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ABSTRACT

Future synchrotron light sources and future damping rings for linear colliders will
need to have very small vertical.equilibrium emittances. In the limit of low beam cur-
rent, the vertical emittance is primarily determined by the vertical dispersion and the
betatron coupling. In this paper, the contributions to these effects from random mis-
alignments and from a corrected closed orbit are calculated. In particular, contributions
to the vertical emittance are carefully separated from contributions that only increase
the vertical beam size; both of these effects are-important in synchrotron light souxces,
but only the first contribution is important in a damping ring. Finally, the effectiveness
of realistic correction techniques are calculated and their tolerances are derived to limit‘

the vertical emittance with a 95% confidence level that are consistent these correction

techniques.



1. INTRODUCTION

Future synchrotron light sourcés and damping rings for future linear colliders require
very small vertical emittances and beam sizes. A small vertical emittance is required
in future damping rings to maximize the luminosity of the linear collider while keeping
‘the et /e~ beamstrahlung at a tolerable level. Small vertical beam sizes are needed in
future synchrotron light sources to maximize the brightness and the spatial coherence

of the photon beams.

In this paper, we discuss effects that contribute to both the vertical emittance and
the vertical beam size in e¥ /e~ storage rings; we differentiate between the two because
it is possible to increase the beam size without increasing the emittance. Specifically, we
consider contributions from the opening angle of the synchrotron radiation, the verti-
cal dispersion, and the betatron coupling; we will neglect the effect of synchro-betazfon
resonances and all current dependent phenomena which also constrain the ring perfor-
mance. The goal in performing this study is to illustrate how these effects contribute to:
the vertical emittance and beam size, and thereby determine the limitations that they
impose on future designs. In particular, we will discuss alignment tolerances needed
to limit the vertical emittance and beam size that are consistent with the inclusion of

realistic correction techniques.

Ideally, the low current equilibrium emittance and beam size in an et /e~ storage
ring is determined by two competing processes: quantum excitation and damping, both
of which result from the synchrotron radiation emitted by the particles in the ring. The
quantum excitation is due to the discrete nature of the radiation whereas the damping

is a result of the mere existence of the synchrotron radiation.

The radiation of a photon changes the particle’s energy and gives a small transverse

kick that depends upon the opening angle of the radiation. The transverse kicks due to



the opening angle directly change the amplitude of the particles betatron motion, and
thereby the bunch’s emittance, while the change in energy due to the radiation has a
more subtle effect. The particle executes betatron oscillations about a closed orbit in
the ring. Since this closed orbit depends upon the particle energy, the radiation of a
-photon increases the rms amplitude of the betatron motion by displacing the closed orbit
relatiAverto the particle’s position.l In the horizontal plane, the increase in emittance due
this second effect is typically much larger than the increase due to the opening angle

of the radiation, but ideally, in the vertical plane there is no dispersion and thus the

opening angle should determine the vertical emittance.

In practice, this is not the case. First, vertical dipole errors and a non-zero vertical
closed orbit in the quadrupole magnets will directly introduce vertical dispersion. Sec-
ond, a non-zero vertical closed orbit through the sextupole magnets, vertical sextupole
misalignments, or rotational misalignments of the quadrupoles couple the horizontal and
vertical planes. This coupling has two effects both of which increase the vertical emit-
tance. It couples the horizontal dispersion to the vertical, increasing the vertical, and
it couples the z and y betatron motion so that energy isAtransferred between the two

planes.

In this paper, the effects of the coupling on the vertical emittance and beam size
are analyzed perturbatively, assuming a large aspect ratio €;/¢,. In the next section,
the relevant equations of motion are introduced. Then, in Section 3, we discuss the
closed orbit and the closed orbit correlation function which will be needed to calculate

the effects of a closed orbit.

In Section 4, we calculate the vertical emittance and beam size due to the vertical
dispersion caused by random errors and a corrected closed orbit. In previous work, the

corrected closed orbit has been treated either as a series of uncorrelated offsets in the



magnetsz’3 or the same as an uncorrected closed orbit™® Typically, the first procedure
will overestimate the effect of the closed orbit and the second will underestimate the

contribution.

Next, in Section 5, we use analogy with the vertical dispersion to discuss the betatron
.coupling. As stated, in an e /e~ ring the betatron coupling causes both a local beam size
increase and a fundamental dilution of the vertical phase space. The coupling has been
treated both exactly6_8 and Whén close to the linear coupling difference resonance.
Unfortunately, the first provides a formalism that is complex and does lend itself to a
simple understanding of the problem and the second approach is not sufficient when
far from the coupling resonances, i.e., weakly coupled. In particular, previous analysis
of the betatron coupling suggests that the coupling can be corrected with a few (2-4)

skew quadrupoles. This is not correct, one must correct the coupling’ at every bending

magnet to fully correct the vertical emittance.

In Section 6, we estimate the effectiveness of various techniques in reducing the
vertical emittance and beam size, comparing the analytic results with the results of
simulations. Then, in Section 7, we discuss the calculation of tolerances, consistent
with the correction techniques, to limit the vertical emittance and the beam size in
future storage ring designs. The results of both Sections 6 and 7 are important when
determining the tolerances to limit the vertical emittance with a specified degree of

confidence.

Finally, it should be noted that many of the results in Sections 4 and 5, in particular,
the effect of random errors, have been derived repeatedly over the last thirty years;
references to the earlier sources are provided. The primary contributions in these sections
are: the effects of a corrected closed orbit are calculated more precisely, the distinction

between the local beam size increase and the emittance is emphasized, and a simple



form for the emittance due to betatron coupling is found which is analogous to the
emittance due to the vertical dispersion. This later result is important for determining
the effectiveness of the coupling correction which is discussed in Section 6. In addition,
the distinction between the beam size and the emittance was obviously realized by the
-author of Ref. 3, but it seems to have been neglected in much of the literature. Since

this is relevant in damping rings, it is important to emphasize the difference.

2. PRELIMINARIES

In this paper, we are interested in calculating both the vertical beam size and the
vertical emittance; the beam size is the relevant quantity in some situations while the
emittance is in others. We need to differentiate between the two because the vertical
beam size is the projection of the beam’s six-dimensional emittance-onto the vertical
plane. Thus, in addition to depending on the vertical emittance, the vertical beam size
is also a function of the local coupling between the vertical plane and the horizontal and

longitudinal planes. In the limit of weak coupling, this relation can be expresses as

03(3) azlocal(s)

BN TR 21

where dyocal includes the effects of the local coupling. Notice that the local coupling
contribution to oi/ﬁy is a function of the azimuthal position in the ring s, while the
contribution from the emittance is (approximately) invariant. This occurs because the
emittance represents a fundamental dilution of the vertical phase space while 0j4ca) 1s

due to a coupling that can change from point-to-point.

At this point, we can further subdivide the contributions to the vertical beam size.
As mentioned in the introductioh, we consider three effects that contribute to the low

current beam size: (1) the momentum dependance of the vertical closed orbit, i.e., the



vertical dispersion, (2) the coupling of the betatron motion, and (3) the opening angle of
the radiation. Since these three contributions are statistically independent, the vertical

beam size can be written as the sum of the contributions,

0'12/(8) _ Ugcoupling n O'czlispersion te . (2 2)
N By(s) = ﬂy ﬂy opening ang. :

Here, the first two contributions have both a local coupling contribution and an emit-

tance contribution while the opening angle only contributes to the vertical emittance.

2.1 OPENING ANGLE

The last term in Eq. (2.2), the term due to the opening angle of the radiation, is
small; a derivation is presented in Appendix A. It directly adds a contribution to-the

vertical emittance of

13
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Ca $ G%(s)ds

(2.3)

Here, C; = 3.84 x 10713m, B, is the vertical beta function, and G(s) is the inverse
of the local bending radius. For comparison, in the damping rings currently being
designed,1 ? the desired vertical emittances are the order of 0.1 A-rad and the opening
angle contribution tends to be over an order of magnitude smaller. Obviously, as the
desired ring emittances continue to decrease, the opening angle contribution will become

significant, ultimately limiting the achievable low current emittance.

2.2 BEQUATIONS OF MOTION

To calculate the other two contributions to the beam size, we will begin with equa-

tions for the vertical dispersion and the betatron motion. Neglecting the effects of syn-



chrotron radiation, the transverse equations of motion for a particle in a storage ring

) 13
can be written

b

~ I
" + (1 -A) [(Kl + GHz + Kyy + %(mz — yz)] =AG+ (1 — A)Gye
(2.4)
T y"' — (1 -A) [Kly—ﬂ’lx—}-szy} = (1 - A)Gy

Here, primes are used to denote derivatives with respect to s, the azimuthal coordinate.
In addition, A = (p — po)/p where pg is the reference momentum, G is the main bending
field, G = 1/p(s) where p is the bending radius of an on-momentum particle, and G
and Gy are the inverse bendi_ng radii of the dipole correctors. Finally, K7, 1?1, and Ky

are the normalized quadrupole, skew quadrupole, and sextupole fields respectively: _

B T z
k=98 g 9B

e 823y
poc Oz’ - poc Oz’ Doc

- poc Oz

Iy

(2.5)

Note that with these definitions, K is positive in horizontally focusing quadrupoles and

positive Gzo(Gyc) increases z'(y').

Now, the motion can be separated into three portions: a periodic closed orbit, it’s
first order energy dependance, i.e., the dispersion function, and the betatron motion.
Thus, z = 2. + zg + én,, where 0 is the energy deviation from the design energy. Using

this expansion in Eq. (2.4), we find equations for the closed orbit

. ~ K
:c'c' + (le + G2):1;c + K1y + 72(952 - yg) = Gye (2 6)

yg — Kyye + ]A{,lmc - Kaxcye = Gyc



Next, linear equations for the dispersion function and the betatron motion can be

found by expanding about the closed orbit:

77;,{ + (I{l + Gz)% -+ ]?lny + 1(2(1'077:': - ycny) =

~ K
G — Gzc + (I(l + Gz)ivc + I(lyc + ?2(-’1:(2; - yz)

~ (2.7)
T 77;11 — Kyny + Kinp — I(g(xcny + Yelz) =
“Gyc — Kiyc + [?1:% — Koz y,
and
:Eg + (K1 + G2).’Eﬁ + I?lyﬂ + ]{z(mcivﬂ — ycyﬂ) =0 o8
.8

yp — K1yp + Kizg — Ko(egye + 2eyp) =0,
These equations are complicated. Although, we could solve for the coupled motion and
beam sizes exactly,6 S unfor'm;nately, these exact solutions do not prov}de simple insailght
into the weakly coupled (flat beam) case. Thus, this paper will be limited to discussing

flat beams and we will proceed by approximating these equations of motion.
2.3 PERTURBATIVE APPROXIMATION

In the limit of flat beams, one can solve the equations for the dispersion function
and the betatron motion perturbatively. In this case, the horizontal dispersion must be
much larger than the vertical n; > 7, and the horizontal emittance is much larger than
the vertical x5 > yg. Furthermore, without a loss in generality, we can assume that
the horizontal closed orbit is zero; the effect of a non-zero horizontal closed orbit can be

included by considering small changes of the focusing function K due to the sextupoles.

Now, with these approximations, the equations for the dispersion and the betatron

motion are
¥ + (K14 GHag =0
. (2.9)
yg — I(ﬂ/,@ = —Klacg + I(Zycwﬂ )



and

Ny + (K1 +Gne =G
B (2.10)
7];, - I{lny = _Gyc - I{lyc - I{lnz‘ + I(Zycnz

These equations are no longer coupled, the vertical motion is simply driven by the

‘horizontal, and thus they are simple to solve.

2.4 ERRORS

As has been mentioned, excluding the opening angle contribution, the low current
vertical beam size is determined by errors in an uncoupled storage ring. In this paper, we
will consider the effect of random vertical misalignments of the quadrupoles, sextupoles,
and the Beam Position Monitors (BPMs). In addition, we will also consider the effect
of random rotational errors (;f the quadrupoles and the bending dipoles. The effect of
these errors is summarized in Table 1 where y,, and © are the vertical and rotational
misalignments. As one can see from Eqs. (2.9) and (2.10), vertical dipole errors, due to
rotations of the bends, vertical misalignments of the quadrupoles, or a non-zero closed
orbit in the quadrupoles, directly introduces vertical dispersion. In addition, these same
dipole errors create a non-zero vertical closed orbit which couples the z and y planes
in the sextupoles. Finally, quadrupole rotations and sextupole misalignments will also

couple the two transverse planes. We will discuss these effects in detail in Sections 4

and b after discussing the closed orbit in the next section.
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3. CLOSED ORBIT

In this section, we calculate thé closed orbit and the closed orbit correlation function
resulting from the misalignments. The correlation function will be needed to calculate
the beam sizes resulting from the vertical dispersion and the betatron coupling. Although
‘this paper is primarily concerned with the effects of corrected orbits, we will derive

expressions for both corrected and uncorrected orbits for comparison.

The vertical close orbit is described by Eq. (2.6). Assuming that the skew quadrupole
terms are small, i.e., the weak coupling limit, Eq. (2.6) is easily solved with the periodic

Greens function for the ring:

Guo(s,s') = VorsPes() 0y (D = rvmy) o (B)

28in gy

- a -

where, f is the beta function, v is the tune, and ¢ is the phase advance: 3 = [ds/p.

Using this, we find a solution for the vertical closed orbit,

s+C

/ Bu(e) st (5) = () + 7oy Gl (3.2)

8

By(s)

2sin 7wy

ye(s) =

where G(s) = Gyc + GOB + K1ym.

Now, we can calculate the expected rms magnitude of the closed orbit given an
ensemble of random dipole errors, with a Gaussian distributions. One finds the well

14
known result

i) = =2 S~ g (3.3)

TV, T
8sin Y kicks

where the beta function at each kick is approximated by the average beta function within
that magnet and the angle brackets are used to denote the expected value which is found

by averaging over the gaussian distribution of errors.

11



Next, to calculate the vertical dispersion and the coupling introduced by the errors,
we need the correlation function for the closed orbit, (y.(s')y.(s)). Using Eq. (3.2), this

can be expressed as a double integral

s+C
A(yc(s')yc( ~4s1n — / dz\/ﬂ’—ﬁ(G(z')G(z) cos' cos) (3.4)

where B' = B(2'), cos = cos(¥(s) — ¥(z) + nv), and cos’' = cos(y(s") — ¢(2') + 7v). To
evaluate (G(2')G(z)) the integrals must be over the same portion of the ring. Assume

initially that s’ > s, then

s'+C s
(e )yels)) = [ / / e . L e
4sm TV
s+C L]
where - - - is used to represent the integrands. As before the double integrals collapse to

single sums over the kicks, but the second double integral has different limits and thus
an additional factor of 2 must be added to the phase ¢ (z'). We average over the high

frequency terms and, in the case of an uncorrected closed orbit, we are left with

(ye(s)ye(s)) = cos Ap > Byi(GiL3)

1=$

By(5)By(5") [ s
8 sin? Ty

y (3.6)
Z ﬂyi(G?L?)

1=3

+ (cos(lA;M — 27Tvy) — cos Ad))

|-

where Ay = 1, (s') — 1y(s) and the absolute values signs were used to include the case

s’ < s. Note that terms of order 1/47v, have been dropped from Eq. (3.6); these will

be small corrections in high tune, low emittance rings.

We consider two cases: an uncorrected orbit and the orbit after substantial correc-

tion. Since the correlation function is periodic in As, we can express 1t as a fourier

12



series. Furthermore, it must be an even function of As and thus the fourier series will

only contain cosine terms:

(e Ywels)) = ﬂy(s)ﬂy(s)%—[ +§:cncos”A¢] 37)
=1 y

To calculate the coefficients ¢, for an uncorrected orbit, we make a smooth approxima-

tion

(GYL)

+
N — Z yi(GZLYY (3.8)

where Ay = (s') — 1(s). The coefficients are then

(n? + ,,5)(21 — c2o)s227r1/y) ' (3.9)

o = 72 (n
Here, only the two harmonics ¢, on either side of the tune, n = |vy], [vy], will be large,

and thus, we can approximate the uncorrected orbit with just these two terms.

When the closed orbit is corrected its Fourier spectrum tends towards that of white
noise. There are two reasons for this: first, most orbit correction techniques tend to
reduce the dominant harmonics on either side of the tune while increasing the other
modes. The second, and more fundamental, reason is that the Beam Position Monitors
(BPMs) are misaligned relative to the ring centerline. Thus, even with perfect orbit
correction, where the measured orbit is zeroed at all of the position monitors, the actual

closed orbit will have a white noise spectrum.

We can approximate this by assuming that the correctors “randomize” the orbit and

thus points on either side of a corrector are uncorrelated. Furthermore, in the limit of a

13



very corrected orbit, i.e. one with many correctors, we can approximate the correlation

function between correctors with just the first term of Eq. (3.6). Thus,

cos Ay, No correctors

2 !
(el el e = BB L between s and s (3.10)
Y 0, Otherwise

Here, the term (y2)/8, is not equal to Eq. (3.3), it is the square of the residual orbit
after correction. In particular, for an orbit that is fully corrected, one can approximate

(y?) with the estimated vertical misalignments of the BPMs (y2,).

4. VERTICAL DISPERSION

The vertical dispersion increases the beam size in two ways: first, the vertical disper-

- -

sion results from a coupling between the longitudinal energy deviation and the vertical
position. Since the beam contains a finite energy spread, the vertical dispersion directly
contributes to the vertical beam size. This will be referred to as the “local” contribution’
since the beam size increase only depends upon the local value of the vertical dispersion;

the energy spread in the beam does not vary significantly around the ring.

The second effect of the vertical dispersion is more subtle. Particles traverse the ring
performing betatron oscillations about a closed orbit which is energy dependant; this
energy dependance is the vertical dispersion. When a synchrotron photon is emitted, the
particle’s longitudinal energy changes, causing it’s closed orbit to change. This changes
the amplitude and phase of the betatron oscillation; the particle oscillates about the
new closed orbit. Since the photons are uncorrelated, the radiation causes an increase
in the rms amplitude of the betatron oscillation. This effect will be referred to as the
“global” contribution of the vertical dispersion since the effect depends upon the value

of the dispersion in all of the bending magnets.

14



Although, both the local and the global contributions from the vertical dispersion
increase the vertical beam size, there is a fundamental difference between the two. The
local effect is simply due to a coupling between the longitudinal and vertical planes; it
does not actually change the beam’s six-dimensional emittance. In contrast, the global
- effect of the dispersion does cause an increase in the beam emittance. In a synchrotron
light‘sorurce, the distinction between the local and global effects is irrelevant; one is only
interested in projected beam size. But, in a damping ring, the distinction is important

since there one is interested in the extracted beam emittance; in theory, any residual

coupling can be removed.

To calculate these two effects, we will first derive expressions for the dispersion
arising from random errors and a non-zero closed orbit. Then, we will calculate the
contributions to the vertical beam size and the emittance. Finally, the calculations will

be compared with the results of simulations.

4.1 VERTICAL DISPERSION

To find the vertical beam size contribution due to dispersion, we need to first solve
for the vertical dispersion and it’s derivative. In the limit of flat beams, the vertical

dispersion is given by:

4 (K + G =G
3 (2.10)
77;, - ](17731 == _Gyc - I(lyc - I(lnx + 1{2?/0772:

These equations are solved in the same manner as the equation for the closed orbit,

namely, by using the periodic Greens function for the focusing field of the ring, Eq. (3.1).

15



. 14
The solutions are

s+C

el ;ﬂ / V) cos(ipa(s) — tha(2) + 702)G(2)dz
(4.1)
s+C
ﬁy(s)

s = / By () cos(thy(s) — thy(2) + 7rg) F(2)dz

8

2sin myy

where (G(s) is the main bending function and F(s) = (K1, — K1)y — 1?1771- — Glye.

Now, the derivative of n, with respect to s can be found directly from Eq. (4.1).
Unfortunately, this is complicated by the beta function which is also a function of s.

Instead, the function n;, which is a function of ny and its derivative, is introduced:

77;(5) = Qylly +'5y77; . ) {t.2)

This function is convenient since it both simplifies the expression for the vertical emit-

tance and has a solution that can be expressed in a form similar to (4.1):

s+C

/ By(2) sin(y(s) — by(2) + Ty F(2)ds . (43)

8

By(s)

2sinmyy

My(s) = —

Because the two equations have similar forms, the calculation of 77;2 will parallel that of

7)2. In particular, we will see that for random errors the expected values of 775 and 77;2

are equal.

16



4.2 RanDOoM ERRORS

To estimate the beam size cohtribution, we need to calculate the expected values
of U;/ﬁy and 77;2/,33, for the various error distributions. The square of the vertical
dispersion, Eq. (4.1), is a double integral

s+C

() 1 . o
B,  4sin Ty [/dzdz \/ B (coscos' F*(z,2')) (4.4)

where ', cos, and cos’ are defined as they were in Eq. (3.4). In addition, since the
errors considered, quadrupole rotations, sextupole misalignments, and dipole errors, are

all assumed to be statistically independent, the function F2?(z, ') contains five terms

(F?(2,2")) = 4K1n: K{,(00") + Kone K312’ (ymyim ) s
5
+(GyGy) — 2 (Gyyl) + Ff' (yeyl) - -

where the primes are used to denote functions of 2z’ instead of z. In addition, f(z) is

proportional to the local chromaticity, f(z) = Kans — 1. The chromaticity is given byM‘

dvy 1
=—=— ¢(K; - K ds . 4.6
€y dp/py _ 4 ]{( 1 277z)ﬂ3{ s (4.6)
It is important to notice that the vertical dispersion due to a closed orbit can be reduced
by using local chromatic correction which reduces f(z); this will be discussed further in

the next section.

Since the errors are uncorrelated, the first three terms of Eq. (4.4) are calculated in

the same manner as (y2)/3,, Eq. (3.3), yielding the results 14

<n§)quadrotaﬁon - 2142 2
p N 8sin® 7v Z(AlL) 107 Bym
y Y quad (4 7)
<n§>sextnﬁsahén 1 - 2.2 2 .
By N 8sin’ mv Z(A?‘L) YmByls
Y sext
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<7712/ )dipole kicks (yg)

By By

(4.8)

All of the above equations are applicable for both corrected or uncorrected orbits. The
first two do not depend upon the closed orbit and the term (y2)/f, in the third equation
.is equal to Eq. (3.3) for an uncorrected orbit or the square of the residual for a corrected
orbit. Notice that this third term is not a result of a non-zero closed orbit; it results

from the errors that create the non-zero closed orbit.

Finally, note that we have calculated the expected value of (n§> /By, but to calculate
the emittance we will also need to calculate (nzz)/ﬂy. As mentioned, this is quantity
calculated in an analogous manner; it differs from (773) /By in that cos and cos' become

sin and sin’, but with the same approximations, the results are identical.

4.3 ORBIT ERRORS

The fourth and fifth terms of Eq. (4.4) are functions of the closed orbit. We will
treat each of these terms in turn. First, we express the fourth term as an integral of the

closed orbit correlation function:

s+C

<<g_§>>4:2\/3(_;)2sin7ru / 18 cos! (gels)we e (49)

where the subscript 4 is used to denote that this is the fourth term of Eq. (4.5).

Next, using the fourier expansion for the closed orbit function, Eq. (3.7), we calculate
this integral. In addition, since we are not interested in the explicit dependence on

position, we can average over s. This yields

_<Z7_§_>_ — (3/?) Cn
<ﬁy >4_2£y By Zuyj:n ’ (4.10)

n,+
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where ¢, is the chromaticity defined in Eq. (4.6) and the £ is used to represent a sum
over both 1/(vy+n) and 1/(vy —n). Now, if we only keep the most significant coefficients
cn, for an uncorrected orbit, this becomes

(%?) ~ siﬁiy <ﬁy)s1nc TAvy (4.11)
where Al/y is the fractional part of the tune and sincz = sinz/z.

We can calculate this term for a corrected orbit in a similar manner. This yields

T@SN oré, (y2) cos vy

By 4N sinwvy By  Neor

(4.12)

Here, Neor is equal to the number of correctors which we have assumed are uniformly
distributed. Notice that, although the corrected result is smaller by 1/Ncorr, the forms
of the corrected and uncorrected results are similar. In particular, note that both results

depend linearly upon the chromaticity £, which is usually adjusted to be small and thus
both Eqgs. (4.11) and (4.12) will tend to be small.

Now, we turn to the last term in Eq. (4.4). This contains the closed orbit correlation

function, Eq. (3.6). To solve for the effect of an uncorrected orbit, we again use the

fourier expansion for the correlation function. This yields

(775)) / nAy

-4 ) = — dzd , 4.13
( 3, TonZro, By / zdz ff' ﬂyﬂy COS COS ch cos ” (4.13)
where At = t(z) — (2'). This expression is evaluated in the same manner as the
previous case; we first calculate the integrals and then average over s. We find

(CA [C
By /s 16sin27rl/y By /

2
dzfB, W(1—n/vy)

n=0
(4.14)

2]

C
N ’/ 4z f B, e (+/%)
0
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We can approximate this by assuming that the fractional tune Avy is small and thus we

keep only the most significant coeflicient ¢,,. This yields

@N : <y2>sinc47rAl/y((47T§y)2+(47FA)2) , (4.15)

By ~ 16 sin? Ty By
where A is

C
A= zlH/dzmye”‘/’ : (4.16)
0

and is sometimes referred to as the width of the off-energy stop band. This result is
similar to the result found in Ref. 5. The primary difference is in the appearance of the

coeflicients although they actually have the same value over much of the range.

Finally, we solve for the effect of a corrected orbit in a similar manner, finding

-~

(n2) 1 (y2) Neor 1 et 5  metl o
( ﬁz )5 ~ 16 sin? rv ﬂ: Z[ / dzfBy| + ’ / dzfBye?? ] ) (4.17)
Yy Ne e ke

where n, denotes the position of one corrector and n.+1 denotes the position of the next
corrector. This result differs significantly from the uncorrected case. The uncorrected
case depends on the average values of fB, and f ﬂyeiw. In general, these will be small;
the former, the chromaticity, is usually small by design while the later tends to be small
because of the oscillating term €*?¥. In contrast, the corrected case depends on what is
referred to as the local chromaticity and the local A. Both of these will typically be much
larger than the average values. The local chromaticity is usually positive in regions of
dispersion to compensate the negative values in the dispersion free regions. While the
average may be zero, the local values are not. In addition, the local value of A will tend
to be much larger than the avera:ge since the oscillating term does not vary significantly

over a short region.
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Of course, despite the larger values of jgca and Ajgcal, the dispersion of the corrected
orbit will usually be smaller than that of an uncorrected orbit; orbit correction reduces
the residual orbit (yg) /B. Furthermore, if the closed orbit is comparable in magnitude
to the misalignments y. & ym, the contribution to the vertical dispersion from the closed
-orbit will usually be much less than that from the misalignments. This occurs because

the orbit, even after correction, is still correlated for short segments and some of the

quadrupole and sextupole deflections cancel.

4.4 BEAM S1ZE

At this point, we can solve for the beam size increase due to the vertical dispersion.
As mentioned, the vertical dispersion has two effects: (1) it directly increases the beam
size by coupling a particle’s energy deviation to it’s vertical position, and (2) it causes

the vertical emittance to increase. The first effect is simple; it causes a local contribution

to the expected beam size of

(05(8)>10ca1 _ <n§(3))o_2
By(s) By(s) °

(4.18)

where o, is the rms energy deviation in the beam.

To calculate the second effect, the emittance increase, we use the Courant-Snyder

invariant Hy, which can be expressed

Hy(s) = 5%(715 +n8) (4.19)

where we have used the function 7; introduced in Eq. (4.2). The contribution to the

. . . . .1
emittance from the vertical dispersion is

_ Co7’ $1GPPHyds
YT, §GUds

(4.20)
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where C,; = 55/(32v/3mc) = 3.84 x 10713 meter and Jy is the vertical damping parti-
tion. For a ring in the horizontal plane J, = 1; the change in Jy due to errors in the
weak coupling limit is negligible.

Since the expected values of (775) /By and (77;;2)/ By are equal and are independent of

‘s, the expected value of the emittance can be written

Cp® (n3) [1GPds _ ., (md)

Jy By [G%ds By

(ey) =2 (4.21)

where, the relative energy spreadl has been used to simplify the expression and J, is
the longitudinal damping partition. Since J¢ is typically between 1 and 2, one can see
that the emittance increase has a larger contribution to the beam size than the coupling

increase of Eq. (4.18).

- . -

At this point, we will again emphasize the distinction between these two effects. As
mentioned, the first effect, Eq. (4.18), is due to a coupling between the energy deviation
and the vertical position; it does not change the beam’s six-dimensional emittance.
In contrast, the second effect, Eq. (4.20), causes a fundamental increase in the phase
s.pace volume occupied by the beam. In a synchrotron light source this distinction is
irrelevant, but in a damping ring it is important because, unlike the first effect, the
emittance increase cannot be corrected once the beam has been extracted from the ring.
Of course, both effects can be corrected by correcting the vertical dispersion in the ring;

this is the subject of Section 6.
4.5 SIMULATIONS

To verify these results, the computer program CEMIT® has been used to simulate
various errors in the Stanford Linear Collider (SLC) North Damping Ring (NDR).15

The NDR is designed to operate on the coupling difference resonance, but for these
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simulations the tunes were shifted to v, = 8.375 and v, = 3.275; this lattice will be
referred to as the NDR1. Finally, in this comparison, we will only-discuss the increase

in the vertical emittance due to the vertical dispersion.

The results of simulating rotational misalignments in the quadrupoles and vertical
‘misalignments in the sextupoles are listed in Table 2. The misalignments were generated
from gaussian distributions with an rms of 0.5 mrad and 150pm, respectively. The
calculated values are found using Eqs. (4.7) and (4.21), while the measured values are
found by averaging the results from 1000 different random error distributions. Finally,
the measured errors are the standard errors of the averaged values. In both cases, one

can see that the approximate formula agree well with the simulations.

In addition, Table 2 lists results from simulating the effects of a corrected closed orbit.
Here, the results are the average of twenty simulations. The simulations included verfical
quadrupole misalignments with an rms of 150xm and vertical BPM misalignments, also,
with an rms of 150um. The resulting orbit was corrected using the twenty vertical dipole.
correctors in the NDR to minimize the rms of the measured orbit. Before correction, the
rms magnitude of the actual orbit was roughly 1.5mm; the correction reduced this to
140pm, roughly the accuracy of the BPM alignment. In this case, the calculated result
was found from Egs. (4.8), (4.12), (4.17), and (4.21), although the dominant contribution
comes from Eq. (4.17). Again, the calculated estimate agrees well with the average of
the simulations. Finally, notice that the contribution from the corrected orbit is less
than the contribution due to similar misalignments in the sextupoles; as mentioned, this

occurs since the orbit is still correlated over short segments.

To further study the effect of a corrected closed orbit, the average <77§>/5y has
been plotted versus the chromaticity of the ring. In Fig. 1, the closed orbit was not

corrected while in Fig. 2 the orbit was corrected with twenty correctors. Again, the data
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and errors were found from the results of twenty simulations. The lines are calculated
using Eqs. (4.8), (4.11), and (4.15) and Eqs. (4.8), (4.12), and (4.17) for Figs. 1 and 2,

respectively.

As one can see, the character of the dispersion changes when the orbit is corrected.
‘In the uncorrected case (Fig. 1) the dispersion has a sharp minimum close to £, = 0,
while in the corrected case (Fig. 2), the minimum occurs near £, = —4.5. We can
understand this change in the following manner. The insertion regions in the NDR do
not have local chromatic correction; they are compensated with sextupoles in the arcs.
When the orbit is corrected, the minimum value of the dispersion occurs, not when the
global chromaticity is corrected, but when the local values of £ and A are the smallest.
This occurs when the sextupoles are used to locally compensate only the arcs and not

both the insertion regions and the arcs. - . -

Thus, when the chromaticity is zero, correcting the orbit will tend to increase the
vertical dispersion relative to the closed orbit since €jocal and Ajgear grow. This is illus-
trated in Fig. 3; here, the vertical emittance, normalized by the square of the closed orbit,
has been plotted versus the number of correctors used to correct the orbit. Notice that,
initially, the normalized vertical emittance increases rapidly as the orbit is corrected; it
then peaks and slowly decreases. The initial increase occurs when, in Eq. (4.17), the
insertion regions are separated from the arcs. Further correction then just subdivides
the arcs which has little effect. The line in Fig. 3 is calculated using the estimates for a
corrected orbit. Finally, again notice that Fig. 3 is a plot of the vertical emittance nor-
malized by the closed orbit; the actual vertical emittance tends to decrease as the orbit

is corrected.

Before concluding this section, it is useful to contrast the behavior seen in Fig. 3 with

an example from the ALS lattice!® The ALS lattice differs from the NDR in that the
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ALS has twelve dispersion-free insertion regions rather than just two. Fig. 4 is a plot of
the vertical emittance due to quadrupole misalignments versus the number of correctors
used to correct the orbit. Here, the emittance contribution continues to increase rapidly
with the number of correctors. There are two reasons for this: first the fractional tune
-in the ALS is lower than in the NDRI, vy = 8.18 as compared to vy = 3.275, and thus
the ‘/AXLVS is more sensitive to errors. Second, as mentioned, the ALS has twelve insertion
regions and the chromatic correction is performed in the arcs between these insertions.
As the orbit is corrected, this non-local chromatic correction continues to be broken,

causing the dispersion to increase relative to the closed orbit.

5. BETATRON COUPLING

In a conservative system, such as a proton storage ring, betatroﬂ coupling leads to
“beats” where energy is transferred between the two transverse planes. An et /e™ storage
ring is not a conservative system; the synchrotron radiation provides both a source of
noise and damping. Neglecting the vertical dispersion, only the horizontal plane is
coupled to the noise source, while both planes are damped. Thus, in an uncoupled ring,
only the horizontal emittance is driven. Unfortunately, in the presence of coupling, the
eigenvectors of the betatron motion rotate from the z and y axes so that both eigenmodes
couple to the noise in the horizontal plane. Thus, in the case of weak coupling, the
vertical beam size is determined by both the projection of the “horizontal” emittance
in the vertical plane and the contribution to the “vertical” emittance from the noise in

the horizontal plane.

Much like the beam size due to the vertical dispersion, we can separate this increase
into two contributions, one due to a coupling which increases the projection of the

six-dimensional emittance into the vertical plane, and the other due to a fundamental
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increase in the vertical emittance. As before, the former effect will be referred to as the
“local” contribution since it depends upon the local value of the coupling. In principal,
this local coupling can be corrected at one location in the ring with four independent
skew quadrupoles; the four magnets can be used to uncouple the one-turn transport
.matrix at a specified location. Unfortunately, this does not remove the second effect
which arises from the “global” coupling; one would need skew quadrupoles next to every

bending magnet to completely remove this contribution.

In this section, we will calculate the beam size increase due to both the local and
the global coupling. Paralleling the discussion of the vertical dispersion, we will then
calculate the effects of random errors and a non-zero closed orbit. Finally, these analytic

results will be compared with the results of simulations.

5.1 VERTICAL BEAM SIZE

To calculate the rms vertical beam size due to the linear betatron coupling, we
will start from the equations of motion for a single particle, calculate the rms betatron
motion, and finally, average over the ensemble of particles to find the rms beam size.
Alternately, one could use the Fokker-Planck equation,9 but in many ways the more
intuitive approach is appealing since it allows one to explicitly see the cause of the

various contributions.

We will analyze the motion assuming that the coupling is weak and the vertical
motion is much smaller than the horizontal. Thus, we can use the unperturbed horizontal
motion to calculate the vertical. The equation for the vertical betatron motion was

calculated, for the weak coupling limit, in Section 2:
v — Kiyg = (K2ye — Ki)zp (2.9)

where the effects of the synchrotron radiation have been neglected.
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We want to calculate the change in yg. Treating the magnets as delta-functions,
the coupling adds a kick Ay’ = z3(Kay. — Kl)As to the vertical motion which is then
exponentially damped by the radiation damping process. Thus, we can express the

vertical motion as a sum over the kicks Ay’

- - s

ws)= | dzg(z)wg(z)e“*“%“[ 8,(2)80(2)sin(y(s) — ()| . ()

—0

Here, ¢ is the coupling coefficient g(z) = (Koy. — 1:;’1), ay is the vertical damping
rate, and c is the speed of light. In addition, the function enclosed in the brackets is
the standard Ry betatron matrix element which transforms a deflection Ay’ at z to a

position Ay at s.

- -

At this point we need an expression for the z betatron motion. The horizontal
betatron motion is driven by energy fluctuations due to the synchrotron radiation; these
are coupled to the horizontal plane through the dispersion. When a photon of energy‘
u is radiated, z5 and ayy change by Azg = ngu/Ep and A:v'ﬂ = nLu/Ey. For brevity,
we will let o7, and thus Axfg, equal zero in the next two equations, but this assumption
will be removed thereafter. In this case, the horizontal betatron motion is just a sum of

displacements Az which are exponentially damped:

:Eﬂ(s) = Z fmz(zi)e(zi—s)az/c [ g:((;)) (COS Az/)x + az(zi) sin Ai/)g;) . (5.2)

i=—
{photons}

Here, ; is a stochastic variable equal to the relative energy (u/Fq) of a photon radiated
at z;. In addition, Ay = 1g(s) sz(zi) and the function in brackets is the Ry betatron

matrix element which transforms a change in position Az at z; to a Az at s.
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Now, we can use Eq. (5.2) to express Eq. (5.1) as a sum over photons &;,

vp(s) = D Eime(z) / dzel5=2l° Ry 4 (27, 2)eF =)0 g (2) Rygy(2,5) . (5.3)

{photons} #

| Theyvqrtical beam size is now found by averaging the equilibrium value of y% /By over
the ensemble of particles. The calculation simplifies since the radiation is a stochastic
process, (£€;) = (€2)6;;. In addition, when performing the ensemble average, we can

express the sum over photons as the integral of a rate of emission. Thus,

8

YW = /dz’ , (5.4)

1=—00

{phota_ns}
where A is the rate of emission. This yields abeam size of : ~
oy(s) _ [ dai (o < N[/
- CENED) | [ g g(2)elzi=Daslegle=s)asle [5, in A
By(s) J c [z/ zg(2)e e Bz (z)By(z) sin Avpy ’ 5)

——77—35—(—222— cos oy (z;) sin (2 z;) sin :

where Ay, = ¥g(2) — ¥e(2) and Apy = y(s) — 1y(2). Notice that we have included
the both the contribution from n, and ).
To evaluate this, we separate the integral over z into a portion over an integral

number of turns of the ring and a portion over the remaining segment. Thus, the result

has the form:

s s n—1 s—nC 9
/dz,[/ ] Z/dzz[ / Zoo 4 / dz---] . (5.6)
—00 zi : J s—C z;—nC
where - - i1s used to represent the integrand.
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At this point, we assume that the tunes are far from the coupling resonances, v, +
vy = n, and damping per turn is small compared to the tunes, 27 (v; vy) > a,To, oy Tp.
Now, we can perform the integral over z; and the sum over the turns. After some algebra,
that is explicitly displayed in Appendix B, we find contributions to the vertical beam
. size and emittance from both the sum and difference resonances of

73 (ocal 16[ 1020 _pp,  Q+()Q°() |

By(s) sin wAyi sinTAvy sintAv_

(5.7)

Cgv J lQi Q+(8)Q@-(s)
v = 16Jy §G2d fd sHalG| [z sin ﬂAyi + 2Resin TAvysinTAv_

where
s+C

Q)= [ deg /B ) ()] )

s
Here, g = (Kay, — I~(1) and the sum over * denotes a sum over both the 4+ term (sum
resonance) and the — term (difference resonance) while Avy = vy+vy and Av_ = vy —vy,.
In addition, the * is used to represent the complex conjugate and the operator “Re”
yields the real portion of the expression.

Equation (5.7) explicitly displays the physics described in the beginning of this
section. The first expression represents the projection of the “horizontal” emittance
into the vertical plane and the second expressions describes the contribution to the
“vertical” emittance from the horizontal dispersion. This is analogous to the situation
with the vertical dispersion where the local beam size is increased by the local value
of the dispersion while the vertical emittance is increased by the average value of the
dispersion.

This analogy can be taken further by noticing that the real part of Q4/sin TAvy

is analogous to the vertical dispersion or the vertical closed orbit with a phase advance
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of ¥, + ¢, instead of ¥,. In addition, the imaginary portion of Q4(s)/sin7TAvy is
analogous to 7;(s), Eq. (4.2). Thus, 1Q+(s)|?/sin? Avy is completely analogous to
H(s), defined in Eq. (4.19). This analogy will be used in Section 6 when we discuss

correction of the coupling.

At this point, we should compare our result with the results of others. Equation (5.7)
is similar to the result found in Ref. 9 where the expression was derived by solving the
Fokker-Planck equation when close to the difference coupling resonance. The results
differ in that (1) the effect of the sum resonance and the cross terms between the sum and
difference resonances have been included, (2) the contribution to the vertical emittance
involves the average of the coupling coefficient around the ring while the contribution
to the local beam size just depends upon the local value of the coupling, and (3) the
explicit form of the coupling coefficients differ slightly. In many references, including
Refs. 2, 9, 10, and 17, the coupling coefficient is found by Fourier analyzing the coupling

and only choosing the coefficient closest to the difference resonance. This is not valid in

our case since we have assumed that the ring is far from both coupling resonances.

5.2 RANDOM ERRORS

Now we evaluate Eq. (5.7) for specific errors. The quadrupole rotational errors,
sextupole misalignments, and the closed orbit are all independent. Thus, the square of

the coupling function ¢ is

(9(2)9(2")) = 4K1(2) K1 (2')(00) + K2(2) K2 (2') ((ymym) + (yeye)) (5.9)

where primes have been used to indicate functions of z' rather than z. In the case of

uncorrected coupling, we can quickly evaluate Eq. (5.7) to find the contribution from
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random quadrupole rotations and random sextupole misalignments. Specifically, we find

expressions similar to those quoted in Ref. 3:

<0§>loca1 & (1 — cos 2wy cos 2mvy)

= K1L)?40?
By 4 (cos 2wy, — cos2myy)? E:d( 11)°40°5, By
qua
(5.10)
T <05>Iocal €y (1 — €08 27y COS 27rz/y) 9 o
5 T 7 KoL
By 4 (COS 27”/1 — COS 27-”/3/)2 ;ﬂ( 2 ) ymﬁzﬂy
and
€ Oy (1 — cos 2wy cos 2muy) 0. o
=1 K,L)*4
o) 4 ay (cos2myy — cos 2myy)? z:d( 11)740° 8,5,
qua
(5.11)
€z 0tz (1 — cos 2muy cos 2muy) 5 1
= Ao KoL
(€y) 4 oy (cos 2wy, — cos 2myy)? Z( 2L) Y3 Ba By
v y sext

Here, the sum of 1/ sin? 7(v, £ v,) has been written in terms of cos 2mv, and cos 27w
y y

and we have simplified the expression with the equilibrium horizontal emittance.

Finally, notice that the cross terms have not been included in Eq. (5.7). These terms

add contributions of

(o-§>local _ E_ISin 27”/3/ Equad(](lL)%l@Zﬂzﬁy + Zs;:zt(l{QL)zyTznﬂfﬂy
B, 16 2muy sinmTAvysinTAv_

(5.12)
_ €g Qg sin 2TV, una(l(](lL)24®2ﬁ$ﬂy + Zsezt(l{zL)2y?nﬂxﬂy

€y = —— : .
Y 16y 27y, sinTAvy sintTAv_

Since these contributions are at least 1/27v; , smaller than the contributions from the

individual resonances, they will be neglected in all future calculations.
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5.3 ORBIT ERRORS

To calculate the effect of a closed orbit, we use Eq. (3.10) or Egs. (3.7) and (3.9) for
the correlation function of a corrected or uncorrected orbit. For an uncorrected orbit,

we find

s+C 9

/ 2K (2)8, () /BB, (5.13)

<U§>local ~ Z € <y3>
By 32sin? TAv By

Cn

n,Av,¥n

where the contribution to ¢, is similar, but it has as additional coefficient of a, /ay and
must be averaged over the ring. In addition, the sum over Av and v, is a sum over four
terms: the two values of Av = v; + v, and the two values of 3, associated with each

value for Av. The values of 1, are

P { (14 5)¢y and (1 — Viy)v,/)y, Av = vy + I/y‘ (514)

—(14+ 2y and — (1= 2y, Av =1,y

In the case of a corrected orbit, we find a form similar to Eq. (5.13) except the

integral is broken into segments by the correctors

Ncorr nC+1 2

<0'321>local . Z €x <yg> Z / dz K. (z)ﬂ (z) 3 ( ) ) (5 15)
B, A~ 32sin’rxAv By 4 2(2)By(2) v/ Be(2)e .

Bvy .

where, again, the contribution to ¢, is similar. Here, the sum over Av and 1) is the same

as in the uncorrected case except ¥ is now

Ve + 2, and Yy, fAv=v,+v
b= { y Y (5.16)

Yy — 2y and Py, H Av=v; — 1y

The integrals in Eq. (5.15) are the same integrals one finds when using time depen-

dant perturbation theory to calculate the effect of sextupoles on the betatron motion.
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The similarity arises because, over a short segment, the closed orbit oscillates like a free
betatron oscillation. It is important to emphasize that Eq. (5.15) describes an effect due
to linear coupling — notice the resonant denominator in Eq. (5.15); it is not an effect
of the third order resonances. Specifically, Eq. (5.15) is only valid when the closed or-
. bit is broken into short segments (by correctors). Notice that if the orbit is broken at
evergf srextupole, Eq. (5.15) reduces to Eq. (5.11) which estimates the effect of random
sextupole misalignments. Thus; for comparable orbits and misalignments y. ~ Y, the
contribution to the beam size from the orbit will usually be less than the contribution

from the misalignments since the orbit is typically correlated across many sextupoles.

Typically, when correcting the dynamic aperture, one adjusts the sextupole strength
and placement so that the first order aberrations will cancel over the ring. For example,
in the NDR, the cell phase advances are vg cenp & 0.37 and vy cenp ~ 0.12. This causes the
first order geometric aberrations due to the sextupoles to cancel over an arc of roughly
8.5 cells. Unfortunately, when correcting the orbit, we break this cancellation scheme,

and thus 03 /By normalized by the square of the closed orbit tends to grow.

5.4 SIMULATIONS

To verify the analytic results, the betatron coupling contributions to the vertical
emittance were determined from simulations of random alignment errors. Again, the
NDRI1 lattice was used; this is a lattice of the SLC NDR where the tunes have been
changed to v; = 8.375 and vy, = 3.275. Table 3 lists the results of simulating rotational
misalignments in quadrupoles and vertical misalignments in sextupoles in the NDRI1
lattice. As before, the misalignments are generated from a gaussian distribution with
an rms of 0.5 mrad and 150 pm respectively. The calculated values are found using
Eq. (5.11). The measured values are found by averaging the result of 1000 different

random error distributions and the errors listed are the standard error of the average
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of the 1000 simulations; again, there is good agreement between the estimates and the

simulation results.

In addition, Table 3 also lists results from simulating the effects of a corrected
closed orbit where the results are found from twenty simulations. Here, the simulations
-included vertical quadrupole misalignments with an rms of 150pm and vertical BPM
misaiigﬁments, also, with an rms of 150um. The resulting orbit was corrected using
the twenty vertical dipole correctors in the NDR to minimize the rms of the measured
orbit. Before correction, the rms magnitude of the actual orbit was roughly 1.5 mm;
the correction reduced this to 140um. In this case, the calculated result was found from
Eq. (5.15). Again, the calculated estimate agrees well with the average of the simulations.
Finally, notice that the contribution from the corrected orbit is less than the contribution

due to similar misalignments in the sextupoles; as mentioned, this occurs because the

orbit is still correlated over short segments.

Finally, in Figs. 5 and 6, the betatron coupling contribution to the vertical emittance,
normalized by the square of the closed orbit, is plotted versus the number of orbif
correctors used. The points plotted are generated by simulating random quadrupole
and BPM misalignments in the NDR and the ALS as was done in Figs. 3 and 4. The
line is an approximation of Eq. (5.15) which we evaluated by assuming that correctors
were evenly distributed in the ring. Notice that initially the normalized contribution
increases roughly linearly with the number of correctors. As mentioned, this occurs
since the cancellation is broken by the correctors. Of course, since the residual orbit is
decreased by the correction, the actual beam size contribution tends to decrease as the

orbit is corrected.
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5.5 NON-LINEAR COUPLING EFFECTS

We can also estimate the effects of the higher order coupling resonances. In this

case, the equation for the vertical betatron motion is
vy + Kiyg = Kpalfu (5.17)

where p = m + n. Using perturbation theory, we would find a similar form for the
increase in the vertical emittance except that the increase would depend upon higher
powers of €, and the unperturbed vertical emittance. Because €; and ¢, are small, these
effects will be negligible unless one is very close to the non-linear coupling resonance. A

detailed analysis of these higher order coupling resonances can be found in Ref. 17.

Actually, there is one case where this higher order coupling could be signifi¢ant.
This occurs if the beam is very large when it is injected into the ring. Because of the
large beam sizes, the widths of these higher order coupling resonances are larger. In
simulations of a future damping ring lanttice,18 coupling has been observed after injecting
the beam into the ring which was operating close to the sextupole difference resonance,
vz —2vy = 0.03. This is actually advantageous in this design since the vertical emittance
damps faster when the beams are coupled; this occurs because J; = 1.6 while J;, = 1.0
and thus there is more damping in the horizontal plane. Of course, one has to be sure
that the beam becomes uncoupled before the horizontal emittance reaches its equilibrium

value or the vertical emittance will never damp beyond this point.
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6. CORRECTION

In this section, we will discu‘ss reduction and correction of the vertical dispersion
and the betatron coupling. The simplest way to reduce these effects is to decrease the
sensitivity of the ring to the errors. The most obvious method of doing this is to reduce
the resonant denominators 1/ sin? Ty, or 1/ sin? 7 Avy which appear in all the dispersion

and coupling formulas.

In addition to decreasing the sensitivity to the errors, one can correct these effects
directly. Specifically, we will first calculate the amount one can correct the vertical
dispersion with a pair of correctors, typically skew quadrupoles, separated by ninety de-
grees in phase. Then, using the analogy between the vertical dispersion and the coupling
functions that was noted in Section 5.1, we will apply our results to the correction of the
betatron coupling. Finally, we will compare these analytic estimates with the results of

simulations.

6.1 VERTICAL DISPERSION

As mentioned, one can also correct the vertical dispersion directly with either skew
quadrupoles in regions of horizontal dispersion or orbit bumps in the quadrupoles.19 Un-
fortunately, this is complicated because the skew quadrupoles and orbit bumps in the
sextupoles also contribute to the betatron coupling. Thus, one has to either compen-
sate the betatron coupling or use orbit bumps in regions without sextupoles; this will

effectively limit the number of correctors one can use.

Regardless, the correction of the dispersion itself is relatively simple; the dispersion
generated by random errors, much like a closed orbit, will primarily have harmonics near
the vertical betatron tune. Thus, as when correcting a close orbit, only a few dispersion

correctors are needed to cancel these dominant components, thereby significantly reduc-
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ing the dispersion. We will consider two cases: (1) correcting the vertical emittance, i.e.,

the global effect of the dispersion, and (2) correcting the local dispersion at one location.

6.1.1 Global Correction — Emittance Correction

The vertical emittance due to the dispersion is proportional to the average of —’H_y in
the bend magnets. For this estimate we will assume that this is equal to the average of
‘H, around the ring. Using a few trigonometric identities, along with Egs. (4.1), (4.3),
and (4.19), we can express H, as the squared absolute value of an integral over a complex
exponential; this is very similar to the coupling coefficients |Q|*/ sin® rAvt. Thus, the

average of Hy in a ring with two correctors can be written

s+C
, / By (2)ein(?) F(2)dz
s+C - :
+ 2aRe / B, (2) im0 () F(2)de 6.1)

s+C

_ 2bIm / By ()i~ N F(2)dz | |

where the bar is used to denote an average around the ring and a and b are the strengths

2
+a2+1)2

— 1
Hy = ————
Y7 4sin? T Uy [

of the two correctors which are separated by 7/2 in phase and are arbitrarily assumed

to be located at ¢y = 0 and ¢ = —x/2.

To minimize ’H_y, and thereby the emittance, we solve for the a and b which zero the

first derivatives of Eq. (6.1). The solutions are

s+C
a = —Re / A/ By(2)er =) F(2)dz
e (6.2)

b= +Im / By(2)etCmry=by() P(2)dz

8
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and these yield a residual dispersion of

s+C

/ B,(2)ei%() F(2)dz

2

—a? - bz] : (6.3)

Now, we can solve for the expected value due to a distribution of random errors.

Assuming that the errors F; are uniformly distributed in the ring, we find an expected

value of
() = S (PLByi (6.4

where L; is the length of the element at position :. This result should be compared with
the uncorrected expected values, Egs. (4.7) and (4.19). We see that using two correctors

reduces the residual dispersién "H, by a factor of 2/3 sin® 7.

-

Strictly, this result is only valid for the vertical dispersion due to uncorrelated errors,
but because orbit correction effectively randomizes the orbit, we can also apply the result
to the dispersion due to a corrected orbit. Thus, global dispersion correction will reduce

the expected values of the beam size and the emittance as

o2 2 ol 2~
{7y Nocal = Zsin? 1, { ﬂy>0 (€y) = 3 sin? Ty {€y)e (6.5)
y

By 3

where the subscript 0 is used to denote the values before correction.

Notice that the correction cancels the resonant denominator. We will also find
this when we estimate the effect of local correction. The resonant denominator occurs
because the vertical dispersion is a periodic function that must close upon itself. When
the dispersion is corrected, the boundary conditions are satisfied by the correctors; thus,
the resonant denominator no longer appears. This is analogous to correcting the closed

orbit or the coupling functions ()4 and ¢ _, which are also periodic functions.
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6.1.2 Local Correction

Here, we use the two correctors to zero ny(s) and 7, (s) at one location in the ring;
this is equivalent to zeroing Hy(s). From Eqs. (4.1), (4.2), and (4.3), we find the required

corrector strengths

s+C
a = —Re / \/ﬂy(z)ei(zw”g_d’”(z))F(z)dz
" (6.6)

b=+Im / \/By(z)ei(%"y_'/’y(z))F(z)dz ,

where s is the point that 7, and 77; are to be corrected to zero. Notice that these
solutions are similar to the corrector solutions for global correction; they differ in that

the solution for global correction is averaged while this is not.

- a R

Now, we need to know how this correction affects the global contribution, i.e., E
Here, we use Eq. (6.1) with the corrector strengths just calculated. Assuming random

errors, we find

) = LS (FL2s,: (6.7)

2 £
1
which differs from the uncorrected result by a factor of 2f.; sin? mvy. Here, feor is a

function that depends upon the location of the correctors relative to the location that

ny and 17; are corrected. In particular,

2 2
fcor = (1 - ‘;tiz') <§:ﬁj}> ’ (68)

and A is the phase difference from the correctors to the correction. This function

varies between one and 1/2, having a minimum when the correctors are separated from
the correction point by half the ring and having a maximum when the correctors are

immediately adjacent to the correction.
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Applying this result, we see that at most positions around the ring,

o2\, | o2
L%a_l_ = 2feor sin’ 7r1/y< ﬁyjo (€y) = 2fcor sin® nry(ey)o (6.9)

_While at position s: <U§(3)>local/5y ~ 0. Finally, notice that after local correction the
emittance is between one and a half to three times larger than after global correction,
Eq. (6.4); in the worst case, local correction actually increases the global contribution if

the fractional tune is greater than 0.25.
6.1.3 Measurement

Of course, to correct the vertical dispersion, one needs to measure it. If the BPMs

are sufficiently accurate, one can measure the vertical dispersion directly by changing

- -

the beam energy. Alternately, if the BPMs are not sufficiently accurat;:, one can observe
the effects of the vertical dispersion in the beam size. In this case, the vertical emittance
is simply minimized with the correction elements. There are two problems with this
approach: first, it is hard to decouple the local effect of the dispersion from the increase
in the emittance, and second, the finite resolution of the beam size measurement will limit
the convergence of the minimization; this will effectively limit the number of correctors

that can be used in the minimization procedure.

6.2 BETATRON COUPLING

In this section, we will estimate the amount one can reduce the betatron coupling
by directly correcting it with skew quadrupoles or orbit bumps in the sextupoles. In
Section 6.1, we calculate the reduction in H, after both global and local correction using
just two correctors. The situation for the betatron coupling is similar, except we need

four independent correctors to correct both Q4 and Q—.
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To perform the calculation correctly, we would need to solve four coupled equations
for the skew quadrupole strengths. Instead, we will make use of the analogy, noted
in Section 5.1, between Q4 and the vertical dispersion. This will allow us to use the
results of the previous section. Of course, in treating the sum and difference resonance
_separately, we will neglect the effect of the cross term in Eq. (5.7). This is valid since,
as was noted in Section 5, the cross term will tend to be small because of the rapidly
oscillating phase. Furthermore, by treating Q)4 and @ _ separately we assume that the
correctors for Q4 do not affect @— and vise-versa. Obviously, this is not true of the
individual skew quadrupoles, but linear combinations of the four skew quadrupoles will

have this property.

6.2.1 Global Correction — Emittance Correction

To estimate the global correction one can perform with four skew quadrupoles] we
use the global coupling result of Section 6.1. Thus, global correction will cancel the
resonant denominators, reducing the expected values of the emittance and the beam size
by 2/3sin? rAvy. Specifically, if four skew quadrupoles are used to correct the global

coupling contribution, we use Eqgs. (5.10) and (5.11) to find an expected residual due to

uncorrelated errors of

%ﬁl‘m == Wz;d(mm%%ﬂy + ;u@z;)?y?nﬂxﬁy_
_ _ (6.10)
(@) = === | ST (KL 4O% BBy + (KoL) uhBoby |
Y Lyuad sext .
and we use Eq. (5.15) to find the residual due to a corrected closed orbit of
oon u2) Nt ") T of
(ey) = ;,, o) Zn/ o / Ko (2B (VR L (611)

where As is the distance between correctors and the values of ¢ are given by Eq. (5.16).
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6.2.2 Local Correction

To estimate the effect of local correction at position s, we could use the results derived
in Section 6.1 as we did for the global correction. Alternately, we can observe the effect
of local correction by returning to Eq. (5.6). When the local coupling is corrected at

'locat_iog s, the first integral within the square brackets is zero; these integrals are equal

to Q+(s). The remaining term in Eq. (5.6) will cause an emittance contribution of

s+C s+C

€ O dz;
et 4 l'!bz:}ﬂ/f'y
€y = vl E } / dzg+/ Bz Pye ( , (6.12)

4a
?ls +

where s is the point of correction. Here, we have neglected the cross coupling terms.
In addition, we have ignored the contribution from the correctors themselves. This is
equivalent to assuming that the correctors are located just after point s and thus they
do not contribute to the integral. To include the correctors, we only need includ€ the

factor feor that was found in Eq. (6.7).

Now, we use Eq. (6.12) to find the emittance after correction of the local coupling

with four skew quadrupoles. For random errors we find

€x O , -
(o) = Fen 2 22 [ S (1)40%,8, + S (Kalh.5,| L (619
4 ay

quad sext
where feor is given by Eq. (6.8). Notice that this result is equal to the estimate of
local correction found in Eq. (6.7), namely, the correction changes the global coupling
by 2feor sin® mAvy. Also notice that this is a factor of three larger than the result after

global correction.
Finally, we estimate effect of a corrected orbit after the local coupling has been
corrected. Using Eqgs. (6.12) and (5.15), we find

NC'O[“I‘ nC+1 C+1 2

€x g (Y2 dz; i
fCOIZ‘:lGay éy ; / E /dz[xz( )ﬂy(?«’) ﬂz(z)e¢ , (6.14)

Nc Z;
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where As is the distance between correctors and the values of i are given above by

Eq. (5.16).
6.2.3 Measurement

Finally, to perform these corrections, one needs to measure the coupling. Unfortu-
natefy, when operating a ring far from the coupling resonances, one cannot rely upon the
standard technique of putting the ring on the difference resonance and then adjusting
skew quadrupoles to make the two measured tunes equal. First, this technique does not
correct the coupling due to the sum resonance. Second, the ring is perturbed when mak-
ing the measurements and thus even the difference resonance will not be fully corrected

when the ring is brought back to its nominal tunes.

Instead, the coupling can be measured by analyzing the coherent motion of a kicked

20
beam.

21 This measurement is convenient since one can measure the local value of the
coupling all around the ring. Finally, as in the measurement of the dispersion, additional
information can be obtained from measurements of the beam size at synchrotron lightA

monitors or, in a damping ring, from the extracted beam.
6.3 SIMULATIONS

Simulations were performed in the NDR to verify these analytic estimates. First,
the effect of correcting the global dispersion was simulated in the NDRI1 ring. The
correction was performed with two orbit bumps separated by roughly ninety degrees.
The bumps were located in regions without sextupoles so there was no contribution to
the betatron coupling. The results are listed in Table 4. Again, 1000 simulations were
used to calculate the effect of the random misalignments and twenty simulations of a
corrected closed orbit. Here, the estimates are found from Eq. (6.5) along with Eq. (4.21)

and the equations for random errors Eq. (4.7) or the equations for a corrected closed
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orbit, Eqs. (4.8), (4.12), and (4.17). Notice that the vertical emittance was decreased

by roughly a factor of three. This is in excellent agreement with our estimate.

Next, the effect of correcting the local coupling was simulated. Four skew
quadrupoles were used to completely uncouple the beam at the extraction point of
-the damping ring; two skew quads were located immediately adjacent to the extraction
point‘ While the other two were located on the opposite side of the ring. The results are
listed in Table 5. Again, 1000 simulations were used to calculate the effect of the ran-
dom misalignments and twenty simulations of a corrected closed orbit. In this case, the
calculated values are found using Eqgs. (6.13) and (6.14) with a value feor = 0.75 since
two correctors are adjacent to the point of correction (feor = 1.0) and two are halfway
around to ring from the point of correction (feor = 0.5). Notice that the vertical emit-

tance due to the errors is roughly a factor of four smaller than before the correction.

Again, the simulated results agree well with the calculated values.

Finally, the effect of correcting the global coupling was simulated. This time the
four skew quadrupoles were used to minimize the vertical emittance in the damping ring.‘
The results are listed in Table 6. Here, only 100 simulations were used to calculate the
effect of the random misalignments and twenty simulations of a corrected closed orbit;
the global correction simulations are computation intensive. In this case, the calculated
values are found using Eqs. (6.10) and (6.11). Notice that now the vertical emittance
due to the errors is roughly a factor of nine smaller than before the correction. Again,

the calculated estimates agree with results of the simulations.
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7. DISTRIBUTIONS AND TOLERANCES

In Sections 4, 5 and 6, we have .calculated the expected values of t}-1e vertical emittance
and the beam size. Naively, one could simply invert these equations to solve for alignment
tolerances. But, when specifying tolerances, one should include a “confidence level”

.(CL); this is the probability that, given the specified tolerances, any specific machine
will be less than the design limit. Typically, one wants to specify a large CL so that there
is a small probability of exceediﬁg the design limit. In this section, we will calculate the

location of the 95% CL as a function of the expected values calculated previously.

Calculating the CL requires a detailed knowledge of the distribution of the values of
the emittance and the beam size in an ensemble of machines. It has been shown that
the mean square amplitude of the normalized orbit due to random errors with gaussian
distributions should have an exponential distribution function’? Since the equations for
the closed orbit are similar to those of the dispersion function and the betatron coupling,

the same result applies to the amplitudes of H,(s) and [Q4(s)|%.

Here, we will consider the effect of averaging Hy(s) and |Q+(s)|? over s; the vertical
emittance is equal to the average of these functions in the bending magnets. We will first
discuss the distribution of the values of the emittance arising from vertical dispersion
and betatron coupling due to random errors. Then, we will discuss the distribution
of the values of the local contribution to the vertical beam size. Finally, note that,
although the discussion is limited to the effect of random misalignment errors, the effect

of a corrected closed orbit is similar.
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7.1 EMITTANCE DUE TO VERTICAL DISPERSION

The actual distribution function for the values of the vertical emittance due to
random errors is a complicated function. Thus, we will derive an approximate form that
can be integrated to solve for the location of the 95% CL. We will do this by solving
for the moments of the distribution of emittances. The vertical emittance is given by

Eq. (4.20). Assuming identical bending magnets, we can express this in the same form

as Eq. (6.1):

/ /By (2)e¥s () F(z

Now, we solve for the moments assuming random errors with gaussian distributions.

(7.1)

4 sin® 7r1/y

This yields -
(o) = ‘ | -
(e%) = 24° (1 - é—sin2 7r1/y>

9 7.2).
(eg) = 6,u?’ <1 — —§-sin2 vy + T sin# m/y) (7.2)

1 2
(63) ~ 24u* (1 —sin® 7y, + 3 sin* v, — 1—5»si1r16 7r1/y> ,

where u is the expected value of the emittance calculated in Section 4. The first three
moments were calculated from Eq. (7.1), while the fourth moment was fit to data from
simulations. These are shown in Fig. 7 where the second, third, and fourth moments,
normalized by n!u™, are plotted.

Notice that the moments only depend upon the first moment g and the fractional
vertical tune. When the vertical tune is close to an integer, the moments have the form
pn = nlu™. These are the moments of an exponential distribution as noted in Ref. 22.
As the fractional tune increases, the moments decrease, implying that the probability of

large emittance values is decreased.
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We could attempt to construct a distribution directly from these moments, but, in-
stead, we simply notice that these moments are close to those of a modified yx-squared
distribution where the number of degrees of freedom is a function of sin® Tvy. In partic-

ular, the distribution density is

T n e~¢wn/2u €y 71
o) =5 T (3) .

where u is the expected value of the emittance and n is the number of degrees of freedom
which depends upon sin? Ty
n 1

(7.4)

2 1-Zsiniry,

With these definitions, this distribution has the same first and second moments as
the value of the vertical emittance, Eq. (7.2). Furthermore, when the tune is integral,.
Eq. (7.3) is the density of an exponential distribution which is equal to the distribution
of the emittances. In addition, when the fractional tune increases to 0.5, the third and
fourth moments of Eq. (7.3) are within 2% and 8% of the moments of the value of the

vertical emittance.

These distributions are illustrated in Fig. 8 where the distribution density of the
vertical emittance, arising from random errors, has been plotted for three different tunes.
All of the histograms are generated from 1000 simulations of 150um vertical sextupole
misalignments in the NDR. In Fig. 8(a), the tune is », = 3.07, while in Figs. 8(b) and 8(c)
the tunes are vy, = 3.275 and vy = 3.43. In addition, the approximate distribution
density of Eq. (7.3) is plotted for each of these three cases. One can see that there is

fairly good agreement between the simulations and the approximation.
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Now, we need to calculate the distribution after correction of the vertical dispersion.
After global correction, the expected value of the emittance is given by Eq. (6.5). In

addition, the second moment of the distribution can be found from Eq. (6.1). It is

@ =2t (3) - (1.5)

Notice that this second moment is independent of the tune. Thus, we would expect the
95% CL to only be weakly dependent upon the fractional tune. To approximate this
distribution, we simply choose n to equate the second moment of Eq. (7.3) with this

second moment; this occurs when n = 5.0.

The distribution density of the value of the vertical emittance after global correction
is illustrated in Fig. 8(d). The data was found from 1000 simulations of random sextupole
misalignments in the NDR1 and the approximate distribution is found from Eq. (7.3)
where n = 5.0. Here, our approximation does not accurately reproduce the distribution
density for emittance values less that 2(ey), but it does describe the tail of the distribution

well; this is ultimately what we need to know to calculate the location of the 95% CL.

At this point, we can calculate the location of the 95% CL for the distributions.

This found by integrating the distribution density

for{ey)
g(ey)dey =095 (7.6)

where for, is the location of the 95% CL in units of the expected vertical emittance.
The results are plotted in Fig. 9 as a function of the fractional vertical tune Awy. The
solid curve is calculated from Eq. (7.3), while the simulation results are plotted as solid
circles. One can see that there is very close agreement between the simulation and the

approximation results.
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In addition, the value of fcr, after global correction of the dispersion has also been
plotted in Fig. 9. The simulated-data is plotted as open circles while the dashed line
is our approximation. Although the agreement between the simulated results and the
approximation for the correction is not great, as expected, fcr, is only weakly dependent

.upon the fractional tune and it is usually much less that the fcr, of the uncorrected cases.

P:inélly, it is important to note the following: first, the curves for fcr1, are universal.
The only dependence comes from the fractional vertical tune. The value of fcr is
independent of the type of errors, the lattice type, and the integral portion of the tune.
The data in Fig. 9 has been compared with simulations run on the ALS:'® a Triple
Bend Achromat lattice with an integral tune of 8, and a future damping ring design:18 a

FODO lattice with an integral tune of 11. In both cases, excellent agreement was found

with the curve in Fig. 9.

- . -

Second, our calculations have assumed that the errors are random with gaussian
distributions. A more realistic error distribution is a gaussian distribution where the
tails are cutoff at 4+20; it is doubtful that large alignment errors, values that are many‘
o, would go undetected. This will reduce fc1, even further, making Fig. 9 a conservative

estimate of fcr..

And lastly, notice that there are two advantages of increasing the fractional tune
towards a half-integer: the expected value of the emittance decreases and the probability

of large deviations above this expected value also decreases.

7.2 EMITTANCE DUE TO BETATRON COUPLING

Now, we can use the results of the previous section to calculate the distribution
of the value of the vertical emittance arising from betatron coupling. Ignoring the
cross term in Eq. (5.7), the emittance is the sum the two quantities |@+|?. As noted

earlier, these two values have the same form as E and thus they should each have
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approximate distributions given by Eq. (7.3). Furthermore, if |Q4+]? and |Q—|? are
mutually independent, then the distribution of their sum is just the convolution of the

two individual distributions.

Since we have assumed that the errors have gaussian distributions, @4+ and @ _ will

"be independent 23
o s+C

/ dz(F?(2))B: 8,62 = 0

s
s+C

/ dz(F(2))B2B, ¢ = 0

8

(7.7)

Both of these conditions will be (approximately) satisfied if there are many errors in a

betatron period, N >> v, 4, and if the tunes are large, vz, > 1; this is typical of high

tune (low emittance) rings. ) -

Convolving the two individual distributions for |@4|? and |Q—|?, we find an approx-

imate distribution for the value of the vertical emittance:

() ( ny )%i < n_ )nT_ e—€yn—/20
€ =
) ) TOHT(E)

€y (78)
X /da:e_z(r*‘%_“__—)x%i“](ey — :c)nT__l ,
0
where n4 and n— are
n4 1
= _ , 7.9
2 1-— % sin? TAvg (7.9)

and p+ are the expected values of the contributions from the sum and difference res-
onances; these were found in Section 5. Although the integral in Eq. (7.8) can be ex-
pressed in terms of the degenerate hypergeometric function, sometimes called Kummer’s

function, there is no simple evaluation and thus it is left as is.
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The distribution of the emittances is illustrated in Fig. 10 where the distribution
density is plotted for two sets of tunes. In Fig. 10(a) the tunes are v, = 8.375 and v, =
3.275 so that Avy = 0.35 and Av_ = 0.10, while in Fig. 10(b) the tunes are v, = 8.425
and v, = 2.925 so that Av, = 0.35 and Av_ = 0.50. As before the histograms are
found from 1000 simulations of random sextupole errors and the curves are calculated
from‘E(i. (7.8). Again, there is very good agreement between the simulations and the

approximation.

Now, we can calculate the location of the 95% CL which, in the case of the betatron
coupling, is a function of both Avy and Av_. This is illustrated in Fig. 11 where fcr,
is plotted as a function of Av_, for Avy = 0.35. The solid circles are the results of
simulations and the solid line is calculated from Eq. (7.8). In addition, the fcr, found
from 100 simulations of global correction, is pletted for three different tunes; this data
is plotted as open circles while the estimated value, found using the approximation of

Eq. (7.5), is plotted as a dashed line.

One can see that there is very good agreement between the simulated results and
the approximation when Av_ is small, but there is a significant discrepancy as Av_
increases. In particular, as Av_ increases towards the half-integer, the value of fc1, seems
to depends upon the horizontal and vertical tunes in addition to Avy and Av_. For
example, when the tunes are v, = 8.575 and vy = 3.075 (Avy = 0.35 and Av_ = 0.50),
for equals 2.05. In contrast, when the tunes are v, = 8.425 and vy, = 2.925 (Av4 = 0.35
and Av_ = 0.50), fcr equals 1.86. Thus, there is a substantial difference in fcy, even
though Avy are the same in the two cases. This difference could be explained by the

cross term in Eqgs. (5.7) and (5.12) which depends upon sin 27y, along with sin tAvy.

Finally, again notice the following: (1) the curves in Fig. 11 are universal in that all

rings will have similar values of fcr, (2) because the actual distributions of errors will
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probably not have large value tails, the values of fcy, in Fig. 11 are conservative, and
(3) there are two advantages of keeping Av_ and Av large: the expected value of the
emittance decreases and the probability of large deviations above this expected value

also decreases.

-7.3 LocaL BEAM SI1ZE

Now, we can calculate the distribution of the value of the beam size arising from the
local coupling effects. These are simpler than the distributions of the emittances since
the contribution depends upon the local value, not the average value, of the coupling.
In the case of the dispersion, the beam size ag/ﬂy depends upon ng(s)/ﬂy. As stated,
this will have an exponential distribution similar to the closed orbit > Thus, the value of

the local beam size increase due to dispersion will have an exponential distribution with

a 95% CL located at 3.00(0Z)/B,; this is equal to the distribution of Eq. (7.3) where

n = 2 instead of the value specified in Eq. (7.4).

Similarly, the beam size due to local effect of the betatron coupling depends upon‘
both |Q2(s)] and |Q2 (s)| which also have exponential distributions. Thus, the resulting
distribution can be found from Eq. (7.8) where ny = 2 instead of the values specified in

Eq. (7.9). In this case, we can evaluate the integral in Eq. (7.8), finding

e“<05>/ﬂyﬂ+ — e‘(”;)/ﬁyﬂ—

o((o)/B)) = , (7.10)

where u4 are the expected contributions for the sum and difference resonances which
were found in Section 5. Now, the location of the 95% CL can be calculated directly
from this “bi-exponential” distribution. It ranges from fcr = 3.00, when gy > p_ or

p— > py, to for = 2.37, when py = p_.
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7.4 TOLERANCES

Finally, one can use the results of this section to calculate tolerances. We have found
that the 95% CL occurs at a value between roughly two and three times the expected
emittance. To calculate alignment tolerances with a 95% confidence level, we solve for

“tolerances that yield expected values that are a factor fcy, smaller than the design values.

For example, if we wish to limit the vertical emittance due to sextupole misalign-
ments, we can use Eqs. (4.7) and (5.11) along with the appropriate values of fcr, to solve
for the 95% CL emittance:

Jeo? . 2.9
eyosn = | ——5——( > _(K2L)*n2By ) forn,

4sin” Ty byt

€z (1 — cos 2myy cos 2mvy) ag (

(7.11)

Z(KzL)zﬂzﬂy> foL [3] Um

4 (cos2mr, — cos 2Ty )2 a
( z y) Yy sext

-

where fcr,,, can be found from Fig. 9 and fcr g can be found from Fig. 11. It is trivial

to invert this to solve for the desired alignment tolerance.

Actually, the factors fcy, were calculated for the dispersive contribution and cou-
pling contribution individually. Strictly, to calculate the. fcr, for the sum of the two
contributions requires convolving both distributions. Fortunately, one usually finds that
either the dispersive or the coupling contribution dominates and thus the separate val-
ues for can be used accurately. However, if both contributions are of equal magnitude,

this method will result in tolerances that are slightly too severe.
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8. SUMMARY

In this paper, we have discuséed two of the dominant contributions to the vertical
emittance and beam size in et /e™ storage rings, namely, the vertical dispersion and
the betatron coupling. In addition, we have presented a corrected derivation for the
‘emittance contribution from the opening angle of the synchrotron radiation. Although,
this later effect is negligible in the current designs, it does specify a lower bound on the

vertical emittance and may be an important limitation in the future.

The vertical dispersion and the betatron coupling are generated by both magnet
alignment errors and a non-zero beam trajectory. We have calculated the expected con-
tributions to the vertical emittance and the vertical beam size due to random misalign-
ments of the magnets and a corrected closed orbit. In addition, we have carefully sepa-
rated the contributions to the vertical emittance and the beam size since local coupling
effects can increase the beam size without increasing the emittance. This is important
since the emittance is the relevant quantity in some instances while the beam size is in

others.

We have also estimated the effectiveness of simple correction techniques in reducing
both the vertical emittance and the beam size. In particular, we used one pair of
correctors to reduce the vertical dispersion and four skew quadrupoles to reduce the
betatron coupling. In general, the correctors reduce the emittance by cancelling the
resonant denominators found in the expressions for the emittance due to dispersion
or betatron coupling. Of course, two dispersion correctors or four skew quadrupoles
cannot be used to zero the respective emittance contributions anymore than two dipole

correctors can be used to zero the closed orbit at all locations around a ring.

Finally, we have calculated alignment tolerances to limit the vertical emittance and

beam size from the vertical dispersion and the betatron coupling. In particular, we
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have calculated approximate distribution functions for the values of the emittance and
beam size in an ensemble of machines. From these distributions, we found tolerances
that limit the vertical emittance and beam size with a 95% confidence level. In general,
these are a factor of v/2 to v/3 more severe than tolerances simply calculated from the
expected values of the emittance and beam size. It is thought that this analysis could
greatiy Vsimplify the calculation of alignment tolerances to limit the vertical emittance

and beam size, thereby reducing the need for extensive simulation.
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APPENDIX A
OPENING ANGLE EMITTANCE CONTRIBUTION

In this appendix, we derive the emittance contribution due to the opening angle of
the synchrotron radiation. Photons are radiated with an rms angle of 1/~ relative to the
‘particle trajectory, thereby changing both the longitudinal and transverse momentum
of the particle. In a storage ring built in the horizontal plane, the horizontal motion
is coupled to the longitudinal via the “dispersion” function, i.e. because the horizontal
closed orbit is dependant upon the longitudinal momentum. In the horizontal plane,
the effect of this coupling dominates the contribution due to the opening angle of the
radiation. In contrast, the vertical closed orbit in an ideal machine does not depend upon
the longitudinal momentum and thus the radiation opening angle should determine the
vertical emittance. In practice, errors in the machine will generate vertical dispersion
and couple the horizontal and vertical betatron motion. These effects will then determine
the vertical emittance. Still, the emittance due to the opening angle is useful since it
specifies a lower bound on the vertical emittance, a lower bound that will be approached

by future generation machines.

The emittance contribution due to the opening angle is estimated in Ref. 1 by
ignoring the correlation between the energy and angle of the radiated photons. In this

approximation, one finds

Gy §AE)IG s
YT 20y $G2(s)ds

(A1)

where C,; = 3.84 x 10713 m, B, is the vertical betatron function, and G(s) is the bending
function: G(s) = 1/p where p is the instantaneous bending radius. Our derivation will
parallel that of Ref. 1, except that the correlation between the energy and angle of the
photon will be included. The high energy photons should be radiated at smaller angles

than the low energy photons and thus the correct result will be smaller than Eq. (A.1).
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When a particle radiates a photon of energy u, the transverse momentum changes

Ay = —Etﬁo—@y Ay =0 . (A.2)

where ©, is the angle of inclination between the particle trajectory and the path of the

photen. The change in y' changes the particle’s transverse invariant J; where J is equal

t013
2J = vy* + 2ayy’ + ﬁy'2 . (A.3)
The change in J is
AJ = ayAy' + By' Ay + g(Ay')2 . (A.4)

The beam emittance is calculated from J by averaging over an ensemble of particles.
Since changes in y' are statistically independent, the change in the emittance is found
from the ensemble average of AJ. Furthermore, the ensemble averages of y and y' are
zero and thus if we assume that the probability of radiation is uncorrelated with the
particle position and transverse momentum, then the change in the emittance between

position s and s + ds is

|
de(s) = Zagie & (A.5)
2 c
where
2@2
Ay'?(s) = / EETyn(u,Q,s)dudQ . (A.6)
0

Here, n(u, ), s)dud is the probable number of photons, with an energy between u and

u + du and a solid angle of {2 to Q + df2, radiated per unit time at position s.

By assuming that (yAy') = (y)(Ay') = 0, as we did in Eq. (A.5), we are ignoring

the effect of gradients in the magnets. When the magnetic field has a gradient, the
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probability of radiation depends upon the particle position. But, the magnetic field
variation across a beam is typically very small and thus we can ignore it. For example,
a damping ring design for the NLC'® has gradients of 300 KG/meter in the 13.1 KG
bending magnets while the beam sigma is 4 microns. Thus, the field varies by only 2

.Gauss vertically across the beam.

Now, to find the change in the emittance over one turn, we integrate de over the ring
-—d

Ae = 7{ gAy'Z—S- . (A7)
c

The equilibrium emittance is then calculated by setting the change due to quantum
excitation equal to the change due to damping. Thus
202
Ty ds u“o, . -
€y = Zj—:'_o ?ﬁy(s) / ——E—g——n(u,ﬂ,s)dudﬂ (AS)
where 7, is the vertical damping time and T is the revolution period of the ring. Note.

that the vertical emittance damping rate is 2/7.

Thus, we need to evaluate the integral in Eq. (A.8) over v and Q. The rate of
photons emitted with energy between u and u + du multiplied by the energy u is equal

to the power radiated with a frequency between w = u/h and (u + du)/h.

(u/h, 8 s)

0*P
un(u, Q, s)dudQ = EREN)

dwdS) (A.9)

The classical relation for the differential power radiated by an ultra-relativistic elec-

.. . . . 24
tron in instantaneous circular motion was calculated by Schwinger

dzp(w’¢75> B 62 12 1 ) 2 o 'lbz -
dodp 3l ('7” v ) [[ OF Tt

(€) (A.10)
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where

3
£= ‘;Z(l +¢2> . ' (A.11)
Here, 1) is the angle of inclination above the orbital plane; thus, ¢ is equivalent to © of
Eq. (A.2). In addition, p(s) is the instantaneous radius of curvature, and K1 and K are
.mod'rﬁed Bessel functions. Notice that the azimuthal angle has been integrated out of
Eq. (A.10); it would be needed if we wanted to calculate the opening angle contribution

to the horizontal emittance, but, as was mentioned earlier, the horizontal emittance is

dominated by the dispersive effects.

Thus, the emittance is

—4
¢, = Ty Zc&h%d By dz/)z/)2( +1/)2> %

MIE}

4Ty =% E2 |3
ka ‘ (£12)
/ deg? [1<§(£)+ 7 ¢i 7 i(f)]
0

where w has been written in terms of {. Furthermore, since the integrand is very small
for ¢ ~ 7 /2 > 1/~, and decreases rapidly with 1, we can extend the limits of integration
from +x/2 to +oo

_ Ty 27ce h ﬁ ) ) —4 , d)z 1

where
o0

)= [aerKie (A.14)

0

The integral I,(v) is equal to”°

F(%)Fl(l“’—l)r<n+1 +y)r<"+1 _l,) , (A.15)




where I'(z) is the gamma function. Specifically,

Lv) = 2=

3sinwv

(1-v%) . (A.16)

Next, the integral over 1 is performed using the algebraic integra126

o0

zm —IM(2n — — 3\
/ T dx _ (2m — DN (2n —2m — 3)!Ix (A7)
0

2(2n — 2)llen—m=1 /¢

Finally, substituting for Ty,l we find for the opening angle contribution to the emit-

tance,

o 130, 46,(s) |G3( )Ids
V55, §G2(s)

(A.18)

-

This is a factor of 2.1 times smaller than the estimate in Eq. (A.1). This expression can

be further simplified by using the average value of 3y and the rms energy spread. We find

A2
vey ~ 0.24J6ﬂy07€ : (A.19)

where ~ve¢ is the normalized emittance and J, and o, are the longitudinal damping par-

tition number and the rms energy spread.

Equation (A.18) has been used to calculate the minimum vertical emittance of a

future damping ring design:18

Y€y opening angle = 6 x 107 %m-rad . (AQO)

This is a factor of 45 smaller than the specified vertical emittance of ye;, < 2.7 X

10~ 8m-rad.
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APPENDIX B

COUPLING DERIVATION

In this appendix, we will derive Egs. (5.7) and (6.12) from Eq. (5.5). We will only
-explicitly calculate the contributions from the individual coupling resonances; these come
from the cos (15 (2) — 2 (2")) cos (y(2) —tby(2")) term which is found when one expands
the trigonometric functions in Eq. (5.5). The derivation of the cross term is similar
except one needs to include all of the trigonometric functions; this is easily accomplished
using exponential notation, but, because of the large number of terms, the calculation

is quite tedious.

First, we expand the square of the bracket in Eq. (5.5), keeping only the terms:

-

4;'5.@ i) //dzdz g(z cos(¢y(z) -—Lby(z’)) COS(’(/)x(Z) —¢z(z')) , (B.1)

where trigonometric identities have been used in the expansion and only terms depending
upon the differences of the phases (z) and 1(2') were kept. Now, we can use additional

trigonometric identities to express this result as
05(3) / N<u2>Hz f (zi—2)azfc+(z—3)ay/c :
- / a e s / dzelz2)es 1%/ BaBag cos(vs + 1)
y 0 +

— o0 Zy
S
where the sum over + represents a sum over the 1, + 10y phase and the 3, — ¢, phase.

+ (/ dze(zz 2Jo/et(z=s)ay/e ﬂzﬂyg Sln(z/)z + @Z’z))

Zi

2

(B.2)
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Next, we can condense this into a single integral using a complex exponential. Ex-
pressing this in the form of Eq. (5.6), we find

n—1 s

+ =0 s—C
- S 2
+ e—nayTo—-in%rAV /Qi(z)dz
' (B.3)
where
12() = /BrByg V) (B4

In addition, Av = (vz % vy), To is the revolution time, and it was assumed that the

damping per revolution is small compared to the betatron tunes.

.

Now, we perform the sum over j. The expression within the absolute value signs

becomes

S

,L'eiwAu T A T
' (e—nay o—in2wAv — e Mo 0) / qi(z)dz

2sin m Av
s—C

) (B.5)

s
2
+6—nayTo—in27rAu/qi(z)dZ

2

At this point, we can calculate the case where the local coupling is zero at location
s. When the local coupling is zero, the first integral over ¢ is zero and we are left with

only the second term. Thus,

o2(8)global r N (u?YH (2
Y global —2nay T . T\~
By _,;6 0 /dz' 8cE2 Z/

s-C + z

(B.6)

Now, we perform the final summation, shifting s — s+C, and assuming that the photons

are radiated uniformly around the ring, this yields Eq. (6.12).
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It the local coupling is not zero, we can group the terms in Eq. (B.5) as

. ) L
o Ty ’I:e“rAV
€ 2sin mAv ax(2)dz
s—C

- imAv 2

s 3
+6—nayTo-—i7127fAV <__Z£___ / qi(z)d2+/Q:t(z)dz)

2sinTAv
88— Zy

When the absolute value sign is calculated, the cross term will have an oscillatory term
due to the complex exponential. Assuming that 27 Avy > T}, this cross term will go
to zero when the final sum over n is performed. Thus, we are left with the separate
absolute values of the two terms in Eq. (B.7). The first term is simple; the absolute

value is
s+C

/ 1 (z)dz

8

6—2naITo 2

(B.8)

4sin® rAv
After performing the final sum over n and substituting expression for the emittance, this
yields the first expression in Eq. (5.7).

Finally, we have the second term of Eq. (B.7). Let us express this as

e—-ZnayTo . y . = 2
TR (ie”A”—{-QsinwAz/)/qi(z)dz—{—ie”A" / q+(z)dz

23 s$—

(B.9)

Next, we express the sine in exponential form and shift the second integral by C. When

we shift the limits by C, we have to include a phase shift of e!2"2% Thus, Eq. (B.9)

becomes
—2noyTh Y wtC 2
€ =i  —imAv
Lo i€ /qi(z)dz + ie / q+(z)dz (B.10)
Zq k)

Now, we add these two integrals and perform the final summation over n; this yields the

second expression in Eq. (5.7).
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If the local coupling is not zero, we can group the terms in Eq. (B.5) as

Ty ieiwAu y ( )d
€ 2sin 7 Av 4x\2)42

8§—

‘ - amAv T /
o +6_nayTo—m2ﬂ'AV (_’L__e_ / qi(z)d2+/q:b(z)dz>

2sin r Av
8— Zi

(B.11)
2

When the absolute value sign is calculated, the cross term will have an oscillatory term
due to the complex exponential. Assuming that 2rAvy > aTp, this cross term will go
to zero when the final sum over n is performed. Thus, we are left with the separate

absolute values of the two terms in Eq. (B.11). The first term is simple; the absolute

value is -
e—2naITo +0 2 . -
—_— d B.12
4sin® T Av / 2(2)dz ( )
After perform the final sum over n, this will be the first expression in Eq. (5.7).
Finally, we have the second term of Eq. (B.11). Let us express this as
e—2nayTo . ) . A 2
——— (ie”A" + 2sin 7I'AI/> /qi(z)dz + iemAv / q+(2)dz (B.13)
4sin” wAv

23 §—

Next, express the sine in exponential form and shift the second integral by C. When

we shift the limits by C, we have to include a phase shift of €%, Thus, Eq. (B.13)

becomes
e—2nayTo . Y. ) st C 2
—— eI TAY /qi(z)dz + je TRV / q+(z)dz (B.14)
4 sin“ mAv
Z 8

Now, we add these two integrals and perform the final summation over n; this yields the

second expression in Eq. (5.7).
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11. TABLES

Table 1. Effects of rotational [@] and vertical [ym] misalignments.

Misalignment Effect Result

Vert. BPM Ye R Ym non-zero closed orbit
Vert. Quad. AG, = —Kiym dipole kick

Vert. Sext. AK; = Koym coupling

Rot. Bend AG, = -GO dipole kick

Rot. Quad. AK, =2K,0 coupling

Table 2.

¢y from vertical dispersion due to misalignments in the NDRI.

-

Misalignment Calc. € Simulated €y

1.91 x 10712 | 1.83+£0.05 x 10712

Random quad. ©® = 0.5 mrad

Random sext. ym = 150pm 6.51 x 10712 | 6.42 +0.16 x 10712

Corrected closed orbit due to random

quad. y,, = 150pm and BPM y,,, = 150pm

1.32 x 10712 1.14+0.2 x 10712

Table 3. ¢, from betatron coupling due to misalignments in the NDRI.

Misalignment

Calc. ¢ Simulated ¢,

Random quad. © = 0.5 mrad 6.00 x 10712 6.17 £0.14 x 10712

Random sext. ¥y, = 150pum 1.16 x 1011 | 1.11 £0.02 x 10~

Corrected closed orbit due to random

quad. ym, = 150pm and BPM Ym = 150pm

2.01 x 10712 2.640.3 x 10712
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Table 4. ¢, from globally corrected vertical dispersion in the NDRI.
Misalignment Calc. ¢ Simulated ¢,
Random quad. © = 0.5 mrad 0.72 x 10712 0.80 £ 0.02 x 10~!2
Random sext. ¥, = 150um 2.44 x 10712(2.35 £ 0.04 x 10712
Corrected closed orbit due to random
quad. ym = 150pum and BPM y,,, = 150um | 0.50 x 10712 | 0.60 £ 0.02 x 10~12

Table 5. ¢, from locally corrected coupling due to misalignments in the NDRI.

Misalignment | Cale. g Simulated ¢,
Random quad. © = 0.5 mrad 1.52 x 10712 [1.69 +0.03 x 10712
Random sext. y,, = 150um 3.00 x 10712 (3.36 +0.06 x 10712
Corrected closed orbit due to random
quad. ym = 150pm and BPM v, = 150pm | 1.01 x 10712 | 1.7 £0.2 x 10712

Table 6. ¢, from globally corrected coupling due to misalignments in the NDRI1.
Misalignment Calc. ¢ Simulated ¢,
Random quad. © = 0.5 mrad 0.68 x 10712{0.71 £0.08 x 10712
Random sext. y,, = 150um 1.33 x 10712 | 1.55 + 0.09 x 1012
Corrected closed orbit due to random
quad. ym, = 150pm and BPM y,,, = 150um [0.44 x 10712 | 0.7 £0.1 x 10712
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12. FIGURE CAPTIONS

Fig. 1. The average of ng/ﬁy vs. &y for an uncorrected closed orbit. Data points are

calculated from 20 simulations while the curve is found from the analytic results.

Fig. 2. The average of nz/ﬁy vs. &, for a closed orbit corrected with 20 correctors.
Data points are calculated from 20 simulations while the curve is found from the analytic

results.

Fig. 3. 6y/yz due to vertical dispersion vs. N¢opr in the NDR1 lattice. Data points are
calculated from 20 simulations while the curve is found from the analytic results.

Fig. 4. ey/yg due to vertical dispersion vs. Ny in the ALS.

Fig. 5. ¢,/y? due to linear coupling vs. Neorr in the NDRI lattice. Data points are

calculated from 20 simulations while the curve is found from the analytic results.

Fig. 6. 6y/y3 due to linear coupling vs. Ncorr in the ALS.

Fig. 7. Moments of the distribution for €, from dispersion due to random errors.

Fig. 8. Events vs. ¢, due to the vertical dispersion in the NDRI lattice. Data 1s
calculated from 1000 simulations of random vertical sextupole misalignments with ring
tunes of: (a) vy, = 3.07, (b) vy = 3.275, (c) vy = 3.43, and (d) vy = 3.275 after global

correction.
Fig. 9. 95% confidence level for €, due to dispersion vs. the fractional tune.

Fig. 10. Events vs. ¢, due to the linear coupling in the NDR1 lattice. Data is calculated
from 1000 simulations of random vertical sextupole misalignments for tunes of: (a)

Avy = 0.35 and Av_ = 0.10, and (b) Avy = 0.35 and Av_ = 0.50.

Fig. 11.  95% confidence level for €, due to betatron coupling vs. the distance from the

difference coupling resonance for Avy = .35.
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