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ABSTRACT

Classical vacua of the heterotic string corresponding to ¢ = 9, N = (2,2)
su;;erconformal theories on the world sheet yield low-energy effective field theories
with N = 1 space-time supersymmetry in four dimensions, gauge group Fgs @ Eg,
several families of 27 and 27 matter fields, and moduli fields. String theory relates
matter fields to moduli; in this article we relate the kinetic terms in the effective
Lagrangian for both moduli and matter fields to the 27% and 27° Yukawa couplings.
Geometrically, we recover the result (obtained previously via the type Il superstring
and N = 2 supergravity) that moduli space is a direct product of two Kahler
manifolds of restricted type, spanned by the moduli related respectively to the 27
and 27 matter fields. The holomorphic functions of the moduli generating the
two restricted Kahler metrics also determine the Yukawa couplings of the matter
fields. We derive explicit formulee for the metric for the matter fields in terms of the
metric for the corresponding moduli; the two metrics are not identical to each other.
The precise relation between moduli and matter metrics takes a slightly different
form on subspaces of the moduli space where the unbroken gauge symmetry is
enhanced beyond Eg ® Fg; this phenomenon is illustrated using the examples of

(2,2) orbifolds and tensor products of minimal NV = 2 theories.



1. Introduction

Heterotic string theorym — a candidate theory of all fundamental particle
interactions — has a huge set .of classical vacuum states, including many four-
dimensional vacua whose features allow them to serve as starting points for real-
istic phenomenology. The first vacua of this kind having chiral fermions in four
space-time dimensions were constructed from the ten-dimensional heterotic string
by compactifying six of the ten dimensions into a Calabi-Yau manifold™ The
foﬁr-dimensional physics of the Calabi-Yau vacua is characterized by N = 1 su-
persymmetry, Fg ® Eg gauge group and matter fields that form several 27 or 27
families of the Eg. Subsequently, many other heterotic string vacua were con-
structed that share these features. In all such vacua the six dimensions which are
compactified in the Calabi-Yau case are generalized to an “internal” N = (2,2)
superconformal theory on the world sheet which has Virasoro anomaly ¢ = (9, 9)*
Besides Calabi-Yau compactifications, known examples of the (2,2) vacua include
(2,2) orbifolds™™ and tensor products of minimal N=2 models™ or of other exactly
solvable N=2 superconformal theories™ It appears quite possible that all (2,2)'
vacua with spacetime supersymmetry and Fgs ® Fg gauge symmetry are compact-
ifications on (possibly singular) Calabi-Yau manifolds™®; however, the analysis in

the present paper does not rely on this remarkable connection.

The (2,2) vacua are only a small subset of the classical vacua of the heterotic
string. The heterotic string itself only requires N = (0,1) superconformal invari-
ance of the world-sheet theory describing internal degrees of freedom!” although
N = (0,2) is needed if a vacuum is to exhibit space-time supersymmetry.m The
low-energy features of the (0,2) vacua, such as the unbroken gauge group and the
spectrum of massless particles, vary widely from one (0,2) vacuum to another, mak-
ing it very likely that some of these vacua lead to viable phenomenology. However,

at the present time, the phenomenological prospects for certain (2,2) vacua (or

* Actually, the internal theory replaces both the six compact dimensions and the six left-
moving world-sheet fermions that are affected by imbedding of the spin connection into the
gauge group.m



rather minor modifications of them via a Hosotani-Witten-type mechanismls]) ap-
pear to be at least as good as for the (0,2) vacua studied to date™ The (2,2) vacua
are much less diverse than the (0,2) vacua, and in fact they share many common
features. The subject of this article is the low-energy behavior common to all the

(2,2) vacua.

For a given vacuum state of the string theory, physics at energies well below
the Planck scale can be described by an effective low-energy field theory. To define
a field theory one needs to list all the fields and describe the effective Lagrangian;
with this information, all other quantities are computable, at least in principle. In
particular, we can map out all the neighboring vacua by studying flat directions
in the effective potential, and for each vacuum state we can compute scattering
amplitudes for various multi-particle processes. In the state-of-the-art string theory
one can list all light particles that appear in the spectrum of any particular vacuum
state, but one cannot directly obtain an effective Lagrangian for the low-energy
limit of the theory. Instead, we shall follow the so-called S-matrix approach (see
for example ref. [10]): One constructs an effective field theory that yields the same
scattering amplitudes as the full string theory does in the low-energy limit! Since
the subject of this article is not a particular vacuum state of the heterotic string
but the whole class of the (2,2) vacua, we shall derive some universal relations
between various string amplitudes valid for all members of this class and require
that the effective low-energy field theory obeys the same relations between the
same amplitudes. This will impose severe constraints on the low-energy effective

Lagrangian; these constraints are the main results of this article.

The S-matrix approach can be carried out to an arbitrary order in perturbation
theory. In this article we shall limit ourselves to the classical effective field theory
in space time and compute all scattering amplitudes at the tree level. For the

string this means that the world sheet is always a complex sphere. However, the

t Inref. [11] this approach was carried out to order O(a’°) for some specific four-dimensional
vacua.



two dimensional conformal field theories on the world sheet will be fully quantized,
with no semi-classical or perturbative approximations, and all correlation functions
of various world-sheet operators that appear in this article are exact. Note that
while for most two-dimensional quantum field theories we do not have explicit
expressions for the various exact correlators, we may still have exact Ward identities
relating those correlators to each other; in this article, we shall use heavily the Ward
identities of the left-moving N = 2 supersymmetry of the “internal” world-sheet

theory.

The fields of an effective low-energy theory describing any classical (2,2) vac-
uum include the gravitational sector (graviton, dilaton and axion, plus superpart-
ners), the Fg ® Fg gauge multiplets, and a set of chiral superfields forming the
27 or 27 representations of Eg — matter fields. Moreover, the (2,2) world-sheet
supersymmetry implies that for each 27 or 27 supermultiplet of matter fields there

12,13,14] C
onse-

is an additional Eg singlet superfield whose scalar potential is flat!
quently, vacuum expectation values of (the scalar components of) these singlets
are completely unconstrained, resulting in a multi-parameter family of (2,2) vacua;
for this reason these fields are called moduli. From the world-sheet point of view
the flat potential for moduli scalars means that the associated vertex operators
are exactly marginal, i.e. their S-functions vanish to all orders and even beyond

perturbation theory.

The possible form of effective field theories describing (2,2) vacua is constrained
by four-dimensional supersymmetry. N = 1 supergravity theories are character-
ized by two analytic functions of scalar fields, the superpotential W and the Kahler
function K (sometimes called the Kahler potential).lls] Cubic terms (Yukawa cou-

16 . . .
)[ " as well as other, non-renormalizable, terms"” in the superpotential have

plings
been calculated in many special cases. On the other hand, the Kahler function K
has been much less investigated, though it is also of considerable phenomenological
interest: K determines the kinetic terms in the effective Lagrangian of moduli and
matter fields which are needed to obtain the physical normalization of the Yukawa

- couplings. Furthermore, K enters the scalar potential and thereby influences possi-



ble supersymmetry breaking mechanisms. The Kahler function K, and its relation

to the superpotential, will be the focus of this article.

The Kahler function has previously been computed in some special cases. For
Calabi-Yau compactifications, the moduli fields can be divided into two sets: de-
formations of the complex structure, which correspond to harmonic (1,2) forms
on the Calabi-Yau manifold and which accompany the 27 matter fields; and de-
formations of the Kahler class, which correspond to the (1,1) forms and which
accompany the 27 matter fields. In the limit that the Calabi-Yau manifold is large
enough to use ten-dimensional field theory, the metric for the (1,1) moduli fields
reduces to the metric on the space of (1,1) forms which is controlled by the same
topological constants of the Calabi-Yau manifold that determine the 273 Yukawa
couplings.(w] Similarly, the metric for the (1,2) moduli in the field theory limit
can be expressed in terms of the 27" Yukawa couplings, although these Yukawa

19)

couplings are not constants'™"” The metrics for both moduli and matter fields

arising from the untwisted sector of an orbifold can be obtained by simply trun-
cating the ten-dimensional effective field theory™ The result of this procedure
actually holds for orbifolds of arbitrary size; this can be verified by using the sym-
metries of the string generating functional for scattering amplitudes,m] or by using

Zamolodchikov’s conformal-field-theoretic formula for the metric*>*"

A different and more general approach can be used for the moduli sector of the
effective field theory. The N = (2,2) superconformal theory which defines a clas-
sical vacuum of the heterotic string also defines a classical vacuum of the type 11
superstring.m'%] In the latter case the effective four-dimensional theory is N = 2
supersymmetric, which severely restricts the form of the effective Lagrangian for

the moduli® " In particular, the moduli space is a direct product of two Kahler

spaces”**"; in the Calabi-Yau case these two spaces are spanned by (1,1) and (1,2)
moduli respectively. The two spaces are of restricted type, which means that they
are each determined by a holomorphic function of the respective moduli. The same
holomorphic function controls kinetic terms in the effective Lagrangian of the vec-

- tor fields coming from the Ramond-Ramond sector of the type II superstringm]



and couplings of those vector fields to the moduli scalars. In ref. [28] it was argued
that these type II couplings are the same as the 273 and 27" Yukawa couplings
in the corresponding (2,2) vacuum of the heterotic string, and hence that the cu-
bic superpotential for matter fields is determined by the same two holomorphic
functions that determine the Kahler function for the moduli. However, there are
several subtleties in making precise the correspondence between the two holomor-
phic functions and the superpotential; for example, space-time supersymmetry is
local, and in locally supersymmetric theories Yukawa couplings take a different

form then in the globally supersymmetric case treated in ref. [28].

We shall show in this article that the above general results can be obtained
entirely within the heterotic string, without invoking the type II superstring or
N = 2 supergravity in space-time. We rederive the splitting of the Kahler function
of the moduli into a sum of two functions, K; and K3, each depending only on
the moduli related to, respectively, 27 or 27 matter fields; we also verify that K
and Kj are each of restricted type. In the process we find out that the metrics for
the 27 and 27 matter fields differ from the metrics for the corresponding moduli.
(For any particular (2,2) vacuum this difference can always be eliminated by a field
redefinition; what we mean is that no holomorphic field redefinition would result
in metrics for moduli and matter fields that are equal to each other for all vacuum
expectation values of the moduli fields.) This difference between the moduli and
matter metrics — which has not been obtained from the type 1l superstring (and
probably cannot be obtained that way) - plays a key role in deriving precise rela-
tions between moduli and matter couplings. In particular, relations between [y o
and the superpotential which were argued for in ref. [28] now become consistent

with local space-time supersymmetry.

The main body of this article is organized as follows: Section 2 is an overview
of the light fields characteristic of the (2,2) vacua from both space-time and world-
sheet points of view. Section 3 is devoted to the S-matrix approach to low energy
physics. First, we relate the low-energy limits of various four-particle scattering

- amplitudes to the Kahler function and the superpotential of the effective field



theory. Next, we use the left-moving superconformal symmetry of the world-sheet
theory to relate scattering amplitudes that involve moduli scalars to amplitudes
involving matter fields. Imposing these relations on the field-theoretical amplitudes
we establish several constraints on the geometry of the field space; in particular,
the Kahler function of the moduli fields must decompose into K; + K7 and the
metric for matter fields obeys differential equations that can be integrated in terms
of K7 and K. Moreover, we derive equations that relate K; to the 273 Yukawa
couplings and K> to the 27 couplings. Solving these equations we find that all the
273 (573) couplings can be expressed in terms of derivatives of a single holomorphic
function Fj (F2) of the appropriate moduli; Kahler functions K 2 of the (1,1) and
(1,2) moduli spaces have restricted type and are determined by the same ) 2 that
determine the Yukawa couplings. In section 4 we consider the effects on K of
enlarging the unbroken gauge group beyond Fg @ Eg. (Such extra gauge factors
occur in almost all exactly solvable (2,2) vacua that have been discussed to date.)
We find that the equations relating the superpotential to the Kahler function of
the moduli fields remain unchanged, but the equations for the metric of the matter
fields have to be modified. In section 5 we summarize our results and discuss
their implications. The article also has three appendices: Appendix A contains an
alternative derivation of stringy constraints on the moduli-dependence of the 273
and 27° terms in the superpotential; Appendix B exhibits a coordinate system in
which these terms can be expressed as derivatives of F} and F; and Appendix C
gives the precise relation between the scattering of moduli scalars in the heterotic

string and in the type II superstring.



2. Light Scalar Fields and their Vertex Operators
2.1. Low-ENERGY EFFECTIVE FIELD THEORY.

The goal of this article is to describe the low-energy behavior of the heterotic
string in terms of an effective field theory. The general form of an effective La-
grangian for the light bosons is

1 1
£Bose = V_g{""—R + —

SR+ o (D)~ 0ap DA D8R — V(8. + )

(2.1)
where G and R are the determinant and the scalar curvature of the space-time
metric G;; while g,p is the metric on the space of scalar fields qSA,q_SB. Other
notations in eq. (2.1) are as follows: V (¢, @) is the scalar potential, Fl-(]q) are gauge
field strengths, D; are gauge-covariant derivatives with respect to space-time co-

’ stand for the axion coupling to FF and terms with more

ordinates z*, and ‘-
than two space-time derivatives. All string vacua we are interested in possess
unbroken N = 1 supersymmetry in four dimensions, so the effective low-energy
theory should be consistent with N = 1 supergravity too. Therefore all fermionié
terms in the effective Lagrangian are related to the bosonic terms, and the bosonic
Lagrangian (2.1) itself has to obey several constraints. First, the scalar metric

9ap(®, #) should be Kéhler, i.e., expressible in terms of a single real analytic func-

tion K of complex scalar fields ¢ and their hermitian conjugates q_SA:

_ PK(¢, ¢
9ap(6,¢) = K 4p = ﬁ%- (2.2)

Second, the scalar potential V (4, ¢) should have a special form

V(4,8) = exp(x’K)-

GPBOW 4+ WK )W 5+ 2K g) — 34 |W|2]
¢’ @. 44 4 gA. QW :

+ g(z):(lﬁ,A'Q 7+ 97 Q '1,A> :

(2.3)

where W (¢) is a holomorphic function of ¢ and Q(®) are the (hermitian) genera-
- tors of the gauge group. ( See ref. {15, 29] for a derivation of eq. (2.3), and for the



fermionic terms in the N = 1 supergravity action.) The two terms in the poten-
tial (2.3) are often called the F-term and the D-term, after the common notations
for the auxiliary fields in scalar and gauge supermultiplets which give rise to them.
Finally, if the gauge coupling e? depends on the scalar fields, then e~2 should be
a harmonic function, i.e., the real part of a holomorphic function f(¢A), and the
imaginary part of the same f(¢) controls the coupling of axions to FEP If the
gauge group is a direct product of several subgroups, then there may be a separate

f(¢) for each gauge coupling.”

In a general N = 1 supergravity the Kihler function K (¢, ¢), the superpoten-
tial W(¢) and the gauge couplings e* = 1/Re f(¢) are completely arbitrary and
independent of each other. However, in all classical vacua of the heterotic string all
gauge couplings are equal to each other 9 and are controlled by a single scalar field
— the four-dimensional dilaton; in space-time supersymmetric vacua the dilaton is
the real part of the dilaton/axion complex field D and e=? = ReD"" This article
is concerned with K and W; we shall show how they are related to each other in

effective theories describing the (2,2) vacua.

In a generic (2,2) vacuum of the heterotic string the gauge group is Fg® Es (the
Es component is pure gauge) and the massless scalars can be listed as follows: the
dilaton/axion field D; several generations of matter fields A% and A* that transform
as 27 and 27 under Ej (in our notations we shall always label the 27 matter fields
with indices taken from the beginning of the greek alphabet while indices from the
middle of the greek alphabet will always refer to the 27 matter fields); and several
moduli fields M4 whose expectation values parametrize families of related (2,2)
vacua. Non-generic (2,2) vacua may present us with additional gauge fields and/or
additional scalars that are Fg singlets but are not moduli™ (That is, expectation
values of these singlets must vanish in all (2,2) vacua of the heterotic string; from

the low-energy point of view, non-zero VEVs of non-moduli singlets usually lead to

‘-a

* Actually, even for a simple non-abelian gauge group one can have f4)3)(¢) transforming
as a symmetric square of the adjoint representation of the gauge group instead of a single
[29]

gauge-invariant f(¢).

10



positive values of the scalar potential). For example, there is an extra SU(3) gauge
group in the case of the Z3 orbifold,m and there are 224 extra scalar Eg-singlets in
the case of the Calabi-Yau threefold defined as a particular quintic surface in Ccp4H
In this article our concern is not with a particular (2,2) vacuum of the heterotic
string, but with entire families of such vacua that can be continuously transformed
into each other by changing expectation values of the moduli fields. In moduli
spaces describing such families of (2,2) vacua, gauge groups bigger than Eg appear
only at some isolated points or on some lower-dimensional submanifolds. We shall
discuss such submanifolds in section 4; in this and the following section we shall
concentrate on generic neighborhoods in the moduli space. The case of massless
singlets that are not moduli is more complicated; at present it is controversial
whether such singlets can stay massless throughout the entire moduli space.“'ag] In
this article we shall allow for existence of those singlets, but will not pay them any

more attention than we must.

Ideally, we would like to survey the entire field space of an effective field theory
corresponding to a family of the (2,2) vacua of the heterotic string. Unfortunately,
our state-of-the-art string technology is limited to scattering amplitudes that in-
volve a finite number of particles in the spectrum of a string vacuum state. This
limits our survey to the moduli space and its infinitesimal neighborhood in the
field space. For points in the moduli space the superpotential vanishes together
with its first and second derivatives with respect to all massless fields; hence, using

F invariance, we can write

W = 1 Wapy (M) A“APAY + L W), (M) AP A*A” + O(A®A*B) + O(B%) + -+,

(2.4)
where B stand for the Eg singlet fields that are not moduli but nevertheless remain
massless throughout the moduli space, and ‘- - -” refer to superpotential terms that
are of quartic or higher order in matter fields. The coefficients Wy, and W), are
the 27% and 27° Yukawa couplings and are of obvious phenomenological interest.

- At this point we allow them to be arbitrary holomorphic functions of the moduli

11



M4, but later we shall see that the moduli-dependence of the Yukawa couplings is

constrained. In the same spirit, we can write the Kahler function K as

_1 o N _
K = 3 log(D+D) + K(M,M)

+ Gog(M,M)A“AP + Gp(M, ) A¥A 25)

+ O(BB) + O(A*A*) + O(A%AF)

+ terms involving higher powers of the matter fields.

Here K is the Kahler function of the moduli space, which is itself a Kahler manifold
with metric g4 = IA&”AB (here and henceforth capital latin indices are reserved
for the moduli fields). On the moduli space, the metrics for the 27 and 27 matter
fields are given by the moduli-dependent matrices G5 and Gup; away from the

moduli space, the situation becomes more complicated and different kinds of fields

start mixing with each other.

Given formulee (2.4) and (2.5), we can write an explicit expression for the scalar

potential of the matter fields:

62 =8 a o AV a 2
v = _é.z(GaBAﬂQ( VAT 4 G A QW AY) (2.6)
(a)
) oo, (), ()
D+D ape 776 27 27
7 poi7. . Ak AN TRV
+ WGP Wz - (AAY) (A7) _
+ Xoupo - (A74%) (APA7)
+ O(AP 1) + 0B1) + -]
where ‘- stand for terms of higher than quartic order in matter fields. Here

(A"Aﬁ)ﬁ denotes the part of the product of A% and A? that transforms as a 27
- under Fg (A"‘Aﬂ transforms as 27 x 27 = 27+351+351'), etc. The fourth term in

12



(2.6) (the third F-term) is controlled by Yukawa couplings of the type BA*A* and
is absent in theories that do not have massless non-moduli singlets B. Fortunately,
even when this term is present, it does not affect the scattering amplitudes that
we will use for relating K, G,p and Gup to the Yukawa couplings Wy, and

W, so we do not need an explicit expression for the X Note that because

auBﬁ'
D+ D = 2ReD = 2/e?, the entire scalar potential (2.6) is proportional to the

gauge coupling €.
2.2. VERTEX OPERATORS FOR MODULI AND MATTER FIELDS.

This article is concerned with classical vacua of the heterotic string that can be
obtained by adjoining a ¢ = (9,9), N = (2,2) superconformally invariant theory
on the world sheet to the four N = (0,1) free world-sheet superfields that are
responsible for the four-dimensional space-time and to the left-moving SO(10)® Eg
Kac-Moody algebra that is responsible for most of the gauge group. N = (2,2)
superconformal theories are characterized by having two N = 2 super-Virasoro
algebras — one left-moving, one right-moving — each generated by a Virasoro
operator T'g, an abelian current J and a conjugate pair of fermionic operators Tl'f
of conformal weight h = §2— and J-charges ¢ = +1. We shall assume that all primary
Neveu-Schwarz fields of either algebra have integral J-charges; this is required for
the right-moving N = 2 superalgebra to lead to N = 1 supersymmetry in space-
timeE” and for the left-moving N = 2 superalgebra to lead to the enlargement of the
gauge group from SO(10) to Eg. The left-moving superalgebra is also responsible
for the existence of moduli fields and their relation to the matter fields; this algebra

is going to be our main tool.

A general multiplet of the NV = 2 superalgebra has four components, but there
are also chiral multiplets that have only two components; lower components of
chiral multiplets satisfy 2h = |q|. Of particular interest to us are chiral multiplets
of the left-moving algebra whose lower components W+ have h = % and ¢ = £1;

upper components ®* of these multiplets are marginal (have £ = 1) and neutral

13



(¢ = 0). The singular terms in the operator product expansions of the superalgebra

generators with U* and ®* can be summarized in the following formulee:

1/2

1

. i —— i i "'-
Tp(w) - ¥=(z) (w—z)z\p (z) + w_za\I’ (z) + ,
0 [®%(2)
. + [ — P
o) 94 = 2 (D) 4 e
+1
Jw)- W) = ) 4
J(w) @¥(z) = 0 + -, (2.7)
WMt (w) - IE(2) = 0 + -,
0 (V%(z)
+ _HE - 2 (T A\
2T (w) - 2(2) 8z(w—z) + ’
1
AFw) VE(z) = ) 4 o
OTF(w) - ®E(z) = 0 + -+,
where ¢ -’ stand for terms that are not singular when (w — z) — 0. Formulee (2.7)

disregard all right-moving quantum numbers of the operators U* and &*, even

their z-dependence. This is justified by complete commutativity of the left-moving

and right-moving superalgebras.

The operators ¥+ are important because they appear in vertices of the 27 and

the 27 matter fields. To be precise, matter fields that belong to decuplets of the
S0O(10) C Es have vertices of the form

27 fields
27 fields

anti-27 fields

anti-27 fields

Ap
AF
P

<3

o
3 W=

— iMN(2) VP (z,2), a=1,...,Ni,

— i/\ﬁ(z)-\ll;(z,i), p=1,...,Ng,

— (z',\ﬁq;;:)Jr

b, (z')\ﬁ\p;)lf

iN(z)- Uy, (2:8)

i (2) - TF,

where p is the SO(10) vector index and M(z) are free left-moving fermions that
generate the SO(10) Kac-Moody algebra — the SO(10) Kac-Moody currents are
- XM for p,g € 10, p < q. This Kac-Moody algebra is enlarged to Fs by adding

14



to it the left-moving current J — which generates the U(1) subgroup of Eg that
commutes with the SO(10) — and also the 16 +16 Ramond sector operators that
are products of the SO(10) spinors with the & = %, q = :f:% operators obtained
from the unit operator via spectral flow in the N = 2, ¢ = 9 superalgebra.m]
Spectral flow also relates vertex operators of the 27 fields that transform as 16 +1
under SO(10) to the UT operators and relates vertex operators of the 16 +1 € 27
fields to the W~. Notice that vertex operators of both A% and AP involve ¥+
since both types of fields transform as 27’s under Fs; however, the right-moving
structure of operators ¥} and \I/;—f is quite different, corresponding to the fact that

U+ makes a holomorphic scalar field in space-time whereas \I/;-f makes an anti-

holomorphic field — carrying a barred index. The same is true for the operators

v, and ¥y .

Space-time fields are dual to the world-sheet fields in the sense that a linear
redefinition of the former results in the inverse redefinition of the latter; this ac-
counts for the lowered indices a, u, &, in (2.8). Likewise, integrated correlation
functions of vertices give Green’s functions of space-time fields with the external
legs truncated and therefore they also carry lowered indices. For example, the
two-point functions of the matter vertices yield the Zamolodchikov metric"*” for
the matter fields:

(V) (z,2)- (M3)(2, 7)) = 611Gp- |2 =27,
<(i/\ﬁ\11_)(2,2) . (i)\‘j\llg)(z',él)> = MG, - |z — z'|_4.

i

(2.9)

The X’s anticommute with W% and (M(z) - X(2)) = 674(z — 2')~1; therefore, the
matter metrics Ga[; and G5 can be obtained from two-vertex correlators <\IJ+\II'>
via
SHEBR
<\II;(2, z)- W

() = Gog-(z =)=,
(2, 2’)) = Gup-(z— z')—l(i — 2')_2.

w4 o

Note that the Zamolodchikov metrics for the matter fields obtained from egs. (2.9)
- or (2.10) are the same (7, 5 and G5 that appear in the Lagrangian of the low-energy

15



effective field theory via eq. (2.5): This is a necessary condition for the effective
theory to reproduce the correct residues of massless poles in string scattering am-
plitudes. (One can see this explicitly for the four-particle amplitudes presented in
the next section, by factorizing them on the graviton poles.) In the effective field
theory, matrices G5 and Gup explicitly depend on the moduli fields; in the string
formulee (2.10), this dependence is implicit: Each set of vacuum expectation values
of the moduli fields corresponds to a specific vacuum state of the heterotic string,
and the correlators in (2.10) are evaluated for that particular vacuum state.

Now consider the operators ®*. They are marginal and neutral, which makes
them vertex operators for massless scalars that are Eg singlets.“’ls'm Moreover,
®* are upper components of N = 2 supermultiplets and hence can be added to
the world-sheet Lagrangian without breaking the left-moving N = 2 superalgebra.
From the space-time point of view this means that scalar fields associated with
®+ are not just massless singlets but moduli — fields that can have arbitrary
vacuum expectation values without breaking the (2,2) structure of the vacuum
and therefore without generating a potential (see refs. [13,14] for proofs of this
assertion). As with the matter vertices, moduli vertices are dual to moduli fields,
but since the moduli space is non-linear, this duality is local: Given a (2,2) vacuum
and a corresponding point on the moduli space, moduli vertices are dual to dM4
and dHA; from the differential geometry point of view this means that the moduli
vertices are co-vectors on the moduli space. For a general coordinate system on

the moduli space we thus have vertices for holomorphic moduli fields that are

»» and similarly for the anti-

some linear combinations of the vertices ®} and ®

holomorphic moduli:

MA « Ug-oF + UL - o, :

] ' 2.11)
A TT& &= 77 +
MA - U%-o; + U 0F.

The Ug, etc., are moduli-dependent matrices, but from the world-sheet point of

- view they are c-numbers and not operators. The two-dimensional operators &7,
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etc., here are fixed by the current algebra (2.7) in terms of ¥}, etc., which appear

in the vertex operators for the four-dimensional fields A% and A* via egs. (2.8).

For any particular point in the moduli space we can find local coordinates M“
and M*# that trivialize the U m.atrices at that point; unfortunately, it is generally
impossible to simultaneously trivialize the U matrices everywhere in the moduli
space, or even in a finite piece of the moduli space. However, we shall prove in the
next section that one can define separate sets of fields M® and M™ such that the
matrix elements U, U, U%, and Ug’ in egs. (2.11) all vanish in a finite patch.
In the case of a Calabi-Yau compactification M* and M™ are respectively (1,1)
moduli and (1,2) moduli; for the (2,2) vacua that are not obviously related to the
Calabi-Yau manifolds M® are simply the moduli related to the 27 matter fields
while M™ are the moduli related to the 27’s. To simplify the terminology, we shall
refer to these two types of moduli as (1,1) moduli and (1,2) moduli regardless of
whether the (2,2) vacuum under consideration has anything to do with Calabi-Yau
manifolds. In a basis that distinguishes between the two types of moduli fields

moduli vertex operators are given by:

moduli M*?

(1,1) o UY-oF, a=1,...,Ny,

(1,2) moduli ]\i"f - _l{,’,jl @, m=1,...,Nz, (2.19)
anti-(1,1) moduli M* & U7 -®;, a=1,...,Ny,
anti-(1,2) moduli M™ Ur . ‘I)g', m=1,...,Nag.

In our notations we shall distinguish (1,1) and (1,2) moduli from each other by
labelling the former with lower case indices taken from the beginning of the latin
alphabet while reserving the middle of the alphabet for the latter; capital latin
indices will refer to moduli fields of either kind, i.e., an M4 can be either an M?®

or an M™.

With these conventions, all string amplitudes involving moduli fields carry U

factors; in particular, the metric for the (1,1) moduli fields is given by:

_Yub__ _ pogh. <(I)+(Z,§) . (1)?(2',2’)>. (2.13)

|z — 2/
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Now, using the current algebra (2.7) we can show that

(022) 95.2) = §37 (2Tr(w) wi(22) €5()
:f% <\II-Q/*-(Z,2)-2TF—(’U)).@E(zl,gl)> (2.14)

3] _ -1 -
= 6_27 <lII;1|-(ZaZ) ’ \I;B (Zlaz’)> .

Hence, in view of eq. (2.10),

95 = Ul G300 . (2.15)
Similarly, the metric for the (1,2) moduli is given by

gmi = UL G UL (2.16)

Equations (2.15) and (2.16) are examples of string-derived relations between dif-
ferent terms in the effective Lagrangian of the light scalars — in this case, kinetic
terms for the moduli and for the matter fields. To make full use of these equations
one obviously needs to know the U matrices; we shall compute them in the next

section.

Now consider the matrix elements of the moduli metric g4 5 that mix the (1,1)

and the (1,2) moduli:

o
s = T (81,9 02 )

. (2.17)
= USTE X o (25 (w) Wi 2) - BE(, ) = 0
T

because the operator product of T (w) and ®*(2') has no singularity at w — 2';

- g also vanishes for similar reasons. But the moduli space is a Kéahler manifold,
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SO Gan = ];,,aﬁ/ and ¢,,; = IA{ymI;; hence, block-diagonalization of the moduli metric

implies that

R(MA MY = Ky(M® M%) + Ko(M™ M™) (2.18)
(up to a harmonic function that does not affect the metric).” It immediately follows
from eq. (2.18) that the moduli space is a direct product of two separate spaces for
the (1,1) moduli and for the (1,2) moduli, i.e., the metric for the former does not
depend on the latter and vice versa. Note however that this argument only proves
that the moduli space is a direct product as a metric space provided it is a direct
product as a (complex) differentiable manifold, i.e., provided one can consistently
define separate complex fields M* and M™ for the two kinds of moduli, and we
haven’t yet proved that this is possible. For the type Il superstring, the moduli
space of a (2,2) vacuum has to decompose into a product of two subspaces because
the effective low-energy theory has N = 2 space-time supersymmetry ( (1,1) and
(1,2) moduli scalars belong to different types of N = 2 supermultiplets).m] This
result applies to the heterotic string as well since both string theories yield the same.
moduli for the same (2,2) vacuum (see Appendix C for precise relations between
moduli of the two string theories). However, one should not need the N = 2
four-dimensional supersymmetry to prove the moduli space decomposition for the

heterotic string, and we shall give such a proof in the next section.

% This argument also explains why the dilaton/axion field D appears in (2.5) all by itself:
The string origin of this field differs from any others massless scalar fields in the theory,
and for any vacuum state of the heterotic string there are no metric terms that mix the D
with other scalars.
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3. Reconstructing Geometry from String Amplitudes
3.1. SCATTERING AMPLITUDES IN FIELD THEORY.

In this section we shall follow the S-matrix program of ref. [10] that was out-
lined in the introduction to this article. Specifically, we shall compute four-particle
scattering amplitudes that involve moduli and/or matter scalars. From the string
théory point of view these amplitudes are related to each other through the current
algebra (2.7). On the other hand, in field theory these amplitudes are controlled
by seemingly unrelated terms in the effective Lagrangian. Specifically, four-moduli
scattering amplitudes are controlled by the Riemann curvature of the moduli space,
amplitudes involving two moduli and two matter fields are controlled by the mod-
uli dependence of the metric for the matter fields, and amplitudes involving four

matter fields are dominated by the gauge and Yukawa interactions.

Let us begin with the scattering of moduli. Having no potential and no gauge
couplings, moduli fields interact with each other via sigma-model couplings that
are present whenever the moduli space is not flat. The Feynman rules of the sigma

model provide for four tree-level diagrams contributing to a four-point function:

K

(3.1)

For a sigma model with a Kéhler metric, vertices are given by the derivatives of K
times the square of the total 4-momentum of the lines incoming to the vertex. (In-
coming lines correspond to holomorphic fields, outgoing lines to anti-holomorphic

fields.) Due to these kinematic factors, the last two diagrams in (3.1) vanish on
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the mass shell, while the combined effect of the first two diagrams is

o ) ) - EF .
Ag(MA MB TIC TP = isK ypep + isK app- 215K pop = isRacpp.
' (3.2)
Here s = —(k1 + k2)2 is one of the three Mandelstam kinematic variables; the other

two variables are t = — (k1 + k4)? and u = —(k1 + k3)?. Note that in a Kahler
geometry the Riemann tensor obeys R, npp = Rpaap in addition to the other

symmetries under index permutations.

Besides sigma-model interactions, gravity also contributes to the scattering of
moduli particles. A four-moduli amplitude gets contributions from the ¢-channel

and the u-channel exchanges of a graviton:

M M
M M
which together yield
ts

S — o US .
Agmv(MA,]\/IB,]VIC,MD) = m2—t—-gADgBC~ + ng'gAC‘QBD (3.4)

(the s-channel exchange does not contribute since g4p = 0). No other interactions
present in the effective Lagrangian (2.1) contribute to the tree-level scattering of
moduli scalars. Thus we can summarize the field theory amplitude for the four-

moduli scattering amplitude as

A B ==C D . . qUS . 918
ApT(M*, M7, M~ ,M") = is- Ryepp + ik ~ '9ap9Bc T 1K~ 94c9BD-

(3.5)
Note that the right hand side of this formula depends solely on the geometry of the
moduli space. Hence a string expression for the four-moduli scattering amplitude

- becomes a differential equation for K (M, M).
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Next consider a scattering amplitude that involves two moduli and two matter
scalars. Since the 27 and 27 matter fields remain exactly massless for all values
of the moduli, the scalar potential does not contribute to tree-level scattering
amplitudes that involve only two matter scalars. Similarly, gauge interactions do
not contribute to amplitudes involving only two charged particles. Thus the only
interactions in (2.1) that contribute to the two-moduli two-matter amplitude are
gravity and the two-derivative interactions due to moduli-dependence of the matter

metric:

Therefore,

AFT(AIA,Aﬂ,Z:Y,MD) = 15- R,@‘yAD + Z:‘i Gﬂ'YgAD> ’
A 4N 3B 7FD U (3.6)
App(M4, AN AP M) = is- R)\[I.AD + ik? - -GAp 94D

where

Rgsap = Kagzp = Kape G K p = Gpaap — Gpea GGy p
and Ryap = K qnap — KangGP K up = Griap — GrpaGP Gopp
(3.7)
are mixed components of the Riemann tensor for the whole field space. Again, given
a string expression for the two-moduli two-matter-fields amplitude, formulee (3.6)

become differential equations for the matter metrics G, 53 and G .

Finally, consider scattering processes that involve four matter fields and no
moduli. Among the matter fields, two must transform as the 27 of Eg while
the other two transform as the 27; there are three Fg-invariant ways to contract

- the gauge indices of these fields. For the sake of notational simplicity we shall
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. the kinematical factors

not use Fg-invariant amplitudes; instead, we shall restrict our attention to the
case when all four external fields belong to decuplets of the SO(10) C Es; all
other amplitudes can be reconstructed from these by the Fg invariance. Several
kinds of interactions contribute to scattering of four matter fields, but at low
energies two effects dominate the amplitude: gauge scattering and contact four-

scalar interactions due to quartic terms in the scalar potential (2.6):

= n i + O(k?).

(3.8)
Assuming the gauge group is exactly Eg (no “accidentally” massless gauge bosons),

the gauge scattering amplitudes are:

2U— S

Agange( AL, AL AL AY) = e - Gl Gl - (51’45“ 597595 %51355“)
gt — I
+ ze 5 Ga’y G,B5 (61"157‘5 §P3 gdt _ lépr(sqs)
u
Agauge(Ag, A;\"A‘?,Zé) = je2 U -t— S _ GaS G,\p, . (5Pl§6f§ _ 6ﬁf5¢i§ 15Ps59r>
gauge(AK Az\ A'u' AI/) _ iez U ; S G G,\ﬂ . (61){?6;5 _ 623f6é§ . %yis"éqr)
t — L
4o Grn Gp - (51’@5” 893617 161"6‘15)
U

(3.9)
where the factors % come from the ratio between the coupling constants for the
SO(10) and the U(1) subgroups of Eg; we normalize these couplings according to
the convention that for the SO(10) generators Q(%), trig (Q(“)Q(b)) = 26(a)®),

Contact interactions due to the D-terms in the scalar potential (2.6) contribute

to the scattering amplitudes expressions that are identical to eqgs. (3.9), except that

“+* and t—i—s are absent. Finally, contact interactions due
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to the F-terms in (2.6) contribute

.AF(AS, Agazzv;{g)
AF(AIO;’ Aé\azg,zg)

Ap(A5, A2, AEAY) =

2K __ N
—44 % . Waﬁc G Wﬁ‘,é . 5P?6rs’
exp k2K N
1 SR X 5957, (3.10)
2K - N
—h % Wierp G Wopy - 67167

Note that in the low-energy limit both gauge and potential contributions behave

like O(1) under uniform rescaling of all 4-momenta. All other interactions, such

as quartic terms in the Kahler function, or effects of moduli exchanges, or gravity,

etc., contribute terms that in

the low-energy limit decrease like O(k?) or faster.

Hence, as far as the effective field theory is concerned, the scattering amplitudes

for four matter fields are:

7 =
50 AFT(A7, AL AL AY)

7 =
55 APT(A7, A7, &Y, AY)

v Dy Y7
@AFT(AgvA(ij:HAg)

we have used 2/(D + D) = €?

S Q. (§PisTE _ sP3 gt _ 1 ghF gis

= - Gay Ggs (55 §7%6 355)
eXp(K)Q]{,) : Waﬂe GfﬁWﬁ,—ys . 6}3@6;5 + O(kZ),
Gog Gy - (67167 — 67769 4 L7511 )
exp(k2K) - X5 - 67167 + O(k?);

Gw Gag - (5ﬁéaf§ _ 7§ %57355%?’”‘)

S TG 55 GF 57 43

= G G- (5pq5 _ §P3IF _ Lgi g )

exp(k’K) - Wirp G Wy - 6716™ 4+ O(k?);
(3.11)

and s +t 4+« = 0 in deriving these formulee.

+ 4+ =te + e+ A =lw
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3.2. STRING RELATIONS BETWEEN SCATTERING AMPLITUDES.

At this point we know which scattering amplitudes we need in order to recon-
struct the kinetic terms in the low-energy effective Lagrangian, so let us compute
them. Let us begin with the string amplitude A(M?, A'B,Z'_Y,MJ). There is only
one Eg-invariant amplitude of this kind, so without loss of generality we can choose

the matter particles to belong to SO(10) decuplets; thus we have

A(M®, AL AT MY = UST x (3.12)
| (21, 22, 23) 2 /d224 B(zj,5) - (M(z2) - M(z3)) x

x (®F (21,71) - W (22, 22) - U5 (29, 23) - 05 (21, 20))

Here J is the Jacobian for using SLy(C) to fix z1, 22, 23 and is independent of z4,
and E(zj,z;) is the correlation function of the exponentials eV2o'ki X appearing
in the vertex operators evaluated at non-zero momenta k;; an explicit expression

for E in terms of z;; = z; — z; is given by

E(z5, %) z<f[ (ivV2a'k; - X(zj,z]))>
=1 (3.13)

k — ! —n! —n! 2
- H |2i5] k= |z12234] o's/2 |z14223] otf2 | 213224 /2
<

Beyond the eiV2'k;-X factors, heterotic vertex operators ®* and W* themselves
depend on the momenta. However, this dependence only affects the right-moving
degrees of freedom and completely commutes with the left-moving N = 2 super-
algebra; since it is the left-moving superalgebra that we are going to use here, we

- can safely ignore the momentum dependence of ®* and U=,
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Now, let us apply the current algebra (2.7) to the correlator that appears in

eq. (3.12). Using the operator product expansion of T with Ut we can write

.U .U .7 = dw w—¢
1Yo - ¥ - @y

—_ + — —_
Tri o ¢ (2TF (w) - UF -0 - 05 - 7)), (3.14)

21

where ( is an arbitrary complex number, <I>i" is a short-hand notation for ®} (21, z1),
etc., and the contour of integration circles z; but not the other vertices. The same
contour can be reinterpreted as circling (in the opposite direction) 22, 23,24 and
oo instead of z1; however, the integrand has no singularity at z3 (the operator
product of Tz (w) with W3 is non-singular at w — 23), and the single pole at
w — z9 can be cancelled by choosing ( = z3. The integral around infinity also
vanishes: since the conformal dimension of Tr is %, the correlator is O(w™3) at
w — oo and the leading term in the integrand of (3.14) behaves like w™2. Hence,

the only contribution to the contour integral comes from the singularity at w — 24

that yields

dw w— 29 _ _ 0 (24— 22 -
%21—22 2TF(’LU)(I)4 = —8_2;(21—22 '\Il4 s (315)
24

and the integral on the right hand side of eq. (3.12) can be rewritten as

8 9 [z
2 42 — —
C

B To/4 o/t/4
:5,,qX/d22 E (Ut .ot .97 . ¢ .(aS/ _ )
J 4 < 1 2 3 4> 212234 214223

Here the factor 67/z23 comes from <)\g . /\g>, and the second expression follows

- from the first via integration by parts (we use eq. (3.13) and s + 1 +u = 0).
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Next consider the amplitude A(A%, Aﬂ,Z:’,ZS). Choosing all four matter par-
ticles to belong to the decuplets of the SO(10), we have

A(AZ, AS AL AL = |J|2/d224E-<\1;;“.q;;-\1:;.\1;;>-<,\113-A3.A§-A§>.
C
(3.17)

All we need now is an explicit expression for the correlator of the gauge fermions:

. . §PigTs P8 84T §P7 643
(M2 0) = ( + = ) (3.18)
212234 214223 213224

If we now compare the right hand sides of egs. (3.16) and (3.17), it becomes ap-
parent that

a a7 77d o 776 a 7 %8 T¥ A6
A(Me, AR AL M) = 5 UTY x (s A(Ag, A5 AL AY) - ¢ A(Ag, AL AT AS))
(3.19)
(no sum over the SO(10) vector indices p # ¢). Formula (3.19) is the first of several
relations between various string amplitudes that we shall use as constraints on the

low-energy effective field theory.

There are other two-moduli two-matter-fields amplitudes: The two moduli
fields may be of the (1,2) type rather than the (1,1) type as in eq. (3.19), and the
two matter fields may be 27’s rather than 27’s. All these amplitudes involve world-
sheet correlators of the type <‘I>+ Pt <I>‘>, where @7 is either @7 or @I}L,
Ut is either ¥F or \I/;:, etc. In the arguments leading to formula (3.19) we relied
on the left-moving current algebra (2.7), which is not affected by the right-moving

quantum numbers that distinguish between the 27 and anti-27 matter fields or

between (1,1) and anti-(1,2) moduli. Hence, the very same arguments (modulo
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permutations of particles) also yield
k B ¥ FFhN _ o 7IKTID K B8 x¥ 0 K B % Av .
A(M*, AL A ) = %UkUﬁ-(uA(Aﬁ,Aé,Ag,Aé)—tA(Aﬁ,Aé,Aé,Aﬁ)),
A(ME, AY, A2 T = SUSTY - (wA(AZ, A}, AL, AD) ~ LA(A, A), AR AE)) 5
3 —E A L KTTD K A AL AP K A AR TxP
AM*, A3, AL M) = SUEU, - (SA(Aﬁ,Aﬁ,Ag,Aq) - tA(Aﬁ,Aé,Ag,A,a))
(3.20)

(again, no sum over p # §).

On the other hand, amplitudes that involve one (1,1) modulus and one (1,2)

modulus (and two matter fields) vanish identically since they involve the vanishing
correlators <<I>+\Il+\ll”<1>+> and <<I>_\Il+\ll_(1>‘>. These two correlators are complex

conjugates of each other, so it is sufficient to verify that

dw w— z9

ot .Ul v - ofF) =
<1 2 3 4> O%i 21 — 22

21

(2T5 (w) - OF - UF - U7 - 0F) = 0

(3.21)
The first equality here is exéctly analogous to eq. (3.14), and the contour integral is
evaluated in exactly the same way; however, the operator product of Tz (w) and @I'
has no singularity when w — z4, and the integral vanishes. This argument assures
the vanishing of “mixed” amplitudes A(M®, AP A7 M™) and A(M®, A, A", M™)
(and their complex conjugates) and completes the coverage of all four-particle
amplitudes involving one modulus, one matter field, one anti-matter field and one

anti-modulus.”
Now consider a four-(1,1)-moduli scattering amplitude
A(M®, M8 M MY = ULUSTITY x |J|2/d2z4 E-(®F - ®f - 07 -d;). (3.22)
C

Using the current algebra (2.7) we can write ®] as a contour integral of 275 (w)

around lIIT and then pull the contour of integration from the back of the complex

* These are the only two-moduli two-matter-fields amplitudes that we will need in this arti-
cle. Among other amplitudes, A(A%, A* M?® M") and its complex conjugate obey equa-
tions similar to egs. (3.19) and (3.20), while all the remaining two-moduli two-matter-fields
amplitudes vanish identically.
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sphere so it runs around 2334 instead of z;. But the integral of 277 (w) around a

®*(z) vanishes while the integral around a ®~(z) yields a 3,9, so we obtain

(8f -0F 07 97) = S (U{ - OF U7 @7) + o (U] 0F 07 up).
(3.23)
Retracing the steps that led us from eq. (3.12) to eq. (3.16), we can express the
correlators on the right hand side of (3.23) in terms of ¥ only; this gives us
(of 0f 27 07) = —- - (2 (ot vt vy up). G2
When computing a tree-level four-particle string amplitude such as (3.22),
we keep locations of three vertices fixed and integrate over the fourth. Because
of SLy(C) invariance™” the integrand is exactly the same regardless of which of
21,2,3,4 1s used as an integration variable; the only difference is that the Jacobian
J depends on the other three vertex locations. Hence, if the integrand has the
form A -0B/0z;, j = 1,2,3,4, we can choose z; to be the integration variable
and integrate by parts, then keep the new integrand but integrate over z; with
¢ # j. This technique allows integration by parts over any of the z; 2 3 4 regardless
of which z; is the integration variable. Thus, after we substitute (3.24) into (3.22),
we can integrate by parts over both z3 and 24, and the integral on the right hand
side of eq. (3.22) becomes
/d224E SRS 20 T pa ((a'3/4) + (o/s/4)° N (a't/4)® (a'u/4)2> .

212234 214223 213224

C
(3.25)

It remains to compare (3.23) to the four-matter-fields amplitudes (3.17); this yields:

A(Me, M8 ME MY = UcUPTITE x (3.26)

U
a's  of?s? o« 1B =7 =5 o2t a 4B 37 36
X K—4-+ G )A(A~ Ap Apy Ag) + g AlAG, A, Af, A7)

a/2u2

16

A(Ag, AT AT AY)

P’

_{,_
(no sum over p # §).
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Finally, consider other four-moduli scattering amplitudes. Given two types
of holomorphic moduli, there are nine types of amplitudes that involve two holo-
morphic and two anti-holomorphic moduli fields. Three types of amplitudes are
related to world-sheet correlators <<I)+<I)+<I>“<I>_>; these amplitudes, to the order

in o' necessary for this article, are summarized in the following formulze:

e ady _ o8 TS . A( A B AT T
A(M®, M MC MY = TUfoUgUJ-A(Aﬁ,Ag,Ag,Aﬁ) + O(akY);
- B a'u —i —F —i —F
A(Me, M M™ MY = TUgUﬁU“ng--A(Ag,Ag,Ag,Ag) + O(akY);

Vi Vil o's T7R TP K =B xP
AM* MM MY = TU,C"U,"U"mUﬁ-,ct(,zxﬁ,Ag,A'qf,Aé) + O(akY).
(3.27)
(The first equation here is eq. (3.26). The second equation substitutes M™, M*,
AP and A* for M, M®, AP and A7, respectively, and can be proven by exactly
the same arguments as (3.26); we have interchanged particles 2 and 3 for future
convenience. The third equation substitutes in addition M®, M* A” and A* for

Me, M‘i, A% and ZS, respectively, and interchanges particles 1 and 4.)

The other six four-moduli amplitudes are related to correlators <<I)+C13+<I>+(I>+>
and <<I>+Q>+(I>+<I>_> (and their hermitian conjugates) that vanish identically. In-
deed,

dw _
(¢ -0f -0f 0}) = §5 (7(w) - vf of -0f-0f) = 0 (39)

since the operator product of 7' and ®* has no singularity, and

_ dw w— z4 _ _
(F -@f -8f -07) = $gm =t (a0 (w) Wi - 9F - 9F - 97)
2 (3.29)
1
= —(UF.of . 0F.0;) = 0,
Zl4< 1 2 3 4>

where the last equality is just eq. (3.21).
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3.3. RIEMANN TENSOR, MODULI SPACE DECOMPOSITION AND METRIC FOR

THE MATTER FIELDS.

Having established several string relations between various four-particle scat-
tering amplitudes, let us use these relations to describe the geometry of the field
space. We begin with the Riemann tensor of the moduli space, which is related
by formula (3.5) to the scattering amplitudes for four moduli fields. Our string
formulea for these amplitudes distinguish between the (1,1) moduli and the (1,2)
moduli, so we shall compute the components of the Riemann tensor in a basis that
respects this distinction. (Local bases of this kind exist for all points of the moduli
space regardless of whether these bases are consistent with a global coordinate sys-
tem.) In such a basis, all components of R,spp except R 7, Brmin and Rz
(and components related to these by index permutations) must vanish because of
the vanishing of the corresponding string amplitudes. Moreover, R, ;7 vanishes
too. To see this, let us substitute the second formula in (3.11) into the second

formula in (3.27); the result is

2
2

e

O[I SU (

A(M®, M M™ MY = UG, ;0% (U} Gra UR)

(3.30)

Here the second equation follows from the first because of eqgs. (2.15) and (2.16)
and because in the heterotic string theory gauge and gravitational couplings are
related to each other via o'e? = 2x2""! In view of formulz (3.5) and (2.17), eq. (3.30)
implies that R,;,;; = 0.

Now consider the holonomy group of the moduli space. The restricted holon-
omy group of a Riemannian manifold is generated by parallel transport along
contractible loops in that manifold, and the associated Lie algebra is generated by
components of the Riemann tensor viewed as matrices in the first two indices of R.
We have just seen that for the moduli space the only non-vanishing components of
_ the Riemann tensor are R,z ; and Rymin , so the restricted holonomy group of the

moduli space must be contained in U(N;) ® U(N2). But there is a theorem valid
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for any Riemannian geometry that says that if the (restricted) holonomy group of
a manifold decomposes into a direct product of commuting subgroups, then the
manifold is (locally) a direct product of several submanifolds”™ In our case, this
means that there are independent moduli spaces for the (1,1) moduli and the (1,2)
moduli; both of these spaces are Kahler, and the full moduli space is their direct
product (hence (2.18)"). Note that only a local basis is needed to evaluate the
restricted holonomy group. Therefore, in contrast to our argument at the end of
section 2, this time the possibility of parametrizing the moduli space with separate

(1,1) and (1,2) moduli fields is not assumed but proved.

Having verified that the moduli space is a direct product of separate moduli
spaces for the (1,1) moduli and the (1,2) moduli, we would like to study the geom-
etry of each component. Riemann tensors R, ;7 and Ry for the (1,1) and (1,2)
moduli spaces can be obtained from formule (3.5), (3.27) and (3.11). After some
algebra that uses eqs. (2.15), (2.16) and o'e? = 2«2, we obtain

i N P
—5 Bactd = oz 9pd t Yaa Bz — exp(k*K) - (WUUU )ape ¢/ (WUUU ) 5q,

1 N o
5 Brtn = Gk gin + Gk 9t — exp(x’K) - (WUUU)wii g7 (WUUU )5

(3.31)
where (WUUU )44 is a short-hand notation for WaﬁfU,f‘Uerf, etc. Unfortunately,
equations (3.31) cannot be solved for the moduli metrics g,; and gms until we
know the U matrices that appear in these equations. To compute the U matrices
we need additional equations relating moduli and matter metrics; such equations
are provided by string formula (3.19), (3.20) and A(M?, AP, AY M™) = ... = 0
for scattering amplitudes that involve both moduli and matter fields. Combining

these formulae with eqgs. (3.6) and (3.11) we arrive at the following expressions for

%« Actually, the statement that the moduli space decomposes refers to its metric rather than to
its Kahler function K. This decomposition implies eq. (2.18) only after a Kahler transform
that changes K by a harmonic function A(M) + A(M) that does not affect the metric
(A(M) is a holomorphic function of both M® and M™). In N = 1 supergravity, a Kahler
transform that is accompanied by rescaling the superpotential by the holomorphic factor
exp(—«2A(M)) is unobservable, so through the rest of this article we shall assume that
eq. (2.18) holds exactly (i.e., without extra harmonic terms).
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the Rgs4p components of the Riemann tensor of the whole field space:

%R‘”"J = UiGas~ GaslUy + §Gav 9ud
— exp(k?R) - (WUU)goe T (WUU) 345,
%Rﬂ‘rkﬁ = 3Gp3 gkn
Rgsan = 0,
fomnd = (3.32)

components R,;,p obey similar equations.

In order to simplify formulee (3.32) as equations for the matrix U = {Ug'}, we
raise the first index of the Riemann tensor and rewrite egs. (3.7), (3.2) and (2.15)

in a matrix form:

= [0c (87" 3p8)]5,
[UG.UT ]

Rp = Repls = [0c (G—l'aDG)]C}w
%

Rt
D)
S
H
—
o}
il
S
S
Il

ab

In these notations, comparing egs. (3.32) and (3.31) yields

o0 (Utg™U -0, (U7'gUT™)) = Ulac (g7 0pg) UM

\ (3.33)
+ 53—808[) (Ky — K1) x 1.

This equation may look cumbersome, but it is rather easy to solve; the general
solution is given by
P /@2
US(M, M) = V(M) .exp(F (K —1(2)), (3.34)

where V(M) is an arbitrary matrix-valued holomorphic function of the moduli

fields M®* and M™. Similarly,

)

UL (M, M) = Vm“(M)-exp(%: (Ky —Kl)). (3.35)
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The arbitrariness of V(M) is not an artifact of using insufficient information
to fully determine the U matrices, but a consequence of independent choices of
coordinate systems for the moduli and for the matter fields. We are free to make a
linear redefinition of the matter fields A%, and the coefficients of this transformation
can be moduli-dependent as long as they are holomorphic functions of the moduli
fields. (Non-holomorphic field redefinitions are inconsistent with the manifestly
complex Kahler geometry (2.2) we have used throughout this article.) Thus the
U(M, M) and Uk (M, M) are determined only up to holomorphic matrix-valued
factors; obviously, V.*(M) and Vjh(M) are precisely such factors. Since apart from
these factors the U matrices are proportional to unit matrices, there is a natural
choice of matter fields A* = (V™1)2A% and A™ = (V1) A* that eliminates the
V’s; henceforth we shall always make this choice of fields and use the same indices
for both moduli and matter fields (as long as we are not discussing components of
the Riemann tensor that involve both kinds of fields). With this convention, we
can write explicit formulee expressing metric matrices for the matter fields in terms

of the metrics and Kahler functions for the moduli:

2
K
Gug = 94 -exp<-3— (K2 — Kl)) ,
2
K
Gma = gma ~exp(? (K — Kg)) )

(3.36)

It is important to notice that in contrast to g,; and gma, Gz and Gy depend on

both types of moduli.

Formulae (3.31) now become explicit equations relating the Kahler geometry

of the moduli space to the Yukawa couplings of the matter fields:

1 ) o
— Rabd = Yaz9pa + Gad Poc exp(262K1) - Wape 97 Wi,

1 , .
EEkalﬁ = GkmGin + Gkngtm — exp(26°K2) - Wiy g7 Wi -

(3.37)

Note that non-trivial U factors are essential for the consistency of eqgs. (3.37):
Because the moduli spaces for the (1,1) and the (1,2) moduli are completely in-

dependent of one another, a consistent equation for the Riemann curvature of the
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(1,1) moduli space cannot involve K, which depends on the (1,2) moduli (and
vice versa). Both egs. (3.31) contain the factor e’ K — #* K1, o’ K2 which depends
on both kinds of moduli, and it is the U factors (3.34) and (3.35) that turn it
into the e2¢ K1 factor appearing in the first eq. (3.37) and the 25" K2 factor in the
second equation. The U factors also make egs. (3.37) invariant with respect to
Kahler transforms of the two moduli spaces: Ky — K;j — Aj(M*®) — A1(M%) and
Ko — Ko—Ay(M™)—Ay(M™). Under these transforms the U factors correspond-
ing to V = 1 make the matter fields A* and A™ rescale with factors eiéj(/\l_/\?), SO
the Yukawa couplings transform as W, — 25 M Wape and Wiy, — 2K A2 Wimn;

these are precisely the transformations that leave egs. (3.37) invariant.

3.4. YUKAWA COUPLINGS AND METRIC FOR MODULI FIELDS.

There are two ways to look at eqgs. (3.37): as differential equations for the
Kihler functions Kj 2 in terms of the Yukawa couplings Wy and Wiy, or as
algebraic equations for the Yukawa couplings in terms of the Kéahler functions and
their derivatives. From the latter point of view the fact that the moduli space is-
a direct product immediately implies that Wy, — the 272 Yukawa couplings —
should depend only on the (1,1) moduli M* and not on the (1,2) moduli M™, while
Wi — the 270 Yukawa couplings — should depend only on the (1,2) moduli”
Using more direct string arguments, Distler and Greene"™ proved that this is
indeed the case. Less immediate constraints imposed by egs. (3.37) on the Yukawa
couplings follow from the Bianchi identity for the Riemann tensor: V. R 45 =
VaR, a4, where V is the covariant derivative operator. Since the metric tensor is

covariantly constant, and W is anti-holomorphic, eqs. (3.37) imply

va (62'62[(1 Wbcd) — Vb (62,;2](1 Wacd) ,

-

Vi (62"21(214/177“1) VA (ezﬁhzwkmn) . (3.38)

% Yukawa couplings we are discussing here are unnormalized cubic terms in the superpotential.
Normalized Yukawa couplings also depend on the matter fields’ metric, and eq. (3.36) tells
us that normalized 273 couplings do depend on the (1,2) moduli, but this dependence is

limited to a common rescaling of all 272 couplings. The same holds for the 27 couplings
and (1,1) moduli.
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Like the result of Distler and Greene, these equations can be obtained either from
eqgs. (3.37) or from direct string arguments; in Appendix A we shall give a stringy

proof of egs. (3.38).

The significance of (3.38) is as an integrability condition: In Kahler geometry,
covariant derivatives with holomorphic indices commute with each other, and the
integrability condition for a vector field X, to be a gradient of a scalar is thus
VoXp = VipX,. (X4 is a vector field on the moduli space, not in space-time.)
Similarly, if a symmetric tensor field Xg,...q,, obeys VyXa,...an = Va, Xpay-a, (i-€.,
V3Xa,.a, is symmetric with respect to all its n + 1 indices), then Xg, .4, =
Va, -+ Vg, X for some scalar field X1 Once we have set V = 1, Wap(M*) and
Wimn(M™) become symmetric tensors on the respective moduli spaces; hence,

eqs. (3.38) are integrability conditions for having

k2 exp(26° K1) - Wepe(M®) = YV, ViV, (exp(26° K1) - Z1(M*, M?)),
(3.39)
k2 exp(26°Ka) - Winn(M™) = ViV Vi (exp(262 K2) - Zo(M™, M™)),

where Z7 2 are some scalar functions of the respective moduli. (The factors n3'
and 25532 are introduced for future convenience.) Note that the functions Z; o
are invariant under reparametrizations of the respective moduli spaces, but they
are not holomorphic; the requirement that formula (3.39) should yield Yukawa
couplings that are holomorphic functions of the moduli is a non-trivial constraint
on the Z; 2. We can write this constraint in a generally covariant form, but we do
not know how to solve it in a general coordinate system. Nevertheless, we shall
prove in Appendix B that one can make a holomorphic redefinition of moduli fields

and a Kahler transform that together will reduce egs. (3.39) to

"33 I/Vabc = aaabac fl )

(3.40)
53 I/Vlmn = alaman Fa ’

where Fi o are holomorphic functions of the appropriate moduli fields. Unlike the

1 These integrability conditions are local, i.e., are sufficient only on simply-connected mani-
folds. However, in this article we ignore all topological complications and limit ourselves to
simply-connected pieces of the moduli space.
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Z1,2 that are non-holomorphic but invariant under field redefinitions, the F1 o are
holomorphic but are tied to a particular coordinate system, and even when there
are several coordinate systems for which egs. (3.40) hold, each system will have
its own F’s. Similarly, egs. (3.39) are invariant under Kéhler transforms provided
72 transform like the Yukawa couplings W, and Wi — Z12 — I Z1,2

— but eqs. (3.40) are valid only for a particular Kéhler choice of Ki2.

Now let us go back to eqgs. (3.37) and treat them as differential equations for the
Kahler functions K 2 of the two moduli spaces. Given the Yukawa couplings, the
solution to each of these equations is unique up to a holomorphic field redefinition
and a Kahler transform. To see that, let us expand K into a power series in M*“ and
M¢; analyticity of K assures us that this is always possible. The leading operator
in the differential equation for Ky is 0,0;0:0;; hence all terms in the expansion of
K that are at least quadratic in both holomorphic and anti-holomorphic fields are
completely determined by terms that carry lower powers of M* and/or M?%. On
the other hand, all terms that are purely holomorphic or purely anti-holomorphic
can be arbitrarily changed by Kahler transforms and the terms that are linear
in either M® or M? are freely changeable by holomorphic redefinitions of moduli
fields. In particular, for any Kahler manifold we can write its Kahler function
in the form K = 3. M“M® + O(M?*M?) (we call this form of K “holo-normal”
for reasons that will be explained in Appendix B); once we do it for the (1,1)
moduli space, eq. (3.37) completely determines all terms in K71. In Appendix B
we shall see that for holo-normal Kj 2 one can always write formulee (3.40) for
the Yukawa couplings. Therefore, both the geometry of the (1,1) moduli space and
the 27% Yukawa couplings are completely determined by eq. (3.37) in terms of a
single holomorphic function Fy of the (1,1) moduli. Similarly, the geometry of the
(1,2) moduli space and the 27 Yukawa couplings are determined by a holomorphic
function Fy of the (1,2) moduli.

We do not have explicit formulza for holo-normal solutions of eqgs. (3.37). How-
ever, the so-called restricted Kahler manifolds familiar from the supergravity liter-

ature”***? have Kahler functions that are not holo-normal but nevertheless obey
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eqs. (3.37) for Yukawa couplings given by formula (3.40). Explicit formulz for

these Kahler functions are given by:

K1y =—-x"%logYia, | (3.41)
Ny ] _
where Y;(M®*, M%) = Z(aafl + 8 F1) - (M* + M*) — 2(FA + F1)
a=1
, L N, . L .
and  Yo(M™ M™) =Y (0mFa + 0nF2) - (M™ + M™) — 2(F2+ F2);
m=1

verifying that these are indeed solutions to egs. (3.37) is a straightforward but
very tedious exercise. Notice that formula (3.41) are not generally covariant; this
is related to the fact that the JFj o are only defined for some special coordinate
systems and transform non-trivially when we go from one such coordinate system

to another.

In the supergravity context restricted Kahler manifolds appear as manifolds
spanned by scalar fields belonging to vector multiplets of a four-dimensional N = 2
supergravity theory. Heterotic string vacua that are only N = 1 supersymmetric in
four dimensions a priori need not have anything to do with the N = 2 supergravity.
However, the moduli of the (2,2) vacua are special since they also appear in the
same vacua of the type Il superstring,[“’“] and whereas the scattering amplitudes
of moduli in the two string theories are not identical, they do agree to order O(k?);
a proof of this assertion is given in Appendix C. Therefore, the Kahler functions

of the moduli are the same in heterotic, type IIA and type 11B superstrings; this

% Comparing F’s describing the same manifold in different coordinate systems may be facili-
tated by having explicit formule for both K; 3 and Z; 3 — the covariant generators of the
Yukawa couplings. An explicit formula for Z, can be written as:

Zi = Fi+ F1 =Y FraM + M%) + 1> Fig (M® + F%)(M® + M),
a ab

a similar formula holds for Z,. Verifying that these formula for Z; , are consistent with
eqs. (3.39) and with Yukawa couplings given by Wape = Fiabe and Wimp = Foimn is
another straightforward but tedious exercise.
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fact was used in ref. [27] to show that K7 and K are of restricted type, i.e. given
by eq. (3.41) for some holomorphic functions F; and F,. In ref. [28] it was argued
that in addition the 273 and 27° Yukawa couplings are given by third derivatives of
the holomorphic functions Fj 2; however, such a statement is meaningless without
a choice of coordinate system for both the matter fields and the moduli. Our
results, egs. (3.40) and (3.41), show that there is a coordinate system in which this

statement 1s correct.

4. (2,2) Vacua with Enhanced Gauge Symmetry

4.1. EFFECT OF ENLARGED GAUGE GROUP ON METRICS FOR MODULI AND

MATTER FIELDS.

So far in this paper we have explicitly assumed that the gauge group is kg ® L .
However, it is well known that at special points or subspaces of moduli space the
low-energy gauge group is H ® Eg ® Es; in such a subspace otherwise massive
gauge bosons become massless and generate H. The majority of exactly solvable
N = (2,2), ¢ = 9 models constructed to date have this property, for example
orbifolds™ and Gepner’s models™ In this subsection we investigate how additional
massless gauge bosons affect our previous results. The heterotic string relations
(3.19), (3.20), and (3.27) between various scattering amplitudes remain unaltered
in the presence of H. However, extra gauge bosons do affect the four-matter-fields
amplitudes on the right-hand sides of these equations, and we shall see that this
modifies formulee (3.36) for the matter-field metric. Also, many string amplitudes
vanish due to conservation of charges with respect to H, which results in a splitting
of the moduli space into different charge sectors, analogous to, and in addition to,
the splitting into (1,1) forms and (1,2) forms. Later in this section, we shall apply
these results to orbifolds and calculate the metrics of moduli and matter fields
coming from both untwisted and twisted sectors of an orbifold, as functions of

the untwisted moduli. Then we shall perform an analogous calculation for one of

Gepner’s models, or more precisely for some subspaces of the moduli space that

39



pass through the point described by Gepner’s model, and that also have enhanced

gauge syminetry.

For simplicity we assume that the extra gauge group is abelian™ — H = U(1)".
Let us choose a basis for the 27 fields A% and 27 fields A* in which they have
definite U(1)"-charges, which we shall denote by Q&“) and Q&a), (a) = 1,...,n.
The effects of extra gauge bosons on the various four-matter-fields amplitudes
turn out to be very similar to the effects of the U(1l) gauge boson in Eg that
commutes with S50(10) — both are exchanged in exactly the same SO(10)-singlet
channels. For this reason, it proves to be very convenient to treat the extra U(1)"
factors on an equal footing with the U(1) C Es and have all n + 1 U(1) currents
canonically normalized. For the U(1) in Es, which is generated by the current
J of the N = 2 superconformal algebra, this means that we calculate charges
with respect to J. = %J rather than J; in particular, the U(1) charge of the
components of a 27 (27) that transform as a 10 of SO(10) is now +% (—%)
Let us define an (n + 1)-vector of charges for the 10 fields in a 27 or 27, where the
(0) component carries the U(1) C Eg charge: |

Q. = {an)}?a)zo , where Q&O) = +% for a 27, &0) = —% for a 27.
(4.1)
Since we can now distinguish 27’s from 27’s by their charge, in this section we
shall not make any further distinction between them, and shall henceforth denote
both types of matter fields by Greek indices from the beginning of the alphabet,
A%, AP etc.. Similarly, both (1,1) and (1,2) moduli shall be denoted by M*, M?,
etc.. All the equations derived in this section will be valid for fields of either type

once the appropriate charges are substituted.

In explicit models with extra gauge symmetry, the fields T;t: do not have definite

» The generalization to a nonabelian group is a bit subtler because gauge representation
indices on matter fields can be related via U matrices to global indices on moduli, and vice
versa.
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H—charges,]L and therefore neither do most of the moduli M?, since their vertices
are obtained from vertices of A% by taking the operator product with TI%. In fact,
those moduli that are not completely neutral under H must be linear combinations
of fields with different H-chargés, because flatness of the scalar .potential for the
moduli requires that the D-term for each generator of H cancels. Moduli fields
that are completely neutral with respect to H span the H-preserving subspace of
the moduli space, and shall be denoted by N#. The remaining moduli are charged
under H and are denoted C¢. In this section capital indices will be reserved for
neutral moduli — of either (1,1) or (1,2) type — while lower-case indices will
be used for both charged and neutral moduli. In the orbifold examples we shall
discuss below, the enhanced gauge symmetry is H = U(1)? and is present only
in the orbifold limit; the neutral and charged moduli are from the untwisted and

twisted sectors respectively.

Throughout the subspace of enhanced gauge symmetry the charged fields Ce
must have vanishing vacuum expectation values. Thus to study this subspace we
expand the effective Lagrangian into powers of C? and C? and retain only the
lowest relevant terms in this expansion, just as we did before with respect to the
matter fields. As far as the Kahler function K is concerned, this means that we
confine our attention to the Kihler function for the neutral fields N4 alone, plus the
NA-dependence of the metrics for the charged moduli and for all the matter fields.
H-charge conservation in the effective field theory requires the matter-field metric
G, (and all its derivatives with respect to N4 and NA) to be block diagonal,

mixing only fields with the same H-charge:
Gap = Ropcp = 0 unless Q. =Qjp. (4.2)

We would like to argue that the metric for both charged and neutral moduli,

t This assertion can be proved by reductio ad absurdum: Suppose Tj‘f do have definite charges
+¢ with respect to a Kac-moody current J’ that generates part of . Then, at z + w we
have J'(z) - T (w) = 2L TE(w) + 0(1) = ELTE(2) + O(1), which implies that 1J/(z)
and T}E(z) belong to the same left-moving N = 2 supermultiplet. But the only Kac-Moody
current in the same supermultiplet with TF# is J, which generates the U(1) inside Fg rather
than a part of H.
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g5, has the same block-diagonal structure as the matter-field metric G,3 — in
terms of the H-charges Qo = Qg of the associated matter fields, not the charges
of the moduli themselves. As discussed in section 2, for any particular point in the
neutral moduli space one can trivialize the U-matrices that relate g ; to Gop in
eqgs. (2.15); the question is again how much of the trivialization can be maintained
over a finite patch of the neutral moduli space. We shall see that the block-diagonal
structure of g,; can indeed be maintained; in essence, this result is just a refinement
of the block-diagonal structure of g,; with respect to (1,1) versus (1,2) moduli, and

is proved in the same way.

To proceed further we need to study how the scattering amplitudes that are
related to each other by (3.19), (3.20) and (3.27) receive additional field theory
contributions due to exchanges of H gauge bosons. Since our inquiry is limited to
the dependence of the various metrics on the neutral moduli only, all amplitudes
on the left-hand sides of (3.19), (3.20) and (3.27) will contain at least two neutral
moduli, and thus will be unaffected by the presence of extra gauge bosons. On
the other hand, the amplitudes on the right-hand sides — for four matter fields-
all transforming as the 10 of SO(10) — do get contributions from H gauge boson
exchange (and from the associated D-terms). In fact, the n extra U(1l) gauge
bosons are exchanged between these matter fields precisely when the U(1) gauge
boson in Fg (also an SO(10) singlet) is exchanged. The only difference is a factor
Q&a)le) for the (a)" gauge boson, replacing QSYO)QE;O) = :I:% for the U(1) C Fs
gauge boson. (The sign is plus if A% and AP are both 27’s or both 27’s, and is
minus if one is a 27 and one a 27.) Hence the only correction needed for the three

field theory amplitudes (3.11) is to make the respective replacements
5 Qa-Qp;
—3- Qa-Qy; (4.3)
1 Qe Qy .
The corrections (4.3) do not affect amplitudes on the right-hand side of equa-

~ tions (3.27), and therefore formulee (3.31) for the Riemann tensor of the mod-

uli space still hold. However, some of the amplitudes on the right-hand sides of
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egs. (3.19) and (3.20) are affected, with the result that egs. (3.32) for Rg: 4p now
become (using also (3.31))

Rpsap = —*Qua-QpGpygap + UEUE/'RbEAD' (4.4)

Here Q4 is the charge vector of the matter field associated with the modulus
N4 (recall that N4 itself is neutral) and Ry, ,p is given by eq. (3.31). Charge
conservation under all n 4+ 1 U(1) factors — eq. (4.2) — when combined with
formula (4.4) tells us that, unless the moduli fields M? and M® accompany matter
fields A? and AY with the same H-charges Qs = Q,, we must have Ry, ,p = 0
for all neutral moduli N4 and NP. For the case when moduli N® and N€¢ are
themselves neutral, this immediately implies that the restricted holonomy group
of the space of H-preserving moduli decomposes into a product of commuting

' the H-preserving subspace of the moduli space is

subgroups. Consequently,[36
locally a direct product of smaller-dimension subspaces; each of the latter subspaces
is spanned by all the neutral moduli N4 that accompany matter fields with a given

U(1)"*! charge-vector Q4. In terms of the Kéhler function this is expressed by

K(N,N) =) KYNI,N), (4.5)

where ¢ labels the different charge sectors (not just individual fields). Note that if
we ignore all but the (0) component of the charge-vector Qq, then there are just two
different charge sectors, one containing all the (1,1) moduli and the other containing
all the (1,2) moduli; then eq. (4.5) just reproduces the (1,1)/(1,2) splitting (cf.
eq. (2.18)).

At this point we can solve eq. (4.4) along the lines of our solution to egs. (3.32).
We find

UX(N,N) = V2(N)-exp (362 Qa - QK7), (4.6)

a

~ with an implicit sum over all charge sectors ¢ for the neutral moduli. Clearly, we

can set the V matrices equal to 1 as before. Then the matter-field metric takes
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the form
Gup = 9u5° €Xp (—riz Qs QqKq) . (4.7)

This equation can be thought of as giving the matter-field metric in terms of the
moduli metric, but it also shows that the moduli metric has the same block-diagonal

structure as the matter-field metric,

9,5 =0 unless Qu=Qg. (4.8)

As we will see later in the section, this property can be an aid in solving for
the moduli metric on subspaces of enhanced gauge symmetry. Notice that in the

absence of extra gauge bosons formulee (4.7) reduce to formula (3.36): For n = 0,
Qup = i% and 35, QK% = 2= - (K1 — Ka).
Next consider the effect of H-charge conservation on the Yukawa couplings.

We must have
Wapy =0 unless Qa+Qp+Qy = (£V3,0,...,0). (4.9)

The ++/3 in the zeroth component of this equation enforces Eg invariance on the
cubic couplings, requiring that they be either 27% or 27 couplings (¢f. eq. (4.1),
which gives the QS’) charges); the reason for this total U(1) C FEs charge being
++/3 rather than zero is our convention of measuring charges of all matter fields
as if they were 10’s of SO(10), while in the actual 27% or 27 couplings only two
of the fields are decuplets and the third is an SO(10) singlet.

From eqgs. (4.9) and (4.6) we see that all effects of extra gauge bosons on
the U-matrices cancel out of the products (WUUU)gp, and (WUUU )iy , which
allows us to proceed from eqs. (3.31) to egs. (3.37) exactly as before, without
any modifications. Naturally, the subsequent derivation of formula (3.40) and
(3.41) also goes through exactly as before. The only difference is that eqs. (4.9)
~ impose powerful constraints on the form of Fj 2; we shall exploit these constraints

later in this section. To summarize, we have just shown that in a subspace of the
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moduli space where an extra gauge group H appears, the metric for the moduli N A
spanning the subspace is given in terms of holomorphic functions F12(/N) by the
same formula as before. In addition the subspace has a direct product structure;
each factor in the product is spanned by all the moduli that are accompanied by
matter fields with a fixed H-charge. Finally, the matter-field metric is expressed

in terms of the moduli metric by a different relation than before.

4.2, ORBIFOLD EXAMPLES.

Abelian (2,2) orbifolds provide a nice application of our results. They are
constructed by twisting some six-dimensional torus by a “point group” P of SO(6)
rotations that are symmetries of the torus, i.e. that act crystallographically on
the corresponding lattice. To preserve exactly N = 1 spacetime supersymmetry,
P should lie in an SU(3) subgroup of SO(6), and should act nontrivially on all
three complex planes of the torus. To get a (2,2) orbifold of the heterotic string,
each SU(3) rotation of the six-dimensional torus is accompanied by the identical
gauge transformation in a standard SU(3) subgroup of one of the two fg factors,'
namely the SU(3) appearing in the decomposition Eg D Eg ® SU(3). Hence, the
four-dimensional gauge group is enlarged beyond Eg ® Fg and contains also the
subgroup H of the SU(3) that commutes with P. If P is abelian, H can be U(1)?,
SU((2) x UQ1) (if P = Z4 or Zg), or SU(3) (if P = Z3). For simplicity we restrict

ourselves here to the case H = U(1)%.

The orbifold model has various moduli coming both from the untwisted sector
and from the twisted sectors. The untwisted (1,1) moduli correspond to changing
the radii of the torus, and the untwisted (1,2) moduli to changing its complex
structure, while preserving the torus’s symmetry under P. The extra gauge group
H is present for any choice of radius (or complex structure), so the untwisted

moduli must be neutral under H and can be denoted by NAT If H = U(1)?,

% Actually, H can be enlarged even further at special radii where the toroidal compactifica-
tions themselves lead to four-dimensional gauge groups larger than E3 @ Es ¥ We won’t
consider those special radi here.
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then it is easy to see that there are exactly three untwisted (1,1) moduli, with the

following vertex operators:
untwisted (1,1) moduli N4 & (I)I = 9,X'-8: X', A=i=1,23, (4.10)

where the three complex scalar fields X* parametrize the torus. In addition there
may be up to three untwisted (1,2) moduli, depending on the choice of P, although
usually there are none. Here we shall compute the N4-dependence of the metrics
for'the untwisted and twisted (1,1) moduli and 27’s while ignoring untwisted and
twisted (1,2) moduli and 27’s, and the dependence of the above metrics on the
untwisted (1,2) moduli”*"; it is entirely straightforward to treat them too using

the same approach.

In order to apply our formula (4.7) for the matter-field metric to the orbifold
case, we need to know the charges of the matter fields, which in turn relies on how
the N = 2 superconformal algebra and the extra U(1)? currents are represented in

the conformal field theory. Tn terms of X' and its superpartner ', one has

3
2T = ) ' 8. X,
=1

3
2Ty = > 47 8. X", (4.11)
z§1 | , N
J=Y J =) 4t
1=1 1=1

The extra U(1)? currents are the two linear combinations of the J' that are or-
thogonal to J = 3 J¢, for example %(J1 — J?) and %(J1 + J? —2J%). However,
it is more convenient to use the basis J1, J2, J? for the three charges; in this basis

eq. (4.9) becomes
Wape =0 unless Qo +Qp+Qy = (1,1,1). (4.12)

The three currents J* can be bosonized: J* = i0H*, ¢t = eiHi, P = e_iHi; this is

useful for finding the charges of twisted matter fields.
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The vertex operators for the three untwisted 27 fields that accompany the

untwisted moduli in (4.10) use the h = %’ q = 1 lower component fields
U=y 09X, A=i=1,23 (4.13)
The U(1)? charges are clearly

Ql = (laO’O)a Q2 = (0’ 170), Q3 = (anvl) (414)

Vertex operators for twisted 27’s use the lower components of twist superfields,
which have the form

- 1 2 3
\I}?—W = -8 = o'-e“hH 6”’2H 6”’3H . (415)

Here o and s are respectively bosonic and fermionic twist fields with dimensions.
13" ni(1—mi) and § Y n?; the n; are the angles (divided by 27) through which the

three complex planes are rotated in the given twisted sector, 0 < n; < 1. To get
+

tw?

the correct dimension h = % for Ut | one requires 51 + 72 + n3 = 1. The U(1)3

charges of Wi, are easily read off the second equation in (4.15):

Qtw = (11,72,m3), 0<m <1, m+nt+tn=L (4.16)

The orbifold can have many twisted sectors, each characterized by a different set of
rotation angles (71,72, 73) and hence by different U(1)® charges, but the charges of
all the 27’s in a given twisted sector are the same. Also, by applying Tz as given

in eq. (4.11) to U}

tw given in (4.15) to obtain the vertices for the twisted moduli,

one can check that those moduli are indeed charged under H.

Now we are ready to calculate the various metrics (in the orbifold limit), start-

ing with the Kahler function for the three untwisted (1,1) moduli N4. We begin
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by noting that the charges Q for the three associated 27 fields are all unequal
(cf. eq. (4.14)). Hence the moduli space is a direct product, and

K(N,N) = KY(N', NY) + K}(N?, N?) + K3(N3, N3). (4.17)

The superscript on K labels the different charge sectors as in eq. (4.5); each sector
happens to contain only one field in this case. The curvature equation (3.37)
can now be applied to each field N4 separately. Since the only nonzero Yukawa
coupling involving at least two untwisted 27’s is W23 (as can be seen just from
H-charge conservation, eq. (4.12)), the term in (3.37) involving Waa, vanishes,

leaving
RAAAA = 2’{’2 GaA944 > A= 17273- (418)

Thus each untwisted modulus spans a one-dimensional Kahler manifold of constant
Riemannian curvature; that space is SU(1, 1)/U(1)[“] whose Kahler function is

given by
K4 = —k 2log(N4 + N4). (4.19).

(up to field redefinitions and Kahler transforms). The full untwisted moduli space
is (SU(1,1)/U(1))*, with metric

gap = K_25AB~(NA+—NA)~_2, A, B=1,23. (420)

This space is a restricted Kahler manifold - the total untwisted Kahler function

(4.5) can be written as
—_— 3 -
K(N,N) = - 2logV(N,N), where Y(N,N) = [[(N*+N") (421
A=1

is derived from the holomorphic function™” F(N) = N'N2N?" The result (4.21)

* The constant-curvature metric on (SU(1, l)/U(l))3 is often written as g, 5 = & 26,45 (1—

NANA)~2 (no sum on A), which differs from formula (4.20) by a holomorphic redefinition
of untwisted moduli fields N4, The Kahler function that generates this metric — K =
—k"2log[1,(1 — NAN4) — does not appear to be of the restricted type. We chose to define

fields N4 in a way that leads to formula (4.21) precisely to show that (suq, 1)/U(l))3 is
a restricted Kahler manifold.
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has previously been obtained via several different approaches — by truncating the
N = 1 supergravity Lagrangian in ten dimensions,m] by using the symmetries of
the orbifold S-matrix generating functional,[m] by direct computafcion,m] and by
combining the N = 2 supergravity/type II approach with a Peccei-Quinn symme-
try.m] From eq. (3.40) we see that the one nonvanishing untwisted 273 term in
the superpotential must be a constant, Wiz = k3010205F = k3. This is an
example of the strong consistency constraints on the solutions of (3.37) when the

madtter fields carry charge under an extra gauge symmetry.

The metric ggs(N, N) for the twisted (1,1) moduli C¢ can also be obtained
by integrating (3.37). There are two types of twisted moduli to consider. The
first type is accompanied by a 27 field with charge Qs = (71,72, 73) with all three
n; > 0. In this case eqs. (4.16) and (4.12) show that W44, = 0 for any choice of
(1,1) index z. Thus eq. (3.37) again simplifies, to

Ryoap = K 9upbae, (A, B=1,2,3; d,e are twisted indices).  (4.22)

Using formula (4.20), eq. (4.22) can be integrated to give

3
gae = 28 [[(N*+N4)L (4.23)
A=1

Another way to get this result is by expanding F in powers of ¢,

F = N'N’N® + 1> (C) + - (4.24)
d
The key point is that because Wyqg = 0, the O((C%)?) term in F must be inde-

pendent of N4. (It can then be put into the above form by a linear transformation

of the C’s.) From this F one obtains
K(N,C) = — s 2logY(N,C), Y(N,C) = Y(N) 4+ C*C% + ..., (4.25)

which in turn gives eq. (4.23). One can also easily calculate the O(C?C?) terms
~in K(N,C) in this way, using formulee (3.37) and known expressions'"” for the

Yukawa couplings of three twisted 27 fields, though we will not do so here.
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The second type of twisted moduli is accompanied by a 27 field where one of
the n’s in (4.16) vanishes, say 73 = 0, so that the 27 charges are Qs = (71,1—71,0).
Now there can be nonzero Yukawa couplings of the form W344,, where Q3 = (0,0,1)
and Qs = (1 — n1,71,0). The W3ge will complicate eq. (4.22)'When A, B = 3.
However, all twisted moduli C? of this type actually preserve one of the two extra
U(1)’s, namely the U(1) generated by J' + J? — 2J%: C%is a linear conbination
of two fields with charge vectors (—n1,71,0) and (1 — 51, —1 + %1,0), which are
both orthogonal to J! + J2 — 2J3. Furthermore, under this extra U(1) the charge
(+1) of the 27 fields accompanying N!, N? and C? differs from the charge (—2)
of the 27 accompanying N3. Thus we can use the extra U(l) preserved by the
C? to argue that the Kihler function K (N, N2 C%) is independent of N3. In
particular, gqs is independent of N, so we need only study Ry, 4 for A, B =1,2.
But for A, B = 1,2 the Yukawa couplings W44 do vanish, so eq. (4.22) holds, and

integration of it with respect to N! and N? gives

2
gde = K bde - H (NA + NA)—I (4.26)
A=1

in place of formula (4.23).

Finally, we use eq. (4.7) to compute the matter metrics. For the three untwisted
27 fields, with U(1)® charges given by (4.14), and using also the Kahler functions
from (4.19), we get

Gip = gap exp(—k’KA) = k726, (N4 +NH™L . A,B=1,2,3 (4.27)

This result agrees with ref. [20] — the latter result for K (N4, A*) is obtained by
truncating ten-dimensional supergravity and is valid to all orders in the 27 fields;

2.

our result only gives the O(A*) terms. For the twisted 27 fields, the charges are
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given by (4.16) and the twisted moduli metrics by eqgs. (4.23) and (4.26), yielding

3
Gae = H (N4 + W)

) (4.28)
[Io (N4 + NAa=1 0 ifall g > 0;
= k7° bdge X -
[T, (NA + NAYma=1 1 if gy = 0.

4.3, TENSOR ProbpucT EXAMPLES.

Another application of our results is to the exactly solvable versions of Calabi-
Yau compactifications discussed by Gepner which are constructed by taking the
tensor product of a number of minimal ¢ < 3, N = 2 superconformal theories. Each
component theory has its own U(1) current J * and so the tensor product theory
has an extra U(1)" gauge symmetry if there are n+1 components — the sum of all
n + 1 currents, J = 3, J', generates the U(1) contained in Fs, not an extra U(1)
factor. (In some cases there may be a few additional gauge bosons.) The tensor
product theory describes a particular point in the moduli space of a Calabi-Yau
manifold; at that point the four-dimensional gauge symmetry is enhanced. Some
of the additional gauge bosons may remain massless on subspaces of the moduli
space that pass through the tensor product point (and have positive dimensions);
the geometry of such subspaces can be studied along the same lines as the orbifold

examples just discussed.

Vertex operators W% of the product theory are made of products of world-
sheet fields of each ¢; < 3 component. For each component field the U(1) charge
gi; and the conformal weight h; obey 2h; > |gi|, assuming the conventional N = 2
normalization of the currents, J(2)J7(w) ~ $6" - (z — w) 2. Hence, the only way
to assemble ¥* with A = Yo hi = % and ¢ = ), ¢; = %1 is to have ¢; = £2h;
for each ¢; that is, UF are products of lower members of (anti) chiral multiplets of

each of the n + 1 left-moving N = 2 superalgebras. The U(1)"*! charge vectors
* of matter fields generated by these ¥F can be written as Q = (q1,...,qn+1). To
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obtain moduli vertices ®* we act with TF = >, T#; on U*: as a result, moduli

are linear combinations of fields with charge vectors
(q1,---,qi F1,...,quy1) for all ¢ such that ¢; # 0. (4.29)

The sign here is ‘—’ for the (1,1) moduli and ‘+’ for the (1,2) moduli; the reason
why we do not apply T;fi to ¥* when ¢; = 0 is that in this case the ith factor in
U+ is the unit operator. Since Y, ¢; = %1, eq. (4.29) verifies that all moduli are
neutral with respect to J = 3. J* which generates the U(1) C Es; in addition,
whenever some ¢; = 0, the modulus is also neutral with respect to the currents
J — %J, which are orthogonal to J and hence generate abelian gauge factors

outside of Fg.

If a modulus N4 is to be completely neutral with respect to the entire H =
U(1)™, the charge vector Qg of the accompanying matter field should have the form
(0,...,%1,...,0) (cf egs. (4.14) for untwisted matter fields in the orbifold case).
Alas, in any N = 2 world-sheet theory all chiral primary fields have |¢| = 2h < ¢/3;
hence, if all components have ¢; < 3 then no modulus field is totally neutral and
the full U(1)" ® E¢ ® Es enhanced gauge symmetry exists only at the tensor
product point in the moduli space. On the other hand, subgroups of H generated
by currents {J* — 4J};er with |I| < n are preserved by the moduli accompanying
matter fields that have ¢; = 0 for all ¢ € I. Note however that all 27 (27) fields
of this kind have the same charges —¢;/9 (+c¢i/9) with respect to all unbroken
subgroups. Therefore, eq. (4.5) does not require that the space of neutral moduli
factorize into a direct product (except into (1,1) and (1,2) moduli, if the neutral
moduli include moduli of both kinds). This behavior is quite different from the

orbifold examples of the previous subsection.

As a particular example let us consider the tensor product of five copies of the
k=3,¢c= % element of the ¢ < 3 discrete seriesm; this theory leads to 101 27 mat-
ter fields and one 27 field. The 27 field has U(1)® charge vector Q = (—é—, %, %, %, %),
~ so the one (1,1) modulus of this (2,2) vacuum breaks all four U(1) factors outside

Fgs ® Eg. Note that a large expectation value of this modulus turns this model of
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Gepner into a large-radius Calabi-Yau vacuum (with the internal manifold being a
quintic surface in CP*) which indeed does not have an enlarged gauge group. On
the other hand, if one of the 101 (1,2) moduli is given an expectation value, it will
preserve an extra U(1) group in 20 of the 101 cases, an extra U(1)? in 60 of the
cases, and an extra U(1)? in 20 of the cases; the full H = U(1)* exists only at the
tensor product point. This behavior follows from the U(1)® charges of the matter

fields which are summarized in the following table:

one 27 field has charge Q =
one 27 field has charge Q =

(

20 27 fields have charge Q = (—2, %1, :51, :5—1—,0);
( 1
(
(

?

. (4.30)
30 27 fields have charge Q =

30 27 fields have charge Q =
20 27 fields have charge Q =

all charges here are given modulo permutations of the five components. We would
also like to know the maximal set of moduli preserving a given subgroup of U(1)*.
For example, while there are 20 moduli each preserving three extra gauge factors
(the moduli accompanying 27 fields in the last row of table (4.30)), only two moduli
preserve the particular U(1)? subgroup generated by J* — —SI-J, Ji— %J and J3 — %J;
the charges of the two accompanying 27 fields are

Q: = (0,0,0, 32, 32), Q. = (0,0,0, 32, 322). (4.31)

Similarly, the U(1)? subgroup generated by e.g. J! — +J and J? — TJ persists
on a subspace of twelve (complex) dimensions, while a forty-dimensional subspace

: 1_1
preserves the single U(1) generated by J* — £ J.

Since the only (1,1) modulus does not preserve the enhanced gauge symmetry,
let us concentrate on the (1,2) moduli and the 27 matter fields. At the tensor prod-

uct point, the U(1)* ® Eg charge conservation restricts the 27° Yukawa couplings
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in a manner similar to eq. (4.12) for the 273 couplings in the orbifold case:
Wae =0 unless Qo+ Qs +Qy = (33,3, % F)- (432

(Equation (4.32) follows from (4.9) after correcting for the non-canonical normal-
ization of the currents J'.) The first three components (plus the sum of the last
two) of this constraint remain valid on the two-dimensional subspace that pre-
serves the U(1)% subgroup discussed above. This information suffices to show that
Wapc = Waps = 0, where A, B, C are indices for the two U(1)3-neutral fields NA,
with 27 charges given by eq. (4.31), and z is the index for any of the 99 remaining
(1,2) moduli C*. The vanishing of these Yukawa couplings means that eq. (3.37)

for the N4 becomes

Rucpp = €°(9ac 98D + 9ap I8C) > (4.33)

with A, B,C, D = 1,2. The neutral moduli space is thus a constant-Riemannian--

curvature Kahler manifold. Such manifolds are coset spaces; the m-dimensional

manifold whose Riemann tensor is given by (4.33) is SU(m,1)/(SU(m) ® U

>

with metric

2 a8 NaNp
" 9aB = 1 — NCN¢ + (1—NCNC)2’

(4.34)

A B, C = 1,2,...,m.* In the present case m = 2.

The metric for the 99 charged (1,2) moduli, as a function of N! and N?, is
block-diagonal according to the U(1)? charges of the 27’s, as discussed in subsection
4.1; there are 44 blocks altogether, including the neutral block. Of the 43 charged
blocks, 19 contain fields C* for which Wy,, = 0 for all fields N4 and C* (these 19
blocks happen to contain 63 of the 99 fields). The metric for these fields obeys the

* The space SU(m,1)/(SU(m) @ U(1)) is a restricted Kahler manifold*™: The holomorphic
function F(N) = —1(1+ 3(N)?) leads to a Kahler function K(N,N) = —x~2log(1 —
N€N¢) and metric (4.34).
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same eq. (4.22) as the metric for the twisted moduli in the orbifold example, and

the solution here is
gog = £ 28a5-(1—N°Ng)™ . | (4.35)

The metric for the remaining 36 moduli (contained in 24 blocks) is not so eas-
“ily found, because the relevant Yukawa couplings are not forbidden by H-charge
conservation. As usual, the matter-field metrics are given in terms of the moduli

metrics by eq. (4.7).

Similar analysis can be applied to the twelve-dimensional subspace spanned by
the (1,2) moduli that preserve the U(1)? group generated by J! — %J and J2 — %J.
As in the previous case, Yukawa couplings of the form W4 pc and W, all vanish,
which again means that the neutral subspace — now SU(12,1)/(SU(12)®@U(1)) —
has a constant-curvature metric given by eq. (4.34), with m = 12. The remaining
89 (1,2) moduli split into 14 blocks according to the U(1)? charges of the matter
fields; unfortunately, none of those blocks can be handled as easily as the twisted

orbifold moduli.

5. Conclusions

We would like to conclude this article with a discussion of two particularly
important classes of (2,2) vacua of the heterotic string: the Calabi-Yau vacua,
and the vacua in which Eg is broken via the Hosotani-Witten mechanism. First,
however, let us briefly summarize our results. This paper focused on the subclass of
classical four-dimensional vacua of the heterotic string that exhibit N = 1 space-
time supersymmetry and Eg @ Eg gauge group. We derived various identities
among tree-level string scattering amplitudes of the moduli and the 27 and 27
matter fields using the left-moving N = 2 superconformal algebra. By demanding
that the low-energy effective field theory gives rise to the same S-matrix identities,
we were able to relate various pieces of the effective action to each other. We
- confirmed that the metric for (1,1) and (1,2) moduli is locally a direct product of

two restricted Kahler manifolds, as can also be understood from type II superstring
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! Fach factor is completely determined by the 27° and 27° terms

arguments.m’
in the superpotential for the corresponding matter fields. We also determined
the metric for the matter fields, which is needed to establish the precise relation
between the 273 and 27° terms and the moduli metric, as well as to properly
normalize the physical Yukawa couplings. Unlike the moduli metric, the metric for
the matter fields depends on both (1,1) and (1,2) moduli. Finally, we showed how
one can often solve exactly for the moduli and matter-field metrics on subspaces

of the moduli space where the four-dimensional gauge group is enhanced beyond

E¢ @ Es.

Despite our repeated use of the terms “(1,1) moduli” and “(1,2) moduli”, in
the foregoing we never assumed that the four-dimensional (2,2) vacua described
Calabi-Yau compactifications of the ten-dimensional heterotic string. On the other
hand, Calabi-Yau compactifications certainly provide a large class of (2,2) vacua,
and recent work'"® suggests that they may exhaust the (2,2) vacua with spacetime
supersymmetry and Fg ® Eg gauge symmetry. It is therefore of interest to see
what implications the general (2,2) results have for the Calabi-Yau case. First of
all, one of the (1,1) moduli of a Calabi-Yau manifold represents its overall radius.
In the large-radius limit where this (1,1) modulus has a large expectation value, the
world-sheet theory describing the Calabi-Yau vacuum is a weakly coupled sigma
model. In this region of the moduli space (often called the “field-theory limit” as
well as the large-radius limit), a Kaluza-Klein treatment of the ten-dimensional
effective field theory for the heterotic string provides a good approximation to
the four-dimensional effective theory. Expressions for the Yukawa couplings and
Kahler functions in this approximation are known, and can be checked against the
relations between them described in this article. These relations can then be used
to extend some of the large-radius Calabi-Yau results to smaller radius, as has also

been pointed out in ref. [28].

* We do not know at present how to identify this modulus in an arbitrary (2,2) vacuum,
although for many particular exactly solvable (2,2) vacua it is readily identified; such an
identification in the general case would be an important step in establishing that all (2,2)

vacua are in fact Calabi-Yau cbmpactiﬁcations.[“]
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In the infinite radius limit, the 27% Yukawa coupling are purely topological, i.e.
they do not depend on any of the moduli, and the (1,1) moduli space appears to be
a restricted Kahler manifold with a cubic F1 = %WabcM“Mbj\lc.m’w] For Calabi-
Yau manifolds of finite size, (some of) the Yukawa couplings receive corrections
that are non-perturbative in the overall radiusm]; thus Fi is no longer purely
cubic, and the metric for the (1,1) moduli receives non-perturbative corrections too.
(Actually, the corrections are required to be non-perturbative — i.e., exponentially
suppressed in the large radius limit — only when the manifold is smooth and its
curvature is everywhere small compared to 1/a’.) For Calabi-Yau compactification
~on manifolds that are not large, the field theory limit no longer can be expected to
provide a good approximation to F1; nevertheless, even in this case 71 — whatever
it might be — determines both the metric for the (1,1) moduli and the 27° Yukawa
couplingsm]: eqs. (3.40) and (3.41) are valid for all (2,2) vacua. Moreover, since
F1(M®) is a holomorphic function, knowledge of its large-radius limit provides

some constraints on its overall behavior.

For the (1,2) moduli the situation is quite different. Neither 27" Yukawa
couplings nor the metric for the (1,2) moduli depends on any of the (1,1) moduli,
including the overall radius of the manifold. Therefore, all results obtained in
the field theory limit for the 27 couplings and for the (1,2) moduli metric"” are
exactly valid for all sizes of the manifold” The precise correspondence between
the (1,2) moduli metric obtained in ref. [19] and the metric found in this paper can
be established by introducing homogeneous coordinates on the (1,2) moduli space

as explained in ref. [45].

The difference in the large-radius behaviors of the (1,1) and (1,2) moduli met-
rics is due to the identification of the overall radius of a manifold as one of its (1,1)
moduli. (The approximate Peccei-Quinn symmetry for the radius mode also plays a
role, constraining the form of the radius-dependence of the (1,1) moduli metric.) In
fact, equations (3.37) for the curvature of the moduli space in terms of the Yukawa

couplings are completely symmetric under simultaneous interchange of 27’s and

27’s, and of (1,1) and (1,2) moduli. This symmetry is related to the ambiguity in

57



the relative sign of the left-moving U(1) current J(z) and the right-moving current
J(2): if we change the sign of J(z), then U} — ¥ and ®F « &, . (Similarly, if
we change the sign of J(Z) while keeping the sign of J(z), then ¥} « \Ilg', etc.)
This ambiguity makes it difficult to identify, at a generic point in the moduli space
of a putative Calabi-Yau compactification, which modes are the (1,1) moduli and
which the (1,2) moduli. It is conceivable that in some cases both assignments could
be “correct”; i.e. that the same (2,2) vacuum could be interpreted as compactifi-
cation on a Calabi-Yau manifold M with Hodge numbers hy 1 = N1, h12 = N2,
and also on another manifold M’ with h'l,1 = No, h'l’2 = Nj. At present we have

no convincing examples of this phenomenon, however.

The (2,2) vacua we have been discussing are not the most phenomenologically
promising heterotic string vacua; one generally prefers a smaller four-dimensional
gauge group than Fg. One way to achieve this is to give Planck-scale expectation
values to certain components of 27’s and 27’s in a (2,2) vacuum, in a way that
is consistent with the classical string equations of motion and spacetime super-
symmetry, i.e. that retains a (0,2) superconformal symrnetry.[sz’w] (This has the
Calabi-Yau interpretation of deforming the vector bundle that describes the em-
bedding of the spin connection into the gauge group.m]) Because the left-moving
N = 2 algebra is broken in these vacua, the techniques used in this article limit
one to studying the (0,2) vacua perturbatively in the 27 and 27 expectation val-
ues, and only up to fourth order with the amplitudes explicitly discussed here.
(There are of course also N = 2 Ward identities relating higher-point scattering
amplitudes for moduli and matter fields, which we have not examined in detail but

which might prove useful in this context.)

Another mechanism of gauge symmetry breaking, which is discrete rather than
continuous, and which is more amenable to our analysis, is the Hosotani-Witten
mechanism'” Here a Calabi-Yau manifold M is modded out by a discrete symme-
try group H, and a set of Wilson lines are chosen for the quotient manifold M /H

~— homomorphisms from H into Fg ® Fg. The new four-dimensional gauge group

is the subgroup of Fg ® Eg that commutes with this image of H. Note that H
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does not have to act freely on M— in this case M /H is singular, and the “Wilson
line” description is not entirely accurate, but we will use it anyway. The same pro-
cedure may be applied directly to a (2,2)-superconformal world-sheet theory with
a discrete symmetry (or to a connected family of such (2,2) theories), regardless
of whether or not there is a Calabi-Yau interpretation of the corresponding string
vacuum. From the point of view of the conformal field theory, the procedure can
be described as an orbifold twist™ by H. (For a very clear, detailed discussion of

Wilson lines from the conformal-field-theory perspective, see ref. [47].)

As pointed out in ref. [47], the (twisted) conformal field theory describing
Wilson lines on M /H still possesses N = (2,2) supersymmetry, although the
charge quantization of the left-moving superalgebra may be spoiled — twisted
states may have fractional charges with respect to J(z). The spectrum of the
twisted theory consists of an untwisted sector containing the H-invariant states
of the original theory, plus various twisted sectors. However, in most cases the
twisted sectors do not contain any moduli — by which we mean fields of type
®*, as in eq. (2.12). (The only twisted sectors in which moduli can appear are
those where the twist element h € H has fixed points and is not accompanied by a
Wilson line.) Only the moduli preserve the left-moving N = 2 algebra when given
an expectation value; hence the (2,2) Wilson-line vacua are parametrized solely by
expectation values for the H-invariant moduli of the untwisted theory. By analogy

with the orbifold examples of section 4.2, we shall denote these untwisted moduli

by N¢.

We are interested in the Kahler function K(N?) for the Wilson-line theory, plus
the N®dependence of the metrics for the various matter fields — any massless su-
permultiplets transforming nontrivially under the surviving subgroup of Eg. Even
though the twisted sectors do not typically contain moduli, they may still contain
matter fields. (For compactifications on sufficiently large Calabi-Yau manifolds
this can only happen for twists with fixed pionts.) Because the twisted matter
fields are not related to any moduli (their vertices are not constructed from fields

of the type U¥), we cannot say anything in general about their metric. Henceforth
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we concentrate on the untwisted moduli and matter fields.

In general, fields in the untwisted sector of a twisted conformal field theory
(here, the Wilson-line theory on M /H) have exactly the same scattering ampli-
tudes at string tree-level as they do in the original, untwisted theory (here, the
theory on M). Furthermore, it would appear that the vertex operators for the un-
twisted moduli and matter fields are related to each other exactly as before, using
the N = 2 algebra and the free fermions A? for the 10 components of the 27’s and
27’s (egs. (2.12), (2.8)), etc. Then we could apply all of our previous results. The
only subtlety is that the vertex operator relations are no longer invariant under
‘H, because the Wilson lines break Eg. In other words, some H-invariant matter
fields are related to H-noninvariant moduli, and H-invariant moduli are generally

related to both H-invariant and H-noninvariant matter fields™”

For example, we can still calculate the Kahler function K(N®) for the H-
invariant moduli in terms of Yukawa couplings using eqs. (3.37); we just have to
remember that the Yukawa couplings Wey(N) and Wi, (N) that appear in these
equations are for 27’s and 27’s in the untwisted theory, and not all of their 27 Eg
components will survive the H projection. (The corresponding cubic superpotential
couplings of the surviving Eg components may in fact vanish by gauge invariance.)
Once we have determined K(N),* and hence the metric for the H-invariant moduli
N, we can use eqs. (3.36) to find the metric for the H-invariant matter fields that
are related to the N. The remaining matter fields are related to H-noninvariant
moduli, and so to calculate the metric for these matter fields one first calculates
the metric for H-noninvariant moduli as a function of the N. As with K(V), this
can be done in terms of the 27% and 27° couplings in the untwisted theory using

eqs. (3.37); the only difference is that more of these Yukawa couplings come into
play.

Thus our general results for (2,2) vacua with Es @ Fg gauge symmetry also

* A potential additional (technical) subtlety is that it may not be possible to solve (3.37)
using the restricted Kahler ansatz (3.41) for K(N), basically because there is no guarantee
that the fields M® appearing in (3.41) have to be eigenstates of the action of H.
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provide useful information about metrics in the more realistic vacua with Wilson
lines. Greater use of this information can be made in specific models by taking
advantage of various discrete and enhanced gauge symmetries; work along these

lines is in progress.
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APPENDIX A

This appendix contains an alternative derivation of egs. (3.38) and of the in-
dependence of the 272 superpotential terms from the (1,2) moduli and of the 27
terms from the (1,1) moduli®” This time we do not make any use of the Riemann
tensor; instead, we consider scattering amplitudes A(MA . JMAR AR AT A%
and A(M4, ... M A* A#A”) that involve three matter superfields and sev-
eral moduli superfields, all of the same chirality. In terms of ordinary fields, two
of the n + 3 fields involved are fermions while the other n + 1 fields are scalars; by
supersymmetry, it does not matter which two fields are fermionic. Naively, these
amplitudes are proportional to derivatives of the Yukawa couplings; however, in

general coordinate systems, the correct field-theoretical expressions are:

-AFT(A/[Ala o MA", Ab, AC,Ad) — Z-en2(l{2—3K1)/2 VAl . VAn (62,;2]&"1 pVbcd) ,

App (M, M AL AT AT = iR U2y, g (R, )
(A1)
We shall derive eqs. (A.1) later in this appendix. Before we do that, we shall show
that in string theory the amplitudes on the left hand side of egs. (A.1) either vanish

or are totally symmetric in all their n 4+ 3 indices.

Let us start with the case of three 27 matter fields and n (1,1) moduli. The
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heterotic string amplitude for this process is given by

A(A® A% A% M| M) = U U x (A.2)

An43

X |J(z1,2,3)12/d%4 oo dzngs E(ziy 7)) (AT ) - (AT ) - U5 T @F - 05
(:n

where (1A¥7T); is a short hand notation for tA(21)¥] (z1,21), etc. The operator
W3~ here — i.e., U7 (z3,%3) — is a vertex operator for the SO(10) singlet field
inside the 27 multiplet A®” This operator has conformal weight A = 1 and the
U(1) charge ¢ = —2 and thus is a lower component of a chiral multiplet of the left-
moving N = 2 superalgebra. Hence, the operator product of ¥~ (z) with T (w) is
non-singular when w — z, while the operator product expansion of T}'(w) W (2)

starts with a simple pole O((w — 2z)71). Therefore,
(M- Aoy x (UF -0 wr— . of ... 0f

n+3
1 dw w — 29 b oad e _ . .
e AU U 2T (w) U - B
—1 dw w— 29 3 N . - Lo .
= o C(2TF (w) - OF -0 Uy U O

21

= ()\2.,\4)X<cpi*.\pg-.\1;;—.\pj.@;- ..... @;4_3 ’

(A.3)
which means that we can interchange vertex operators :A¥* and ®7 in the cor-
relator in (A.2). Since the E factor in (A.2) and the integral itself (including the

Jacobian |J|?) are symmetric under permutation z; <> z4, we obtain
Ugl - A(A™, A% A% M M™, . M) (A.4)
= U2t - A(M™, A% A% A™ M, M),

Now, if we define moduli and matter fields such that V¥ = 67, then the U ma-

trix is proportional to the unit matrix and eq. (A.4) implies that the amplitude

* Two of the n + 3 vertex operators here correspond to space-time fermions and thus have
right-moving quantum numbers very different from the n 4 1 scalar vertices. However, the
left-moving quantum numbers do not distinguish between different members of the same
space-time supermultiplet. Since it is the left-moving quantum numbers that are relevant
to our arguments, our notations do not indicate which fields and vertices are fermionic.
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A(A% ) A% A% M M+%) s totally symmetric with respect to its n+3 in-
dices a1,...,an+3. Similarly, the amplitude A(A™, A™2, A™e M™ ... M™"+3)
is also totally symmetric in m1,...,mp4+3. In view of egs. (A.1), this symmetry
immediately implies egs. (3.38). |

Next consider the string amplitude that involves three 27 fields and n > 0

(1,2) moduli. In this case we have

A(A% AP AT M™ L M™Y) o (GATT) - (AT ) UTT By B
dw w— 23 4 o4 —— 4 - -
- ¢ — . . . . . ' S —
OTi 219 243 <‘1’1 Uy -0y - 275 (w) - O 5 ‘I’n+3> 0,
(A.5)

because operator products of T; with ®~ or with U™ are non-singular, and the
single pole in the operator product expansion of T;(w) - W3 is cancelled by the
factor w — 23 in the numerator. The same argument shows that the string ampli-
tude involving three 27 matter fields and n > 0 (1,1) moduli fields vanishes too.
Finally, the amplitudes that involve three matter fields and both (1,1) and (1,2)
moduli involve correlators of the types <\P+\D+\Il“_ Pt 0t .o (I)"> and
(U=~ Utt . o=... &7 - ... ®*). Arguments similar to (A.5) show that these
correlators are total world-sheet derivatives. Consequently, the amplitudes involv-
ing these correlators vanish at zero momentum. Therefore, at zero momentum,
all string amplitudes involving three matter fields and several moduli fields of the
same chirality vanish, unless all moduli accompanying three 27 fields are of the
(1,1) type or all moduli accompanying three 27 fields are of the (1,2) type. This

is the theorem of Distler and Greene’™”

Now let us go back to the field theory and derive egs. (A.1). First consider am-
plitudes A(M41, ..., MAn AP AY A%) in rigidly supersymmetric field theory (no
gravity). For n = 0, this amplitude is just the Yukawa coupling: A(AB AT A% =

63



1Wg,s. For n =1, four Feynman diagrams contribute to A(M, A, A, A):

(A.6)
The contribution of the first diagram is momentum independent; for the other three
three diagrams, the kinematical factors associated with the sigma-model vertex (o)
and with the matter-field propagator connecting it to the superpotential vertex (o)
cancel each other, leaving only a momentum independent factor —1. Together the

four diagrams yield:
AMA AP AT A%) = iWgisa — iT 85 Wans — 102 Waas — il S5 Wpya
1V aWpos

(A7)
where Iy = Gz aGT2.

For n > 1 the number of Feynman diagrams grows rapidly. However, all tree

diagrams contributing to A(M,..., M, A, A, A) have the following structure:

A M M M A M M M A

(A.8)

There is one superpotential vertex (o) — the root of the tree, there are zero to n
sigma-model vertices (o), and all lines are directed downward, from the external
fields (top ends of tree branches) toward the root. Each sigma-model vertex (o) has
several incoming lines and one outgoing, and the kinematic —ik? factor of the vertex
precisely cancels (apart from the minus sign) the —¢/k? factor of the outgoing

propagator. Therefore, all amplitudes A(M,..., M, A, A, A) are independent of

the particle momenta.
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To compute the moduli dependence of the amplitudes we use recursion: All
Feynman diagrams of the (n +1)-moduli amplitude can be obtained from n-moduli
diagrams by either attaching the (n + 1)** external modulus line to an existing
vertex or by inserting a new sigma-model vertex (to which the new external line is
attached) into an existing internal or external line (¢f. diagrams (A.6)). As far as
non-kinematic factors are concerned, attaching a new modulus line to an existing
vertex calls for taking a derivative of that vertex with respect to MA: 9¢D, BB, ™
9CD,By-BmA> Ga[i,BlmBm = GQB,BI...BmA and Waﬂ'y,BlmBm = I/Vaﬂ‘y,Blu-BmA- The
same happens when an internal line is split: GoB —GMGW’AG&B = aAGaB and
ditto for a modulus propagator gCD. Inserting a new vertex into an external line
yields a factor -—Ga:,,AG;’ﬂ = —Ffa, or —ch in case of an external modulus line.
Therefore, in rigidly supersymmetric field theory we have

AMA L M AP AT A% = T, AMY L M AP AT AT

| (A.9)
== iV, Vo, Waas.

Now consider gravitational corrections to eq. (A.9). Gravity itself does not’
contribute to scattering amplitudes A(M, ..., M, A, A, A) because it is impossible
to draw a tree-level Feynman diagram for such an amplitude that contains a gravi-
ton (or gravitino) propagator. However, in a consistent supergravity theory, the
Yukawa couplings are 6“2]‘?/214/[;75 rather than Wpg,s, and the sigma-model vertices
involving fermion lines are slightly different from their purely bosonic counterparts:
A vertex with two fermionic lines a and 3 yields e‘“zk/‘l@,q e 83(6’“2&/4(}'0[5) n-
stead of 94 ---OpG,j (see ref. [15]). Two of the fields in (M,..., M, A, A, A) are
fermions; hence each tree-level Feynman diagram contributing to this amplitude
has two continuous fermionic lines connecting external fermions to the Yukawa
vertex at the root of the tree (o on diagram (A.8)). Therefore, the combined effect

of gravitational corrections is to replace eq. (A.9) with
A(AiAl,...’]\IA"’A[;,A‘Y,A&) — Z.e_KQR'/z VAn...vAl (e"ﬁ?]‘(‘ﬂ/ﬁ‘)‘(s) . (A_lo)
Note that under a Kahler transform K — K — A — A, W e“2AW, the ampli-
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tude (A.10) changes its phase by xk2ImA; this behavior is common to all supergrav-

ity amplitudes that involve two fermionic partners of holomorphic scalars.

In coordinates corresponding to V = 1, Wb 18 just W057|a=a,ﬂ:b,7=c; how-
ever, covariant derivatives V 4 act differently on Wy, and on W, g, since the metrics
for the moduli and for the matter fields are different. Specifically, given eqgs. (3.36)
relating those metrics, we have Ffﬁ = FAbc|b=,3,c=7 + 63 : ”3—2 (K2 — Ky)/OM#, and
for any tensor X4;,...4,4+s that has three matter indices (and an arbitrary number

) = ok (K2— K1) ( K2 (K1—K2)

of moduli indices), V..., (X4,...4,.8+6 X4y Anbed)-

VAn+1
Therefore, eq. (A.10) becomes the first equation in (A.1); the second equation

(A.1) is completely analogous to the first.

We would like to conclude this appendix with a comment that there are two
ways to use the result of ref. [37] about string amplitudes involving 27 matter fields
and (1,2) moduli to prove that the 273 superpotential terms do not depend on the
(1,2) moduli. (We do it because ref. [37] contains only the string arguments for
vanishing of mixed amplitﬁdes and treats the implication of this vanishing for the
superpotential as if it was obvious.) One way is to use eqs. (A.1); notice however
that these equations rely on formulee (3.36) which relate moduli and matter metrics
to each other: Without the U factors, there would be no egs. (A.1). The other
possibility is to use eq. (A.10) which is based on nothing but general N = 1
supergravity. If we write the Kahler function of the entire field space in holo-
normal form, then at the origin of the coordinate system the right hand side of
eq. (A.10) reduces to ordinary derivatives of Wy, (cf. Appendix B). Since the
273 Yukawa couplings must be holomorphic function of all moduli, the theorem of
ref. [37] implies that these couplings indeed depend only on the (1,1) moduli. Of
course once this result is obtained, it remains valid for all coordinate systems on
the moduli spaces, not just those that allow for a holo-normal form of the Kahler

function.
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APPENDIX B

In this appendix we construct coordinate systems on the two moduli spaces
for which the Yukawa couplings can be written in the form (3.40). As a first
step, let us show that for any Kahler manifold one can perform a combination
of a Kahler transform and a holomorphic coordinate transform that will put the
Kahler function into a holo-normal form K = Y. ¢'@" 4+ O(¢%%?). Let us choose
an arbitrary point on the manifold and let {¢'} be some complex coordinates that
are regular in its neighborhood; without loss of generality we may assume that all
¢* vanish at the chosen point. K(#, ) is an analytic function, so we can expand
it into a power series in ¢' and ¢'. Segregating terms that are at most linear in

either holomorphic or anti-holomorphic coordinates, we write

K($,8) = A(9) + K(§) + 9i3(0)¢'¢ + C3(@)- ¢ + Ti(9)-6" + 0(67"), (B.1)
where A(¢) sums all purely holomorphic terms in K and Ci(4) - ¢/ sums all terms
that are linear in ¢ but carry second or higher powers of the holomorphic co--
ordinates ¢'. Now let us perform a Kahler transform K(¢,¢) — K'(¢,¢) =
K + A(¢) + A(¢) and define new holomorphic coordinates ¢* = ¢* + ¢"7(0) - C5(4)

(this transform is clearly non-degenerate since C;(#) = O(¢?)); then we have
K'(p,0) = gi(0) - ¢'¢" + O(¢"3"). (B-2)

This expression for K' can now be put into the desired form by a linear redefinition

of coordinates {¢’} that will turn the matrix gi7 Into a unit matrix.

In the coordinates {¢'}, K'; ; (0) =0 as well as gizx,..k,(0) = 0 (and ditto
for the anti-holomorphic derivatives of K’ and g;;). It follows that at the point
of expansion the Kristoffel symbols Fjik vanish together with all their holomorphic
derivatives (and F;I} vanish with all their anti-holomorphic derivatives). This is the
strongest normality requirement achievable in a general Kahler geometry by means

of a holomorphic coordinate transform; for lack of a better term, we call coordinate

systems obeying this requirement “holo-normal”. We also call Kahler functions K
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“holo-normal” when they are expressed in terms of holo-normal coordinates and
have no harmonic terms. Note that a coordinate system for a Kahler manifold can
only be holonormal at some isolated points on the manifold; unless the manifold

is flat, no coordinate system is holo-normal everywhere.

Now consider the (1,1) moduli space. Let us write its K&hler function K in a
holo-normal form. Then at the point M = 6, K, ..a, =0 and I')2 vanish with all
their holomorphic derivatives; therefore, taking holomorphic covariant derivatives

of the first eq. (3.39) yields for any n > 0:

-

Va, Vo, ViV V2 = K aa,l co aan Wyea at M =0. (B3)

If we now define a manifestly holomorphic function

oo

1
Fi(M®) Z —Vay Ve, Zalyy_g x M® oo M, (B.4)

then Wyq a0, = &_3.7:1)56,1,11...% at M = 6, for any n > 0. Since the 27% Yukawa’
couplings are holomorphic functions of the (1,1) moduli, it follows that Wy.4 and
F1 obey the first eq. (3.40) throughout the (1,1) moduli space (despite the fact
that the coordinate system we used to construct Fj is holo-normal only at one

point). Similarly, if we write K2 in a holo-normal form, then we can construct an

Fo that obeys the second eq. (3.40) throughout the (1,2) moduli space.
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APPENDIX C

In this appendix we discuss moduli of the (2,2) vacua of the type II superstring
and compare them to moduli of the same vacua of the heterotic string. First, a
point of terminology: for the type II superstring we shall restrict the term moduli to
scalars coming from the Neveu-Schwarz (NS) sectors of both left-moving and right-
moving world-sheet theories; Ramond-Ramond scalars may be moduli in the sense
of having a flat potential, but we shall not discuss them here. With this restriction
in mind, N = (2,2) superconformal world-sheet theories lead to essentially the
same moduli scalars for the type Il superstring as for the heterotic stringm’m; the

purpose of this appendix is to make this correspondence precise.

At zero space-time momentum, type II vertex operators of massless scalars are
world-sheet fields ®(z,%) of conformal dimension (h,k) = (1,1) that are upper
components of both left-moving and right-moving N = (1, 1) supermultiplets. For
(2,2) vacua with integral U(1) charges ¢ and g, such upper-component world-sheet
fields are the same @7, ®,, 5 and @;{ that appear in moduli vertices of the.
heterotic string. However, at non-zero momenta there is a difference: Irom the

left-moving point of view, the type II moduli vertices are
VE(z,2) = exp(iV2e'k - X(z,2)) x (@i(z,é) + 14/ %I k-(z) x \Ili> , (C.1)

where ¥, i = 0,1,2,3 are right-moving superpartners of the bosonic fields X' re-
sponsible for the four space-time coordinates, while the heterotic moduli vertices
are simply eiV2’kX 9% From the right-moving point of view, both type I and het-
erotic vertex operators for massless scalars have a structure that mirrors eq. (C.1).
However, throughout this article we were able to ignore this right-moving structure
of the heterotic vertex operators ®* and ¥U* because it completely commutes with
the left-moving superalgebra (2.7). Since it is the left-moving quantum numbers
of the type II moduli vertices that distinguish them from their analogues for the
~ heterotic string, we shall continue to ignore the right-moving quantum numbers of

®* and VT in this appendix, except for the last paragraph.
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Now consider correlators of type II moduli vertices (C.1). Using the fact that
'(z) are free left-moving world-sheet fermions and hence <¢i . 7,[)%> = 6 /21, we
conclude from (C.1) that

(VE-.VE) = E><{<¢i ¢i>+_2§:(1k kj <¢i..mf”.wi”.¢i>
Zij

7 n
i#g
) (ki - ki)
+ 8 Z 4 x
distinct Z@] Zkl
$,7,k,1

x<@f”.wi”.mi“.wf“.@f.“¢$>

(C.2)
where £ was defined in formula (3.13) and <<I>it S WE L \Il;t e <I>3> is actually

1

— <(I>i{c e \If;‘: e \Ilit e (I)%> when ¢ > j, ete. All correlators on the right hand side
appear in heterotic string formula for scattering of moduli and matter fields (c¢f.

eqgs. (3.12), (3.17) and (3.22)). Therefore, type IT amplitudes for moduli scattering’

are related to the heterotic amplitudes via

Arf(M®, . M™) = Ag(M®,..., M)

+ZMU£'U%’ A (M, AT A

Vo MO
4 P
1#J
(ki ki) ky - k .
+ 22 = é; : I)U;ThfaﬁUﬁ'x
S
a 'S o a an
XAH(]W >""Aﬁ7"' Ap, . Ak ..,Aél,...,M )
4o (C.3)

(as usual, no sum over the SO(10) vector indices p # §), where by abuse of
notations we ignore the difference between holomorphic and anti-holomorphic fields

as well as the difference between (1,1) and (1,2) moduli and 27 and 27 matter fields.
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The low-energy behavior of various amplitudes in (C.3) may be obtained from
the Feynman rules of the effective four-dimensional field theory. All tree-level dia-
grams that involve at most two external matter fields scale as O(k?) under uniform
rescaling of all particle momenta; this happens because all vertices in those dia-
grams yield O(k?) factors. (The total number of vertices in a tree diagram exceeds
the number of internal lines by one.) Consequently, amplitudes A(M,..., M) and
A(A, A, M, ..., M) behave like O(k*) (cf. eqs. (3.5) and (3.6)). Diagrams with four
external matter lines may contain an O(k°) scalar potential vertex or two O(k')
gauge vertices; hence, the leading behaviour of amplitudes A(A, A, A, A, M, ..., M)
is O(k%) (cf. eq. (3.11)). Feynman diagrams with more than four external matter
lines can be analyzed in the same way. Leaving details as an exercise to the reader,
we can state the general result as follows: The leading low-energy behavior of scat-
tering amplitudes involving 2m > 0 matter scalars and an arbitrary number of
moduli scalars is O(k*=2™). On the other hand, all heterotic amplitudes involving
2m > 0 matter scalars appear in eq. (C.3) multiplied by factors of the order k¥,

Therefore,
Arf(M®, ... M%) = Ag(M®,...,M*) +O(k*), (C.4)

while the leading behavior of the two amplitudes themselves is O(k?). The result
(C.4) is well-known to a few people — it is implicit in ref. 24 for example — but

it does not seem to have been explicitly presented in the literature.

At the tree level of the superstring theory, scattering of particles coming
from the Neveu-Schwarz sector cannot involve Ramond particles as intermediate
states. Therefore, tree-level scattering of the type II moduli — which come from
the NS-NS sector — does not depend on interactions that involve fermions or
Ramond-Ramond bosons. The only couplings that do affect the type II ampli-
tudes Ajj(M,..., M) are couplings of moduli fields to each other and to gravity.
The same is true for moduli scattering in the heterotic case, albeit for a different
~ reason. Hence, the implication of eq. (C.4) for the low-energy effective Lagrangian

is that all two-derivative interactions between moduli scalars are the same for the
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heterotic string and the type II superstring compactified on the same (2,2) vac-
uum;m] on the other hand, higher-derivative interactions of moduli may differ. In
particular, the geometry of the moduli space in both string theories is the same
direct product of the same two restricted Kahler manifolds” (the geometry is deter-
mined by the two-derivative kinetic terms in the effective Lagrangian). However,

higher-derivative interactions of moduli need not respect this direct product struc-

ture and may depend on both kinds of moduli.

“Usually the O(k?) difference between heterotic and type I amplitudes for mod-
uli scattering does not vanish. For example, compare the heterotic four-(1,1)-

moduli amplitude (3.26) to its type II counterpart:
— 7 o's e —s —%
App(Me, Mb 3, MY = o+ USULULTS - Ay (Ag, AL AT AL). (C.5)

(This formula can be derived by substituting egs. (3.26) and (3.19) into (C.3).) On
the other hand, when a heterotic amplitude vanishes exactly, its type II counterpart
often does so too. For example, the heterotic amplitude Ay (M®, M® M™ M™)
vanishes exactly as an integral of the world-sheet correlator (@T®+d+ o), which
vanishes by eq. (3.28). In the type II case we have the correlator <V+V+V+V+>,
which is equal to E X <<I>+<I>+(I)+<I>+> because all other terms in (C.2) vanish by
the U(1) charge conservation (one cannot have ¥*’s without an equal number of
U~’s). Hence, Ajf(M® M* M™ M*) = Ag(M®*, M*, M™ M") = 0. Similarly,
the type IT amplitude Ajr(M*®, Mb,Mm,Md_) vanishes because

(Vv i) = E-{(e) - of-ef ap) — (et ef vy

(-0t - of - up))

- e (of upaf v -

4224

a't
4214
— E-{0-0-0—-0} =0

(C.6)

the second equality here follows from eqs. (3.29) and (3.21). It is easy to generalize

% In the type ITA case, the (1,1) moduli, the dilaton/axion and their Ramond-Ramond su-
perpartners together span a quaternionic manifold that is not Kahler; however, the (1,1)

moduli themselves span a restricted Kahler manifold“**" In the type IIB case, the same
happens to the (1,2) moduli instead of the (1,1) moduli.
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eqs. (3.28), (3.29) and (C.6) to the case of an arbitrary number of moduli vertices:

<V1+"'Vn+> = Ex(@ir...@” =0,

(C.7)
(it VX V) = Ex(®f -0}, &) + 0 = 0,

and all type II or heterotic amplitudes involving these correlators (or their complex

conjugates) vanish identically.

We derived egs. (C.7) using only the left-moving N = 2 superalgebra (2.7).
Exactly analogous arguments based on the right-moving N = 2 superalgebra show

that for all n:

<\71+~-Vn+> _ <‘71+---Vn+_1 . f/n—> _ <V{---Vn“_1 . f/n+> _ <V;---V;> — 0,

(C.8)
where V' are the right-moving analogues of the V*. From the right-moving point
of view, massless scalar vertices are of the type Vtor V- according to whether the
space-time field is holomorphic or anti-holomorphic. Therefore, for all scattering
processes that involve arbitrary numbers of massless scalar fields but no fields of '
other kinds, the (on-shell) amplitudes vanish identically unless at least two of the
fields are holomorphic and at least two are anti-holomorphic. This result is valid
not just for the type II superstring, but for the heterotic string as well, and the
scalar fields involved may be moduli, 27 or 27 matter fields or non-moduli singlets;
in fact, it is valid for all space-time supersymmetric (0,2) vacua of the heterotic
string for all massless scalar fields the theory may possess. From the effective-field-
theory point of view this rule is a consequence of space-time supersymmetry; what
eqs. (C.8) really tell us is that higher-derivative interactions which follow from the

string theory do behave in the same way.
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