m = 6, this term is O(1), and so we would like to show that
for “physical” one-parameter integrals (linear combinations of the parameters corresponding to
Feynman-parametrization of some loop-momentum integral), and for D = 4 external kinematics,
the integral fGD =6-2¢ drops out. Feynman parametrization of the loop-momentum integral I,,[p"]

leads to a linear combination of one-parameter integrals, similar to the first equation in (III.3),
n n
pr_lln[ai] o pr_lailn[ai] : (VIL.1)
i=2 i=2

So we can show that fGD =6=2¢ drops out by showing that

pH Qi
—1 N6

=0 (VIL.2)

i=2
for D = 4 external kinematics. To show that equation (VII.2) holds, it suffices to contract the
equation with a set of vectors pg_l that span D = 4 (we can pick any four of j = 2,...,6 for
nonexceptional momentum configurations). We then use equation (IIL.7) to write p;—1 - pj_1 in

terms of the matrix p = Ngn~!, and equation (3.11) to simplify the sum:

6 6
Q57 o Q57 Pij Pil P1j P11 )
Pi-1-Pj—1 = - — + —
; Ng ! ; Ns (%‘Oéj o ooy Al
6 ~
_ Zl(@_@> L Q1 <_&+&> (VIL3)
i—1 6 Oéj Qq N6 aq Oéj aq

_ Ag 1l ( P1j P11>
S R
N6 Qq Oéj (&3]
But Ag = 0 while Ng = 0 for D = 4 external kinematics, so fGD =6=2¢ does drop out as desired.
We turn next to the insertion of two Feynman parameters. The first part of the derivation
parallels the derivation of the one-parameter equations (3.4) and (3.16) in section 3. We consider

the integrals

o~

1 l_anfl l—al—a2—~~~—ai—---—an71
Insilax] = F(n—3+f)/ dan—l/ dap o / da;
0 0 0
d ag

>< —_—
da; [s~n g oo
Zi,j:l ij i

(VIL4)

apn=l—a;—az——an_1

i|n—3+e

evaluated two different ways, to obtain the set of equations

n N N L 7 (1) a 7(n) a . .
Z (p_ZJ B pﬂ) [n[ajak] _ 1 [In—l[ k] . In—l[ k]] +% <(Sz_k . (Sn_k> InD:G—Qe[l] ) (VH.5)

= oy Qi 2 oy Qi
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Solving for I,,[a;a;], we get

- R o, 1 i
Infaia] = 55 Z( ”JW)ISJI[W; In[amw(w ”A”)ID 6=2¢ (VIL6)

We can rewrite the right-hand-side of equation (VIL.6) in terms of scalar integrals only, with the

help of equation (3.25):

2 Ve ? l, ? D626€
Iu[aia;] = 2N ( Z ) O [Z O 1O 1+ (n—6+2¢) 7Y 127 ()]

p#L

. 1 n .
A’YJ N [Z Nie I( )1 + (n -5+ 26) i InD—6 Qe]
n n |-

1 iVi \ $D=6—2¢
2N, (mj ’YA’YJ ) 17?_6 "
! (VIL.7)

In this equation, IA,(LK_”;) is the (n — 2)-point scalar integral obtained from IAT(LE_)1 by eliminating

the p-th propagator. We keep the original kinematic «a;-variables defined for I I (z_,;;) will be
independent of oy and oy,. The other quantities — N,(f_)l, A(z) 1 and its derivatives — refer to

the normalization, rescaled Gram determinant, and so on, associated with I,(L _) 1- We can eliminate

IAT(LE_)1 from equation (VIL7) in favor of IA,(LK_”;) and IA,(LE_)ID:EE_QG, and use equations (VI.6) to simplify

things. We get finally

7 "%JA + (1 — 6+ 2¢)yv; ID 6—2¢

Tulasas] = IN, A,
n—6+4 2e NieNjeYe  YiViVe | D=6-2¢ ()
- e oy v — S I
+— g ;:1 [mm + i er A, | (VILS)
1 [mp"?jz"m - mmjzwp] 7(6p)
—_92 -
4N72L Ot MNee "

This formula merits several comments:

1 ) The expression IAT(LK_”;) has no meaning for ¢ = p; however, ¢ # p is enforced automatically by
the prefactor.
2 ) For n = 5, and all-massless kinematics, this equation reduces to equation (6.16); notice that
nee = 1 in this case, and that we wrote out the I,_o terms — in this case triangles — more
explicitly there.

3 ) For n = 5 and general kinematics, we now have Is[a;a;] to O(1), which means that we have

surmounted the “1/e barrier” for the pentagon. That is, insertions of more than two Feynman
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parameters can be obtained using just the differentiation formula (2.20), and equation (VIL.8)
evaluated to O(1). The argument in appendix (IIT) for the cancellation of IP=%72¢ from
physical quantities works for general kinematics too.

4 ) For n = 6, we will have surmounted the “1/e barrier” if we can produce Igla;ajar] to O(1),
or alternatively the derivative 9/day of equation (VII.8) to O(e). The IA,(LK_’I)Q) term presents no
problem, because we can easily compute the first derivatives of box integrals to O(e), using
equation (3.17) with n = 4. The I 5_:16_26 © term also presents no problem, due to the manifest
€ prefactor for n = 6. Finally, the I D=6-2¢ torm works out as well: the 7i7; term has a manifest
€, and the 7;; term requires us to know the first derivatives of fﬁDZG_QG to O(e); which we can
again compute using equation (3.17), this time with n = 6 and ¢ — € — 1, in terms of the
integrals f5D:6_2€ ® and fGDZG_Qe through O(1).

There is one last step to surmounting the “1/e barrier” for the hexagon, which is showing that
fGD =6-2¢ and 1, 5D =6-2¢ (©) drop out of “physical” quantities. Before looking at the three-parameter
expression, let’s look at the two-parameter expression (VIL.8) again and see how how I 6D =6=2¢ drops
out of Feynman-parametrized loop integrals. Feynman parametrization of the integral I, [p'p”]
leads to

1w oo n )
_55[61—26]17?_6 26[1] + Z pg—lpj—lln[aiaj] ) (VIL.9)
i,j=2

which means that we want to show that

6
i;fg_lp?_l [2?7]36 N ;’;ZJEE] aa; = %5{;]” + O(e). (VIL10)
Because of the factor of Ag in the denominator, we should really be slightly more careful about
how we go to “D = 4 kinematics”, than in the one-parameter discussion above. We choose four of
the vectors p!’ | to lie in D = 4 and therefore to span D = 4; we will permit the remaining two
vectors to have components in the [—2¢] directions, and we will only take ¢ — 0 at the end. In
order to prove that equation (VIL.10) holds, it suffices to contract it with pf,_lp;,_l, where 7 and
j" each run over the set of four vectors spanning D = 4. (In the expression (VIL.9) we can consider
w and v to belong to D = 4, not [—2¢], since we intend to contract the result with D = 4 vectors.)
The derivation of equation (VIL.3) continues to be valid, since we are taking p;_1 to be one of the
momenta that lie in D = 4. Thus each factor of ~; in (VIL10) will end up with a factor of Ag, and
the v;v; term in the equation drops out in the limit € — 0. The 7;; term has a smooth limit; using

equation (IIL7) it is easy to show that it gives the desired result, 1p; 1 - pj_1.

We now sketch how fGD =6-2¢ drops out of the integral Ig[p"p”p’], which after Feynman-
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parametrization becomes

6

Z pf_lp;_lpﬁ_llﬁ[aiajak] <5W %]Zpk TP ay] + cychc) . (VIL.11)
0,5, k=2

In order that the coefficient of fGD =06-2¢ Vanishes from the combination (VIL11) we find, after
differentiating (VIL.8), that we must have

6 6
vooA Nij Ve + MikYs + NikYi 1w A Tk
Z pg—lpj—lpk—1< - QJ\ZTAJ / Z>0¢i0¢j0¢k = §5ﬁ] Zpk_l A ar + cyclic.
i,5,k=2 66 k=2 6

(VIL.12)

We have already dropped terms with more v;’s in their numerators than Aﬁ’s in their denomina-
tors, which will vanish in the D = 4 limit, following the same logic used earlier. If we now use
equation (VII.10), and again drop terms vanishing in the D = 4 limit, then we can see that equa-
tion (VIL.12) is indeed true, and so f D=6-2¢ drops out of a momentum-space integral with three
loop-momentum insertions. Similar considerations apply to I jD=6-2¢ (O),
For the case of heptagon (n = 7) tensor integrals, here we will be content to obtain a well-

defined one-parameter equation. By similar manipulations to those giving equation (VI.9), we can

get the one-parameter equation,

- Nik 7 " Vi FD=6—2¢
In[ai]—nkkln[ak] - E:QNJ(@ 9 4 (n—5—|—26)2 o Lo (VIL.13)
Jj=1 n—1

This equation is not adequate as it stands, since I, [a;] appears twice; however, by differentiating

equation (VI.9) with respect to «;, we get a second one-parameter equation,

o 1 oI,
ILylai)] = —————
] n —4 4+ 2¢e 0oy
- 77] i) 71( "ol Nk +
= L n— 7 In
T 2\ oy, It onm o ) Ty, Pl v
(k) (k) FD=6—2¢
27; FD=6-2 An—1 o1
+ (n—54 2¢) 1 4+ - .
( ( N, oD, Do
Solving the two equations (VIL13) and (VIL14) for I,[a;], we get
" (k) (k) A (F) *D=6—2¢
[ gf 7(7) Vi FD=6—2¢ AnZy 0l
fofas] = S —2 — 1Y) [a] + —— fF VIL15)
[ ] JZ:; QNT(Lk_)l 1[ ] 2NT(Lk)1 2N7(Lk—)1 aai (

For n =7 and D = 4 kinematics, we have Aék) = 0 while Nék) = 0, so we can drop the last

term, to get:

: JENCI ®
I7[a;] = Z ’yj—(k) Iéj)[ai] R, ® [P=072 (D = 4 kinematics). (VIIL.16)
= oN{ 2N,
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As with the scalar heptagon equation (VI.10), in this equation any value of k, k = 1,...,7, may
be chosen. In using equation (VII.16), we would like to know that I? =672¢ drops out of “physical”

quantities. This amounts to showing that

)
pZ Qi 0, VIL.17)

for D = 4 external kinematics. To show that equation (VII.17) holds, we contract it with four
independent vectors spanning D = 4 Minkowski space, namely pg‘_l forje{2,....,n}, j#k We

thus have to show "

3 QZ’YEk)pZ L pj_1 = 0. (VIL.18)
ot

But this is the same sum encountered in showing that I (k) D=6-2¢

drops out of “physical” linear
combinations of Ié )[ai], which we have already shown above.

Finally, the linear combinations of féj ) [a;] that appear explicitly in equation (VII.16), namely
ZZ:Q pi' | «; a;, are also the same as those occurring in “physical” one parameter hexagon integrals
(using féj ) [a;] =0). So féj ) P=672¢ 4rops out there too. Therefore “physical” combinations of I [a;]
in equation (VII.16) are given in terms of well-defined, D = 4 quantities, as desired.

To get heptagon integrals with two or more Feynman parameters inserted, one can differentiate

equation (VIIL.15) with respect to the «;, and then take the limit of D = 4 kinematics; it remains

to show that the unwanted six-dimensional integrals drop out for “physical” quantities.
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Figure Captions

Fig. 1: A schematic depiction of equation (3.24), with the coefficients suppressed.
Fig. 2: A diagram containing a triangle loop with one massive (or off-shell) leg.

Fig. 3: A diagram containing a box loop with one massive leg.
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