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ABSTRACT

We study the problem of linear instability in non-vacuum spacetimes. For vac-
uum spacetimes linear instability occurs when the spacetime has Killing vectors.
In the non-vacuum case, one must prescribe how the sources are to vary. For one
natural choice, we show that the signal for instability is the existence of Integral
Constraint Vector fields. These vector fields lead, as in the vacuum case, to nonlin-
ear constraints on the first order perturbations to the metric and momentum. For
other choices for variations of the sources, we show how to modify the definition
of Integral Constraint Vectors appropriately. Since Robertson-Walker spacetimes

have Integral Constraint Vectors our results may have cosmological applications.
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1. INTRODUCTION

This paper will deal with the linear stability of solutions to the Einstein equa-

tion

Gl“/ = 87er,V- (]‘)

A solution to the vacuum equations (T, = 0) is said to be linearization stable [1] if
every solution to the linearized equations about that solution is tangent to a curve
of exact solutions. For vacuum spacetimes with compact spatial surfaces it was
shown by Fisher and Marsden [1] and Moncrief [2] that a necessary and sufficient
condition for the linear stability of an exact solution is the absence of Killing
vectors. For spacetimes with Killing vectors Moncrief [3] showed that additional
constraints on the linearized solutions arise at second order in perturbation theory,
as a requirement for the solubility of the second order equations. These constraints
require that a certain charge, which is given by the integral of a quantity quadratic
in the first order fields, must vanish. There is one such constraint for each Killing
vector. It may happen that a solution to the linear equations fails one or more
of these nonlinear tests. Brill and Deser [4] gave a striking example of linear
instability in a vacuum spacetime having the flat 3-torus for spatial hypersurfaces.
They found that if the overall size of the 3-torus is held fixed, then no perturbations

of the metric at all are possible.

For non-vacuum spacetimes there are a number of possible definitions of linear
stability. If one allows the stress-energy to be freely adjusted, then every spacetime
is trivially linearization stable, since any metric solves the Einstein equations with
the stress-energy tensor given by the right hand side of (1). From this point of
view the only constraints would come from energy conditions imposed on the stress
tensor. If instead we consider solutions of (1) with prescribed perturbations to the

_sources at some initial time then an interesting structure emerges which extends
;that found by Fisher and Marsden and Moncrief in the vacuum case. Note that in

vacuum, perturbations to the stress-energy vanish by definition. So the definition



of linear stability, which we use in this paper, is consistent with that used in the
vacuum case. We will show that a necessary condition for a solution of (1) to
be linearization stable in this sense is the absence of Integral Constraint Vectors
(ICV’s), which were defined in [5]. The presence of ICV’s in the background
spacetime leads to nonlinear constraints on first order perturbations at second
order in perturbation theory similar to those found by Moncrief [3] in the vacuum

case. In vacuum the ICV’s are precisely the Killing vectors, so our results reduce

to those of refs. [1,2,3].

In practise the physical situation in which one is interested will determine an
appropriate notion of linearization stability. For example, if one wants to study
perturbations which are pure gravitational radiation in which the sources are ini-
tially unperturbed, then the above definition would be appropriate. This would be

particularly natural in deSitter spacetimes.

The additional nonlinear conditions on the solutions of the linear equations
are expessed in terms of conditions on a charge @), which is an integral of terms
quadratic in ég;;, 67;5, and their spatial derivatives. In the vacuum case, when the
ICV’s are actually Killing vectors, @) is “Taub’s conserved charge” [6]; it is the
time component of a conserved current constructed from a Killing vector and the
second variation of the Einstein tensor. For example, when the Killing vector is
timelike, @) can be interpeted as the “energy in the gravitational perturbation”.
One interesting thing in the non-vacuum case is that there are constraints on the
perturbations in the absence of a spacetime symmetry—the ICV’s are not killing
vectors. () is not conserved, but evolves in a well-defined way. Though Robertson-
Walker spacetimes do not have a timelike killing vector, the charge associated with
one of the constraint vectors is like an energy in the gravitational field, as we shall

describe.

In Section 2 we review the definition of integral constraint vectors given in
reference [5]. In Section 3 we describe the consequences of the existence of ICV’s at

first and second orders in perturbation theory. At second order we see the relevance



of ICV’s to the problem of linearization stability defined in an apropriate way.
Section 4 contains examples showing the nontriviality of the nonlinear constraints
on the first order variations of the initial data. In Section 5 we discuss a definition of
a generalized ICV, which is appropriate for studying the linear stabilty of particular
matter theories coupled to gravity. In Section 6 we comment on the relationship
between the nonlinear charge ¢) and the quadrupole formula. In Section 7 we
make some concluding remarks. Appendix A contains formulas relevant to the
computations of the varied constraint operators. Appendix B gives the explicit

forms of the ICV’s in Robertson-Walker spacetimes.

2. INTEGRAL CONSTRAINT VECTORS

As in the vacuum case, we proceed by studying solutions of the Einstein con-
straint equations, which determine the space of initial data for the evolution equa-
tions. Initial data consists of a 3-metric ¢;; and a momentum 74 specified on
a spatial hypersurface ¥. These must satisfy the Hamiltonian and momentum

constraint equations

1.
Hlg, 7] = p (7 — %7!'2) — R = —167p, (2)

9 :
Hilg, 7] = —ﬁDm'k = —167J, (3)

where g = det(gi;) and D; and R are the 3-dimensional covariant derivative oper-
ator and scalar curvature. The constraints and sources will be denoted collectively

by ¥ = (H, Hi) and S = —167(p, Ji).
Suppose there exists a one parameter family of exact solutions to the constraint
equations g(A), 7(A), S(A), with expansions around A =0
gij () = Gij + Mhij + X %hij + ...
TN = 77 4 Ap + I 4L (4)
S(A\) = S+ \6S + §A%82S + ...

Expand the constraint equations W[g(\), 7 (A)] = S(A) around A = 0. At first order



we have

sV v
D‘I’(h,P)E@'hij*‘m‘P] =45, (5)

where the functional derivatives are evaluated at the background metric and mo-

mentum gi;, 74, Similarly at second order

D*¥(h,p)* + DY (h, p) = 6°5. (6)

Now ask when the first order variation of the constraints can be assembled into
a total 3-divergence. Does there exist a function F' and a 3-vector field 8% on the

surface such that for all variations of the metric and momentum h;;, pY

(F,8%)- DU(h,p) = FDH(h,p) + B*DH*(h,p) = DiB'(h,p). (7)

This is the defining property of an ICV [5]. In terms of the four dimensional

spacetime this requires that
2V¥naDG*, = DB,

where V® = Fin*4+ (3% n® is the unit normal to the three surface ¥, and #%n, = 0.

Integrating (7) over the hypersurface ¥

/ (F,B%) - DU(h,p) = / (h,p) - DV*(F, B%) + / daBhp),  (8)
o

b)) z

we see that a vector field V* is an ICV if and only if
DY*(F,5*) =0, 9)

that is, (F, 8%) is in the kernel of the adjoint of the constraint operator. Explicit

calculation gives the following set of differential equations which the constraint



vector field must satisfy [5]

(—DiDj +§i;DiD' + Rij) F = §i; D¥(B'Ki) — Dy(B'KY)
+ K;'Dypj + K, Dy, (10)
DiB; + D;Bi = 2F K;

For (F, B*%) satisfying (10) the boundary term in (8) is then given by

167 Bi(h, p) = (D"h — D,h“) F— hD'F + kD, F
Voyoik, i _ik i\ al (11)
+ﬁ(7r hirg' — 27 hkz-sz)ﬂ,

where on the right hand side A = g h;; and indices are raised and lowered using

the background metric g;;.

In vacuum the ICV’s are the Killing vectors and equation (7) holds independent
of the choice of hypersurface [5]. In general the existence of an ICV depends on
the choice of slicing. Robertson-Walker spacetimes with the preferred slicing all
have ten ICV’s [5]. Six of these are the spatial Killing vectors. The remaining four
have nonzero time components. In deSitter spacetimes the time dependence of
these vector fields can be chosen so that they are Killing fields. In general though

Killing vectors are not necessarily ICV’s.

3. 1ST AND 2ND ORDER CONSTRAINTS

The existence of an ICV for an exact solution g;;, ;; of the constraints has
a number of consequences for perturbations around this solution. If h,-j,pij is a
solution to the linear equations with perturbed sources given by 65, then at first

order in perturbation theory equations (5) and (8) give
[(r.84-65 = [ quBih,p) (12)
|4 oV

If the boundary integral on the right hand side vanishes, then (12) is a restriction

on possible perturbations to the sources — a necessary condition which the sources



must satisfy in order that there exist solutions to the linearized equations. The
boundary term will be zero when the spatial hypersurface is compact and the inte-
gration volume is taken to be the entire hypersurface. The boundary term will also
vanish on open hypersurfaces for perturbations which are created by local, causal
processes, if the integration region is taken to be sufficiently large. This situation
is quite similiar to the relation between charge density and electric field imposed
by Gauss’ Law. The result for closed surfaces is analogous to the requirement in

- E&M that the net charge vanish on a closed hypersurface.

In general for isolated systems (12) gives a relation between moments of the
source and the behavior of the field far from the source. A familiar example is the
case of a nonvacuum spacetime which is almost Minkowski. One of the constraint
vectors is the time-translation Killing vector, and the boundary term (11) is just
the ADM mass 7], which perturbatively is equal to a volume integral of the mass
density. Implications of these first order integral constraints for cosmology were

discussed in [8,9].

At second order in perturbation theory we find a result which bears on the
issue of linear stability of the background spacetime. Integrating (6) over a spatial

volume and using equation (8) we have

/ daB'(F, ) = — / (F, %) - D20 (h, p)? + / (F 84825 (13)
1%

A%

We will refer to the first integral on the right hand side of (13) as Q(h, p)?,

Q(h,p)* = / (F,8%) - D*W(h, p)".

|4

" Q is quadratic in h;; and p* and their spatial derivatives. Explicit expressions for
q J p P

the second order variations of the constraint operators are given in appendix A. If



the boundary term in (13) vanishes, then we are left with

mef=/uwﬁyﬁs (14)

v

which relates the first order variations in the metric and momentum to the second
order variation of the sources. In the vacuum case (14) gives the result of Moncrief
[3] that on compact spatial surfaces the charge ) must vanish. So, we can see in
a straightforward way how linearization instability occurs: Suppose the linearized
vacuum equations have been solved for h,’j,p’j . This solution must now satisfy
the additional nonlinear constraint (14), which may fail to be true. That this is
nontrivial will be discussed below, but already we have the example of Brill and

Deser [4] for the vacuum case.

~ The non-vacuum case is more complicated because there are more possibilities
for the perturbed sources — we must define what rules the perturbed sources are to
obey. This will depend on what physical problem one wants to solve. The simplest
case is the initial value problem with prescribed sources (like specifying the charge

and current densities in E&M) taking

p=p+Xp(x), k=7 + Mjr(x). (15)

“Of course, one can not usually solve this problem exactly, so one uses a perturbative
approach for small A. In perturbation theory, the variation of the sources are then
by definition first order in A. Higher order variations of the sources, such as 6§25
on the right hand side of equation (6) are absent. For sources specified in this way

equation (13) becomes
Qhp)* =~ [ dauB'(h ) (16)
oV

“On compact spatial surfaces, or for peturbations which have been created by local,

causal processes (with sufficiently large region of integration), we then have the



requirement
Q(h,p)* = 0. (17)

For example, in a closed Friedman universe any linearized solution must satisfy
@ = 0. The perturbed fields which describe a loop of cosmic string, or some other
lump of matter, “appearing” in an open Freidman universe, must satisfy Q = 0, if

the boundary is outside the forward light cone of the initial perturbation.

A special case is when there are no sources perturbations, only metric pertur-
bations - for example, transverse-traceless gravitational waves in Robertson-Walker
spacetimes. In deSitter spacetimes this is particuarly of interest, since it is natural

to consider metric perturbations with the cosmological constant fixed.

The expression for @) simplifies considerably for transverse traceless modes in
Robertson-Walker. One finds

1. ZE 24,
TQ =/dvF (gpijp” ~2 (% = 2;) hish'! — <=Zhi;p' + Ku)

1% —\/—55
i : (18)
1 .
— dv——B%6T 117"
2 V/ v

KT 1s the spatial-gradient kinetic energy in the transverse traceless modes, given

in general in appendix A. For flat spatial sections
- 3 3.3, 2 2
/Iﬁtt = (27‘(’) /d k‘zk Iﬁ,‘j(k)l (19)
v

where ¢;; is the polarization tensor.

If the background is Minkowski spacetime (& = 0, k = 0 above), @ is precisely
the energy of transverse traceless fluctuations, as defined by the energy-momentum
“pseudotensor (see e.g. [10]). In an expanding universe, with a nonzero background

energy density, () has positive definite contributions from the momentum squared



and the wave vector squared, but there are also negative definite (and sign indefi-
nite) contributions to @ from the expansion. In the negatively curved Robertson-
Walker spacetimes, which approach Minkowski spacetime at late times, the ICV’s
approach the four translational killing vectors, and @) does approach the usual
expression, which is positive definite and conserved in the background spacetime.
In this flat space limit @ can be interpeted as an energy. In general though @ is
not positive and is not conserved. @ evolves in a well defined (but not particuarly
~ transparent) way. Motivated by the connection for assymptotically flat spacetimes
between () and the standard quadrupole formulae discussed below, it would be in-
teresting to see if the evolution of the boundary term to which @ is equal, provides
a useful notion of energy flux in spacetimes which are asymptotically Robertson-

Walker.

So far we have been discussing the implications of equation (13) when the
sources p and j are considered as fixed, and when the boundary term vanishes.
When the boundary term is nonzero, we do not learn anything about the linear

stability. In this case equation (13) is a relation between the volume integral

defining Q and the second order far field”.

4. AN EXAMPLE OF THE LOSS OF SUPERPOSITION

We will now give an example of linearization instability in a Robertson-Walker
spacetime with flat spatial sections and periodic boundary conditions. Flat spatial
sections make the integrals for () transparent and the toroidal topology imposes
the requirement that ¢ = 0. For the torus the integral constraint vectors are
not so interesting - the only constraint vectors consistent with periodic boundary
conditions are the spatial translations. However, this is sufficient for an example

of the loss of superposition of linearized gravitational radiation.

" % Indeed, summing equations (12) and (13)together with all higher orders gives an equality
between a volume integral of the perturbed matter fields and the nonlinear terms in H and
Hj and a boundary term.

10



Consider the two transverse traceless metric perturbations

hii = fl(O)eijsink-x, bl = fll(t)eijeosk - x (20)
where k;e'. = 0, €. = 0, and 1 , 1T are two linearly independent solutions to
7 1

V.Vef(t) = 0 in flat Robertson-Walker, where V, is the four dimensional co-
variant derivative. Then with k; = n;x/L;, these are solutions to the linearized
~ Einstein equations with the correct boundary conditions and with the stress-energy

unperturbed.

For the constraint vector which is translation in the z-direction and transverse

traceless perturbations,

Q=

D] =

/dv(h,-, + 2g-hj,)azhf‘. (21)
14

Tﬁerefore, for each of the above waves, Q vanishes, Q(hf) = 0 and Q(h!!) = 0,

but for the sum
1 ) )
Q(A]hI + A]]h”) = —4-A1A1]sz(f”f1 — fIfH) (22)

which in general is not equal to zero, since the waves may be out of phase.

The torus is a simple example, but the 3-sphere is much the same. Pertur-
bations in a universe with closed spatial sections must satisfy ) = 0, and it is
straightforward to verify that this is nontrivial: take for a solution to the linear
constraints the transverse traceless perturbations generated by the tensor spherical
harmonic with eignevalue n (as described e.g. in Lifschitz and Khalatnikov [11]).
The weighting funciton F' in the integrand of @ is the second order scalar spherical

~ harmonic Q® (see appendix B and [11]), or equivalently, F ~ DY/2 where the
nD{“V 7 are the hyperspherical harmonics, which form 2L + 1 dimensional irreducible

representations of SU(2) [12,13]. The transverse traceless perturbations generated

11



by a pure D¥ mode is a solution to the linear constraints. Such a solution also
satisfies @ = 0, since the tensor product L ® L contains no L = 1/2. However, the
sum of two such solutions with L values differing by 1/2 have a nonzero @, since
L®(L+1/2) ~(1/2) @ - --. In terms of the tensor spherical harmonics in [11],

this corresponds to the principal eignevalue n differing by one.

5. GENERAL CONDITIONS FOR LINEAR STABILITY

If the stress energy is described by a particular field theory, one may want
to specify a particular field configuration at an intial time, rather than the mass
and current densities. For example, for matter described by a scalar field ¢ one
could take the field ¢ = ¢ + Aé¢ and its time derivative as initial data. This in
turn implies what the initial perturbation to the background stress energy is. Here
the field perturbation is order ), so there are order A\? contributions to the stress
energy, which can in general come both from the matter field and the perturbed
metric. For a free scalar field in a background Robertson-Walker spacetime, the
perturbed stress-energy is independent of the perturbed metric through terms of

second order in A:

p= 5+ ($89) + 50 (68° + 39 (3i66)(0,50)) (23)
i = —2§(06¢) — N268(8454), (24)

where we are using gaussian normal coordinates. Hence in this example there is a
second order contribution to the perturbed sources, but it is fixed by the initial data
on the matter fields only. So again, there is an additional nonlinear constraint on
the linear metric and momentum perturbations— again, when the boundary term
vanishes, then hjj, p'/ must satisfy Q(k,p)? = [(F, %) - 625, which is some fixed

number.

In the general case though, the second order sources may depend on the first

and second order metric perturbations. In this case the analysis of the previous

12



section tells us nothing about linear stability. The right hand side of equation (14)
will depend on second order fields. We simply have a relation which presents no

apparent obstruction to finding a solution.

These observations point to a more general criterion for linearization stability.
The general strategy is to “leave on the right hand side” of the constraint equations
(5) and (6) terms in the perturbed stress-energy which are independent of the
metric perturbations, and “move to the left hand side” everything else. The “left
- hand side” is now an operator DO which acts on a set of fields. If the kernel
of the adjoint DO* is nonempty, then there will be constraints on perturbations
analogous to those discussed above. Explicitly, if the matter stress-energy has
direct dependence on the metric, S = S(gi;, A), where A denotes the matter fields

(not necessarily scalars), then

éﬁ-h,‘]‘. (25)

DO(hi;,p", A) = DU —

There are restrictions on the perturbations of the matter if there is a vector V¢ =
fn® + b* in the kernel,

DO (519 = DV - (L)~ (£-) (r#)- 00 =0 ()

If a constraint vector (f,b;) exists, then again at linear order the matter pertur-

bation must satisfy

/(f, by) - %6/1 = boundary term (27)

1%

in order that solutions to the linear equations exist. And at second order, there

are additional nonlinear constraints on the solutions to the linear equations,

2
-Q'+ / (f; b’“>% (64)° = boundary term, (28)

where we have set the second order variation of the matter fields §2A equal to zero,

13



and

is the new second order charge.

As an example of when DO is relevant for linearization stability, rather than

DU*, suppose the stress energy is generated by electromagnetic fields. The energy

- density is given by 167p = gij‘/;'j, where V;; = 2(FE;E; + B;B;) (the notation is

meant to emphasize that the stress energy is generated by a vector field, rather
than a scalar, which at least in Robertson-Walker, leads to a difference between
DV and DO). The current density is 47J; = exm E'B™. In this case, unlike that
of the scalar field, the first order metric perturbation does appear in the first order

variations of the energy and current densities. These are given by

1

Tom (=AY + g76Vy) (30)

bp =

_ 1 _ _ - _ - -
65 = $hJk + ki (E’&B"’ +6E'B™ — b E"B™ — h",;E‘B“) (31)

In this case, the generalized ICV (f, %) must satisfy equation (10) with the left
hand side of the first equation replaced by

_ 1 1.
Li]'f — V;Jf + 167 (2g,JJL + 6Lm( J)B — Eekm(,‘ Bj)) bk7 (32)

where L;; is the operator on the left hand side of the first equation in (10).

We can now check to see whether or not Robertson-Walker spacetimes filled

with radiation can have constraint vectors in this generalized sense. For Robertson-

~ Walker the stress-energy can’t have the above form, since this picks out preferred

directions. However, we can take a statistical average of radiation propagating in

14



various directions, so that
Vij =2 < E;Ej + B;B; >= ——3—7rﬁ§,'j, (33)

and the zeroth order current vanishes. & satisfies the same equation (10) as before,

but f must satisfy
a 2
DiD;f = gij (;) 1 (34)

for both the open and closed universes. This is the equation for a conformal
killing vector, and it can be checked that the conformal killing vectors for the
three-surfaces of constant curvature do not satisfy this equation. Hence there are
no solutions for these vector fields, and therefore no linearization instability in
the Einstein-ensemble averaged Maxwell system. This example is contrived in the
sense that one has to “bend over backwards” to respect the Robertson-Walker
symmetries, and generate the stress-energy in a way that the metric peturbation
enters at first order. In this averaged system, the perturbation to the sources from

the Maxwell fields is zero until second order, since < AE,‘E]- >=0.

We note that Arms [14,15] has also studied the linearization stability of solu-
tions to the Einstein-Maxwell equations. Her definition of linearization stability
and hence also her results differ from ours. In Arms’ approach the variations of
the sources are not prescribed, either by specifying ép and éj; or by specifying 6 E;
and 6B;. The analogue of the operator DO then depends on the variation of the
matter fields as well as on the variation of the metric and momentum. The prob-
lem defined in this way is similiar to the vacuum case, with a larger set of fields.
Arms finds [14,15] that, under a number of conditions, linearization instability of
the Einstein-Maxwell system can occur if the background solution has continuous

spatial symmetries.

We have looked at a different question, where one fixes something about the

sources. If one prescribes the variations of the electric and magnetic fields é§ F; and

15



6 B; away from their background values, then for any solution h;jj, p* to the lin-
earized constraint equations with these sources, do there always exist higher order
variations in the metric and momentum such that the constraints are satisfied?
In this case one looks for solutions f and b* in Ker DO* equation (32)(instead of
the operator D®* considered in [14]). One finds that solutions with nonzero f are
possible (unlike the result in [14]). That is, there may be an instability, even if

there are no simultaneous symmetries of all the fields on the initial value surface.

6. VACUUM CASE, TAUB’S CONSERVED CHARGE, AND QUADRUPOLE FORMULA

In the vacuum case the charge is conserved because it is the spatial integral of
the time component of a conserved current. Let g,; be a solution to the vacuum
Einstein equation, and assume that this spacetime has a killing vector £%. Taub [6]
noted that the current J® = fl’DzG“b(h)2 is conserved in the background spacetime
Gab, if heq is a solution to the linearized, four dimensional Einstein equation. This
follows because the Bianchi identity implies that if the background is vacuum, and
if hcq is a solution to the linear vacuum equations, then the second variation of the
Einstein tensor is covariantly conserved, V,D*G%(h)? = 0. In the non-vacuum
case, even with a killing vector, the second variation is not conserved. The time
component of J® is exactly the constraint integrand, so Taub’s conservation law

states that

d d
ZEQ = E/J"nadv =— /éaDszadak (35)
aVv

If the killing vector is timelike, then one can call the charge the energy in the

gravitational perturbations, in the sense that @ is conserved.

On the other hand, we know that not only is the time rate of change of Q a
boundary term, but since Killing vectors in vacuum are constraint vectors, Q itself

is also a boundary term,

- Q= / dayB'(h, p) (36)

v

16



Hence as Moncrief [3] noted, for vacuum spacetimes with compact spatial surfaces,
the charge actually vanishes, Q = 0. Further, we see that the time rate of change
of the boundary term of the second order perturbation is equal to the flux defined

by the pseudotensor,
d .
= [ qBt.p) = - [ e D26, (37)

The right hand side of (35) or (37) is the usual starting point to find the flux of
gravitational radiation crossing some big sphere, and yields the usual quadrupole
formula for perturbations off Minkowski spacetime. This suggests that there is
a relation between the quadrupole formula and the time rate of change of the
boundary term defined by the constraint vectors. The “quadrupole formula” is
supposed to be the energy radiated due to sources, so the above formulas, true for
vacuum, do not immediately apply. With time dependent sources, but considered
as small, one still looks for solutions for the metric which are perturbations off
Minkowski-at zeroth order, the stress energy and hence Einstein tensor vanishes,
and at first and second order there are perturbative corrections to the stress energy.
Since the background Einstein tensor vanishes, the Bianchi identities imply that

VoDG?% = 0 as an identity. Therefore at second order,
Vo(D*G% - h? — 6°T%) = —V DG} - h = 0. (38)

One can then check that the current defined by this quantity and the time trans-
lation Killing vector £* of Minkowski is conserved. Therefore, if the sources are

compact, and vanish on 9V, then

/ £ ng(D*GP, — 6°T*)d / £2D2G* day (39)

;Erquation (39) relates a flux in the gravitational perturbations to the time rate of

change of () minus the time rate of change of the second order sources. Suppose the

17



sources are independent of time after some time. Then during the “quiet time”, the
gravitational flux is just determined by @, that is, equation (39) reduces to (35).
So now we can relate the boundary term defined by the constraints in equation

(36), to the quadrupole formula,

(559)" (40)

- where ¢ is the traceless quadrupole moment tensor of the source, evaluated at

retarded time.

7. CONCLUSION

We have seen that if a spacetime has an integral constraint vector, then it is
linearization unstable. Some of the solutions to the linearized constraint equations
rnvust be discarded, although at linear order they appear to be good solutions. This
occurs, for example, in Robertson-Walker cosmologies. The definition of linear
stability must include a specification of how the sources are allowed to vary; the
simplest case is when the mass and momentum densities are prescribed as part of

the initial data.

It will be of interest to answer some obvious questions about the boundary
term (11). Can it provide a useful notion of differential mass, in the spirit of the
ADM mass? Is the time rate of change of the boundary term related to the flux

of gravitational energy?

One of the original motivations for this study was to understand how lineariza-
tion instability must be taken into account in a functional integral approach to
gravity. In the functional integral, though the fields are not necessarily solutions
to the equations of motion, they are required to satisfy the constraints. Since in
_practice one uses an expansion to approximate the integral, spurious solutions to
-;thre linearized constraints should presumably be excluded. Recall, for example, that

for deSitter spacetime with 3-spheres for spatial sections, solutions to the linear

18



constraints must also satisfy ) = 0. This question has been studied for a number

of vacuum spacetimes in [16,17].

Acknowledgements:

We would like to acknowledge the hospitality of the Aspen Center for Physics

where this work was completed.

- APPENDIX A

Here we collect some formulae on second order variations of the constraints.
Barred symbols, such as g;; and 7%, denote tensors in the background geometry.
Indices in the varied equations are raised and lowered with the background metric,
g = det(gij), and h = h;;g", p = pY g;;. With the exception of the exact constraint
equations, the three dimensional covariant derivative operators D; are with respect

to the background metric.

H——(7rj7r,'j—57r2)—RE—1—P-—R (41)
g g
2 i
Hilg,7) = ——=D;m, = —16nJy, (42)
g
Dg = gh (43)
D%g = g (h* — h'hyj) (44)
DP = 27_ri]‘pij —7p+ (Qﬁikﬁ'jk - ,,—”—rij) hij (45)
DR = —D'Dih + D' D’ h;; — RV by (46)
1_ 1
DH = ——Ph + —g—DP — DR (47)
g
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-9 : . : h ;
DHy = 7 (Dz‘P'k + hgiDjm™ + 7fl'5Pku[h]) + ﬁDi”kl

6Tkia[h] = 3 (Dihg + Dihyi — Dihy)

D?p = pijp,'j + ﬁijﬁklhikhﬂ
_ . 4 i 2
+ 4708w b — 9" - § (FVhij)

— 7p“hij — 7 phyj

1z oh 1
D*H = (h* + hijh") =P —2-DP + §D2P —D’R
9

Qi =

D*R = g D*Rij — 20" DRij + h* ,h™ Ryj

DRij = DyD(h*j) ~ §DiDsh — 5 DiD'hij
D*Rij = ; Dihi D; ™ + §D'hin (Dih] — D"hy)
+ Lh™ (D;Djhumn — DnDikmj — DuDjhmi + DmDnhij)
+ 1 (AD"h — Dyyh™) (Dihnj + Djhni — Duhij)

For Robertson-Walker spacetimes
a a\’
DP =2—\/gp -4 (—) gh
a a
2k

DR = —D*h+ D'D’hij — —h
a

ko4l 2 G L
— o L Y py =2 2h — D'D? b,
DH <a2 -+ a2> + \/ﬁaP'F D ij

o\ 2 .
.. a . a ..
D?*P = ppi; + 43 (E) A hij — 2v/g—p" hi
o\ 2 .
a a
— 3P’ =23 (;) K + 2\/55111)
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(49)

(54)

(58)



1 @,
=2 — 13 ,,_12_2_ hi,tj h
VGD*H 7;7‘(” pij — 3p") = 2= (hijp" + hp)
2k i 4k &l 59
—_ﬁh2+hl]h](a_2~255) ( )
+ K, + Ky

K, = —3,/Gh' (%D,-Djh - D;D’h,,-) + G (AD;h — Dik')) (%th = Dzhlj)

(60)
—( 3.iin i 3 O il
Ku = /G ( =5h7 DiD'hij = 7 Dibum D'h"™™ + 3 Dihij D’ h (61)
ﬁDsz = _ijlél“kﬂ - 2h]'kDipij
; (62)

+2hD;p', — 42/Gh (Dbt - LD4h)

APPENDIX B

Explicit formulae for the four Robertson-Walker ICV’s which are not purely
spatial Killing vectors (from ref. [5]).

For closed and open spatial sections (k = +1, —1 respectively) define the fol-

lowing harmonic functions

k=+1: Q(O) = cos X, Q(l) = sin y cos O,

(63)
Q®) = sin y sin O cos ¢, Q®) = sin y sin O sin ¢.

k=-1: Q(O) = cosh y;, Q(l) = sinh x cos O,

(64)
Q@ = sinh x sin © cos ¢, Q® = sinh x sin O sin ¢.

where x, ©, ¢ are the standard hypersherical (hyperbolic) angular coordinates. The
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four ICV’s are then given by

¥ a 0 . ' ~(a 0
Vie) = Q' )E + kaaD? Q! )6—5, a=0,1,2,3. (65)

For flat spatial sections,

Ty = — 2ot

® =3t " & 9z

7 ka a 1cki 2 &k 4 (66)
‘/(k):.’lf -a—t-{-g(E(S r —ZEIL‘)%, k:1,2,3,

where z1, 2%, 23 are standard Euclidean coordinates.
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