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Abstract

The massless one-loop three-point integral is obtained in terms of associ-
ated Clausen functions. The expression is manifestly symmetric in the three
external variables. The main features of associated Clausen functions and

their series expansions are presented. We also introduce the L-functions as

analytical extensions of the associated Clausen functions.
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The one-loop three-point integral has been obtained by other authors previ-
ously [1]. The result is usually expressed in terms of dilogarithms, also known as
Spence functions. However, the obtained formula lacks explicit symmetry under
fhe perrﬁutation of the three external momenta, and conceals the structure of the

. real part of the integral.

~‘Here, we obtain the massless one-loop three-point integral in terms of associ-
ated Clausen functions. Our expression manifests the symmetry under the permu-
tation of the three external momenta and provides a transparent real part. (The
: féal part of the integral is actually given by the imaginary part of the function
. F(p1,p2,p3) defined below. See Eq. (1).) Since one-loop Feynman integrals are
~in increasing demand, and also since the various associated functions introduced
here are not as well-documented as the polylogarithmic functions [2, 3], we have

decided to cbmmunicate our results here to facilitate future reference.

We have employed only standard integration techniques in obtaining our for-
mula; therefore, we shall present the result without derivation [4]. The massless

one-loop three-point integral in question is (see also Fig. 1):

4 .
/(;lw])c4 kfklgkg = '(4;)2 Flprp2ops) @
where p1, p2, ps are the external momenta of the three-point function. It is conve-
“nient to introduce the following variables:
8 = pi—1 - piv1 = (P} — Pl — Pi1)/2
R=86+6263+66=2p p3+2P p3+205 pi—pi—p2—p3)/4, (2
'Th(_e subindices are understood to be modulo-3. That is, ps = p; and py = p3.

1



The exact form of the function F(p1, p2,p3) depends on the kinematic region
of the three external momenta. In general, we can classify a kinematic region as

trigonometric or hyperbolic, according to the signature of the variable R.

1) Trigonometric case ( R > 0 )

- . F(p1,p2,p3) = %[012(%1) + Cl2(242) + Cla(2¢3)]
3)
¢i = arctan (5£> )

where Cly(z) is the Clausen function, which will be described later. The
. trigonometric case can happen only in the completely spacelike (p?, p2, p? <
“0) and the completely timelike (p?, p2, p? > 0) regions. Geometrically, in the

: 'qdrr;pletely spacelike region the angles ¢, ¢, and @3 correspond to the three

internal angles of a triangle with sides y/~p?, 1/—p3 and 1/ —p? (see Fig. 2),

and p is twice the area of the triangle. Thus, in the completely spacelike

region we have

¢p1+d2+d3=7 . (4)

In the completely timelike region we have the same identity with the opposite

sign:

d1+¢2+d3=-7 . (5)

Note that F(p1,p2,p3) contains no imaginary part in the trigonometric case,

-as one would expect in the completely spacelike and timelike regions.
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~ 2) Hyperbolic case (R <0 )

F(p1,p2,p3) = %{61?12(%1) + Clha(29) + Clha(243) o
+ing10(p?) + im$a0(pd) + ird30(p3)]

where 6(z) is the step function

- e

1, ifz>0
_ { ! (7)
0, ifz<0
b= iln 8 + p‘ 3 arctanh(p/é;), if p?_lp?_H >0 ®)
"7 2 |&—p| | arctanh(é;/p), if p2_ipt <0
- and
. — Clhy(2¢5), if p?_\pf; >0
Clhy(24:) ={ Rk 9)
Clhy(2¢4), if pi_1piy1 <0

where Clha(z) is the hyperbolic Clausen function and ¢lhy(z) is the alter-
nating hyperbolic Clausen function. The definitions and properties of these
functions are discussed later. The hyperbolic case can happen in kinematic
regions with any signature (p?, p3,p3 2 0). For the hyperbolic case we have

the following identity

$1+¢2+¢3=0 . (10)
Thus, despite its appearance, Eq. (6) contains no imaginary part in the
completely timelike region.

vi‘::i.‘surrir‘.nary, in the definite-signature regions (completely spacelike or time-

~ -like regions), we encounter both the trigonometric case and the hyperbolic case,
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whereas in the mixed-signature regions (some of the external momenta are space-

like and some are timelike), we can have only the hyperbolic case. The numerical

evaluation of the various associated Clausen functions can be performed with the

help of the series expansions given below. We have checked our result numerically

. against direct Feynman parameter integrals in all kinematic regions.

~“Next, we give the definition and the main properties of the associated Clausen

functions [5].

- 1) (Trigonometric) Clausen function.

e definition

2
n
1

R

Clp(z) = —/In |2sin(z/2)|dz = Z T
0

- o periodicity

Clz(z + 2n7) = Clp(z) n=0,%1,£2,...

e parity
Cly(—z) = —Cly(z)
® Zeros
T =n7w, n=0%1,%£2,...

® maxima

<« i zmax=§+2n7r, n=0,+1,42,...

Cly(Zmax) = 1.01494160 . ..

(11)

(12)

(13)

(14)

(15)



e minima

Tmin = —g +onr, n=0,+1,42,...
Cly(zmin) = —1.01494160. ..

o duplication formula

Clz(2z) = 2 Clz(z) — 2 Cla(7 — )

e special values

T 1 1 1
Clz(i)——‘1-5—3—2-’:-55—...—G—0.91596559...
T, -3 27
lo(=) == Cly(—=) =1.014
02(3) 202(3) 01494160

- where G is Catalan’s constant.

_ eo_expansion around z =0

N k+1
-1 By
Cly(z) = —zln|z|+z + E (Q_Ic—(%l;+—12)'x2k+l
k=1 )

3 5 7

Inje|+ & + o= + o+
= —7 —
DITIT T %0 T 74400 © 1270080
1.9 Ill
+ + +

87091200 © 5269017600

~ where B, are Bernoulli numbers [6],
e expansion around z = 7; defneT =z — 7

o0

- (=1M'@% ~ 1B ok
Cla(z) = —(In2)7 + E '
— 2k(2k + 1)!

3 =5 =7

T T T 79 31z}

=—(n2)T+ -+ =+

: 24 960 © 20160 + 5806080 + 159667200

691713 4 5461F1° N
49816166400 5230697472000

(16)

(17)

(18)

(20)



- 2) (Trigonometric) Alternating Clausen function. Although this function is not

used in the scalar three-point integral, we have included it here for complete-

ness.

¢ definition

. o QL(x) = —/ln |2 cos(z/2)|dz = Z (z1)" sinnz (21)
0

2
- n
e relation to Clausen function.
@ly(z) = Cho(z +7) (22)

-~ Since¢l,(z) is simply the half-period translation of Clz(z), all the prop-
erties of 1,(z) can be easily obtained from those of Clz(z); therefore we

will not give them separately here.

3) _Hyperbolic Clausen function.

e definition

sinh nz

Clhy(zx) = — / In |2sinh(z/2)|de = ) (23)
0

1

n2
The series should be considered formal, since it is not convergent for real
values of z.

e parity

Clhy(—z) = —Clhy(z) (24)



® ZEros

z = 0,+2.49879679... (25)

e maximum and minimum

Tmax = —Tmin = 21n (1 /2+/3[2) = 0.96242365.... o)

Cla(2max) = —Cla(min) = 0.98695978 ...

e expansion around z =0

o0

' By 2k+1
Clhy(z) = —zln|z| + z — Z YNGR RVES +
B | 24 2k(2k + 1)!
BN 3 z5 z’ (27)
= —zl _r _
_ zlnfzl+ 2 - 75 + 77000 ~ 1370080
A 2 L1

+ +...

87091200 5269017600

e large-z expansion. For z > 0

e—nz

2
Clha(z) = -?4— +726-Y
1

(28)

n?

4) _Alternating Hyperbolic Clausen function.

o definition
Clhy(z) = - /ln |2 cosh(z/2)|dz = Z (——l)—-r—ls-;—nllﬂ (29)
0 1

The series should be considered formal, since it is not convergent for real

values of z.



e parity

Glhy(~z) = —¢lhy(a) (30)
® zero
- ‘ , z=0 (31)
e expansion around z = 0
— (22 —1)Byr k11
¢1h ( ) = —(ln2 £ mx
- ' . 27 29 3111
e In2)z — -
~(n2)2 =27 + 560 ~ 20160 T 5806080 _ 159667200
S 691213 5461210 4
- 49816166400 5230697472000
(32)
o large-z expansion. For ¢ > 0
2 n_ —nz
oz 9 (=1)"e
¢lh2($)— —Z—ﬂ' /IQ—Z—n—Z— (33)

1

In Fig. 3 we plot the functions Clz(z), Clhz(z) and ¢lh,(z) in the interval
"—6 < z < 6. Notice the approximately sinusoidal nature of Cly(z). The derivative

of Cla(z) at zero is infinite.

Another set of functions closely related to the associated Clausen functions
are Sie associated Glaisher functions [2]. We include their basic feature here for

“completeness. ‘Al these functions have even parity, and their defining series are



given by

COsS N " cosnzx
Gla(z) = ) nZ Z '

1 1
coshnz cosh nT

Glhy(z) = —— > Glhy(a) =Z ,

1 1

(34)

~where the two hyperbolic series are only formal. The trigonometric Glaisher func-

- e

tions are periddié with period 27, and in the interval [0, 7] they are given by

2
Glye) = y(r— 2P - T,
4 12 35
Y (35)
fhie)=7-1 -

" The I_iyperbolic Glaisher functions are explicitly given by

e e e —

2 2
Glhy(z) = — = + = |
.'232 7!'2 (
Flhy(a) =~ - 35 -

The massless three-point integral can also be expressed in terms of a complex
analytical function, thus avoiding the division into subcases [7]. For all kinematic

}'égions, the function F(p1, p2, p3) has the following expression

F(pl,pg.,pg) = % [Lsin2(2¢1) + Lsin2(2¢2) + Lsin2(2¢3)] s (37)

- with

o (P :__i b;i —ip — 1€
$i = arctan (&') = 2ln (—-—-———& i ic) . (38)

The variables §; and p are defined as before, and e is infinitesimally small and
posf.ﬁ";e. The conventions for the imaginary part of logarithms and negative square

~ roots can be taken to be ImIn(—|z|) = i and V=lz] = 1/]z|.



The function Lsing(z) is the analytical extension of the function Cly(z) to
the entire complex plane. For a number of reasons, we have introduced a new
notation_for this function and other analytically extended functions. First of all,
the new notation emphasizes the form of the defining series of these functions.
- Secondly, Clausen and Glaisher functions are real functions whereas the L-functions
A_ar'c tomplex functions. This distinction is very clear in the case of the hyperbolic

Glaisher function. For real z

T T
lha(z) = -2 4+ =
Glhy(x) R (39)
whére_és
e 2 2
L Lcoshz(x)=—£4—+%~—i%|x| . (40)

Another argument in favor of a new notation is that, in the case of Clausen func-
tions, their L-function partners are not the naive analytical continuation of their
defining integrals as given in Egs. (11), (21), (23) and (29). It seems best to keep

_ Clausen-Glaisher functions real, and name their analytical partners differently.

» -Keeping the definition of L-functions separate from Clausen-Glaisher functions

also avoids the staggered definition used in Ref. [2], for example

Clom(z) = Y SL“ZZ’” , - (41)
: 1
but
. cosnrx
< Chmi(2) = ) 5y - (42)

1

7 Finally, as we will see shortly, all the L-functions are naturally defined in terms
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of the Lexp,(z) function. It thus appears appropriate to use the new notation to

reflect this relationship.
Next, we give the list of L-functions [8] and their basic properties.

nz

. ¥4 e
Lexpr(2) = Lim(e) = 325
- R 1 ' _ sinnz
Lsing,(2) = % [Lexp,,(iz) — Lexp,,(—iz)] = Zl: nm
1 . v cosnz
Lcosm(z) = 3 [Lexp,,(i2) 4+ Lexp,, (—iz)] = Z nm (43)
1
. 1 sinhnz
Lsinhp(2) = 5 [Lexpm(z) - Lexpm(-—z)] = Z 0
1
1 coshnz
Leoshp(2) = 3 [Lexpp,(2) + Lexp,,(—2)] = Z o

1

The variousA series given above should be considered formal. All L-functions are
periodic. The period of Lexp,,(z), Lsinh,(z) and Leoshp,(2) is 27i, whereas the
period of Lsinm,(2) and Lcosy,(2) is 2. The alternating L-functions ( §-functions)

are defined as the half-period shifts of the L-functions,

(_l)nenz
nm

Yexp,,(2) = Lexpy (2 + i7) = Z
1

Esiﬁm(z) = Lsinp(2 4+ 7) = Z

1

(—=1)"sinnz

nm ’

(=1)" cosnz

Lcos,, (z) = Leosm(z + 7) = z — ’ a4
1
Ysinh,,(z) = Lsinhp(z + i) = > _(_—D":»_;nh_ng ,

= o 1
’ Z (=1)" coshnz

nm

¥cosh, (z) = Leoshp(z +i7) =
: 1
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The Lexp,,(z) function satisfies the following recursion relation

z

Lexp,(z) = /Lexpm_l(z)dz . (45)

-0

" The first three Lexp,(2) functions are given by

- s

eZ

T l1—ez’

Lexp;(z) = —In(1 — €*)

Lexpg(2)

(46)

F-4
Lexp,(2) = — / In(1 — e*)dz .
, o

Similarly, we have

s z

and
Fexpo(s) = 1o
Fexp(s) = ~In(1 + €7) 48)
Lexp,(z) = — / In(1 + €*)dz

"The explicit form of other L-functions can be similarly obtained. . We will not

reproduce them here.

In the following, we will concentrate on the case m = 2. The function Lexp,(z)
has ®ranch ‘cuts on the positive semiaxes where Im 2z = 2n7m:, n = 0,%£1,42,...,

- “and the function Lexp,(z) has branch cuts on the positive semiaxes where Im 2 =

12



(2n + 1)7i,n = 0,£1,+£2,.... On the real axis, we choose the imaginary part of

Lexp,(z) to be

Im Lexpy(z) = —irz 6(z) . (49)

Around the origin, the two functions have the following series expansion

2 o0
" 8 ) — z B2k 2k+1
Lexpz(z) = —zln(—-z) +z— I - Z '2k(2k—+1)!'2 3
2 k;1 (221: l)B (50)
=T _ _ 2N T )Tk 2k
bopy(s) =~ ~ D= 7= 2 gy -
where B, are Bernoulli numbers [6] defined through the generating function
L : t t"
L 1= 2B (51)

We have By = 1,B, = —1/2,B; = 1/6,B4 = —1/30, etc. The series expansions

for other L-functions follow easily from those in Eqgs. (50).

The real and imaginary parts of Lexp,(z) can be obtained by Kummer’s for-

mula (see Ref. [2])

X
Lexpy(z + ty) = — % /ln (1—2¢®cosy + e®*) dz
“ 0 (52)
; - ! ! 1 "
+14 Yy + '2'012(23}) + 5012(2_1/ )+ 5012(23/ ) ,
where
s
y' = arctan (ﬂ}!_) , Y=a—y =y (53)
1 —¢e*cosy

The%é‘paraﬁon of other L-functions into real and imaginary parts can be obtained

‘by using the previous formula.
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We have given here only some basic features of the L-functions. However, since
they are defined from the polylogarithms, many other properties of polylogarithms
are translated directly to L-functions. We refer the reader to Refs. [2-3] for other

potential properties of L-functions.

In summary, we have provided an analytically and numerically desirable ex-
préssion for the massless three-point scalar integral in terms of associated Clausen

functions and discussed the main features of these functions and their analytically

' ~ extended partners, the L-functions. The simplicity shown in Eq. (37) hints at the

potential usefulness of these functions in other Feynman diagram calculations.
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FIGURE CAPTIONS

1) One-loop Feynman diagram associated to the massless three-point function.

2) Geometrical interpretation of the angles @1, ¢2, ¢3 and the variable p in the

completely spacelike region.

3) rPlot of the Clausen function, the hyperbolic Clausen function and the alter-

- "

nating Hyperbolic Clausen function.
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