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1. INTRODUCTION

The recent surge of interest in string theories has its origin in the hope that
these theories might provide a realistic, consistent and fundamental theory of
all interactions [1]. For any string theory to do so, however, it must among
other things explain the vanishing of the cosmological constant, as well as the
smallness of the weak interaction scale compared to the Planck scale. Within our
current understanding of strings, space-time supersymmetry seems crucial to the
ultimate resolution of these problems. It has been known for some time now that
in a four-dimensional supersymmetric field theory [2] loop corrections cannot
renormalize the superpotential [3]. In many cases this protects scalar masses
from becoming large if they are small at the tree level.. For superstring theories
in space-time supersymmetric vacua it has been argued on general grounds [4, 5]
that the superpotential for the massless fields is likewise not renormalized. Such a
renormalization could generate in particular a dilaton tadpole, t.e. destablize the
vacuum. In supersymmetric theories, however, there may be another type of loop
effect which destabilizes the vacuum and generates a large cosmological constant
and scalar masses. This is the Fayet-Iliopoulos D-term [6]. If the unbroken gauge
group of the theory contains one or more U(1) factors, then radiative corrections
in the theory may generate a term of the form ), ¢(®) D(@) in the effective action
[7], where D(3) is the auxiliary field associated with the a’th abelian factor U (@) (1)

and ¢(®) are some arbitrary coefficients.

Using symmetry and effective lagrangian considerations it was argued in
Ref. [8] that Fayet-Iliopoulos D-terms can indeed be generated in string loop
perturbation even though they are absent at tree level. These terms arise if
the trace of the U(%)(1) generator over the tree level massless chiral fermions is
nonzero. We shall refer to such a U(1) as ‘anomalous’, although in fact these ap-
parent anomalies are cancelled by the presence of a Wess-Zumino term, precisely
as in the Green-Schwarz anomaly cancellation mechanism [9]. The presence of

these D-terms gives masses at one loop to scalars charged under this anoma-
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lous U(1). Furthermore they will destabilize the vacuum by generating a dilaton

tadpole at the two loop level [8].

The purpose of this paper is to calculate the D-terms in the full string theory
via the scalar masses they generate. As we shall show these terms are exactly
calculable in any background preserving supersymmetry. We start our analysis
from the two point function on the torus for a U(1)-charged scalar in an arbitrary
supersymmetric background. We show that in the limit k? — 0, the calculation
reduces to evaluating the expectation value of a single local operator of conformal
dimension (1,1). This operator can be interpreted as the vertex operator for
an auxiliary D-field. (Since this operator is not the highest component of a 2d
superfield, it cannot be interpreted as the vertex operatar of a physical field [10].)
More evidence for this interpretation follows from the space-time supersymmetry
transformation properties of this operator: It transforms, as it should, into the

gaugino vertex operator.

In calculating the expectation value of the D-term on the torus ( which apriori
receives contributions from all spin structures ) we show that it is related to the
expectation value of a dimension (0,1) operator in the periodic-periodic sector
for the right-handed fermions. Demanding that the final answer be modular
invariant, we evaluate this term entirely in terms of properties of the massless
spectrum of the theory. Thus the dependence of the D-terms on the background
configuration enters entirely through the spectrum of massless states. This is
as expected from the low energy effective field theory, since the anomaly in the

corresponding U(1) current is generated by the massless states of the theory.

An important question at this stage is whether a string vacuum state which
is destabilized by D-terms can be shifted to a nearby (for small string coupling
constant) stable vacuum by giving expectation values to various massless scalars.
The answer depends on the sign of the D-terms generated as well as details of the
massless spectrum and tree-level couplings [11]. The sign we find here indicates

that the standard Calabi-Yau compactifications of the Spin(32)/Z; heterotic



string—as well as various (2,0) orbifolds—can always be stabilized.

The organization of this paper is as follows: In sec. 2 we give a brief review
of space-time supersymmetry first in a flat background and then in an arbitrary
background preserving (2,0) world-sheet supersymmetry. In sec. 3 we calculate
the D-terms for Spin(32)/Z; or Eg X Eg string theories compactified on arbitrary
backgrounds using the approach outlined above. Sec. 4 contains an explicit
calculation of the masses of the U(1) charged scalars for the Spin(32)/Z; heterotic
string theory compactified on a Z3 orbifold. More specifically, there we calculate
these masses by looking at the two point function of the charged scalars and
also at the four point function of an appropriate set of fermions that factor on
these charged scalars in the s-channel. Even fhough our techniques developed in
sec. 3 are general and explicit enough to encorhpass all backgrounds including
orbifolds, the calculations presented in sec. 4 provide an independent check on
our earlier results. Sec. 5 contains our conclusions including a brief discussion of
the consequences of our results for “re-stabilization” of vacua which have been
destablized by D-terms. Finally in appendix A we discuss the construction of

vertex operators for the auxiliary F and D fields.



2. SPACE-TIME SUPERSYMMETRY
IN ARBITRARY BACKGROUNDS

In this section we shall discuss space-time supersymmetry in string theories
compactified on arbitrary backgrounds which preserve (2,0) world-sheet super-
conformal invariance [10,12 —14].* These include Calabi-Yau manifolds [15,16],
various (2,0) orbifolds [17,14] and asymmetric orbifolds [18], as well as other
schemes of compactification [19,20]. We start by briefly reviewing space-time
supersymmetry in string theories in a flat background {10]. In this case the ten

right-handed Majorana-Weyl fermions 1# are grouped into five complex fermions

and bosonized as

¢“’ ~ c‘¢#’
. (2.1)
d,l_‘ ~ e_‘¢l".
Similarly the superconformal ghosts 3, «¥ are bosonized as
v~ePn, B ~e?¢, (2-2)

where ¢ is a bosonic field and 7, £ are fermionic fields. In terms of the bosonized

fields we may construct the SO(10) spin operators,

Sa ~ e%(i¢li¢2i¢3i¢‘i¢5)a (23)

and the ghost spin operators,

SF ~ e*3, (2.4)

In (2.3), if we restrict the total number of — signs to be even, we get a positive
chirality spinor, whereas if we restrict it to be odd, we get a negative chirality

spinor.

% We use a convention where (m, n) supersymmetry denotes m right-handed and n left-
handed supersymmetries. Also an operator of conformal dimension (hp, hz) has conformal
dimension hp(hr) with respect to the right (left)-handed component of the stress tensor

T(2) (T(2))-



Out of these spin fields one can construct local operators on the world-sheet.
For example, the space-time supersymmetry charge is constructed by combining

one of the positive chirality spinor fields in (2.3) with the ghost spin field S;:

Qo = f 5;(2)8a(2)dz = }( Ja(2)dz, (2.5)

while the right-handed part of a fermion emission vertex operator is given by
[10,21],

V_1(2,u,k) = S; (2)u®(k)Sa(2)e™ X (). (2.6)

The vertex V_ 1 defined above carries a ghost charge —-15. In practice, one may
work with different equivalent vertex operators carrying different ghost charges.
For example, an equivalent fermion emission vertex carrying ghost charge % is

given by
Vi(z,u, k) = 57 (2) lim{(w — 2)32Tp (w)u?(F) Sa(2)e* )}, (27)

where Tp = %wuaX“ is the fermionic component of the stress tensor for the

matter fields.

A similar picture-changing operation may be carried out as well for the vertex
operator for the emission of a space-time boson. The canonical bosonic vertex

operator carries ghost charge 0 and is given by
Vo(z, £, k) = Eu[0X* + ik, P (2)9" (2)]e* X (). (2.8)

However, an equivalent bosonic vertex operator carrying ghost charge —1 is given
by

Voi(z, £, k) = £,e7 9@k (2) e X(2), (2.9)
Note that
HVe(2) = lim{(w - 2)(Tr () V-1 ()} (.10

Thus if we ignore the e~? factor in V_;, the operators V_; and V; may be consid-

ered as the lower and higher components of the same two dimensional superfield.



Let us now discuss the fate of the supersymmetry charges @, under compact-
ification [10,12 — 14]. Suppose we compactify the first six directions and denote
these directions by 1,7 (1 < ¢ < 3), leaving the index u for four dimensional
Minkowski space-time. In this case ¢, (4 = 4,5) remain free fields, so one can
still construct the SO(4) spin fields e3(£44£4s) from them. On the other hand
#; (1 <1 < 3) become interacting, and hence the supercharges Q. are no longer
conserved (9zJ, # 0). However if the o-model describing the compactified theory
has (2,0) world-sheet supersymmetry, it is possible to construct two conserved
fields $ which correspond to the fields et5(¢1+62+62) ip the free field case. As a

result we may construct the conserved supercharges,

Qa = f,]a(z)dz — f Sg_(z)g"l'(z)e%(:t'ﬁc:ttﬁa)dz’

| (2.11)
Qs = f Jale)iz = 57 ()8~ ()eHE#Taz,

In J,, ¢4 and ¢s must have the same sign in the exponent, whereas in J; they
must have opposite signs, in order to have the correct ten dimensional chirality.
Thus the four dimensional spinors Q, and Q4 have positive and negative chirality,

denoted by undotted and dotted indices respectively.

We now describe the construction of the fields $*. If the non-linear o-model
describing the dynamics of the internal (compactified) coordinates has a (2,0)
supersymmetry, the right-moving N = 2 superconformal algebra is generated by

the stress tensor T'(2), the two supercurrents G*(2)* and a U(1) current J(2).

* The world-sheet supersymmetry current Tp(z) which couples to the gravitino is just
G*(2) + G (2).



The operator products of the various currents are given by,

3 @ 2T(w) , duT(w) ,

T(z)T(w) ~1 it eowE T row .

3 Gt(w) = 8,GE(w) .

T(2)G* (v) T2 (z — w)? zZ—w

k]

J(w) + OwJ (w)

T(z)J(w) ~(z—w)2 (z—w)+”.’
G*(2)GT (w) ~G™(2)G™ (w) ~ O(1), (2.12)
é 1 J(w) | 1T(2)

G+(z)G”(w)~%(z_w)3 4(z — w)? 4z‘—w+”.’

J(2)G™* (w) ~ig-f_(—2+---,

1 é

J(2)J ~
@7 ~5 g +
Here ¢ is the central charge of the N = 1 super-Virasoro algebra, normalized so
that it is 6 for a 6 (real) dimensional internal space. The operator products in
(2.12) which involve the U(1) current J(z) are consistent with representing J(z)

as the derivative of a free scalar field H(2). That is, we write
J(2) = +iv/30.H(2), (2.13)

(for &é = 6) where

1
z—w

T(2)H(w) ~ 8y H(w),

(2.14)
H(z)H(w) ~ —In(z — w),

so that the H(z) propagator is conventionally normalized. Although H itself is

not a conformal field, we may construct conformal fields from the derivatives and
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exponentials of H. Examples of such conformal fields are

S’i(z) ~ e:tihégﬂ(z),

€ (2) ~ eXVIH(), (219)

The .§'i(z) are precisely the operators needed to construct the space-time super-
current in eq.(2.11). They also occur in the vertex operators for the gravitino
and the gauginos in the four dimensional massless spectrum. The tensors ¢*(z)
are known as holomorphic and anti-holomorphic three form fields [15,12]. The
analogs of these fields are required to construct the Loreﬁtz generators in the
Green-Schwarz [22] formulation of the theory [13]. As we shall see in appendix
A, they also play a crucial role in the construction of vertex operators for the

auxiliary F fields of a chiral supermultiplet.

The two dimensional theory describing the Eg x Eg or the Spin(32)/Z; het-
erotic string theory [23] also contains thirty-two left-handed fermions which we
shall denote by AM. In the standard compactification of these theories on a
Calabi-Yau manifold with thé spin connection identified with the gauge connec-
tion [15], twenty-six of these thirty-two fermions remain free, whereas the other
six fermions naturally combine into three interacting complex fermions A* and
their complex conjugates X. The o-model describing the two dimensional the-
ory involving the fields X*, ¢*, A* and their complex conjugates turns out to be
left-right symmetric. As a result there must be a conserved U(1) current U(Z2) in
the left-handed sector which is the analog of the current J(2) in the right-handed
sector. For the Fg x Eg heterotic string theory compactified on Calabi-Yau mani-
folds U(2) is one of the gauge currents for the unbroken E¢ gauge group, whereas
for Spin(32)/Z; string theory U(z) generates the U(1) factor of the unbroken
S0(26) x U(1) gauge group. In the latter theory the associated auxiliary D-field
may acquire a vacuum expectation value, as we shall see in sec. 3. For more

general models preserving (2,0) world-sheet supersymmetry, there may be, in
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general, several U(1) currents in the left-handed sector, and the auxiliary field
associated with some linear combination of them may develop a vacuum expec-

tation value.

3. CALCULATION OF FAYET ILIOPOULOS D-TERMS
IN ARBITRARY SUPERSYMMETRIC BACKGROUNDS

In this section we shall calculate the Fayet-Iliopoulos D-terms generated at
the one loop order for the Spin(32)/Z; or Es x Eg heterotic string theory com-
pactified on any six dimensional background which preserves (2,0) world-sheet
supersymmetry and space-time supersymmetry. at tree level in the string cou-
pling constant, and which has one or more U(1) factors in the four dimensional
gauge group at tree level. In fact no geometrical interpretation of the internal

(2,0) superconformal theory is necessary for our techniques to be valid.

In the presence of a linear term of the form ¢( D(%) in the four dimensional
effective action (D(®) denotes the auxiliary field associated with the a'th U(1) fac-
tor U(3)(1)), any scalar field of chirality h carrying charge ¢(®) under the group
U(®)(1) gets a mass gh Yo, q(®)c(®) [6,2]. Hence the coefficients ¢(3) may be ob-
tained by calculating the mass of any scalar field that carries these U(1) charges.”

Here § is the gauge coupling constant, and h is the chirality of the scalar field
defined as follows: A scalar field belonging to a chiral supermultiplet commutes
with one of the supersymmetry charges Q4 or Qg4, depending on the chirality of
the fermion field in the multiplet. If it commutes with Q4(Q.) we shall define
the chirality of the scalar field to be —1(+1). Thus a negative (positive) chiral-
ity scalar transforms to an undotted (dotted) spinor field, under supersymmetry
transformation by Qo (Q4), and belongs to the same supermultiplet as this field.
Consequently we shall define the chirality of an undotted (dotted) spinor field to

* Note that the coefficients ¢(3) will depend on how we normalize the D fields. However,
the scalar mass is unambiguous. We are using the normalization convention of Wess and
Bagger [2] except that our gauge coupling constant (§) is related to their (¢) by § = ¢/2.
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be —1(+1). As discussed in the appendix, the spinors appearing in the vertex
operator of a state are related to the field describing the state through multipli-

cation by 4k, consequently, a dotted (undotted) fermionic vertex operator will

have chirality —1(+1).

We start with the vertex operator £ J d®2Vy(z,k) for a general massless
scalar field carrying U(®)(1) charge ¢(®) and the vertex operator L/ d22V(z, k)

for its C PT conjugate state.!

The subscript 0 denotes that the vertex operators
carry no net superconformal ghost charge; equivalently, they are the highest
components of some superfields. Note that we have introduced an explicit factor
of 591; multiplying the vertex operator where g is the coupling constant of the
theory, whose relation with the four dimensional gauge c<;up1ing constant will
be determined shortly. Let W(z,k) and W(z,k) be the lower components of
the superfields of which V, V are the highest components. Then W, W are
conformal fields of dimension (%, 1) and are space-time scalars. These fields are
of two different types. One type combines ¢# from the right-handed sector with
8X" from the left-handed sector in order to fon:n a Lorentz invariant object. This
gives the vertex operators for the dilaton and its associated axion, which carry
no internal U(%)(1) charge and hence are not of immediate interest to us. The
other type of W,W field is completely constructed out of internal fields carrying

no Lorentz index. These take the general form

W (z, k) = () X",

3.1
W(z,k) = f(pj)e"k"xu, (81)

where f and f are some functions of the interacting fields ¢/. For o-model
compactifications 7 consist of X?*, ¢*, their complex conjugates, and MM By

a picture-changing operation we may convert the vertex operator VO(VO) to a

t In our convention d?z = 2:dzdy if z = z + 1y.
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vertex operator V_;(V_;) carrying net ghost charge —1,

V_i(z,2,k) = e *W (2, 2, k),

. i (3.2)
V_1(z,2,k) = e *W(z, 2, k),

where ¢ is a bosonized ghost field.

Vo(f}o) may be determined in terms of W(Vf’) by applying the world-sheet

supersymmetry generator:

Vo = lim (w — 2){2TP*(w) + u(w)X* (w)}W (2, 2).

3.3
= {g(2, 2) — ik ¥*(2) f (2, 2) }e*rX", (3.3)

Here T}?t denotes the fermionic component of the super stress tensor involving

the internal fields, and

6(z:2) = lim {(w — 2)(2T*(w) (2, 2))}. (3.4

Similarly we may express Vo as,

-~

Vo(2,2, k) = {§(2,2) — ikup#(2) f(2, 2)}* . (3.5)

The vertex operators are normalized so that acting on the SL(2,C) invari-
ant ground state f(z,Z) creates a normalized state, i.e. the leading term in the
product f(z, 2)f(w,w) is normalized to be (z — w)~!(z — w)~2. The vertex op-
erators for the gauge bosons in the —1 picture are normalized in the same way,

after taking out the 5’; factor. With this normalization, if three vertex operators
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{;V(l)(z,kl), Q%V(z)(z,kz) and {;V(a) (2, k3) satisfy the operator product,*

1
|z — w[2—2k:Fa

VO (2, k1 )V (w,kz) ~ € V@) (w, ks3), (3.6)
then the tree level three point coupling between these states is given by (—21eg).
Using the vertex operator for the gauge field (e~?y#(2)U(®)(2)e?*X) in the —1
picture, it is not difficult to see that in this scheme the coupling of a U(®)(1)
gauge boson to a scalar field of momentum k is given by 2gq(“)k“. Thus g may

be identified with the four dimensional gauge coupling constant §.

At this point we shall give a definition of the chirality of a scalar field in
terms of its operator product expansion with the current J (2). In order to
survive the GSO projection, the operators W (z, z, k), W(z,z, k) must carry odd
two dimensional fermion number. Since the charge Jy associated with the current
J(z) measures the fermion number in the internal dimension (up to a sign), the
operators f(z, Z), f (2, 2) must carry odd Jy charge. Equivalently, odd Jy charge
is required for V_; and V_; to be local with respect to the supersymmetry current
Ja. On the other hand f, f have conformal dimension (%, 1). It can be shown
that the dimension of an operator carrying a charg e jo is bounded from below by
72 [12]. This constrains the Jj eigenvalues of f(f) to be 1. This Jo charge may
be identified with the chirality h(—h) of the corresponding space-time scalars. We

then have the operator product expansion,

h
z—w

. h -

IS (w,0) ~ —=—f(w,0), ()] (,8) ~——2—f(w,0).  (37)
In order to calculate the one loop contribution to the scalar mass, we need to

evaluate the correlator of the operators £V (z1,k) and £V (23, —k) on a torus

characterized by the Teichmuller parameter 7, sum over all possible boundary

conditions on the fermion fields (spin structures [24])* and then integrate over

* In our convention a’ = 2.
t Actually we should average over the possible boundary conditions in the 7 direction, which
gives rise to an extra factor of -21- We absorb this in the definition of the correlator.
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the location of the vertices on the world-sheet, as well as over 7. There are four
possible boundary conditions on the torus for the right handed fermions. These
may be expressed as (P, P), (P, A), (A, A) and (A, P), where, for example, (P, P)
denotes periodic boundary condition on the fermions along both cycles on the
torus. The spin structures (A4, P), (A, A) and (P, A) are known as even spin
structures, whereas the spin structure (P, P) is known as the odd spin structure.
Neither the fermions ¢# nor the superconformal ghosts 3, 4 have any zero mode
for any of the even spin structures, and so their contribution to the scalar mass
squared has the form
g2

-z / drdzyd 2y (Vo(zr, k) Vo(z2, —k)),. (3.8)

The subscript e in ( ), dénotes a sum over even spin structures in the right-handed
sector. The explicit minus sign reflects the fact that the two point function in
a euclidean field theory is equal to —m2. On the other hand, in the periodic-
periodic (P, P) sector the superconformal ghosts 3, v as well as the free right-
handed fermions %* have zero modes. The zero modes of 3, - signal the presence

of a conformal Killing spinor, as well as a supermodulus in this sector. As a result,

the contribution to m? from this sector has the form
- : 1
/ d*21d% 23 (Vo (21, k) V_1 (22, —k) e (%) (TR (2) + 5YudX*(20)))pp.  (3.9)
This can be seen to vanish identically due to the zero modes of the free right-

handed fermions ¥#, Y% (u = 4,5), using eqgs. (3.1) — (3.3).

Since the expectation value of a single ¢¥* is zero by fermion number conser-

vation, we may express (3.8) as,

(Vo(z1, k)Vo(z2, —k)), =(g(2,"'1)g,'i(zg)e""'x(”l)e—"k'x(Zz))c

+ kyky (9P (21) F(21)0Y (22) f (20) e X (=) e-ik-X(z,)>¢_
(3.10)

We shall now show that the first term on the right hand side of (3.10) van-

ishes identically. For this we need to know the supersymmetry transformation
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properties of Vo(f}o). For Vj of negative chirality (as defined in sec. 2) we have
[10]
[Qa, Vo(2, k)] = Vy(( ) ,54P),
[Qa, Vo(z, k)] =0,
[Qa, Vo(2, k)] = 0,
[Qa Volz, k)] = Vy((£)apv?),

where Vy, is the vertex operator for the corresponding fermionic state. From
(3.11) we see that,

(3.11)

[Qas Vo(z,k = 0)] = [Qa, Vo(z,k = 0)] = 0. (3.12)

If V, had positive chirality, the roles of Vo and V, would be interchanged.

Let us now introduce the fields
Pt =5;75%s}s (3.13)

and
P~ =S}88758;, (3.14)

of conformal dimensions (1,0) and (0,0) respectively. The fields §* have been
defined in sec. 2. Since P is the current for one of the supersymmetry charges

Qa, we get from egs.(3.12), (3.3) and (3.5),
j[ dzP* (2)g(w, ) = }( dzP™ (2)5(w, ) = 0. (3.15)

Now, P*(z) is a field of conformal dimension (1,0) and g(w,w) (§(w,w)) is
a field of conformal dimension (1,1). The fields P*(z), ¢(w,®) and §(w,w) are
local with respect to each other. Thus the singularities in the operator product

P*(2)g(w,w) (P*(2)§(w,w)) can only be a double pole or a single pole. The
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double pole term is seen to be absent on dimensional grounds: It can occur if
there is a field in the operator product with conformal dimension hg = 0; however
the right hand side of the operator product expansion must contain the field Sy
of conformal dimension hg = 2 [10] coming from P*. The single pole term is
absent due to eq. (3.15). This show that P*(z) does not have any singularity

near g(w,w) or §(w,®w). On the other hand,

1
z—w

P*(2)P~ (w) ~

(3.16)

Let us now consider the correlator,
F(z,w,z1,23) = (PT(2) P~ (w)g(zl)6(32)eik'x(21)e—ik-x(zz)),

where in ( ) we have summed over all the spin structures. F(z,w,z2;,22) must
be doubly periodic as a function of z with periods 1 and 7, and has at most a
single pole at z = w. But the only such function is a constant [26,27], hence the

residue of the pole at z = w must vanish. We now get, using eq.(3.16),

(g(zl)§(Z2)eik'x(zl)e_ik'x(’a))c = zIE_I':[']_”(,Z — H)){F(Z, w, 2, 32)

~(P*(2) P~ (w)g(21)d(22)e™* X (=) e~k X(22)y p o} = 0,

(3.17)
The contribution to the right-hand side of (3.17) from the periodic-periodic sec-
tor vanishes as follows: In this sector the correlator (S, (2)S; (2)S; (2)S; (w)
S5 (w)S; (w))pp is proportional to ¢;(32 — Fw)/(¥1(z — w))* [28,29]. Thus
besides the singularity of order (z — w)“* determined by the operator product
expansion, the correlator has an explicit factor of (z — w). Combining this with
the correlator ($*S8~¢g) in the internal space, which has at most a singularity
of order (z — w)"%, we see that the full correlator in the periodic-periodic sector

is singularity free in the z — w limit.
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Naively, the second term on the right hand side of eq. (3.10) also vanishes
identically, since the free fermion correlator involving ¥# and ¥¥ must be propor-
tional to 6#¥, and hence the term is proportional to k2 which vanishes on-shell.
However, we shall set k% to zero only at the end of the calculation, after calcu-
lating the correlator and performing the integral over 2;. As we shall see, the
integral over the world sheet coordinates gives a factor of k%— which cancels the

k? term in the numerator and gives a finite answer in the k2 — 0 limit.

A justification for this procedure may be given by considering the four point

function ([, Vi) (ki, 2)) where the V(5) s factorize on Vo, Vo:

1 1
Jim Vi (21, k1) Vi) (22, k2) ~ e (71 — z) 1 Fika (7 = 22)1 =gV (21K + k),
lim Vig)(2s, ks)Via) (24, ks) ~ € 1 1 V (28, ks + kq)
Za—Zs (3)\%3, X3} ¥ (4)\ 24, K4 2(z3—z4)1"°8"°‘ (23_24)1_]‘3*‘ 3y K3 4).
(3.18)

Thus at tree level there are three point couplings between Vi), Vzy and V,
and between V(3), V(4) and V. One choice for these vertex operators is to take
Vi and Via) as the vertex operators V and V respectively, and Vi2) and Vig)
as the vertex operators of some U(1) gauge bosons which couple to these scalar
fields. Hence if we look at the one loop four point scattering, and look for poles
in the s-channel, we should expect to see a double pole of the form

2

—(2ig)%e1e; ( dde (3.19)

2k, - k2)2 ’

where m? is the one loop mass square insertion for the scalar created by V. On
the other hand, from (3.18) we get,

(2"_)4 / d2 / d2z1 dZZ2d2z3dZZ4 <V(1) (zl ’ kl) (2) (22 ’ kz)V(3) (Z3, ka)V(4) (z4 ’ k4))

~ (2i9)" 21: 5 2k:::2k4 ;fr))zf & / Pardzs(V (a1, by + ka)V (25, ks + k).

(3.20)
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The (2k; - k2)~! and (2ks3 - k4)~! appear from the 23 and z; integrals re-
spectively. Thus we see that the calculation of m? reduces to the calculation
of —gf J &1 [ d*2zy [ d?z5(V (21, k1 + k2)V (23, ks + k4)) as before, however, now

(k1 + k2)? need not be set to zero until the end of the calculation.

Thus we need to calculate the 7}; term in

/ d?2(Y*(21) f(21) 9" (22) f (22) e X(21) etk X(a)y

- / d222

where we have explicitly calculated the relevant contribution from the X-correlator
in the k2 — 0 limit [30].

ok (3.21)

9i(z1 — 22) (W* (209" (22)f (1) F (22))es

91(0)

The 1 zz pole from the z; integral, comes from the (21 — 22)~ —1-k? (21 —22)" 1~ k?
term in the integrand. Thus we must look at operator product expansions in-

volving the ¢ and the f fields. Now,

sw

t/*'“(21)1/)'I(~">'2) = '('z—l—_—zz—)

+ O(z1 — 22), (3.22)

flz)f(z) = ) Z E & Amnia(21,21) (3.23)

— m a — n—a’
0<a<l m=—00 n=-—00 z2 (21 zz)

Since f, f are operators of conformal dimension (2, ) Amn;a is an operator of
conformal dimension (1 — m + @,2 — n + a). Thus A;3,0 must be proportional
to the identity operator. As pointed out before, f, f are normalized so that
the coefficient of this operator is unity. Upon substituting (3.22) and (3.23) into
(3.21) we see that only the term involving the operator Ao1;0 from (3.23) and

71—z, from eq. (3.22) can give the required singularity in the integrand. Let us
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denote the operator Ag;;0 by N. Thus we get,

/d222<Vo(Z1,k)f}o(22,—k)>e = —kz/d22'2
(3.24)
(21— 22) 71 7¥ (21 — 2) R (N (21, 21))e

So the coefficient of the linear term in D may be determined from the equa-

tion:

—1g°
sh 3 g0l = S [ 7 [ o (e, ). (3.25)

Let us now determine the operator N. First of all, note from eq.(3.23) that
it is an operator of conformal dimension (1,1). Secondly, since N appears in
the operator product of an operator with its CPT conjugate, it carries zero
charge under the conserved U(1) current J belonging to the right-handed N =2
superconformal algebra. Thus the operator product of J with N has at most a

double pole, and no single pole:

J(z2)N(w,w) = ﬁM(u‘)) + non-singular terms, (3.26)

where M is a field of conformal dimension (0,1). As a result, when M(w) is
combined with the operator (8X* + tk,y*y") from the right handed sector, it
gives the vertex operator of a massless vector particle. So M must be a lin-
ear combination (3, a(®U(®)(w)) of the left-handed currents U(®)(w) associated
with the generators of the four dimensional gauge group. Furthermore, since
M(w) appears in the product of a vertex operator f of a state with the vertex
operator of its C PT conjugate state, it must carry zero charge under any element
of the Cartan subalgebra of :the four dimensional gauge group. As a result, only

the currents associated with the generators of the Cartan subalgebra of the four
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dimensional gauge group may appear in the sum ), al8)y(e) (@). This of course

includes all the U(1) factors. We may now write

J(z)N(w,w (z — E DU (w) + non-singular terms. (3.27)
Since J(z)J(w) ~ W + non-singular terms, we may express N as
N(w, ) = %J(w) Y o@U@ (w) + N (w,w), (3.28)
a

where
J(2)N(w,®) = non-singular. - (3.29)
In order to determine the coefficients a(®) in (3.28) let us consider the correlator,

(f(21,21) f (22, 22)J (28) U (25)) 5, (3.30)

where the subscript S denotes that we are calculating the correlator on the sphere

instead of a torus. By SL(2,C) invariance this is proportional to [31]:
K(b) (21 - 22)_1(31 — 23)_1(z2 - 23)__1(21 - 23)_1 (22 - 23)_1. (3.31)

K(©®) may be determined by first taking the limit z; — 23 in (3.30), using eq.(3.23),
and then taking the z; — 23 limit. Only the term involving Ao1;0 = N in eq.(3.23)

contributes in this limit, the contribution being given by,*
o (2 — 7)1 (2 — 23) (2 — 23) . (3.32)
Comparing with (3.31) we see that,
K®) = o), (3.33)

On the other hand we may take the limit 23 — 2; first, and then take the 2; — 23

« We have chosen a normalization where U(%) (2)U®) (w) ~ z—z—i%v.
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limit in (3.30). In the 23 — 2; limit,

h q(b)
23 —2123— 21

J(23) U (23) f (21,21) ~ flz1,2), (3.34)
h and ¢(*) being the (internal) chirality (+1) and the U(®) (1) charges of the opera-
tor f(z1,21). Since the internal and the four dimensional chiralities are correlated,
h is also the four dimensional chirality of the field Vy(2, k). Substituting (3.34)

in (3.30) and taking the z; — z; limit, we get for the leading singular term,

hg®) : (3.35)
(23 — 21)(2s — 21) (21 — 22) (21 — 22)% '
Comparing with (3.31) and (3.33) we get,
o) = K0) = pg®) (3.36)

Using egs.(3.25), (3.28) and (3.36) we get,

h;q(“)c(“) = %:rg / dzr/dzzl [g Z‘:q(“)(J(zl)U(a)(zl))c + (ﬁ(ZI,zl»c] .
(3.37)

We shall now show that (]V (21,21)). vanishes identically. For this we need
the representation of J, S+ and §— in terms of the free field H introduced in
sec. 2:

J(2) = +i/30.H,

Gt = HEH(2), (3.38)

Using eq.(3.29) we see that J (z)ﬁ (w) is free from any singularity, hence so must
be the product H(2)N(w). This, in turn, shows that $*(z)N(w) is free from
any singularity. In the same way we showed that (P*(2)P~(w)g(21, 21)§(22, 22)
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etk X(21)g=ik-X(23)} is independent of 2, we may show that (P*(2)P~ (w)N(z1,))

is a constant as a function of 2, and so,T

(F(z1, 1)) = lim (2 - w)(P* ()P~ ()N (z, 2))e =0.  (3.39)
Thus,"
O & / i / &2 (J (1)U (21))e. (3.40)

From this it appears that —4J (2)U(®)(2) may be interpreted as the vertex op-
erator for the auxiliary field D(3), More evidence for this interpretation will be
presented in appendix A, along with a similar discussiorn for the vertex operators

for the F-type auxiliary fields.}

We now proceed to relate (J(z1)U(®)(z)). to another correlator. We start

from the correlator

(P*(2) P~ (w)J (z1)U®) (5)). (3.41)
Since
J(z1) P (2) ~ gzl a _P*(3), (3.42)

the correlator in eq. (3.41) has a pole at 2 = w and at z = 2; as a function of

z. Since it is also periodic as a function of z it must vanish at two points on

t The contribution from the periodic-periodic sector may be subtracted from this correlator
as was done in eq.(3.17), and may be shown to be singularity free in the z — w limit.

+ On the right hand side of eq.(3.37) the sum over a runs over all the U(1) factors of the
four dimensional gauge group, as well as the Cartan subalgebras of non-Abelian factors
in the gauge group. Hence it seems from eq.(3.40) that we generate D-terms associated
with the non-Abelian part of the gauge group as well. However, (J(21)U(%)(2,)) vanishes
identically due to non-Abelian gauge symmetry if U(3) belongs to the Cartan subalgebra
of a non-Abelian factor. This will be seen explicitly later.

1 The existence of F-type auxiliary field vertex operators was noted by E. Martinec in collab-
oration with one of the authors (L.D.) and of D-type vertex operators by V. Kaplunovsky
and L. D..
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the torus, whose sum must be equal to 2; + w. Let us denote these points by

z1 + R(z1,w) and w — R(z;,w). Then we may write,

(P*(2) P~ (w)J (21)U ) (21))

_ Y1(z — 21 — R(z1,w))%1(2 — w + R(2,w)) (3.43)
=P =) ’

where F(2;,w) is a function of z; and w. It may be determined by noting that as
z — 21, the residue at the pole in (3.43) must be given by —$(P* () P~ (w)U(®) (z)).
This gives

1(z1 — w)(P*(21) P~ (w)U ) (21))
(—R(21,w))¥1(21 — w + R(z1,w))’

Fla1,u) = ~35](0) 0‘: (3.44)

We now use

)V a). = Jim |2 - ) (P (P ()T 1)U )

~(P* ()P~ (@) ()0 1)) r) |
(3.45)
The first term may be determined using eqs.(3.43) and (3.44). The second term
vanishes due to the extra #1(1z — lw) in the correlator involving Si°, S5 and

,S;’:. Thus we get,

(T E)UO(@)). = (P (1) P~ (@)U (21)). (3.46)

Note that in the correlator on the right hand side of eq.(3.46) we must sum
over all spin structures. We shall show that this correlator is related to the
expectation value of U(%)(z;) in the periodic-periodic sector. In order to do this
let us introduce the correlator (P*(z)P~ (w)U®) (7)), for a fixed spin structure

v in the right handed sector. This correlator is no longer periodic in z with period
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1 and 7, instead the correlator in a given spin structure gets transformed to a
correlator of a different spin structure under translation of z by 1 or 7. However,
it must be doubly periodic as a function of z with period 2 and 27. Inside the
parallelogram described by the period 2 and 27 the correlator has four poles, at
z=w,w+7,w+1and w+1+7. It is more convenient to use the variable £ in
terms of which the periods become 1 and 7 again. Hence the function must also
have four zeros as a function of £, whose sum must be 2w + 1 + 7 (up to shifts
by 1 or 7). Let us take the positions of these zeros to be at £ = ¥ + A,, ¥ + B,,
2+ Cy and ¥ + D, respectively (mod 1 and 7). We shall take

A,+B,+C,+D,=0. (3.47)

Now, a function is completely determined by the positions of its zeros and poles up
to a multiplicative constant (independent of z) [26,27]. In the periodic-periodic

sector (v = 1) we get”

(P*(2) P~ (w)U (1)) pp

di1(iz—tw—-A)(jz— Jw—-B)h(iz— tw-C)h (2 — 1w - D))

(32 — %w)ﬂl(%z - %w - 30132 - lw-1n0(3z—tw+1(1+7))

=K

=K

191(%23 — %w - A1)191(—12—z - %w - Bl)ﬂl(%z - -,i;w - Cl)ﬂl(%z - %w — Dy)
¥1(z — w) ’
(3.48)
where K, K are unknown constants. (In going from the first to the second
equality we have used the fact that ¢;(z — w) and ¥y(}z — w)d:1 (32 — Jw - })
91(3z— tw—1r)91(3z— Jw+ 3(1+ 7)) have the same periodicity properties and
same zeros in the z-plane, hence they must be proportional to each other.) Fur-
thermore, since the part of the correlator involving (S (2)S5 (2)S; (w)S; (w)

Sy (w)S}(w)) may be calculated explicitly and shown to be proportional to

* See ref. [29] for our ¥9-function conventions.
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1(55%)/(91(z — w))4 [28,29], we see from (3.48) that D; must vanish. The
contribution to (P*(2)P~(w)U({®)(z)), for other spin structures v may be de-

termined by shifting z by 1 or 7 in (3.48). We finally get,

(P*(2) P~ (w)U) (21)),

d(3z—tw— A0 (32— tw-B)d, (32— %w - C1)¥,(3z — 1w)

= Ké
Y 191(2 - w) ’
(3.49)
where v = 1,2,3,4 denotes spin structures (P, P), (P,A), (A4,A) and (A4, P)
respectively. Here 6§; = 63 = 1 and é; = 64 = —1. Summing over spin structures

and using the Riemann theta identity [28,29] and eq.(3.47) with D; = 0 we get,

(P (2) P~ (w)U (7)) = 2K9,(—A1)91(B1)91(C1). (3.50)

On the other hand, in the periodic-periodic sector, (P*(z) P~ (w)U®) (z)) pp

may be expressed as

(P*(2) P~ (w)U® (21)) pp =((§* ()5~ (w)U D (21))) ppp

1 (n(M)n(1)?91(3z — 3w) _ (B{(0))¢ __iox, snies (3.51)

TTet e

25674 (Im 7)3 (1)  (91(z — w))i ’

where (()) denotes a trace over all the internal fields ¢’ (for o-model compactifi-
cations ¢’ consists of X ‘,X;, Y, t/); and AM), and a sum over spin structures in the
left-handed sector; n(r) is the Dedekind eta function [26]. In writing eq.(3.51) we
have extracted all the normal ordering constants, so that the SL(2,C)-invariant
ground state for the internal superconformal field theory has L((f”t) = f,(()i"t) = 0.
The explicit factors in (3.51) come from taking the trace over the fields X#, ¢*
and the ghost fields, and dividing by the volume (Im 7) of the group of trans-

lations on the torus. The overall normalization has been chosen so that the
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partition function reproduces (—1) times the sum of the contributions to the
cosmological constant from individual states if we extend the integration over 7,
from 0 to oo instead of restricting it to the fundamental region in the moduli
space [32]. In fixing the overall normalization, we have also explicitly introduced
a factor of % in order to take into account the fact that we must average over the
spin structures in the 7 direction instead of summing over them [24]. The factor
of % only accounts for the right-handed sector. Similar factors coming from the
left-handed sector are still implicit inside the correlator (( )), and will be taken

into account during the evaluation of the correlator.

Comparing eqs.(3.49) and (3.51) we get
(U ()) pp = Jim{(z — w) 4 (($*(2)8~ (W)U (21))) pp}
=256 K (n(r))*(n(r))*(Im r)? (3.52)

llx

X (I’{ (0))_1‘01(—441)191 (—Bl)ol (—Cl)ei%lfe—in.

Comparing with (3.50) and using the relation ¢(0) = —27(n(7))® we get

(PH (1) P~ (w)U® () = — 5 (1m 1) (7))~
. (3.53)
X (U (@) ppe¥re T,
and so, from (3.40) and (3.46),
21‘ — (lwy _o8x .
) = 12!3],,4 (I:Iil 7)2("(7) 2(<U(G)(zl))>PPe‘T e ¢
2 (3.54)
= (im T)zF('r,'T' ,

where we have explicitly performed the z; integral to get a factor of 2¢Im 7, using

the fact that the integrand is independent of 2; due to translational invariance on
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the torus. ((U (a) (21))> pp may now be evaluated using the operator formalism,

in which it is given by
<<U(a) (21)>>PP = Trp{(——l)F('.M) v(@ (21)13(;30 ezﬂL'()iM)Te_z”iLgM)7}, (3.55)

where the trace is taken over all the states in the Ramond sector of the internal
superconformal theory, t.e. states whose operators are double valued with re-
spect to Tirt. F(™) counts the number of internal right-handed fermions. Pgso
denotes the appropriate GSO projection operator [33,10,24| in the left-handed
sector. If G(()i"t) (= G + Gy) denotes the generator of the (1,0) supersymmetry,
then the contribution to the trace from any state |n) and the state G((f"t) |n) can-
cel each other, since G(()i"t) commutes with Lgi"t), Eg”t)‘, Pgso and U (z;) but
anticommutes with (—1)F“”. Thus only the states with G(i"t) =0 (— L(i”t) =
G%+ 32 = 2) contribute to the correlator. (After being combined with the vacuum
of the X#, ¢# and the ghost system, these correspond to massless states of the
theory.) Thus we see that the integrand F(r,7) in eq.(3.54) has no dependence on
7. Since (ITf—:Tﬁ' is a modular invariant measure, this shows that F(r,7) regarded
as a function of ¥ must be a modular form of weight zero, i.e. it must be modular

invariant.

Invariance under 7 — 7 + 1 shows that {(U(®)(z))) pp can receive contribu-
tion from states with integer f,((,i"t) eigenvalues only. The lowest fl(()""t) eigenvalue
(I—J((f"t) = 0) is provided by the SL(2,C) invariant ground state. But U(®)(z) is
a conformal field of dimension (0,1), so by SL(2,C) invariance it has vanishing
vacuum expectation value in this state. Thus the lowest states which can con-
tribute to ((U®)(2))) pp have L{"™) — 1. They correspond to massless states of
the string theory, after being combined with the ghost vacuum with Egh”t =-1.

Due to translational invariance on the cylinder, we may replace Ule) (21) by

/doU(“)(a T fdwU(“)(w) == f dgU(9)(g), (3.56)
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where

W=7+ 10, g = €™, (3.57)

If V(w',w') describes a vertex operator carrying U(%) charge ¢(%), then on

the plane,
7(a) (5 1=t g 1=t
U@V (v, w') ~ E-_—_-—e—i-,er,V(w ,w'). (3.58)
Thus acting on a state created by the vertex operator V at w/ = —oo we get,
2§ w0O@WV) ~ 3 f T2 [V) = 2g@y). (3.59)

Therefore in (3.55) we may replace U(®)(z) by Uéa), where Ué“) measures the
total U(%)(1) charge. This gives,

lim_((U©(21))) pp =

F——100

FGnt) T i2NT (3.60)
2nTrp{(-1) PG’SOU }L(...e) s LGy © € s

since in this limit ((U(® (21))) pp receives contribution from the lowest lying
states only. Since n(7) goes to e~'%' as T — —ico, we see from (3.54) that
F(7,7) goes to a constant in this limit. However as is well known a modular form
of weight zero which is bounded at infinity must be a constant [34]. Hence F(r,7)
may be determined by evaluating it at infinity, t.e. by simply evaluating the sum
Trp{(-1)F (m‘)PGSOU } LU™0=3 LG =q" In this expression (—1)F“" measures
the four dimensional chirality of a fermionic state up to a sign. The precise sign

is determined as follows. First note that GSO projection requires,

(_l)F(iue)+F(eu)+F(ﬂ) - —1. (3.61)

% The phases §, in eq. (3.49) give a relative minus sign between the partition functions
with periodic and antiperiodic boundary conditions in the 7-direction. We interpret this as
defining the projection operator to be (1 — (—1)F (M)) /2. We may also absorb the minus

sign into a redefinition of F(nt), F(¢2t) or F(9), This does not change the final outcome of
our analysis.

28



Let us define J(# to be the fermion number density for the system t/)‘,tﬁ’i, 50
that S (S;) carries Jc()4) charge 2(—}). Then,
1

{1+ %(z — w)J@(w)}. (3.62)

SH(2)Ss (w) ~
s ) ~ Ly

Let us now note that in our normalization convention,

1(55%)  (9,(0)*
(Bi(z—w)& nlr) °
(3.63)

as can be seen from eq. (3.51); F(9) denotes the fermion number for the 4, ¢4

Trp{(-1)""" 5{ (2)S{ (w)} = (57 (2)57 (w))pp =

system. Taking the limit z — w in (3.65), and comparing with (3.64) we get,
Trp{(-1)F 79 (2)} = —2r(n(r))?. (3.64)

If Jé4) denotes the total J(4) charge this gives,
Tre{(-1)" I} = —(n(r))%. (3.65)

This shows that at the lowest mass level the F(4) and Jé4) eigenvalues are nega-
tively correlated, in other words a state with positive Jé4) eigenvalue (S;|0)) has

« .
(-=1)F“ = —1 and vice versa.

A similar analysis may be carried out for the (°, tl)g) and the ghost system.T
The net result is that a state of the form S S;e=%/2|0) or S; S5 e~#/2|0) has
(=1)Fe=+Fs = 1 and states of the form S, S; e~#/2|0) and S; S;e#/2|0) have
(—=1)Fe=+Fs = —1. From this we see that a state with (—1)Fint =1 ((=)Fint = —1)
must combine with a dotted (undotted) four dimensional spin field of chirality

—1(+1) to produce a physical vertex operator. As a result

t The easiest way to analyse the ghost system is to consider the uncompactified theory and
tot
use the fact that the state []; S‘?"e_¢/2|0), being an allowed state has (—1)F( ' = -1
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—Trp{(-1)F™ Uéa)ls(;so} LGn0_s Gy _, denotes the number of massless

0 — 8o -
fermions (n;) in the theory weighted by their chirality (h;) and the U (a) (1) charge
(qfa)), and we finally get

(@) - _9 / d'r (@), ().
¢ 6471'3 (Im 1—)2‘4;: 'ql 192 22 tq‘ ht- (3-66)

The numerical value of ¢(®) can be evaluated from (3.66) entirely in terms
of properties of the massless spectrum. In the case of (2,2) Spin(32)/Z; com-
pactifications the parameters in (3.66) can be computed by using index theorems
[35,36]. Furthermore we see easily from the above equation that if U(g“) refers to
a U(1) subgroup of a non-Abelian group, then ), n,-qi(“)h;- vanishes identically.
This is due to the fact that the massless fermions belong to some (reducible)
representation of this non-Abelian gauge group, and that TrUéa) vanishes in any

such representation.

The above result may be interpreted as the result of a direct computation of
the D-term tadpole in the four dimensional effective field theory with a stringy
regularization. Since the massive states always come in pairs carrying opposite

charges, only the massless states contribute. Their contribution is given by

e dk
c(a) = g_ anq( ) / (2 )4k27 (3-67)

where the explicit factor of % arises due to the fact that )_; n,q;h; counts scalar
field and its complex conjugate as different states, whereas f (ﬁ‘fw is the contri-
bution to the tadpole from the scalar together with its complex conjugate field.

We now express the divergent integral as
Tdk 1 [ 4n? 1 [d
_1 —ak?[2 ;. _ AT 2 T2
/F = §/atse [tk = - =2r drl, (3.68)
0 0 0

where following ref.[32] we have identified the proper time variable s with 477,

(for @’ = 2). We now identify 71 +47; as the Teichmuller parameter 7 and regulate
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the divergence at s = 0 by restricting the 7 integration to the fundamental region

of the Teichmuller space. This gives back the answer obtained in eq. (3.66).
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4. EXPLICIT RESULTS ON ORBIFOLDS
A. TWO POINT FUNCTION

In this section we shall illustrate some of the above general results through
explicit calculations on orbifolds [17]. In particular we shall explicitly verify that
scalars carrying a charge under an anomalous U(1) develop a mass at the one
loop level. Although our calculations here can be carried out for a general class
of orbifold models, we choose for definiteness the Spin(32)/Z; heterotic string
compactified in the standard fashion [17] on a Z3 orbifold. In this compactifica-
tion the Z3 twist generates the center of both the SU(3) holonomy group and
an SU(3) subgroup of the SO(32) gauge group. The resulting four-dimensional
gauge group is SU(3) x U(1) x O(26) and the U(l) as can easily be verified is

anomalous.

As in the previous section, we begin by considering the following two point

amplitude at the one loop:

A(k) = 4% / & / 22y 2 2q (Vo (, ) Vo~ 22)). (4.1)

Here Vy(k,21) is the vertex operator for the emission of a U(1) charged scalar
belonging to the untwisted sector of the orbifold Hilbert space. We take this

vertex to be:
Vi (k, 21) = (AP (21)M (21)) (8X7 (21) + ihutp? (21)97 (21) ) X X2 (4.2)

where ) = 1,2 or 3 is an internal index to be distinguished from Minkowski
indices pv; no sum over j is implied. P is an O(26) vector index and runs over
7,...,32. 9(2) are the right-handed fermions on the world-sheet while A(Z) are
left-handed fermions representing the gauge degrees of freedom of the heterotic
string. 170(j )(kz, 23) is the vertex operator for the C PT conjugate state. It is given

by (4.2) with j and j interchanged. The overall phase and normalization of the
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vertex operator have been chosen so as to be consistent with the convention used
in sec. 3. The amplitude in (4.1) at zero momentum is equal to —m?, where m

is the mass of the U(1) charged scalar at one loop.

In the Z3 orbifold background, just as in flat space-time, all two-dimensional
fields appearing in the correlator (4.1) are free. However, the boundary conditions
on the torus for the internal “twisted” fields, X7,47, A’ and their complex con-
jugates, differ from the usual flat space-time boundary conditions by Z3 phases
(1,€%27/3,¢447/3) The complete correlator involves a sum over 9 different bound-
ary conditions, or twist structures; there are 3 possible boundary conditions in
the o-direction and 3 in 7. For the world-sheet fermions 17, A7 the Z3 phases mul-
tiply the usual +1 factors corresponding to different spin structures. Just as the
sum over spin sturctures implements a projection onto states with even fermion
number and allows both space-time fermions and bosons to propagate around
the loop, similarly the sum over twist structures implements a projection onto
Zs-invariant states and allows both untwisted and twisted states to propagate
around the loop. Both sums are necessary for modular invariance of the one loop
amplitude. We shall denote the 9 twist structures by (c;,d;), where €27 (¢274)
is the Z3 phase acquired by the internal fields X7, 7, A’ when translated around
the torus in the o(r) direction. The complex conjugate fields of course acquire
the conjugate phases e~2"¢i(e~274;), The three sets of o-boundary conditions
are described by e1=¢2 = %n, c3 = —%n with n = 0,+1,—1, and similarly for

the r-boundary conditions with ¢; replaced by d;.

Because only free fields appear in (4.1), the correlator can be evaluated quite
readily using techniques similar to those implemented in ref. [29] for the calcu-
lation of flat space covariant fermionic loop amplitudes. More specifically, one

can show that all terms contributing to (4.1) vanish as a consequence of some

* The constraints ¢; + ¢z + ¢s = 0, and dy + dz 4+ d3 = O are required for there to be an
N = 1 supersymmetry preserved after compactification to four dimensions [14].
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Riemann d-function identity, except for one term which takes the form:

2 3 3
m? =4‘"7 d*rd? 2 d? 2ok uk, (* X (21) g~ - X (22))

i ] (4.3)
(W (21)97 (21)9" (22) 7 (22)) (AM (2) N (21) AN (22) M (22)).

The above correlators are again straightforward to compute in a given twist
structure {(¢;,d;)} and given spin structures (a,b) and (a’,b’) for the right and

left handed fermions respectively. After summing over twist and spin structures

the answer can be cast in the form:'r

2
m? = f?szdzrdzzldzzz N (xi2)7¥

!

2

{(ci,di)}

1

(21 = )9 [T @9 [T 2 (121 0)

(2 @ [““](zl»-zzw:Zj;j](ow[;;‘j;j](ow[‘;](zl—zz))

coen only

(& brile-mel ol donfi]e-05]o)

lbl)

(3]

(SN T

(4.4)
where * denotes complex conjugation. The sum in (4.4) excludes the contribution
of the twist structure ¢; = d; = 0,1 = 1,2,3. This contribution can be shown to
vanish as a consequence of a standard Riemann ¥-identity. The spin structure
dependent phase §(,;) is just 6( 10) = 6(0’ 1y = —1 and §(p) = 1, where these
correspond to the spin structures (P, A),(A, A) and (A, P) respectively. As in
section 3, the sum here runs only over even spin structures for the right-handed
fermions; the contribution of the (P, P) sector is zero due to the presence of

fermion zero modes in that sector. The correlator of the free bosonic fields X#

t see ref. [29] for our ¥-function notation and conventions.
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yields a factor of (x12)~*" in (4.4), where x;2 is given by:

_ |191(21 — 23)
3! (0)

ea:p{ - %’r—r(lm(zl — z))?}. (4.5)
The factor ([]; ¢ [i:::] (0))_1 in (4.4) is the twist-structure-dependent contribu-
tion of the twisted bosons X",X: to the partition function. All the remaining
7-dependent contribution of the various fields to the partition function has been
lumped into an overall normalization constant N. To determine N we factor the
above correlator on the partition function of this orbifold theory by taking the
limit 2 — 22, Z; — Z3. The latter in a given twist structure {(c;,d;)} and spin

structure (a,b) and (a’,b’) for the right and left handed fermions, is given by:

(1) =) ) (g T e 1N G

I [ 12]()"[ I;’]()o[;fj;j(oy

COlE e LU CH A )
iy aloo loefn oo o]

In the above expression the factor of 27 for ¢; ¥ 0, 1.e. in the twisted sector,

-2

(4.6)

comes from the fact that there are 27 fixed points in this orbifold model, each
contributing equally to the partition function of the twisted sector. On the other
hand, in the sector where ¢; = 0, i.e. in the untwisted sector the same factor
of 27 appears. The reason for this is that the partition function for a pair of
bosons with ¢ = 0 and twisted in the 7 direction by d and 1 — d is given by
(1 — e*mid)y /0[,+d] instead of n(r)/¢[, d] as is the case for ¢; # 0. This
accounts for the multiplicative factor |1 — 2’"/ 312|1 — e27i/3)2|1 — e47i/3)2 = 27

in the partition function for that sector. The factors of 3 landl 4 appear since we
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must average over twist and spin structures in the 7-direction instead of summing

over them. Using eq. (4.4) and (4.6) we find that:

N = (o) B OP GO 0 ) P ()

At this stage it may seem that m? in (4.4) vanishes trivially because of the
on-shell condition k2 = 0. However as in the calculation in sec. 3 the integral
over 2; in (4.1) in the region z; — z; generates a factor of 1/k%. Therefore
A(k) in (4.1) contains a term of the form k%/k% which is somewhat ambiguous.
This is of course the same problem that occurred previ;)usly. As we did earlier,
we will refrain from implementing the on-shell condition k? = 0 until the term
proportional to k?/k? has been extracted. To justify this procedure we also
calculate below the four point function involving appropriate fermions on the Z3
orbifold. From that we isolate the two point function for the U(1) charged scalars
by factorization. As we shall see below, both results actually agree. One should
view this agreement as a check on the validity of the corresponding factorization

in the previous arbitrary background calculation.

To extract the (k?/k?) term in (4.1), we first carry out the sum over even spin

structures for the right-handed fermions in (4.4) using the following ¥-identity:

e CREL e L E U ATCEES

even

(4.8)

_9 [% + °1] (21 — )9 E i Z] (0)9 [;7_ I Z] (0)% E_] (21 — 2).
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This gives:

&qﬂzszd% N /d2z1/d2z2(X12) -+

aHCEEY

(2 - zz)t’[*“‘](o)] [('9[

3+d;

gop R e e e S A

1

% (21 = 22))2 L9 [§75]) (0)]

{(cadiy 9]

[V T
(SIS T

(4.9)
We next Taylor expand in powers of (z; — z3) and (2 — 2Z2) and isolate the
singularity. The most singular term that goes as (21 — z3)~ 1% (z; — 2) 2%
vanishes by phase integration. The subleading singularity (z; — 2:2)"1"’¢2 (21 —
22)‘1""'2 survives to generate the desired 1/k? factor after integration over z;.

The final result takes the form:

a_ ¢ 9 9 d*r
(Z5670)9 (Im )2

918[2,](0)9' 2,15 ()9 [5.152] ()9 [, 1521 (0)]
fI(T) -15 b +ad, +d2 +d3a ,
[ (g,:a.)(az';o L9310

(4.10)

where we have substituted eq. (4.7) for N and used the fact that 9#)(0) =
—2mn3(r).

One can check by examining the modular transformation properties of the
expression inside the square brackets in (4.10) that it is a modular form of weight
zero. Furthermore one can check that it is bounded as 7 — t0o. However the
only bounded modular form of weight zero is a constant [34]. Evaluating the

expression at 7 = too gives the value of that constant. We find a value of ~2567.

37



Putting this in (4.10) we finally get:

9 d*r
2 _ 2
m= (1r3)g (Im 7)2 (4.11)
_ 3¢
=T

where the integration over 7 covers the fundamental domain of the modular

group.

Let us now compare (4.11) with what we would expect from the general
expression in (3.66). The massless spectrum of the Z3 orbifold theory contains
thirty six generations, each generation containing a 26 of S O(26) carrying U(1)
charge 715, and an SO(26) singlet, carrying U(1) charge —725. The scalar whose
mass is being calculated is of the former type. Substituting these numbers into
eq.(3.66) and using the scalar mass formula m? = gh )", q@c(®), we can verify
that egs.(4.11) and (3.66) agree with each other.
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B. FOUR POINT FUNCTION

To justify the above analysis we now turn to an orbifold amplitude involving

four space-time fermions. In particular we shall calculate the amplitude

4
A(ky, ko, k3, kq) =(2—g7rF/dzr/Hd2z¢
t

(V_% (u1, k1, zl)V% (uz, k2, zz)V_% (us, ks, zs)V% (ua, k4, 24)),
(4.12)
where the fermionic vertex operators are chosen such that this amplitude factors
on the two point function for the U(1) charged scalars in the s-channel. To isolate
this two point function we shall look for the coefficient of the 1/(k; - k3)? pole in

(4.12) as has been discussed in section three.

More explicitly we shall take the vertices appearing in (4.11) as follows:
V_% (uls kl N 21) = (AM; (EI)ANI (21))11,?1 Sa; (21)5',_ (zl)eikl'x(zl)
V% (uz, kz, Z2) = (Aﬁz (Ez)A"’ (22))(1,?25;_ (32) [ wlaig,‘lza(wz _ 22)%
X [1#2 (w3) DX M2 (w3) +47 (w2)0X7 (w3) + ¥ (w2) 9 X7 (wz)]Sa,(zz)eik"X(zz)]
V_% (u3’ k3, 23) = (Aﬂs (ES)ANS (23)) ugasas (23)5;- (zs)eiks.x(zs)

V% (U4,k4,24) =(AN‘(§4)A;‘ (54))11.?‘5;-(&1) lim (w4 - 24)%

We—r2,

X144 (wa) DX (we)+ 93 (wa)OX (wa) + ¥ (w)OX () Sy (24) 54 X

(4.13)
Here M;, N; run over 7,...,32 and we also choose N; # M; and N3 # M3; u,; are

four dimensional uncompactified vector indices. To ensure that V_ %V% factors on

the correct vertex for the U(1) charged scalar we furthermore need to choose:

a=+++(—— or ++), a3———(+— or —+
1 ( + ) ( )s (4.14)
az=——+(——or +4), et++—(+— or —+),
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for the spinor polarizations in the helicity basis. The terms inside the parantheses

stand for the four-dimensional polarizations.

We first analyse the right-handed sector in a given twist structure {(c;, d;)}.
Among all the terms that could have contributed to (4.12), the only term that

does not vanish as a consequence of some Riemann ¥-identity is the following:

A =(uugru$ ul)(S; (21)5; (22)S; (23)5; (24))

Jim (ws — 20)* Jim (w2 — 22) 3 (St ++(21)S——+(22) S— -~ (23) S+~ (24))

X (Sai(21) Sas(22) Sas (23) Sa(24) " (w2) ¥ (w4))

X (0XH2 (wg)d XM (wy) H etk X(20)y,

(4.15)
In the above expression, all polarizations are now four-dimensional. In evaluating
(4.15) we use many of the results and techniques given in ref. [29] for the eval-
uation of fermionic amplitudes in flat ten-dimensional space, to which we refer
the reader for further details. Here we suppress many of the details and instead

highlight some of the main features pertaining to this calculation.

A simple group theoretic analysis shows that A has 4 independent tensor
structures under the Lorentz group. ( This is the number of independent singlets
in (2,1)®(2,1)®(1,2)®(1,2) ® (2,2) ® (2,2) representation of SU(2) x SU(2)).

We write down the general expansion for the correlator as:*

* We are using a normaligation scheme where {7#,7¥} = §4¥.
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(S, (21)Sas(22) Sas (28) S (24)9#2 (w2) ¥ (wa) ) (S, (21) S, (22) S, (23) S (24))
(S+++(21)5——+(22)S———(23) S++—(24))
=A5a1a26dsd¢6m“‘ + B(7“2'7m)aza16dsd4

+C (Y1) 48500102 + D(Y*Y*) a0as (1**7F) asas-
(4.16)

The individual Lorentz invariant coefficients (A4, B, C, D) can be evaluated by
calculating the correlator on the left-hand side for particular polarizations that
contribute to that Lorentz structure only. For example A in (4.16) is given by
the correlator on the left hand side with polarizations a; = ++,a = ——,é3 =

—+,64 = +—,u2 = 4 and u4 = 4 and so on. The answer for A can be written in

the following form:

A=T]x5*

1<J
{(ﬁzul)(ﬁ4u3) [(k1 - ka)(As + A2+ As + Ag) + (ky - k2) (A1 + A4)] (4.17)
+ (@2 k3vPu1)(Ean, /CIUS)AS}’
where

A= +K19’1 (0) [(191(32 - 24))~3(01(21 - zg)ﬂl(zl — 23)191(23 - 24))_1

191(21 - 24)191(22 - 23)]

(a+¢1],21 —20—23+ 24, [a+c2],21 —22 — 23+ 24
[“Z%(a(a,b)wﬁdl]( e

a+c3]l,z1+20—23—24,,[a]l,z1 —322 — 23+ 324
J )
ofs § ot [ A inontin)

(4.18)
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Ay = +K[(191(z2 — 24))_2 (191(:«:1 - z3)191(23 — 24))—1191(22 — z3)]

d d 217
[—é—z—z—lnt?l(zz —2z)— b—;z-ln V1(z2 — 23) + Imr Im(z3 — 21)]
a -+ ¢1 — 29— 23+ 24 a+c2|,21 —22— 23+ 24
[(Zb)(&(“"’w[wd O L PG

(a+c3],21+22— 23— 24, [a] , 21— 22— 23+ 24
ofe o) @rapmomy,flEonnta

a] 21+ 22+ 23— 324, ,_y[a] , 21— 22+ 25— 24
ofs|tmi sty @ tn o)

(4.19)
Az = +K[(t’1(zz - 24))_2 (191 (Zl - z3)191 (z1 — 12))—1191 (21 — 24)]

o 7} 2
[5"4‘11’1‘!91(24 —_ 23) — 3—24111!’1(24 - 21) + Im 7

Im(z1 - 23)]

a+c; — 20— 23+ 24 + el , 21 —20— 23+ 24
[2(5(“"))'9[”«1 ]( 2 )"[b+d2]( 2 )

a+c3) 2z + 20 — 23 — 24, . [a],z1 — 322 + 23 + 24
1’_b+d3]( 2 ) b]( 2 )

L

0], 21— 22— 23+ 24, ,_q]a]l,z1— 22+ 23— 2
ofs| s mtay @ tasiy)

(4.20)
while

Ay = +K(97(0)) 7 [(91(21 — 23)91 (22 — 24)) '] {Ma1 — Mg — M2y + M3y}

a+c1l,21 —290— 23+ 24 atco|, 21 —2— 23+ 24
[(z;)(&(“"))"[bu]( 2 )"[b+d2]( 2 )

a+c3g|, 21 +20—23—24 al,z1 + 29— 23 — 24
J .
"[b+ds}( | 2 ) [b]( 2 )]

(4.21)
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Finally,

As = A4 with the replacement of the factor in the curly brackets by

(4.22)
{Mzs — May — My3 + My},

where in (4.18),(4.19) and (4.21) M;; is the matrix given by,

a 27y
Mij = (5;-4-111191(24 - zi) - Im 7

2 27t
Im z,)(b—;; Ind (22 — 25) — - TIm z;) (4.23)
Furthermore K is an overall normalization that is determined by factoring the
correlator on the partition function. We shall fix K below after we include the

contribution of the left-handed sector (antianalytic sector ).

One could attempt to simplify (4.17), however here we are only interested in
isolating the contribution of the two point function for the U(1) charged scalars
in the s-channel. As mentioned earlier this entails isolating a pole of the form
(k1 - k3)~2. Therefore it is only necessary to isolate the singularities in (4.17) in

the limit 23 — 22 and/or 23 — 24, and then z3 — 24. This is what we shall do

now.

Consider the term in (4.17) proportional to (k; - k3). For that term to con-
tribute to the (Fllﬂ'f pole A; + A4 has to be singular enough in the above limit
to yield a (Klk—;)g pole. After summing over spin structures using a Riemann
J-identity, one can see that A; has an explicit factor of ¥;(z; — 22 — 23 + 24) in
the numerator and hence is not sufficiently singular to give the 1/(k; - k2)3 pole.
On the other hand A4 in the limit 2; — 23, 23 — z4 has the required singularity

so as to yield a term proportional to (ln—llczF after we carry out the integration,

as we shall explicitly see below.

We next examine the contribution of the terms in (4.17) proportional to k;-ks.
In this case the sum Aj + A2 + Az + A4 needs to develop only a (Vlkz)? pole. This is

equivalent to the sum developing a singularity as 2; — 23 or as 23 — z4. However
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it is not difficult to check that both A; + A2 and A3z + A4 are singularity free in
the limit 2; — 23, while in the limit 23 — 24, A; + A3 and Ay + A4 are singularity
free. Therefore the sum A; + A2 + A3 + A4 does not develop any singularity in
either limit and hence cannot give rise to any WIE)T pole upon integration. The
same is actually true for the term proportional to As. The above analysis shows
that A4 is the only contribution from the right-handed fermions to the charged

scalar two point function in the s-channel.

To complete our analysis we need to calculate the contribution of the anti-
analytic sector in the same limit; namely as z; — 23, 23 — Z4 and subsequently

Z3 — Z4. The relevant correlator for the left-handed gauge fermions is given by,
I = (M (2) AN (2) A3 (2) A% (2) AM2 (23) AN (25) AN (20) ¥4 (24)).  (4.24)

We shall take My # Ny, M3 # N3, N; = N;,N3 = N4,M; = M3,t2 = 1 and
14 = 1. With these polarizations (4.24) will factorize on the antianalytic part of
the U(1) charged scalar vertex. The answer for the correlator in (4.24) can be

written as,

I =I_{((191(zl — z3)01(23 — 24)01(21 — 23)%1 (21 — 34))*)_1

[ Z g10 [‘;:] (0)9 [‘;:} (21 — 22)9 [Z:] (23 — 2z4)9 [Z:] (21 — 23)

(a',b)

a' + ¢ a' + ¢y a' +c3 *
9 [b, N dl] (22 z4)19[b, N dz] (o)o[b, ! da} (0)] .

(4.25)

We are now ready to combine our results given in Egs.(4.21) and (4.25)
and extract the (k; - k2)/(ki - k2)® term. For that we only need to isolate the

singularities in (4.17) in the limit z; — 23, z3 — 24 and subsequently z3 — 24.
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In a given twist structure we get

4

@)

d*z
| 22 4| |21 2| |23 4l

(K K)(82u1)(Gaus)(41(0) ~* (91 (0))

U e CHEAC)

DR M O S OL e (Ot sl [T

e

Afes ) (k1 - k2) = —2(k; - kz)(

(4.26)

Again we have retained only terms that do not vanish by phase integration. The
normalization K K can be determined by factoring the four point function on the

identity operator and comparing with (4.6). We find that

(KR) = (55322 T e P OV GO (1) () ™

fslonltslonlt ool

It is not difficult to verify that after carrying out the integrals in (4.26), using
(4.27), and summing over all twist structures the answer reduces to the expected
form,

2

—(29)@qu1 Taus — 4.28
‘ (

2k; - k2)2 ’

where m is the scalar mass calculated in eq.(4.11).
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5. CONCLUSION

In this paper we have calculated the one-loop Fayet-Iliopoulos D-terms gen-
erated in string theories compactified on an arbitrary background preserving
space-time supersymmetry at string tree level. In particular we have calculated
the one loop charged scalar masses and shown that they are in general non-zero
if the four dimensional gauge group of the theory contains one or more U(1) fac-
tors. From this we may extract the coefficient of the linear term in D, generated
at the one loop order. The actual value of these terms is shown to depend on the
background only through the massless spectrum of the theory and hence is in
principle calculable through an index theorem. Furthermore, in the process we
have also shown that the calculation of the scalar mass term at the one loop ul-
timately reduces to the calculation of the expectation value of a dimension (1,1)
operator. This indicates that we may interpret this operator as the vertex for the
D-térm. Additional evidence for this interpretation was obtained by analysing
the space-time supersymmetry transformation properties of this operator. As is
shown in appendix A this operator indeed transforms in the right way to be the

vertex for the D-term.

We would also like to mention that in the calculation of the scalar masses,
had we apriori set the momentum to zero (or set k* = 0) in the corresponding
vertex operators, we would have found no contribution to the mass term. As
we saw in section 3 and 4, integration over the location of the vertices on the
string world-sheet generates a factor of 1/k%, which cancels a factor of k? in
the numerator and gives a non-zero answer. This indicates that in general, the
decoupling of a zero momentum vertex operator does not necessarily imply the
decoupling of the corresponding state at zero momentum. Arguments relying on
decoupling of zero momentum vertex operators should therefore be made with

some degree of caution.

Finally we discuss the significance of our calculation for the fate of a tree-

level string vacuum which is destabilized [8] by one loop D-terms. In particular,
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the sign of the D-term coefficient ¢(%) in (3.66)—in conjunction with data about
the massless spectrum and string tree-level couplings—enables one to determine
whether or not nearby stable vacua exist in which certain massless fields are given

expectation values of order g [11].

For example, the sign in (3.66) leads to the conclusion that all standard
Calabi-Yau compactifications of the Spin(32)/Z; heterotic string can be stabi-
lized in this way [11]. To see this, first consider the massless spectrum of a
compactification on a Calabi-Yau manifold with Betti numbers b; 1,bs1, etc.,
and Euler characteristic x = 2(b;,1 — b2,1). The four dimensional gauge group
is SO(26) x U(1). At the first order of o-model perturbation theory, there are
bi,1 positive chirality scalar multiplets transforming as (26, -jé-) ® (1, -—%) and
bz,1 multiplets transforming as (26, —715) & (1,+;§§). So for x # 0 the U(1) is

‘anomalous’.

Suppose for the sake of the argument that x > 0. Then at least b;; — b2; of
the (1, ——725) multiplets —call them S;— must‘ remain exactly massless at string
tree-level. ( In fact there are general arguments that none of the O(26) singlets
can acquire a mass from either perturbative or non-perturbative [37] o-model
effects, but we do not need this strong a result here.) Furthermore by U(1)
gauge invariance any term in the superpotential containing an Sy field contains
at least two other types of fields ( since the mass terms involving Sy are absent
by assumption). Thus the string tree-level F-terms do not prevent expectation
values for any combination of the S;. Furthermore, the charge of the Sy fields
has the correct sign to cancel the one-loop D-term if they are given appropriate
vacuum expectation values. This is because the quantity ¢ = E‘ng Z‘- n;q;h; =
Eﬁ% -2 %(bl,l — bg,1) is positive for x > 0, whereas the tree-level couplings
of {(S7) to D is negative: gs|(S7)|* < 0. If x < O, the same argument shows
that vacuum expectation values for the b3 1 — b;,; massless fields S'I transforming
as (1, +72§) can be chosen to cancel the one-loop D-term. Finally if x = 0, no

D-term is generated.
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Other examples of supersymmetric string vacua with nonzero one-loop D-
terms are provided by (2,0) orbifolds. The question of whether stable shifted
vacua exist in these models is difficult to answer except on a case-by-case basis.
The models have a variety of four dimensional gauge groups and massless field
quantum numbers. One must now ensure that any vacuum expectation values
for massless scalars do not generate D-terms for non-anomalous factors in the
gauge group, as well as not generating F-terms. For the specific models we have
analysed, however, there is always some combination of scalar expectation values
which cancels the one-loop D-term. We conjecture that such ‘re-stabilization’ is
possible in any supersymmetric compactification, but we hgve no explanation for

why this should be so. Work along these lines is in progress.
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APPENDIX A

Vertex Operators For Auxiliary Fields

It was remarked in section 3 that the operator H(2)U(%)(2) may be regarded
as the vertex operator for the auxiliary field D(%) associated with the U(“)(l)
gauge current. More generally, if U(%) (2) denotes the current associated with a
non-Abelian symmetry, the vertex operator for the corresponding auxiliary D(@)
field will be given by H(z)U(®) (2). In this appendix we show that these operators
do satisfy the correct commutation relations with the space-time supersymmetry
charge so as to be interpretable as the vertex operator for auxiliary D fields.
We also construct the vertex operator for the auxiliary F fields for any chiral

supermultiplet.

If (Af‘a), /\S,a), X((;), D(“)) denote the vector supermultiplet,” then in the Wess-
Zumino gauge the supersymmetry transformation laws of various fields are given

by,

[Qa, AL = ~ é(%)aﬁj\(ﬂ)ﬁ

{Qa, Xy = = 282D — (4" ) kAL ~ k()
(A1)
{Qa, X@F} =0

@ - ;Y (2 .35
[QQ,D ] 1\/E(IC)QBA

Commutation relations of various fields with Q4 are given by similar relations
with dotted and undotted indices interchanged, and replacing D(®) by —D(a)
everywhere. The vertex operators are related to the fields by truncation of the

external propagator, hence the vertex operators (V,Sa),Véa),Véa),Vlg“)) for the

% Here we follow the notation of Superspace [2]
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supermultiplet are given by (szf,a) ,V2( £), Bi(a)ﬁ »V2( ) dp,\(“)ﬂ , D(3)) respec-

tively. Transformation laws of these vertex operators are given by

[Qar ¢BVEY] = —i(£ K)oV P

{Qa, vV} =0

3y (a . 3v/ (0 . 3v7(a ] : a (AZ)
{Qa,upVB( 1} = —i(R) 5PV —i(v*) 0PV + #( K)o guP KV

(@, Vi) = iV,

From this we see that on shell, where (k) ﬂ-uﬁ = 0, the D term disappears
from the transformation laws of V,Sa),Vﬁ(a) and Véa). However [Qa,Vl()a)] is given
by the fermion emission vertex which does not vanish on-shell, hence the last Eq.
(A.2) provides a nontrivial check to see if —£J(2)U(®)(2) can be regarded as the

vertex operator for the D field. Since

1

22— w

~

5+ (2) T (w)U® (13) ~ -g S+ U (2), (A3)

we see that the supersymmetry charge indeed converts the operator — %J (2)U) (z)
to the vertex operator for the emission of a gaugino in the ——% picture. Hence

J(2)U(® (2) may be interpreted as the vertex operator for the D term.

Next let us turn to the construction of the vertex operators for the auxiliary
field F. If (A,vq, F) denote a negative chirality scalar supermultiplet, then the

supersymmetry transformation laws take the following form,
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1
[Qa, 4] = 75%

[Qd’A] =0

1
—6PF
V2

{Qsar¥5} = V2(k)apA

{Qaa ’/Jﬂ} =
(A4)
[QQ,F] = 0

[Qa» F] = V2( k)ap¥®

Again introducing the vertex operators (V4,V&,Vp) = (k2 A, V2( k)% ﬂtﬁﬂ , F) we
get,

[@4,Va]l =0
[Qas Val = (K) 5V

[Qm%Vf | = () ausVr

. (A5)
[Qd,UﬁV¢ﬂ] = udVA
[Qa,VF] =0
[Qas VF] = (Vy)a-

As was the case for Vp, similarly the vertex operator Vy for the auxiliary F field
disappears from the transformation laws for the physical fields on-shell; however,
the transformation law of Vr does not vanish on-shell and provides a constraint

on Vp.
Given any massless scalar superfield, the vertex operator for the scalar com-
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ponent in the —1 picture may be written as,
PRUAC S (A6)

where V4(2) is a function of the internal fields p7. We propose the following form

for the auxiliary field vertex operator Vr in the zero picture:
Vr(z) = Vr(z) = '})LmZ {(w—2)e* (w)VA(z)}, (AT)

where €t is the holomorphic tensor field introduced in section 2.
In order to show that Vy defined in this fashion does satisfy the commutation

relation given in (A.5), we need to show that

1

S (2)Vr(w) ~ —

Vy(w) (A8)
where f’,p(w) is the internal part of the vertex operator Vi, and is related to
Va(z) by

5+ () Vaw) ~ ——<Vy(w) (A9)

(2 - w)

We also have, from the first equation in (A.5)

5= (2)Va(w) ~ (z — w)3. (A10)

In order to prove eq. (A.8) using (A.9) and (A.10) it is most convenient

to introduce a pair of free right-moving bosonic fields x, ¢ which commute with
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S E £, V,, V,/, and VF, and to define the operators:
,§-(z) = §—(z)e‘(€(=)+x(1))/2
St (2) = §t(z)efBé()+x(2))/2
& (2) = et (z)e¥(?)
~ R . (A11)
Vy(z) = V¢(z)e'(3€(2)-X(Z))/2
Va(2) = Va(2)e"x(2)
VF(z) — ‘}F(z)ei(e(z)_X(z))'
Using (A.7), (A.9), (A.10) and the operator product
57 (2)e" (w) ~ (2 — w)" 38T (w), (A12)
we see that the operators defined above are mutually local:
§*(VaW) ~ (2 — w) 1Wy(w)
S™(2)Va(w) ~0(1)
~ - (A13)
€ (2)Va(w) ~ (2~ w)"'Vp(w)
57 (2)et (w) ~ (z — w) L5+ (w).
Therefore we may mode expand ,§'i(z) and €*(z) in the plane,

§t(z) =) Stz1
n

o — — o— ,—n—1

S7(z) = ; Sy z (A14)

&t (z) = Zé‘zz_”“l.
n
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where the sums over n do not necessarily run over integers. Using Egs. (A.13)

we get,
8, Va(w)] = w"Vy(w)
[5;’ VA(w)] =0
. . (A15)
€5, Va(w)] = w"VF(w)
[“;;’E-r:] = ‘§7-|.F+m
Then
w87, Vr(w)] = [57, €, Va(w)))
= (157, &), Va(w)] - (1857, Va(w)], &F] (A16)
= wn+mf/¢(w)’
157, Ve(w)] = 0"V (w). (A17)
This gives back the operator product,
§_(z)17'p(w) ~ o wV,,,(w). (A18)
Using Egs. (A.11) we get
. 1
5 @Ve(w) ~ oy W) (A19)

which is the relation required to show that Vp is indeed the vertex operator for

the auxiliary field F.
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