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- - ABSTRACT 
In this paper we present analytic formulas to estimaie the 

vertical emittance in weakly coupled electron/positron storage 
rings. We consider contributions from both the vertical disper- 
sion and linear coupling of the betatron motions. In addition 
to simple expressions for random misalignments and rotations 
of the magnets, formulas are presented to calculate the vertical 
emittance ,blowup due to orbit distortions. The orbit distor- 
tions are assumed to be caused by random misalignments, but 
because the closed orbit is correlated from point to point, the 
effects riiust be treated differently. We consider only corrected 
orbits. Finally, the analytic expressions are compared with com- 
puter simulations of storage rings with random misalignments. 

INTRODUCTION 
In an ideal uncoupled ring there is no vertical dispersion or 

linear coupling. Thus the synchrotron radiation opening angle, 
which is very small, determines the vertical emittance. ID prac- 
tice, this is not the case. First, vertical bending fields and a 
non-zero vertical orbit in the quadrupole magnets will directly 
introduce some vertical dispersion. Second, a non-zero vertical 
orbit thrdugh the sextupole magnets, vertical sextupole misalign- 
ments, or rotational misalignments of the quadrupoles couple the 
horizontal and vertical planes. This coupling has two effects both 
of which increase the vertical emittance. It couples ihe horizon- 
tal dispersion to the vertical, causing an increase in the vertical, 
and it couples the t and y betatron motion so that energy is 
transferred between the two. 

In this paper we analyze the effects of the coupling pertur- 
batively, i.e. assuming a large aspect ratio cc/+. We will first 
describe the closed orbit correlation function which we use to 
approximate a corrected closed orbit. Next we will calculate the 
dispersion resulting from both a distribution of random errors 
and a corrected closed orbit. We will then calculate results for 
the linear coupling in a similar manner. Because the contribu- 
tions from the vertical dispersion and the linear coupling are 
statistically independent, these contributions to Q simply add. 

CLOSED ORBIT 
We only consider the closed orbit after substantial correc- 

tion. When the orbit is corrected its Fourier spectrum tends 
towards that of white noise. The orbit correction reduces the 
dominant -harmonics on either side of the tune while increasing 
the other modes. We approximate this by assuming that the 
correctors “randomize” the orbit and thus points on either side 
of a corrector are uncorrelated. 

The closed orbit is found using the periodic Green function 
for the ring. The driving term is: G(s) = G,, + @BG. - Kly, 
where (3~ are bend rotations, ym are verticaJ misalignments, and 
G,, is the inverse bending radius of any vertical bending fields. 
Thus, the correlation function between two points a and a’ is 

x (G(r’)G(t)cdcos) 

where j? = &(z’), cos = cos(~y(s) - &(t) + *I$), cos’ = 
COS(&(S’) - &(z’) + *vu), and C is the ring circumference. 
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Equation (1) can be written 4” the square of the closed orbit 
at s multiplied by both cos&J and the square root of the beta 
functions, plus a term of order As/C. Since we assume that 
many dipole correctors are used, As/C will be small. Thus we 
approximate the correlation function as 

(Yc(S’)Yc(S)) = JiGizz$ 

cos At), No correctors 
between s and s’ 

Otherwise 
(2) 

where A$ = &,(s’) - 3,(s) and the term (yf)/& is the square 
of the residual orbit after correction. Note that although we 
could improve the approximation by assuming that the correla- 
tion decays in some manner, rather than just dropping to zero. 
our approximation should illustrate the essential behavior. 

VERTICAL DISPERSION 
In the limit of small coupling, the equation for the vertical 

dispersion is 

qv” + Kt ‘I~ ‘v &Y,G - k, ‘I+ - G,, + ICI Y, (3) 

where qr is the unperturbed horizontal dispersion and 1<1, ~,) 
and K2 are the normalized quadrupole, skew quadrupole. and 
sextupole strengths respectively. The solution for vu is found in 
the same manner as is the closed orbit. namely? l$ _using the 
periodi; Green function for the ring: The solution is 

where F(r) = (1~1 + K2~)y~ - Blsl - G,,. Notice that. the 
term (Kl + Icz~)y~ is proportional to the local chromaticity; 
the chromaticity is given by 

(5) 

Thus the vertical dispersion can be reduced by using local chro- 
matic correction which reduces the driving term F(Z). 

We can now calculate the vertical dispersion due to an en- 
semble of random errors. First we will present well known re- 
sults for random quadrupole misalignments and bend rotations. 
Then we discuss the effects of a corrected closed orbit. Because 
a closed orbit is correlated from point to point, the effects differ 
from those of random errors. In this paper we only consider a 
corrected closed orbit; the case of an uncorrected orbit is dis- 
cussed in Refs. l-3. 

The equation for (qs*)/&. is: 

hr2) 
r+C 

Br= 
1 

4 sin’ my JJ dtdz’~(cos~os’F~(t,z’)) (6) 
8 

where /3’, cos, and cos’ are defined as they were in Eq. (1). The 
function F2(r, 2’) is 

F2(z, 2’) = 4Klli:00’r]rll: + K&Y,Y&Qrl’, 
+ GG’ - 2Gy:f’ + y,y:ff’ , 

(7) 

where the primed quantities are functions of z’. In addition, f(z) 
is proportional to the local chromatkity: f(z) = K1 + K2qZ. 
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Because the errors are uncorrelated, the first three terms of 
Eq. (6) are 

, ,I , -L”I .-tat1on 

(8) 

- _ 

(t)y2)dipolekicks (Yz) 

Pv =py’ 
(9) 

where the term (yz)/& in Eq. (9) is equal to the square of the 
residual of the corrected orbit 

The next two terms can be written as a function of the closed 
orbit correlation function - Eq. (2). For the fourth term, we 
find 

. c-1 (F2, -- ~ -1 (YZ)JoCOS~% 
2sinxul ptl N,,, ’ (10) 

Y 4 

where Iv,,,, is equal to the number of correctors and we have 
assumed that the correctors are uniformly distributed. Note that 
we have averaged over s since we are not interested in the explicit 
s dependance. 

The function J,, was introduced in Ref. 4; it is the fourier 
transform of the chromaticity function f/3: 

c 

Jn = ds(Kl + Km)& , 
/ 

in6 t-111 
0 

where 4 E sdsj@ yvy so 4(C) - d(O) = 2n. Notice that Jo is 
proportional to the vertical chromaticity, Eq. (5): Jo = -47rty. 

Finally, the fifth term of Eq. (6) is 

1 (Y3 1 
16sin2 HY~ & N=orr 5: + lJm12 

m  _I 

+ C(215,12 + IJm+jj’+ /J,_~i2)sinc2j17/~~orrl , . ’ 
j=l 

where.m is the integer nearest to 2~ and since = sin x/x. The 
sine 2 function will decrease rapidly as j increases. The width of 
the function is roughly j w  No,,/2. This shows that as the or- 
bit is corrected more components of fP contribute to the vertical 
dispersion. As in the case of the uncorrected orbit, the compo- 
nents that are sampled are centered about the frequencies 0 and 
2~. If no large additional components of f/3 are sampled, the 
dispersion of the corrected orbit should be smaller than that of 
an uncorrected orbit; orbit correction reduces the residual orbit 
(y,?) Jp &l the factor 1 JN,,,, further decreases the contribution. 

Now; given the vertical dispersion, we can calculate the con- 
tribution to the vertical emittance. The Courant-Snyder disper- 
sion invariant H, is equal to 2(~,~)/&. Thus, the emittance 
is 

~ 7 68 x 10-~3~2 (vi) I lG13ds 25, (v,2) 2 
evdiSp . --- = --u 

JyBy j-G2ds J, B, ” 
03) 

where, for convenience, we have used the relative energy spread 
to simplify the expression. Here, Jc is the longitudinal damping 
partition and a, is the relative energy spread. 

In Figure 1 we have plotted the vertical dispersion in the 
North damping ring (NDR) of the Stanford Linear Collider (SLC) 
vs. the vertical chromaticity. The points were found by simulat- 
ing random quadrupole alignment errors ym = 150pm. The re- 
sulting closed orbit was then corrected with 10 dipole correctors 
using an RhlS minimization procedure. The data points were 
calculated from ten different error distributions and the dashed 

curve was calculated from Eqs. (9), (lo), and (12). Notice that 
the analytic results agree quite well with the simulation. 
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Fig. 1. Vertical dispersion vs. chromaticity. 

In Figure 2, we have plotted the contribution from the ver- 
tical dispersion to the emittance for the chromatically corrected 
ring. Here, we have scaled the vertical emittance by (yz)//$ and 
we have plotted the contribution vs. the number of correctors 
used to correct the orbit. Notice that our approximations agree 
very well when Ncorr >> 1. Also notice that, initially, the scaled 
emittance increases; this occurs since J, has a large mode at the 
ring superperiodicity, N, = 2, which is sampled when the orbit is 
corrected. After the initial increase, the contribution decreases 
as 1JNcm as expected. 
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Fig. 2. Vertical emittance vs. N,,,,. 

LINEAR COUPLING 
The equation for the vertical betatron motion is 

y; + K1yp N $1 + K2yc)za . (11) 

We use this to calculate the change in yp. In addition to beta- 
tron oscillations, the motion damped due to radiation damping. 
Thus, after N turns, yg is equal to 

YS(C) = yoe -NTocrp sin(2rrNvl + $0) 
N turns 

+ C (gLza);~~e-(N-i)TOu’Ysin(2XNy~ - $i) (15) 
i=l 

where ya is the initial amplitude, 2’0 is the revolution period. and 
or, is the vertical damping rate. Also, g = kr + Zizy,, L is the 
length of magnet i, and $i is the vertical phase at element i. 

The equilibrium emittance is found by averaging the equi- 
librium value of yj/& over an ensemble of particles. Thus, we 
calculate the emittance by finding (yi)/&, as N + 03. This 
yields 

ring 

4s) = N’Fm 4 LNre 
1,:’ 

-PN-i-Wo% c(g3L3g1#LJt) (16) 
ii’ 

("Bi,jXBr',~')~COS(~l'yi, j - tiyi',j') . 

2 



Note that we have written the product of the two sines as the 
difference of two cosines and have only kept the $yi,j - +‘yit,jl 
term. The cos(~~vi,~ + $r,i,,j,) term will be small unless 2v, = n. 

This can be further simplified by using the correlation func- 
tion for the z betatron motion. If one ignores synchrotron radia- 
tion, the correlation function is equal to the emittance multiplied 
by both the square root of the beta functions and the cosine of 
the phase difference. The radiation, which is a stochastic pro- 
cess, causes the correlation function to decay exponentially with 
As. Thus, 

(zs(s)zs(s’)) x e,dmcos A~Ze-ls-s”O=~c , (17) 

where or is the horizontal damping rate. 
We calculate the sum over turns in Eq. (16) as N + 00 

and with the assumption that we are far from the coupling res- 
onances. The contribution from both the sum and difference 
resonances is then 

S+C s+c 

d&(4s(hbf&%%6 

+ cos(Alc1z - A+,) 
sin’ 7r(v, - vY) 

(18) 
where g = (r?l $ lt’zyc), A$ = $1(z) - $(z’), and we will denote 
the function of the damping rates as 5, 5 E (a, $ or,)/ay. Fi- 
nally, notice that we have dropped the averaging brackets from 
g(t)g(t’);-all beam particles will have the same closed orbit pro- 
vided that yc >> q&E/E. 

This final relation is similar to the result found in Ref. 5. 
There the expression was derived by solving the Fokker-Planck 
equation when close to the difference coupling resonance. We 
keep both terms in Eq. (18) since we have found that contribu- 
tions from the sum resonance can be significant even when the 
tunes are closer to the difference resonance. 

r\Tow we include the effects of both random errors and a cor- 
rected closed orbit. The quadrupole rotational errors, sextupole 
misalignments, and the closed orbit all contribute independently. 
For random errors, we find 

_ 1 - cos 2xu, cos 2nvy 
euquadroc. = t=q(cos2*vz - cos27ruy)2 ~q”ad) c (~‘hL)202LLc,p, 

e,B 1 - cos 2*v, cos 2nv, 
$I sex1 mis. x - 4 (cos2su, - COS27fYy)2 c w2~)2Yfm%l . 

I-~) 
09) 

These relations are similar to equations used in Ref. 6; the rela- 
tions differ in the form of 5 which is determined by the damping. 

Using Eq. (2) for the closed orbit, we find for a corrected 
orbit witb Ncorr >> 1, 

where the sum over Au and rl, is a sum over the two values of 
Av = {vZ - v~, u, + vs} and the two values of $J associated with 
each value for Au. The values of 1c, are 

and cc1z, if Av = I+ + us 

‘= { ~~~~~: and &, if Au= Y, -I+, . (21) 
5. 

Note that the integral is calculated between correctors rather 
than over the entire ring. 

The integrals in Eq. (20) are the same integrals one finds 
when using time dependant perturbation theory to calculate the 
effect of sextupoles on the betatron motion. The similarity arisc.c 
because, over a short segment, the closed orbit oscillates like 
a free betatron oscillation. It is important to emphasize tllat 
Equation (20) describes an effect due to linear coupling - noticc 
the resonant denominator in Eq. (20); it is not an effect of the 
third order difference resonances. Specifically, Eq. (20) is onl) 
valid when the closed orbit is broken into short segments (GJ- 
correctors). 

Typically, when correcting the dynamic aperture, one ad- 
justs the sextupole strength and placement so that the first order 
aberrations will cancel over the ring. For example, in the NDR. 
the cell phase advances are vrce” z 0.37 and varceu zx 0.12. This 
causes the first order geometric aberrations due to the sextupoles 
to cancel over an arc of roughly 8.5 cells. Unfortunately, when 
correcting the orbit, we break this cancellation scheme, and thus 
the vertical emittance to grows. 

In Figure 3 we plot the contribution to the vertical emit- 
tance from linear coupling vs. the number of orbit correctors 
used. The points plotted are generated by simulating random 
misalignments in the NDR as was done in Figures 1 and 2. No- 
tice that there is a large variation in cy for different error distri- 
butions. This indicates that the coupling is very sensitive to the 
actual closed orbit. The dashed line is an approximation of Eq. 
(20). Notice that the contribution increases roughly linearly jvith 
the number of correctors. Also notice that the magnitude of this 
effect is greater than the contribution due to vertical dispersion. 
This has been true in all of the rings we have examined. 
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SUMMARY 
In this paper we have presented simple formulas to estimate 

the vertical emittance in weakly coupled storage rings. In par- 
ticular, we consider the effect of a corrected closed orbit in gen- 
erating vertical dispersion and linear coupling. The resulting 
formulas compare well with simulations of corrected closed or- 
bits due to random alignment errors. 
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