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Abstract

Beam-beam deflection scan is a useful tool, both in the SLC and in
future linear colliders, for extracting information about the beam position, )
size and luminosity. This technique poses nontrivial challenges to the instru-
mentation in its own right. The understanding of all aspects of beam-beam
deflection, in particular that of disruption, is therefore crucial to a successful

implementation of this technique.

When disruption effects become strong mainly due to increased beam
intensity per bunch, the simple rigid- bunch formula for beam- beam deflection
is no longer valid. In this report we discuss the general modification to the
rigid beam-beam deflection formula in the presence of disruption using var-
ious methods including analytical calculation, rigid and semi-rigid two-disk
models, and simulation. The impact on the realistic beam-beam deflection
in the SLC is also discussed.
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1. Introduction

The method of beam-beam deflection scan employed in the Stanford
Linear Collider (SLC) as a routine exercise to align colliding beams and
determine beam sizes has matured considerably since the commissioning of
the machine [1]. Its necessity becomes obvious when beam intensities are
~increased to the point where conventional wire scans are no longer practical,
as is the case with SLC when the particle count per pulse exceeds 1.0 x
10%. In proposed future linear colliders where the beam flux is even higher,
beam-beam deflection may become one of the few viable options from which

information can be drawn about beam sizes and luminosity.

Exactly because of the increasing importance of beam-beam deflec-
tion scan with higher beam intensity, it is-crucial to address the problem of
disruption effects in this context. At current SLC intensity, it is accurate
enough to ignore disruption effects and employ the simple rigid bunch de-

flection formula.
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where (¢) is the deflection angle of the centroid of the beam, r. is the classical
electron radius, v is the relativistic factor, A is the impact parameter, and
o is the transverse rms beam size. The subscripts 1 and 2 label the two

colliding beams.

At higher beam intensity, colliding bunches steer and deform each
other considerably throughout the course of the collision. Concurrent to

the deflection process, the local beam distribution, and the deflecting forces



in turn, are significantly modified. This leads to a highly nonlinear deviation
from the rigid deflection formula for which only low-order approximation
or simulation techniques can be attempted. At sufficiently high disruption
parameter D, to be defined later, this deviation has to be taken into account
if information about beam size and luminosity is to be correctly extracted

- —from it.

In this report we discuss various methods used in attempts at modeling
this effect. The maor mathematical difficulty in treating the problem lies
in the inherent nonlinearity in the longitudinal dimension, exacerbated by
the lack of symmetry in the transverse dimension which cannot be cleanly
decoupled from the longitudina one. In sec. 2 the problem is formulated
and the rigid deflection formula briefly -reviewed. In sec. 3 an analytical -
solution is presented which takes full account of the transverse distribution
in the absence of cylindrical symmetry, but addresses the nonlinearity in
the longitudinal dimension only to the lowest order. In sec. 4 a conceptual
two-disk model is discussed which focuses on the nonlinear aspects in the
longitudinal dimension and offers predictions at various regimes of the impact
parameter. However, this method is limited so far to rigid distributions in the
transverse dimensions, and reflects only the dipole motion of the beam. This
latter method is combined with simple multiparticle tracking to yield the
results given in sec. 5, where the second moment of the transverse motion is
included and calculation is made over the full range of the impact parameter.
In sec. 6 results are given for full-fledged tracking, taking into account realistic
optics of the SLC at various disruption parameters. Section 7 sums up the

different methods and results.



2. Beam-beam deflection and the rigid deflection formula

In the current practice of beam-beam deflection scan in the SLC [2],
electron and positron beams are directed against each other at an impact pa-
rameter A which steps through a predetermined range in typically 40 steps.
The resulting deflected orbits of both beams are reconstructed using high
resolution BPMs, and correlation between deflection angles and impact pa-
rameters is fitted to the rigid deflection formula (1) to extract information
about beam sizes and luminosity. Figure 1 shows such a correlation. The
deflection process is illustrated in fig. 2. The two bunches head for collision
a an impact parameter A. Their centroids coincide in the longitudina di-
mension at time : = 0. For the rest of this report the following convention
is adopted: Each beam possesses its own intrinsic co-moving longitudinal co-
ordinate originating from individual bunch centroids while sharing the same
transverse axes (a and y) emanating from a common origin. The longitudi-
na axes (z; and zz) point along the directions of motion of the individual
bunches. Thus the two coordinate systems have opposite handedness. The
two co-moving coordinates z; and 2, taken on by any particle at any time .
are related by z, + z, + 2t = 0, where the light velocity ¢ = 1 is implied. The
rigid deflection formula (1) can be derived from such a setup by assuming

Gaussian distributions in all dimensions. We can easily deduce the limiting

cases of eq. (1):
Ny A
(¢)1=(_"72 -ﬁ) A<K2230,
(2)
(¢ = (,—2r;N2 %) A>2230..

The quantity 2.23 ¢ corresponds to the peak in the deflection curve in fig. 1.



3. Lowest order analytical calculation

We start by writing down a consistent set of equations relating the
instantaneous beam distribution and the instantaneous deflection received
by individual particles. A solution can be attained [3] for systems possessing
certain simplicity and symmetry. It is however overambitious to attempt such
‘a golution with realistic beam distributions and lack of transverse symmetry

due to nonzero impact parameters.

Consider the colliding beam system in the framework of sec. 2 and
fig. 2. A formulation of disruption effects in a cylindrically symmetric (i.e.,
zero impact parameter) system has been laid out in the discussion of lu-
minosity enhancement in ref. [4] by Chen and Yokoya as follows, given the

tri- Gaussian distribution
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for each bunch, with N being the total number of particles per bunch, and
the equation of motion for a particle in beam one acted upon by the EM

force from beam two
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where z; and y; are understood to be functions of both 21 and t and the

formula of relativistic Coulomb scattering was used. In the presence of cylin-



drical symmetry, i.e., zero impact parameter, the Coulomb potential depends

only on the transverse radius r, and we have
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Notice that a reciprocal formula was written for the force due to beam one
received by beam two, which in turn should give the variation in the trans-
verse distribution n,; of beam two as a function of ¢ and z;. The exact solu-
tion was to be obtained by consistently solving the coupled system of egs. (5)
while keeping in mind that r, and r; are functions of z and t. An iterative
approach was adopted instead. The first equation of (5) was solved to lowest
order in the sense that the r in the right-hand side of eq. (5) was replaced

with the initial value 7y,
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Interchanging subscripts 1 and 2, we have the lowest order solution
for beam two. This can then be used to obtain the lowest order deformation

of beam two at any instant through the mapping from r; to rs:

4Ny, |dn,o,
d7‘2
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Notice that to this order the longitudinal and transverse dependencies are

still  separable.

In the current problem of beam-beam deflection, the cylindrical sym-
metry is lost due to the nonzero impact parameter. The formulation is there-
fore more involved. But the spirit of lowest order iteration will be followed.

First we notice that eq. (4) can be rewritten as

&2z —4r.N, T — 25 oy g
——dt2 = Y nm(—2t - 21) —I.’E-i — .’l?-.zlzntz(zz) dz; ’
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fz(fl) = fz(l'l,yl) = % /dm dy ntg(:c,y) ln[(fl?l - 10)2 + (n1— y)2],

where £ represents the two-dimensional vector (x, y), V the two-dimensiona
gradient operator (8/0z, 0/0y), and the relativistic Coulomb force is replaced,_,
by the gradient of an equivalent line charge potential. This substitution turns

out to be very helpful. Equation ( 8 ) is solved to the lowest order as in eqg. (6):
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4N,r,
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where ¢(t, z;) is given in eg. (6). Equation (9) can then be inverted to the
same (lowest) degree of accuracy to give
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Equation (10) can be used to derive the change in the distribution of
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beam one, due to the deflection given in eg. (9) through
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where the superscript (1), which indicates the lowest order correction of the
distribution, is included formally in ng). Calculating the Jacobian to first

order and expanding n; around (z;, ¥1 ) gives
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where én; sums up the deformation in the transverse distribution of
beam one. Notice that this depends on the longitudinal coordinates, but
the dependence is separable. The same formula applies to beam two, except
for a formally different initial distribution since the two beams are not cen-
tered at the same point transversely. Adopting the transverse geometry as

given in fig. 3, the transverse initial distributions of the two beams are
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Given the lowest order change in the transverse distributions in eq. (12) for
both beams, we can calculate the accumulated angular change of beam one,

due to disruption. There are two contributions:
(a) The net angular kick on beam one caused by the change in the transverse
distribution of beam two.

(b) The net angular kick on beam one caused by the change in the transverse

distribution of beam one itself.



It can be shown that the two terms are identical up to a change of beam
indices so that the sum of (a) and (b) is symmetric with respect to the two

beams. The calculation of term (a) will be elaborated in the following.

Substituting én; (obtained by interchanging subscripts 1 and 2 in
eq. (12)) for ny; in eq. (4) and then integrating over time, we get the net

- <hange in angle for a particle in beam one due to disruption in beam two
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It is shown in the Appendix that the integration over time yields a factor of

0:1/(8y/7). In eq. (14) we can use Green’s identity in two-dimensions:
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where S and T are functions over a two-dimensional area A and 9/0n
is the derivative with respect to the normal vector at boundary of A. The two-
dimensional integral in eq. (14) can be rewritten (subscripts 1 and 2 are

dropped for compactness) as
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The surface integral can be dropped due to the asymptotic behavior of ng at

A(xla V1,72, y2) =

infinity. We are therefore left with an integral
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The evaluation of eg. (17) turns out to be quite difficult. It is however
possible to evaluate the ensemble average of eq. (17), which is after al the
interesting measurable quantity:

_(:=8) 44}
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The lengthy evaluation of eq. (18) will not be reproduced in this report. We
simply present the result here:

. . ,
(5¢1;~) = (fz%) Dl {203% [6—2(0164-03) _ 6—01!"'2‘72!]

-4 o0 1 rA
— e 203 20'3‘/‘0 dr —r—z- I] (7‘3‘) Q(T‘,U],O’z)} ’ (19)

where
-_7_27 ) 2
Q(r,o1,02) = |e 22 — 2 ¢ 2% + ¢ '2?7] , -
£ = o403,
2.2
c? = 0105
- 2 9 2 ’

01 + 20;

D - reNl 021

1 - 2
Y 0q

T‘ch 0:2

D, = 2
7 O3

The remaining integral in eg. (19) is well behaved, although no closed form
can be found. I; in eq. (19) is the Bessel function. The disruption parameters
D, and D, are defined as in ref. {3]. They serve as a measure of the extent
of the disruption effect. Despite the apparent quadratic dependence on D of
eg. (19), it is actualy the first order correction in Dy to the rigid deflection

formula (1) as can be seen by taking the ratio of the two quantities.
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The other half of the contribution to {§¢,.), namely that due to the
change in the distribution of beam one itself, can be shown to be equal
to eq. (19), with the following substitutions: interchanging o, and o, and

replacing D, by D,.

The sum of these two contributions to (§¢.) is plotted in fig. 4 with
- —neminal SLC parameters (032 = 2 um, Dy 3 = 0.1, 01,2 = 1 mm). It has the
correct qualitative behavior and predicts a modification to the rigid deflection

formula by roughly 0.8% near A = 0.

The approach developed thus far took into account the complete Gaus-
sian distribution, and the solution does not rely on the presence of transverse
symmetry. The compromise we have to make however is that the disruption
effect, or the cross-interference between the beam distribution and the deflec-
tion force at successive stages of the bunch crossing, is developed only to the
lowest order. As a result, the effect of disruption is not fully taken into ac-
count. In principle, if a certain convergence criteria is met the same program
can be iterated with well defined physical meaning to obtain progressively
more accurate solutions. Such a possibility is however quite remote, given

the formidable algebra already present at the next iteration.

4. Rigid two-disk model

As mentioned in the previous section, the shortcoming of the lowest
order analytical solution to eq. (4) is that the instantaneous change in the
beam distribution under continuous kick from the other beam is not fully

accounted for. In this section we introduce a conceptual model which helps,

12



highlighting the nonlinear nature of the problem and characteristic disruption

effects at different regimes of the impact parameter.

Figures 5(a—c) depict a simplified picture of bunch collisions. The lon-
gitudinal distributions of the beams have been compressed into two b-function
peaks 20, apart, each carrying a transverse Gaussian distribution with half

" -of the total charge Ne. Again taking ¢ = 1, the whole process of bunch cross-
ing is concentrated in three steps corresponding to the coincidences of the
“disks.” At each crossing the rigid deflection formula for transverse Gaus-
sian distributions can be used to calculate the kick received by each disk,
which in turn is used to propagate the disk rigidly to the next crossing point.
‘In this idealized picture the mutual influence of the two beams and their
immediate response can be analyzed in detail. Of course it takes further re-
finement before this model can be compared with reality. Insight into the ~

nonlinear nature of the problem can be gained, however, by comparing this

model against the rigid deflection formula

4.1 Small impact parameter: Suppression

In the following, al positions and angles x and z' refer to those of
beam one, unless otherwise indicated. From fig. 5(b), since the transverse

distributions are Gaussian, at ¢ = 0, both front disks receive a kick according

to eg. (2
1rN A

4 v0,L 0y

’ -
Iy =

(20)

where the subscript 11 denotes the kick received by the front disk due to the
other front disk. The front disks then propagate with this new deflection

angle to the next crossing point, t = o,, where the front disks meet the rear

13



disks of the other beam. By now the front disks have traveled a transverse

distance of
r..No,

1 1
_4 = _1pa, 21
4 vo? 4 (21)

! —
T2 = 0, T =

and therefore the impact parameter has been reduced to A x [1 — (1/4)D].
Thus at t = o,, the kick is

1r.N A 1
el & (1) 2
4 qo, 0y (1 4 (22)

¢ o
Ty = Iy = —

and the total deflection received by the front disk is

, ir.N A 1

The rear disk keeps propagating at an angle xl,,. When the two rear disks
cross at t = 20, the transverse position of the rear disk and the impact

parameter are respectively

, 1 1
Ty = 0'2.’521 = "Z DA (1 '_Z D) 9

(24)
_ 1 1
A = A+2zy = A(1——D+ = D*).
2 8
The A’ given above induces a kick for the rear disk
1r.N A 1 1
I - e _‘__D —DZ),
2 4 yoy 0 (1 2 + 8 (25)
and the total deflection received by the rear disk is
Ty = xh 4 Th = - k- - ArN(ﬁl—gD-I—-l—Dz) (26)
PoomTe % Yoo of T '

The deflection of the centroid of the two disks is just the average of egs. (23)
and (26). To first order in D, this is

1
=t ’°Ni(1-zp). (27)

—-2— Y01 OL
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In the case of small initial impact parameter, the effect of disruption is a
suppression of the rigid deflection result by a factor of (1 — D/4). The sup-
pression can be understood by looking at the deflection force experienced by
a particle at a small impact parameter from the center of the oncoming beam
distribution. The deflection force decreases with the impact parameter. Thus
asﬂdisruption effect pulls the two beam centroids closer together, the effec-
tive deflection is reduced. Another interesting result is that if we consider
the strong-weak model, namely only one beam is allowed to be disrupted
while the other is assumed to have infinite inertia, the total deflection of the
disrupted weak beam is just that given by eq. (23). Thus in this deflection
regime, a strong-weak approximation yields only half of the total disruption

effect.

Equation (27) shows that, with only transverse dipole motion taken
into account, at D = 0.1 the disruption effect modifies the rigid deflection

formula by roughly 2.5%.

4.2 Large impact parameter: Enhancement

In the other regime where the two beams are far apart transversely,

we can repeat the previous exercise using the second formula in eq. (2).

Att=0,
g= - = (28)
At t =o,,
, reNo, (o, \?
o =ty (),

-
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Thus the total kick of the front disk is
2r.N\ o1 1 (al>2]
A = ~D|(— . 30
51 ( ’)’UJ_)A[1+2 A (30)
At t = 20,,

, reNo, (01\? or\?
T = 0Ty =“703—(7§) [”D(X)]A’

_ 91\ A - 2(2)“
= —D(A>A D A A,

2
A = A—2$22=A [1—(%) +O(D2)]
, reN
1:22 = —’YA”
reN (M)z 2 ]
= — — o(D . 31
7A[1+2D_(A +0(D?) (31)

Thus the total kick of the rear disk is

, , 2r.N (o, 3 oL\’ 2

Averaging over egs. (30) and (32)
2r.N (o o1\?
|2 _i)l D(_)] 33
X oy (A [ + A ) (33)

Again this doubles the estimate by a strong-weak approximation. The effect

of disruption in this regime is an enhancement. This is due to the fact that

16



at large impact parameters, the deflecting force decreases as A is increased,

although the rate of increase is not as pronounced as in the previous case.

4.3 Near maximum deflection: Shift of the peak

We are interested in the effect of disruption when A is near the de-
“flection peak since this will lead to a shift of the peak which can serve as
a visible signature of disruption. From the result of secs. 4.1 and 4.2, it is
expected that the peak will shift outward under disruption. We can check
this by repeating the same exercise once more, this time using an expansion

formula of eq. (1) around the peak (A ~ 2.23 o):

_ 2Do, (A — d)?
0= -2 [4- s T 0
d =223, A = 03190, and B =9.7160 x 10°2.

Equation (34), which approximates the deflection curve around the peak with
a parabola, will be used to calculate the shift of the peak due to a linear term
caused by disruption.
At t=0,
Do

O

[A—BM . (35)

]
I =
11 o

Remember that only half of the charge is on each disk.

At t = o,,
T2 = x'na,,
2
= —DU[A-B(A—zd) )
o
A = Atz ,
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d+6 DU[A_B -, "] where § = A — d |
Lo - Do B 2
LI (R Ay
= Do B
o o, - o2 (1 +— 250) - DZA"’B} (36)
Thus the total kick of the front disk is
’ 2D6 52
Ty = ——_— - —_— Bé 1
1 o, [(A B 02) (l +D —a—) - 5 D2A2B] ] (37)
At t = 20,,
T2 = o,z o, - -
B§? ( B
= —Do - 142D 22 ) _ 242
[( a? ) * o ) DA B} ’
A" = A+ 225,
= A2 _B& B§
DU[( P 1+QD-U_. _D2A2B} ’
’ Do Bé?
Z = —_—— 4B
2 o, [(A - 7) (1 + ?D&) - 4D2A2B} -+ (’)(D3) ) (38)
Thus the total kick of the rear djsk js
2Do B§?
2, = 227 —— B
2 o, [(A 02)(1+3;D5)~§D2A23] . (39)
Averaging over egs. (37) and (39),
2Do B
7' =27 (1 = 82 3
(422 i) (A‘B?) -y g 0

Once more, this gives twice the contribution of a strong-weak approximation.

Inspecting eq. (40) we see that the peak of the original parabola has been

18



shifted by the term linear in 8. To first order in D, we have the new curve

given by
2
o = —2DU(A+2ABD6—362)
o, o
2DB o? .
= - - = - : 41
o0 1BA+2<;AD& 6} (41)

_ This implies that the peak of the parabola has been shifted from 6 = 0 to
6 = ADo. Therefore

{Shift of peak}

o

= AD =0.3190 D . (42)

Figure 6(a) shows the qualitative effect of disruption incorporating all
the signatures discussed above. The dashed line represents the rigid deflec-
tion formula. Figure 6(b)shows the net effect of disruption inferred from
fig. 6(a). Notice exactly the same characteristic was reflected in fig. 4, which .

came from the lowest order analytical calculation.

5. Semi-rigid two-disk model

The two-disk model developed in the previous section, while yield-
ing intuitive insight, warrants ample room for refinement. First, one would
prefer to include changes in the second moment in the transverse distribu-
tion to allow the “pinching” effect to manifest itself. Second, it is desirable
to apply this model to cases other than the limiting ones discussed above.
The first question can in principle be addressed using purely analytical tools.
The second however is difficult short of resorting to numerical methods. A
program is therefore developed which combines the analytical expression for
single particle deflection and multiparticle tracking over a continuous range

of impact parameters. The basic algorithm is described in the following.
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As in the previous section, the longitudinal distributions are again
compressed into two §-disks. The transverse distributions however become
totally flexible by taking on a Gaussian distribution of a large number of
particles, each one being allowed to move independently. The transverse
kick a single particle receives from colliding with a Gaussian bunch at impact

__parameter A is given by

2r.N A, -4
A¢z=—‘ ~ —A—? [1— e 2 ] ’

2r.N A -4l 43
B¢y = - = 3 [1—626]. (43)

Adopting the same formulation as in the previous section, we use eq. (43) to
calculate the kick received by each individual particle at each crossing. Each
particle is propagated by its own slope independently to the next crossing
point. Before the next kick is calculated, the transverse rms value as well as
the centroid shift of the distribution is calculated, and new values of A and ¢
inferred for each beam. The new A and o are then substituted into eq. (43)
to calculate the next kick for each particle. This is repeated throughout the

course of crossing.

Figure 7 shows such a calculation where the rigid deflection for-
mula (1), the deflection of rigid two-disks (sec. 4), and that including second
moment changes (this section) are compared. It is worth noting that the ef-
fect of change in second moment serves to counteract the effect due to the
rigid two-disk model. This is especially significant at small A. The reason
lies in the pinching of the beam at small A, which enhances the deflection

and offsets the suppression due to centroid shift alone.
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There appears to be plenty of room for augmenting this program. For
example, the analytical formula for kick could be augmented by more com-
plicated distribution both longitudinally and transversely, by inclusion of
beam divergence (and therefore lattice optics), and so on. It is a promising
approach, since it has the advantage of a tracking program while a consider-

able amount of number crunching is replaced by analytical formulas.

6. Tracking results

Tracking has been employed to simulate the disruption effect in the
realistic SLC environment. In principle multiparticle tracking offers the ulti-

mate standard against which the various methods developed above must be

checked. It provides a granularity to a degree unmatched by the conceptual .

models, while taking into account the inherent nonlinearity and realistic op-
tics, which are difficult for analytical methods. However, in reality, accuracy
is limited by the computer capacity we can muster. In the current simula-
tion, each beam has 20000 particles meshed into a 32 x 32 grid transversely,
and 100 compartments longitudinally. The statistics near the center of the
distribution are decent enough to ensure stability against noise. Simulation
was carried out for different disruption parameters D, and also for different

optical conditions defined by the divergence parameter A given by [4]

which is a measure of the inherent divergence of the beam, with 8* being
the lattice beta at the collision point. A large A tends to complicate the
disruption mechanism since the transverse size of the beam cannot remain

constant throughout the collision. Figures 8(a,b) show tracking results for
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different values of D and A, with D = 0.1, A = 0.05 corresponding to the
current SLC running condition. The stability of the tracking is seen to be
reasonable. We begin to suffer from limited computing power as the impact
parameter is increased and the system steers farther away from cylindrical
symmetry. To achieve better understanding of the disruption effects for a
__particular machine and to fully exploit its significance, further efforts must

be made towards a more complete and refined set of tracking results.

7. Conclusion

In this report we have demonstrated different approaches that address
the problem of disruption in beam beam deflection, with the SLC as a source
of realistic parameters. Short of an analytical scheme which encompasses all
the essential features of disruption at nonzero impact parameters, we settle
for methods which focus on specific aspects of the problem. An analytical
deflection formula was derived by considering the lowest order deformation
of the source beam and the target beam separately. While yielding all the
expected behaviors across the whole range of the impact parameter, the
lowest order calculation stops short of touching on the nonlinear nature of
the problem, and therefore is not expected to be accurate when D becomes
large. One can expect to carry through such a program by iteration, thereby
realizing the inherent nonlinearity. However the algebraic complexity poses
a serious challenge to such attempts, as can be seen in the lack of decoupling

in the longitudinal and transverse distributions at the next level of iteration.

The two-disk model presents a somewhat complementary approach
to the analytical method. While the nonlinearity is addressed to some de-

gree through the instantaneous feedback of the kick on the disk position,

22



the highly simplified picture discourages a serious association with reality
beyond the conceptual level, neither does it provide much quantitative un-
derstanding outside the limiting regimes. It has been speculated that a more
realistic longitudinal distribution be created by increasing the number of
disks or even going to the continuous distribution, which should not present
too much technical difficulty [5]. However, relaxing the rigid constraints in

the transverse plane to a high order is much more involved.

Given the above considerations, the method presented in sec. 5,
namely the tracking of semi-rigid disks, appears to be a very attractive a-
ternative in that it keeps the advantage of the two-disk model while alow-
ing more degrees of freedom to play in the transverse dimension. It also
gives a quantitative picture across the whole range of the impact parameter.
Computationally this method is much more efficient than pure multiparticle
tracking because much of the number crunching has been replaced by ana-
lytical formulas, and many singular situations have been avoided due to the
smearing of the deflecting force in these formulas. Currently, this method is
being extended to smoothing out the longitudinal distribution , as well as

including higher moments in the transverse dimension.

Full-fledged multiparticle tracking was aso done in this study. As is
true in all such practice in beam beam interactions, great care must be taken
to ensure decent statistics and absence of singularity problems. This in turn
translates into demands on computing power. With the specifics given in
sec. 6, we obtained reasonable results pertaining to relevant SLC optics. The
tracking result is seen to be stable against random fluctuations in the initial

distribution.
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The various methods employed in this report give results which agree
to within thesame order of magnitude. Given the nominal parameters of
the SLC, the disruption effect modifies the rigid deflection formula by less
than 5.0%.
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Appendix
Calculating the time integral of perturbed

longitudinal distribution

We will evaluate the time integral in eq. (14)

- I = /-o:og(t,zz) nra(zs) dt (A1)

0 t
= / dt an(-Zt—zl)/ dtl (t—tl)nLl(—2t1+2t+Zl),

where nro(z2) and g(t, z2) are substituted from egs. (3) and (6) respectively.
The z; is aso replaced with =2t — z;. Change the integration variables from

(t, 1) to (¢, t — t) and the integration range accordingly, and we get

I = /°° dt nps(=2t — z1)x / dt t nga(2t + 21)
-0 0
1 [~}
= 5 / dttnm(?t + 21) . (AZ)
0
Now we take the ensemble average of this expression over the distri-
bution ngi(z1):
1 (=< o0
(I) = - / dZ] TI.L](Z.'])./0 dttnL1(2t + Z]) s (A3)

2

with

7"'Ll(z) = \/2—”_ oo

It's not hard to find that

(I} =

2
4ro;,

2 21)2
1 oo 0o ittt
/ dtt dzy e %=n
w -—00

= 8\_’/1; (A.4)
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Figure Captions

1. A typical experimental observation of beam-beam deflection as seen in

the SLC [1].

2 Longitudinal coordinate system used in the calculation of beam-beam

— ~+  deflection (see explanation in sec. 2).

3. Convention adopted in sec. 3 for the transverse dimension of the two-

beam system.

4. Net disruption effect given by eq. (19) for D = 0.1. The horizontal axis
is in units of the transverse beam sigma, while the vertical axis is in

units of the quantity H; = D o, /2 o,.

5. Three steps of beam crossing in the two-disk model with increasing
degree of complication:
(a) rigid disks with infinite inertia,
(b) first moment of disks allowed to change,

(c) second moment of disks allowed to change.

6 Qualitative modification of the rigid deflection formula inferred from the
two-disk model (see sec. 4):
(a) rigid deflection formula (dashed) and deflection with disruption
(solid),
(b) net effect of disruption.

7. Rigid deflection (solid), first moment effect (dashed), and second moment
effect (dotted) for D = 1.5 obtained by semi-rigid two-disk method

(see sec. 5).
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Tracking results for D = 0.01, 0.1 and 1.0. Dashed line represents
rigid deflection formula. Some solid circles are overshadowed by hollow

circles in cases of near coincidence.
(a) A=0.0,
(b) A=0.05 (nominal SLC case).
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