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ABSTRACT

The spectra of linear coherent oscillations due to beam-beam interaction are
~ calculated in the paper for two model distributions in unperturbed bunches. In both
cases the calculations predict the splitting of coherent spectra of any multipole mode
onto generally infinite amount of submodes with well defined ground state. Among
other general features, the influence of Landau damping on the stability of coherent

beam-beam oscillations is discussed.
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1. INTRODUCTION

Better understanding of limitations due to the interaction of colliding bunches
seems to be of primary importance for the realization of coming B Factories. Among
others, this manifold problem includes the analysis of the behavior of strong-strong
bunches and, as the first step, the performance of the calculations related to collective
stability of colliding bunches. Numerous experimental and theoretical publications
(many references on this subject can be found, for instance, in Refs. [1-3]) indicate
the permanent interest to this field. First of all this problem is of practical importance
due to possible applications for the diagnostic of colliding beams and limitations on

the position of the working point of a collider.

The second field of interest can be considered as more theoretical and is asso-
ciated -with the construction of the theory, describing kinetic processes in colliding
bunches, their heating (emittance blow-up) due to beam-beam instability and as-
sociated energy exchange between particles and coherent oscillations or fluctuations
Ref. [4]. All these applications require the most comprehensive knowledge of beam-

beam coherent spectra.

Straightforward calculations of collective spectra for beam-beam interaction typ-
ically meet serious mathematical difficulties. Therefore, the solvable models, which
can provide the simplified description of the main properties of coherent beam-beam
oscillations, becomes very desirable. There are two widely known approaches to this
problem. One is based on the so-called rigid bunch model, when coherent oscillations
of bunches are described by dipole momenta only (see, for instance, in Refs. [1,2] and
references mentioned there). The other is based on the solution of one dimensional
Vlasov equations assuming so-called water-bag distributions in colliding bunches (see,

for instance, in Ref. [3]). In both cases simple solutions can be obtained analytically,



and collective spectra, containing only one line predicted. In principle, it may hap-
pen, but usually a very strong degradation of the spectrum caused by the model itself
is indicated. Even a brief examination of integral equations, which have to be solved,
indicates the splitting of modes with the given multipole number into generally infi-
nite sets of submodes Ref. [4]. Since the perturbed part of the solution of the Vlasov
equation is proportional to the gradient (in oscillation amplitudes) of unperturbed
distribution functions, one can expect that coherent oscillations are mainly located
around the bunch width, with strong decay in the core and tail regions of the bunch.
However, if the spectrum of oscillations contains higher states, these can penetrate

into the core, or tail regions, disturbing particles there.

In this paper we shall consider two models, when such an analysis can be ex-

tended far enough.

2. General Equations

The most general description of coherent beam-beam oscillations is provided by
the technique based on the Vlasov equation. In this paper for the sake of simplicity
we shall consider the cases, when only betatron coherent oscillations are excited in
bunches. Then, if betatron oscillations of individual particles are described by the
action-phase variables (I, ¥; @ = z, z), these equations read:
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Here L1 (respectively, Lg1) is the Lagrangian, describing the interaction of

particles from the bunch 1 with fields of the counter-moving bunch 2; f (1,2) are distri-



bution functions of colliding bunches. For relativistic and counter-charged particles

(efes = —e%;y = E/Mc? > 1, E is the particle energy) one can write:

Noe? [ &k 1) _ A2)
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where At?(f, d-;, ¥2) = 9 —d,, 9 = s/ Rp is the particle azimuth J, = w,t is azimuth of

the synchronous particle, 27 Ry is the orbit perimeter, é7(9) is the periodic é-function:
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As usual, to calculate both stability criteria and the spectra of small coherent

oscillations one may linearize Eqs. (1) near the stationary state, which by the defini-

tion is described by distribution functions, independent of phase variables:

—
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—

D0 > FOI(T, 8, 9,)

In fact, for colliding bunches such a structure of the distribution function assumes
that particle oscillations in the stationary state are stable and therefore the working
point of the machine is placed outside the stopbands of the incoherent beam-beam

instability.

If the contributions from the stationary part of the perturbation (L¢ = L[f])
is included in tunes ;3 and f-functions of the ring, Eq.(3) yields the system of

equations:
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describing coherent oscillations of colliding bunches. For practical use these equa-
tions must be supplied by formulae, describing unperturbed oscillations of particles
and generating the canonical transformation from the variables (7, p) to action-phase
variables. For the sake of simplicity we shall assume here no dispersion at the inter-
action point (IP), and that colliding bunches are rather short o) < 3*, where o is
the length of each bunch, #* is A-function at the IP. Then betatron oscillations of

particles are described by the formulae:
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With these suggestions one can write

Lyo = Noe267(95)Ur2/c

/ / drzexp (iFFD - #27) FOT,F,9,)

Substituting these expressions in Eqgs. (4) and using there the Fourier transformation

FODT,0,) =S 78T 9s)eaplininp)

m

one can rewrite (4) as follows,

ar® L OfY Nae?
523" T imin fQ = % 2 () Ur s



) 9 (_‘2) . ) (2)N 2
Doy i g = —im D T 19,01

To find the eigensolutions of these equations following the papers Refs. {3,5] let us

note that after the crossing the IP amplitudes f; get the variations
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Here f#(0+) and f7(0—) are the amplitudes just after and before the IP. Between
collisions particles execute free oscillations fgz(9s) ~ exp(—imiid,). Hence, due to

~ the periodicity of coefficients in Eq. (7) one can write for eigensolutions
fa(0+4) = A" f(0-) (9)

As Eq. (9) must be valid at any turn, for amplitudes f; spaced by n subsequent turns

it obviously yields:

fa(2rn 40) = A" £ (0-).

Therefore coherent oscillations will be stable, if all eigenvalues of the problem X satisfy
the criterion |[A| < 1. The integral equations for eigenfunctions fz will be obtained

after the substitution of Eq. (9) in Egs. (8):
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These equations indicate nontrivial behavior of solutions in the close vicinity of

resonances (see in Refs. [1], [4] for details):

and

My =n, movp =n , n==21,42, ... (12)

3. Flat Colliding Bunches with Lorentz Radial Distribution

The direct solution of the system (10) for arbitrary stationary distributions in
colliding bunches is still too complicated. To simplify this problem here we shall
consider the special case, when colliding bunches move in the same ring and have

identical intensities as well as identical stationary distribution functions:
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where 8(z) = 1, if z > 0, and 6(z) = 0, if # < 0. These distributions cannot
be normalized and, therefore, still are singular. However, distribution functions in

Eq. (13) describe the bunches concentrated within the region,

|Zl < vV ezﬁ; 3 |:L'| < vV 6xﬂ; ) (IO):c,z = pe:t:,z/2

This circumstance turns out to be very important for the properties of collective

spectra.



The strength of the beam-beam interaction for both coherent and incoherent
phenomena can be specified by the value of so-called beam-beam parameters. For the
bunches described by the distribution functions Eq. (13) these can be written in the

form,
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Oy > 0,.

To simplify the calculations, below we shall assume that the beams are flat Iy, < Iy,
and have the typical ratio between partial beam-beam parameters £, > £;. As will
. be seen, this enables one to consider vertical coherent oscillations as the most dan-

gerous and therefore, to make the calculations assuming that only vertical coherent

oscillations of bunches are excited.

For these modes one has m = {0,m,0} and the substitution of distributions

~ functions from Eq. (13) in Eq. (10) yields
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where now,
d*k o) x, e
U = /me(kzaz)Jo(kzaz)/nge:z:p ([_zkfﬁ)]) F s, (15)
Jm(z) are Bessel functions Ref. [6] and
az.z =/ Jﬂ'z,z
Using the substitutions,
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and
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as well as Eq. (15) one can transform Eq. (14) into the following system of integral

© equations
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Here Iy(z) and Ko(z) are modified Bessel functions [6].

(1,2)

One can construct the functions ws’*’ (k) as expansions



wi (k) =" CWw;(k) , a =1,2 (21)

J

in eigenfunctions of the following integral equation
o0
Ajw;(k) = / KK (k, K, (K) . (22)
0

Simple calculations (see in Appendix) yield

1

w;(k) = V2 L;(2K) , A; = T

Y

(23)

/dkwj(k)wj:(k) = 044’ ,j = 0,1,. .. y
0

where L;(z) are the Laguerre polynomials Ref. [6]. The substitution of expansions

(21) in Eq. (18) yields the system of algebraic equations for coefficients 07(,1;2)
- ; M) = _gri : (2),
[1 Ae:rp(?mmuz)]cm] = —47if,mA; Z My mCrii
ml
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This system separates the combinations
(1) (2)
Cri=CmjxCnj
which satisfy the equations
[l = Aeap(2rimu,)|CE; = tdmitmh; Y MunmCl; . (24)
m/
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Using the same arguments as in the paper Ref. [3] we may concentrate subsequent
analysis on the m-modes, which are described by C - ;e Near the particular resonance

v, =~ n/m one can write

1 — dexp(2mimy,) ~ 27i(v — mA), A=v, —n/m

and therefore expect that only diagonal items in Eq. (24) are important. This yields

the dispersion equation

AEAA 1 1

1= —>—"77 i = — 2
(v/m)2 — A2 7’ 72541 m?-—1/4 (25)
The requirement of real eigenfrequehcies of this equation:
2 1/2
Vm,j = :t{A + 4{AAm,j} (26)

yields for modes with particular numbers m and j both the positions and the widths
of the stopbands. Since the eigennumbers A, ; decrease with 7, for the oscillations
with the given multipole number m the width of the stopband is determined by the
ground state mode (5 = 0):

4¢

- ———< AL . 27
m2—1/4 — =0 (27)

In fact, the position of the upper border of the stopband must be found by combining
Eq. (27) and the stability criterion for incoherent oscillations (see, for instance in
Ref. [3]). Outside the stopbands coherent oscillations are stable and the measurements
of their spectra can be used for the beam diagnostic. Equation (26) indicates (see also
in Fig. 1) that these spectra have well defined the ground-state lines (5 = 0), whereas

the distances between higher-state lines (j > 1) decreases like 1/;j2. Qualitatively this

11



behavior of the collective spectra for colliding buches does not contradict to the results
of measurements (see, for instance, in Ref. [7]). Here the splitting of the spectrum
near the given harmonic mv, onto the series of lines describes the dependence of the
solution on amplitudes of radial oscillations. More generally it is specific for coherent

oscillations of bunches with smooth distributions in amplitudes of oscillations.

4. Flat Colliding Beams with Gaussian Radial Distributions

The models, which adopt as the stationary distributions the step-like functions,
in fact describe coherent oscillations of quasi-monochromatic beams. Once in this

case coherent oscillations propagate along the bunch surface in its phase space

fall) ~ (I = Ly)

nonlinearities of incoherent betatron oscillations only modify unperturbed tunes, but
does not cause Landau damping of coherent modes. Here we shall consider the model,
which enables one to incorporate into calculations the dispersion of betatron oscilla-
tions in a more or less straightforward way and, thus, to make some predictions about

the influence of Landau damping on coherent beam-beam oscillations.

The model, which will be discussed in this section is based on the analysis of the
properties of radial oscillations (z = 0) in colliding bunches, which have the following

stationary distribution functions:

eapl—I,/10]

= pge. 2

50 (s, 1) = 8(1)

Some important values referring to incoherent beam-beam interaction for bunches
with such distributions can be found in Refs. [4,8]. For instance, the incoherent tune

shift of radial oscillations calculated within the framework of this model reads:
_ % 2 _
AVz(az)__g 1—e:1cp(—a /2) ) a“‘az/a )
a
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Let us make now the calculations for horizontal coherent oscillations. Assuming
the working point of the ring to be close to some particular resonance mgvy =~ n

and X\ = exp(—27iv), one can rewrite Eqs. (10) in the form (the subscript z will be

omitted for short)

xin®) = (fm + fom)0D m> 0

1 2m A 2
o) = m2A2 /dw o' Mn(2, 2" )eap(—2 2 /2)x%)
(29)
2 2m A [
X = 2A2 (z) /dw o' Mun(z, 2" )exp(—2 [2)x)
i k z/z' )™ , ¢S ! )
Mp(z,2') = Q/d—Jm(ka:)Jm(ka:') -2 (/) (30)
4 k m | (' fz2)™, z>2
A(z) = vg(z) — nfm = Ay + Avg(z)
As previously, the system Eq. (29) separates the modes
xE =W £x
and again we shall consider m-mode. It satisfies the equation
oA [ Y
Xm = =5 mm; B / dz's' My (z, 2 )exp(—2 % /2)xm - (31)
0
The substitution (upperscripts (—) can be omitted below)
o
mAE (o) (32)

Xm = o m2A%(z)

13



transforms Eq. (31) into the following integral equation:

x

X(z) = /d:c'a:lM“Vm(:v')X(:v) + %/dx'x’l_me(x')X(x') , (33)

where

4A($)§ 6—12/2

Vn(@) = Gy - A7)

(34)

One more substitution X = w(z)/+/z and subsequent double differentiation of Eq. (33)
" transforms it into the following differential equation:

m? —1/4

w + 2Vin(z) — 5

w(z) =0 . (35)
x

2. It is obvious that the choice of Gaussian function as the stationary distribution
is not principal for these calculations. The same differential equation will describe
horizontal coherent oscillations of any beam with the distribution function fo(z) after

the substitution:

exp(—z?/2) — —20fy/0z?

Let us consider first some cases, when Eq. (35) has more or less simple solutions.

For instance, if fo(z) is the step function fy ~ 8(z% — 1), one can write:

m2 T
Vinle) = =6z = 1), (1/Am) = o)

Am v? —m2A2(z) (36)

and Eq. (35) yields the following eigenfunctions and eigenvalues:

xl/2+m ,z < 1
w(z) = | Ap=1/m (37)

gt/2=m gz >1

14



as well as the dispersion equation (see also in Ref. [3])

| 4A)/m
(vfm)? — A2(1)

Another example presents the histogram distribution

; £ K1

fO(x):fj7'Tj—lsxij’j:11 2,"'aqa :L'O:O ) (38)

corresponding to

q
Z /.’E], Vm] = (;%(f f] 1) . (39)

In this case solutions of Eq. (35) can be written in the form
wji(z) = B]-:z:l/2+m + ijl/z_m , zjim1 <z <z (40)

Using the boundary conditions

2Vin;
wj(zj) = wis1(z;) , (Wi —wh) |z=zj= ;U wj+1(2;)
]

one can find the recurrence equations for coefficients B; and C}

C; =Cim <1 - 7]) — 7 ]+1$ ) (41)
Bj = Bjs1 + (Ci1 — Gyl ™™

with obvious initial conditions

This enables one to find all coeflicients Bj, C; as well as the dispersion equation

a
Z(Cj+l —Uy)=1= Z _7;11'1_ 741 + BJ+1$ ) 3 (42)
=1 1=1

but results in cumbersome expressions, which can be useful probably only for numer-

ical analysis. However, these expressions indicate a very important general result. If

15



for the sake of simplicity we shall neglect.the tune spread in Eq. (42), and introduce

the values

46¢
(v/m)? — A%

1/Am =
one can see that Eq. (42) is a polynomial of 1/Ay, of the ¢-th order which therefore has
exactly ¢ roots. In the contrast with single step distribution function the spectrum
of beam with histogram distribution Eq. (38) will consist of ¢ lines. With some care

such histogram distributions can be used for simulation of oscillations in bunches with

smooth distribution functions.

3. The direct solution of Eq. (35) with smooth distributions fp still is very
difficult. However, many general properties of eigenfunctions and spectra can be
predicted using the analogy of Eq. (35) and the Schrédinger equation in the quantum
. mechanic, which is written for a particle with zero energy moving in effective potential

well

m? —1/4
12

Uess(z) = — 2Vn(2) (43)

Let us again start with the discussion of properties of solutions for monochro-

matic beams (A(z) — Ap). Defining as previously

2A¢€
1/A,, = —==% 44
= Gy — 53 .
we shall rewrite Eq. (35) in the form
W'~ Uypg(ayu(@) =0 (45)
2 e m? —1/4
Uess(z) = Ae /2~ —Q (46)

Equation (45) may have nontrivial solutions corresponding to the discrete, nonde-

generate spectrum, if in some regions of = the function U,ss becomes negative (see,

16



for instance, in Fig. 2). Adopting this for minimum value of U, ¢y and replacing the
fuiiction 2z2e=2"/2 by its maximum value 4/e, one can estimate A,, for the ground

state mode at least by

4/e

Ap < ———
m?2 —1/4

(47)

Qualitatively, this behaviour can be illustrated by Figs. 2-4. If 7 = 0,1, ... marks the
normal modes of Eq. (45), one may expect that Ap,; decreases at least like 1/ 42, when
J increases, (this circumstance can be verified, for instance, by the direct calculation
of the sum

> 1
which can be done using Eq. (33). Since solutions of Eq. (45) have asymptotes

gl/2tm , —0

w(z) +

gl/2—m , T — 00

they are mainly concentrated between roots of Ueyss(x), which correspond to stop-
points of the mechanical problem

Ues(z1,2) =0, or 2 (a:ze_z2/2)l = Amj(m? —1/4) . (48)

The behaviour of Uesy, which is shown in Fig. 1 indicates that while the localization
of the ground state mode only slightly moves outside the bunch, when m increases,
the higher modes (j > 1) can penetrate inside bunches (z; — 0,A,,; — 0). The
total amount of modes, corresponding to the given value of Ap, can be estimated by

the phase space volume of the potential well

11,
Aj = ;/d-’”\/— eff(2) s Uess(12) =0 (49)
T
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4. The sensitivity of eigensolutions to the tune spread due to beam-beam inter-
acfion can be studied in a similar way. The direct inspection of the effective potential
curves, calculated for v = +ié (see in Figs. (5-8) definitely indicates the existence of
eigenmodes within the stopbands, which are slightly displaced but have roughly the
same widths as the corresponding stopbands for monochromatic bunches. Analogous
stopbands can be found out by the inspection of corresponding curves for quadrupole
(m = £2), sextupole (m = +3) and other oscillations. Such influence of Landau
damping on coherent beam-beam instability could be expected beforehand (see in
Ref. [9]) — for resonant coherent instabilities the nonlinearity of betatron oscillations

rather helps to form buckets in the phase space, than to damp the oscillations.

As Eq. (35) presents the particular case of more general Sturm-Liouville equa-
tion, its spectra can be estimated using the general relationships. For instance, exact
solutions w(z) = w;(z) minimize the integral

o0

ol = [ do [(w'>2
1]

2_1/4
+ uw2 - 2Vmw2] . (50)

2

This yields the normalization condition for the eigensolutions

i m? —1/4
A m —1/4 5|
Joloemizti] -
0
and the dispersion equation of the problem:

o0

/dwle|2(V/n;l)%(f)i%x)e_ﬁ/z =1, Imv>0 . (51)

If the eigenfunctions w; are not known, both they and spectra can be found using the

minimization routines starting from more or less suitable set of probe functions w(z).
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Appendix

Integral equation (22)

k

Aw(k) = Kok /d "y + Io(k /dk]xo (k) (A1)
0 k

can be solved by transformation into a differential equation. After double differenti-

ation over k Eq. (A.1) gets the form

k

Aw" = {(')' /d )+
0
(A.2)

00
/d "Ko(kw(k") + w(k)(Kyly — I§Kp)
k
~ Using here the differential equation for modified Bessel functions of the 0-th order
Ref. [6]:
Ky =Koy — K[k , I = I, — I}/ k

and

Iy=1L ,K,=-K,, Kiylo+ [ Koy =1/k
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one can transform Eq. (A.2) into

!
w”+3+[——1]w=0 . (A.3)
Then the substitution
z2=2k, w=exp(—z/2)v(z)
yields the following equation for v(z)

1-A
2A

o' 4+ (1 - 2)0 + v=0 . (A.4)

Solution of this equation will coincide with Laguerre polynomials Ref. [6]

v(z) = ¢;L;j(2)

and, therefore, w will decay, when z — oo, provided

1/A-1=2j, =01, ... (A.5)

The normalization condition

o0 00
e |c; 2
/dkwj(k)wj’(k) = 51‘]"]T /dzexp(~z)L§(z) = §;jr ; =1
0 0
yields eigenfunctions Eq. (23).
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Figures

Fig. 1. Schematic dependence of collective response of bunches on the dimension-
less frequency of the excitation, the damping rates in these calculations were assumed

the same (é; = .1) for all modes; arbitrary units.

Fig. 2. Effective potential for dipole (m = +1) oscillations; from top to bottom
AR =2,.5,.2.

Fig. 3. Effective potential for quadrupole (m = +2) oscillations; from top to

bottom A, = 2,.5,.2.

- Fig. 4. Effective potential for sextupole (m = +3) oscillations; from top to

bottom A,, = 2,.5,.2.
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Fig. 5. Effective potential for dipole.(m = £3) oscillations; Ag = —.05, ¢ = .05,

from top to bottom —iv/m = .1, .075, .05, .025.

Fig. 6. Effective potential for dipole (m = =+1) oscillations; ¢ = .05, v = ¢.01,

for the top line Ay = 0, then from the bottom Ay = —.125, —.025, —.375.

Fig. 7. Effective potential for dipole (m = =£1) oscillations; £ = .05, v = ¢.01,

from top to bottom Ay = 0, —.0125, —.015, —.02.

Fig. 8 Effective potential for dipole (m = +1) oscillations; ¢ = .05, v = .01,

" from top to bottom Ay = —.4, —.35, —.3, —.25.
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