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1. INTRODUCTION

In these lectures I shall discuss the connection between o—models and string
theories, and show how the o—-models can be used as important tools to prove
various results in string theories.[l_m Section 2 contains a very brief introduc-
tion to closed bosonic string theory in the light cone gauge. In sec. 3 I discuss
closed bosonic string theory in the presence of massless background fields. I use
- the light-cone gauge and show that in order to obtain a Lorentz invariant theory,
the string theory in the presence of background fields must be described by a two-
dimensional conformally invariant theory. This in turn gives some constraints on
the background fields which turn out to be the equations of motion of the string
theory. Section 4 contains the extension of this analysis to the case of the het-
erotic string theory and the superstring theory in the presence of the massless
background fields. In sec. 5 I show how to use these results to obtain nontrivial
solutions to the string field equations. Section 6 contains another application
of these results, namely to prove that the effective cosmological constant after

compactification vanishes as a consequence of the classical equations of motion

of the string theory.



2. CLOSED BOSONIC STRING IN THE LIGHT-CONE GAUGE

Free bosonic string in the light-cone gauge is described by 24 bosonic variables
X'(o,7) (i=1,...24) where o, 7 are the two-dimensional variables describing the
string world-sheet. [22] Besides these there are other independent variables z*(7),
which are functions of  only. (The light-cone gauge constraints and the Virasoro
constraints determine the o—dependence of the variables X* in terms of the fields

X i.) The action for the string is given by

™
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S = E—&—’ /dT.’t x '+'E/d”'/‘daaoz}(taa‘)(l ’ (2'1)
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where £* (@=0,1) denote the string coordinates o and 7, respectively. From now
on we shall set the inverse string tension a' to be 1/2, unless it is displayed

explicitly. The various fields have the mode expansion

: R i B e
X‘(O‘, T) — xb + pir + EZ ;,; [a’ne 2in(7+0) + a:‘e 2in(r a)]
n#0

z*(r) = =5 + p*1 (2.2)

with the standard commutation relations between the oscillators

[zi’pj] = 15,1 ’
[a’;n, af;] = [&;n, &Z;] = m&m,_néij m#0
[.’B+,p_] = [z_’p+] = 7’ ’ (23)

all other commutators being zero.



Not all the states described by the action (eq. 2.1) are physical states. The

physiéal states are defined by the constraints

ptp —4(Lo—1)=p*p —4(lo—1)=0 , (2.4)
where
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m>0
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Lo = Z at,ar, + gp’p' (2.5)
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Generally, we define the operators
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Ly = > Z:an_man. ,
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(2.6)
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where in the above equation we must interpret af), &f) as
i _oxi_ 1 o7
X =& = 5P - (2.7)

Using the commutation relations (eq. 2.3) we may derive the commutation rela-

tions among the Lj,s. They are

(L, Ln] = (m — n) L n + g( 3 m)bmn (2.8)

where
. (2.9)



Thus, the Lj,s satisfy a Virasoro algebra with central charge c=12. Lins

satisfy a similar commutation relation.

The action (eq. 2.1) has manifest SO(24) Lorentz invariance, which generates
rotation among the 24 X%s. However, in order to get a sensible theory, we need
full SO(25,1) Lorentz invariance. This is ensured by constructing the full set
of SO(25,1) Lorentz generators in the theory in terms of the variables X*, and
verifying that they satisfy the correct commutation relations. These generators

are given by

(e o]
.. R e
J9 =g'pf —2ipt — i) (ot e — ol ok + &8 - &6
n=1 n .
Jit = gipt — gtp
(2.10)
Jt~ =ztp™ —z pt

i i F o F i
(et p,Ln — L_poy, + &, Ly — L_na},

S|

o0}
J = :l:ip— _ x_pi _ i(p+)—1 Z
n=1

Using the commutation relations (egs. 2.3 and 2.8) and the physical state
condition (eq. 2.4), one can show that the Lorentz algebra closes on-shell. This
shows that the theory has full SO(25,1) Lorentz invariance, although only the
SO(24) subgroup of the full Lorentz group in manifest.

The spectrum of the theory described by the action (eq. 2.1) contains a whole
tower of massive states, as well as a few massless states. For future discussions,
we shall list here the massless states of the theory. They contain a symmetric rank
2 tensor, an antisymmetric rank 2 tensor, and a scalar, which we shall identify
with the states created by a graviton field G;;(z), an antisymmetric tensor field
B;;(z), and a dilaton field ®(z), respectively. In the next section we shall show
how to describe the propagation of the string in a background where the massless

fields develop vacuum expectation values.



3. BOSONIC STRING IN MASSLESS BACKGROUND FIELDS

In this section we shall describe the propagation of the closed bosonic string

in massless background fields. [1-12]

The discussion will be carried out completely
in the first quantized formulation. The situation is analogous to the motion of a
first quantized Dirac particle in background classical electromagnetic field, where
the background field is treated as a purely classical field, only the Dirac particle
is treated quantum mechanically. However, unlike the point particle case, the
propagation of a string in a given background field can be described consistently
only if the background satisfies certain constraints. These constraints turn out
to be equivalent to the dynamical equations of motion of the background fields,

as we shall see shortly.

The first step in our study is to generalize the action (eq. 2.1) in the presence
of background fields. In order to do this we again turn to the example of the
motion of a point particle in background fields. The hamiltonian derived from
the action in this case has two parts, the free part, and the interaction part.
Of this the interaction part has the property that if we replace the classical
background by a plane wave, then the interaction hamiltonian reduces to the
vertex operator for the emission of a photon from a Dirac particle. (The vertex
operator V for a state 4 of the photon is defined to be the operator such that
< m | V | n > gives the amplitude m — n + ~, where m, n are any two
first quantized states of the electron.) In the case of a string theory, the vertex
operators for various massless states of the string are well-known.[n] The action
of the string in massless background fields must satisfy the constraint that the
interaction hamiltonian derived from this action reduces to the vertex operator
upon replacing the background fields by plane waves. An action which satisfy

these relations is
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where G;;(X) and B;;(X) are background gravitational and antisymmetric tensor
fields, respectively. Here we have assumed that both G;; and B;; have nontrivial
components in transverse directions only, and depends only on the transverse
coordinates. Also we have set the background dilaton field vev to be zero. It
turns out that the dilaton couples via a more complicated mechanism, which we

shall discuss at the end of the section.

We shall now study the theory described by the action (eq. 3.1). Let us study
a case where G;;(X) and B;;(X) acquire vev only along d of the 24 directions,
and have nontrivial dependence only on these d directions (d<23). We may take
these extra directions to be compact, but this is not necessary for our discussion.
If we denote these directions by X? (p=1,...d), and the free directions by XM
(M=d+1,...24), the action (eq. 3.1) may be split into two parts, So and 51, as

follows,
w
1 tgm 4 L M M
So = 2ol /de z +ﬂ/dr/daaaX 0°X ) (3.2)
0o
m
o

where sum over repeated indices is understood. Only SO(24-d) Lorentz symme-

try is manifest in this formalism, which consists of rotation of the (24-d) XM:s.



However, in order to get a consistent theory, we must get full SO(25-d,1) Lorentz
invariance. (The rest of the Lorentz group is broken spontaneously by the vev of
the background G, and By, fields.) Hence we must be able to construct the full
set of Lorentz generators, and verify that they satisfy the correct commutation
relations, as in sec. 2. It turns out that it is possible to do this if the nonlinear
o-model described by the action (eq. 3.3) describes a conformally invariant two-
dimensional field theory with the central charge of the Virasoro algebra equal
to d/6. To see how this can be done, note that the conformal invariance of the
o-model guarantees the existence of a set of Virasoro generators Lgl), ES,I) with

the commutation relations:

(1) = (1] . (1)
IR, LY] = (m— n)IQ + S5 (m® — m)8m,

m+4n 2 H]

m+n ’

- ; (1)
LU, O] = m-n) 2O+ E5—(m3 — m)bm,—n

LD iW] =0 , (3.4)

where ¢(1) is the central charge of the Virasoro algebra, which must take the value

d/6 to make our construction work.

The theory described by the action Sy is a free field theory and hence is
also a conformally invariant theory. Its conformal generators L&O), IZSP) satisfy
commutation relations identical to those given by eq. 3.4 with ¢(1) replaced by
c(0), LS,O), ﬂ,o) can be explicitly constructed as in egs. 2.5 and 2.6, with the sum
over ¢ replaced by sum over M. From this we may also calculate ¢(9) explicitly,

which turn out to be (24 — d)/6.

We may now write down the generators of the SO(25-d,1) Lorentz group

in terms of the generators Ls,ll), I:S},), Lg,.i), ES,‘Z), and the free oscillators oM.

They are
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[aﬁ{,(LSP) + L)) — (L9 + L0) | oM

+ &M, [ESP) + L3y — (2O + L0))yaM ] ,
JtT™ =ztpm —z7pt . _ (3.5)

Notice that the Lorentz generators involve the free field oscillators zM, pM,
aﬁ’f and &ﬁl explicitly, but the oscillators of the interacting fields X? appear only
through the Virasoro generators L), L(1). As a result, we can calculate the
commutators of the Lorentz generators knowing only the free field commutators,
and the commutation relations (eq. 3.4). The algebra may be shown to close

acting on the physical states satisfying
pr =4 (L + L - 1) =4 (EQ + 1P 1) . (3.6)

Thus, we see that the conformal invariance of the theory given by the action
(eq. 3.3) is a sufficient condition for guaranteeing the Lorentz invariance of the
corresponding string theory. Although classically the action (eq. 3.3) is invariant

under the conformal transformation
XHEr €)= XA(H(EN), £ (E)) (3.7)

where f* and f~ are arbitrary functions, this symmetry is generally broken in
the quantum theory. If we demand that this theory remains a symmetry of the
full quantum theory, we get certain set of constraints on the background fields.

These are the constraints we shall study now.



Let us first continue the time 7 to the imaginary axis in the action (eq. 3.3),

and define complex coordinates

2 = 62(1'+icr) 5 — 62(1'—-1'0) ) (3.8)
Equation 3.3 may then be written as
1

There are various ways for checking the conformal invariance of the action

(eq. 3.9). We shall mention each of them briefly.

a) Conformal invariance of a theory demands vanishing of all the f—functions
of the theory. Equation 3.9 is the most general renormalizable action in two di-
mensions constructed out of the fields X™. Gpn(X) and Bmn(X) are the coupling
constants of the theory. Ultraviolet divergences of the theory will renormalize
the coupling constants of the theory, from which we may define the f~functions
ﬁg and ﬂg . In order to get a conformally invariant theory, both ﬂg and ,63 must
vanish, which, in turn, gives. us some constraints on G;;(X) and B;;(X). The

constraint ¢(1) = d/2 cannot be implemented directly in this method.

b) Equation 3.9 gives us the following expression for the energy-momentum

tensor:

Typ = Gmn [aaxmaﬂxn - %&,,;aquaﬁxn] : (3.10)

where «, 3, v denote z or 2. Conformal invariance of the theory tells us that the
energy-momentum tensor must be traceless, i.e., TS = T,z = 0. This condition
is satisfied by the classical expression (eq. 3.10). However, because of ultraviolet
divergences, we must regularize our theory, which, in general, spoils the trace-
lessness of the energy-momentum tensor. If, for example, we use dimensional
regularization, working in the (2-¢) dimensions, Tg computed from eq. 3.10 will

be proportional to €/2Gmn8a X™3*X™. The explicit power of € may be cancelled

10



by the % poles coming from ultraviolet divergences, and give us a finite answer.
The theory will be conformally invariant only when these terms vanish, which,

in turn, will give us some constraints on the background fields.

As it stands, this prescription also does not tell us anything about the central
charge of the theory. However, a generalization of this method may be used
to compute the central charge. In this scheme we couple the o—model to a
background two-dimensional gravitational field. As a result, the trace anomaly
now contains a new term proportional to the two-dimensional curvature. It can
be shown that the coefficient of this term is precisely the central charge of the
theory. Constraining this central charge to have the value d/2 gives further

constraints on the background fields.
c) We may try to directly verify the Virasoro algebra (eq. 3.4). The Lg;), I:S,p

are given by:

LSf]i) = fzm-*-szz ’

IV = ]{ T, (3.11)

where f denotes integration along a contour around the origin. It can be shown
that verifying the algebra (eq. 3.4) is equivalent to verifying the following operator

product relation

¢ + 2T, (w) 4 OuwTzz(w)

_ w) T Gw) (= w) + finite terms |, (3.12)

T22(2) T2z (w)

and a similar operator product relation involving T53. These operator products
may be computed explicitly in the perturbation theory. Generally, the operator
product will contain terms in addition to those on the right-hand side of eq. 3.12.
Demanding that these terms should vanish gives us some constraints on the
background fields. Furthermore, we can also calculate ¢(1) directly from this

operator product, and get an extra constraint on the background fields by setting
¢ to d/2.

11



I shall not give the details of the calculation here, but only state the final

result. The constraint equations on various fields to lowest order in: a' turn out

to be

Rpg + SprsS;"* =0,

DrSpqr - 0 3
1 r
where
1 R
Sper = —2-(8qu, + 8¢Byp + 8;Byg) - (3.14)

Let us now turn our attention to a somewhat different aspect of the string
theory. As we have already mentioned, the massless states of the string theory
may be described by states created by the fields G;;(z), B;j(x) and &(z). The
three point functions, as well as the scattering amplitudes involving various mass-
less states may be calculated using string perturbation theory. We may then try
to write down an effective action involving these massless fields which reproduce
the same scattering amplitude as calculated from the string theory. This action
will be nonrenormalizable, but that will not bother us since we shall restrict our
attention to the tree level of the string theory. The effective action will involve
terms with arbitrary number of derivatives and arbitrary number of fields, each
extra power of mass coming with the derivatives or the fields being compensated
by a power of o' 1/2 Thus, in the low energy limit only the terms containing low-
est power of ' will be important. For closed-oriented bosonic string the action

is given by
Serr = [ V3 4o e [R + 15, SM +4(DBY — 4D, (3.19)

where p runs from 0 to 25. If we now derive the equations of motion of various

fields from this effective action, and restrict ourselves to the background where

12



Gy and By, takes vevonly along the d transverse directions and depend only on
these directions, and the dilaton field ® is zero, these equations become identical
to eq. 3.13. This correspondénce has been shown to be true beyond the lowest
order in a'. O(a') corrections to the effective action (eq. 3.15), coming from
higher derivative terms seem to agree with the O(a’) corrections to eq. 3.13

coming from higher loop corrections in the c—model.

Finally, we shall indicate how we can couple background dilaton field to
the string and recover the equétions of motion derived from S.ss by demanding
conformal invariance of the c—model. It can be done in all the three schemes for
studying conformal invariance of the c—-model, but we shall restrict ourselves to
the scheme (c) here. The energy-momentum tensor given in eq. 3.10 is the one
calculated from the o-model action (eq. 3.9) by Noether prescription. However,

- we may define a new energy-momentum tensor

A

1
T = Tap + ;‘—W(aaaﬂ — 6,50%)0(X) (3.16)

where ®(X) is an arbitrary scalar function of X. The extra term that we have
added is conserved (9*T,s = 8%T,s = 0) and does not contribute to the total
energy or the total momentum ([ delT.,o = [ d¢1Ty0). Hence T is as good a
definition of the stress tensor as T. ®(X) may then be interpreted as a new
coupling constant in the theory, which does not appear in the Lagrangian, but
appears in the expression for the stress tensor. If we now calculate the operator
product of T,, (2) with f‘zz(w), the terms involving ® will also contribute to the
singular parts of this operator product, and change the equations (eq. 3.13). The

new equations to the lowest order in o' are

13



qu + Sprssqfs - 2DquQ = 0 Py

DrSpqr - ZSquDTQ = 0 3

1

R+ 2 SpgrS™T — 4D*® +4(D®)?2 =0 . (3.17)

These are precisely the equations derived from the effective action (eq. 3.15).
Thus we see that there is a one-to-one correspondence between the equations
of motion in the string theory, and conformal invariance of the two-dimensional
o-models. As we shall see in the next section, this correspondence also holds

for the superstring and the heterotic string theories, and can be used to obtain

nontrivial solutions to the string field equations.

14



4. THE HETEROTIC STRING AND THE SUPERSTRING
| IN ARBITRARY BACKGROUND FIELDS

In this section I shall extend the analysis of the previous section to the het-
erotic string theory. The extension to the superstring theory is straightforward,
and so I shall only mention it briefly at the end of the section. The free heterotic
string in the light-cone gauge is described by the usual bosonic coordinates z*(r),
X(o,7) (i=1,...8), as well as eight right-handed Majorana—~Weyl fermions A* and
32 left-handed Majorana—Weyl fermions ®. The free string action is given by (23]

™
— __]_‘_ + .= i t na vt
So = 2a,[/dmv z +27r/dr/da[6aX6 b's
0
VI +izp’6+¢’] , (4.1)

where ¢t = %(EO + £1) are the light-cone coordinates on the world-sheet, and
d4+ denote derivatives with respect to £¢*. The fermion fields A* and %* can
have either periodic and anti-periodic boundary conditions under o0 — o + 7.
The massless bosonic states in this theory consists of a symmetric tensor, an
antisymmetric tensor, a scalar and 496 vectors. We shall associate them with
the fields G;;(z), Byj(x), ®(z), and A{-W (z), respectively. A?’I (z) are 496 gauge
fields, the gauge group being either Eg X Eg or SO(32), depending on the choice
of possible boundary conditions on the left-handed fermions v¢*. For the het-
erotic string theory with SO(32) gauge group, the fields ° transform in the
fundamental (32) representation of the gauge group. For the Eg X Ej theory,
only an SO(16) xSO(16) subgroup of the gauge group is realized linearly, and the
fermions belong to the (16,1)+(1,16) representation of this group. While study-
ing this theory in arbitrary background fields, we shall restrict the background
gauge field for the Eg x Eg heterotic string to lie in the SO(16) xSO(16) subgroup.

15



The action for the heterotic string in arbitrary background fields G;;(X),
Bi; (X ) and A{-"I (X) may again be written down by studying the vertex operators

for various massless fields in the theory. The result is

™

-1 tzm 4 L g 9o X7

S = " /drz z~ + 27r/d1'/da[G’,J(X)6aX‘6 X
0

+ € B;i(X)0a X 05 X7 +iGy; (X){XO-N + X(T7,(X) — 8,7,(X))Aa_X*}
+ 9°(104+9° + AM(X)(TM) w90+ X7) + %FZJW (X)* (TM) ! XN ]}, (4.2)

where TM is the generator of the gauge group and Fgf is the field strength con-
structed from the gauge field AM(X). Again we have taken the various fields to
~ lie in the transverse directions only, and depend only on the transverse directions.

The action (eq. 4.2) has a (1,0) supersymmetry

86X =idedt

X = —ed_X*

§¢° = —eX'AM (X)(TM) gt . (4.3)

In order to formulate a consistent string theory in such a background the ac-

tion (eq. 4.2) must again be conformally invariant. To understand the reason for
this we restrict the background fields to take vev only in d of the eight directions
(which we denote by X? (p=1,...d), and depend only on these directions. Let

XM (M=d+1,...8) denote the free directions. The action (eq. 4.1) then may be

split into two parts, Sp and S;, as follows:

16
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™
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+ Z'qu(X){)‘Pa_)‘q + Ap(rmqn(X) - qun(X))Ana‘—Xm}

+9°(10:9° + AM(X)(TM) '+ X7)

v

3

FM (X)y* (TM)stw"Af] - (4.4)

From now on, we shall again set o/ = 1/2. The action (eq. 4.4) possesses
a (1,0) supersymmetry, [24] given by replacing X*, A\* by X?, AP in eq. 4.3. It
turns out that if the action (eq. 4.4) also posseses conformal invariance with the
correct central charge, then it is possible to write down the full set of SO(9-d,1)
Lorentz generators, and verify that their commutator closes on-shell. To see how
this can be done, note that conformal invariance and supersymmetry implies
that the action (eq. 4.4) has a full (1,0) superconformal symmetry. Although the
theory contains sectors with periodic as well as antiperiodic boundary conditions
on the Abs, we shall restrict our discussion to the Ramond sector with periodic
boundary conditions on the A%s. The extension of this analysis to the other sector
would be straightforward. In the Ramond sector the superconformal symmetry
is generated by the generators is,lz), Lﬁ), Gg,l,,) satisfying the (anti-)commutation

relations:

17
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(D, LW) = (m —n)LW),, + 571—(m3 — M) —n

m+n ’

m+n

c(1)
LR, LV} = (m — n) Lk + = (m® = m)bm,—n

[L(l) G(l)] ( n)G(l)

m+n
[Gsflt)a GS&U] = 2Lm+n + o) (m2 - i)sm,—n )
E®, L0 =10, 6P1=0 . (4.5)

In order to construct the Lorentz generators we also need the oscillators of

the free fields XM, MM, Hence, we write down their mode expansion:

xM _xo +p ,’.+ Z[ —2in(r+0) +&1’\Lle—2in(‘r—a)]
n;EO

zi:z3:+pi‘r y -

Z bi\'fe2in(’r+a') . (4.6)

n=—oo

The various oscillators satisfy the commutation relations:

=M, =4
[aﬁ\nl’ ay] = [am | = mam,—"ﬁMN )
{b%’ bfzv} = 5MN6m,—" : (4.7)
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From these oscillators we can construct the superconformal generators for

the free field theory described by the action Sp. They are

LQ = %Z {: oM oMt (n — %) 0M_ oM. } , (4.8)

satisfying the commutation relations:

T~ (0) . &(0)
FAC LSI,O)] = (m — n)L(O) + EZ—(m3 —m)ém,—n

m-+n ’

I (0)
2, 189] = )L+ S

’

'iS}L),LQ)] =0 (4.9)

where

0 _8-4 (4.10)
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The SO(9-d,1) Lorentz generators may now be expressed as

o0
MN _ M N_ NM_ _ .\ 1 “M N _ =N =
J =z7"p" —z'p" — zZ - (aynafbv — al_vnaﬁ'f—i—aynanN - a"_\’naﬁ'f)

n=1

- ii (b{fnbﬁ ~ bﬁlnbﬁ”) -3 (bé”b{)" - b{;’bgf> ,

n=1

JM+ — sz+ _ $+pM ,

TM = My~ — oM —i(p?) Y [ (1) 4 20) — (1) + 1)t
n=1
+ &M, (29 + I0) — (£ + E)edt] —i(ph) ™ Y olV:bM,_ 5
—i(pt) Y MGl
n==-—00
JtT =ztp —zpt (4.11)

The commutators of these generators may be calculated by knowing the su-
perconformal algebra (eq. 4.5) and the free field commutators. They reduce to
the standard commutation relations among the Lorentz generators acting on the

physical states defined by
(p*p7) | phys >=14 (L(()l) + Lgo)) | phys >=4 (igl) + f/(()o)> | phys > , (4.12)
if the central charges ¢(!) and &(!) take values,

V) =

A N

+ 16

&) — ,
3

(4.13)
respectively.
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Thus, we see that in order to get a Lorentz invariant string theory we need
a supérsymmetric conformally invariant two-dimensional field theory, with cor-
rect values of the central charge. The conformal invariance of the theory given
by the action (eq. 4.4) may be checked in the perturbation theory by any of the

}\"‘DA
UJ.LL T

e methods mentioned in the previous section. Equatio
two equations. But ¢(1) — 1) may be identified to the two-dimensional gravita-
tional anomaly when we couple the o—model to a background two-dimensional
gravitational field, and hence is expected to remain unrenormalized from the
free field value (which is the one loop result) due to Adler-Bardeen theorem.
Hence the equation for ¢(!) — ¢(1) is automatically satisfied, and we need only to
check that ¢(1) + &(1) has the proper value given by eq. 4.13. To the lowest order
the constraints on the backgrouﬁd fields obtained by demanding superconformal

- invariance are given by
qu + SprsSqrs = 0 y
DrSpqr - 0 ’
M M __
D.quq — 5Tk, =0,
1 2
R+35%=0 (4.14)

in the absence of the the background dilaton field. The dilaton field may be
coupled to the string exactly in the same way as in the bosonic string theory.

These equations are derivable from an effective action

Seff = / d0ze~2® [R+ %32 ~4D%®
2, @ MMy
4(D®)* + - Fu (FM)*

+ 25 (a4 (.15
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to lowest order in o'. Here f13(A) is the Chern—Simons three form for the gauge
field Aﬁ'f . Again, this is the same action which reproduces the scattering ampli-
tude for massless particles in. the string theory at the tree level to lowest order
in a'. Higher loop corrections in the o—model correspond to including higher
derivative terms in the string effective action. The correspondence between the
string effective action and the equations describing the conformal invariance of
the c—model has been verified beyond one loop order. In the next section we shall
assume that this correspondence holds to all orders in the perturbation theory,
and show how we may obtain nontrivial solution to the string field equations

using this result.

The analysis for the type II closed superstring theory may be done exactly
in the same way. In this case the 32 left-handed Majorana—Weyl fermions are
- replaced by eight left-handed Majorana—Weyl fermions transforming as a vector
under the SO(8) Lorentz group. In the presence of general massless background
fields the theory reduces to a nonlinear c—model with (1,1) supersymmetry. Again
we can show that the theory is Lorentz invariant if the corresponding c—model has
(1,1) superconformal invariance with the correct central charge. The constraints
imposed on the background fields by demanding (1,1) superconformal invariance
again turns out to be identical to the equations of motion derived from the

effective action in the string theory.
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5. COMPACTIFICATION ON CALABI-YAU MANIFOLDS

In this section we shall show how the results obtained in the previous sections
may be used to obtain nontrivial solutions to the string equations of motion. We
shall be interested in the solutions where six of the ten dimensions are compact-
ified to form an internal space K, and the other directions remain flat. We shall
also restrict ourselves to the case where the background B;;(z) vanishes, and the
background gauge field takes vev in a particular SO(6) subgroup of SO(32) or
SO(16)xSO(16). As a result only six of the 32 left-handed fermions become in-
teracting, others remain free. The action for the resulting two-dimensional field
theory then splits into a free part and an interacting part. The interacting part

of the theory is given by

L[ dodr (G (X) 20 X™8% X™ + ${A%0_X® + A%we? (X)XP9_X™}
4o’

+ {i* 049 + AM(X)(TM)up* ¢t 0. X™}
+ %F;‘bf (X)y* (TM)stzpt,\“,\b] , (5.1)

where a, b are the tangent space indices, introduced through the vielbeins €2, (X)

satisfying

em(X)en(X) = Gma(X) (5.2)

A% = e (X)A™ (5.3)
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and w® (X) is the spin connection constructed from the Christoffel symbol | I
In eq. 5.1 the sum over m as well as s runs from 1 to 6. We shall now further
restrict the background gauge fields in such a way that when written down as
a 6 X 6 matrix it is equal to the spin connection at every point x. The index
s may then be identified with the index a, AM(X)(TM),; with w®(X) and
FM(TM)_; with ¢R4p.q, where R is the Riemann tensor. If we further define the

()

x™ = E(X)x* , (5.5)

two-component spinor

where EM is the inverse of the vielbein, then eq. 5.1 may be written as

1
yp /daermn(X) [6aXmaaXn +ix™ Bx"
. 1 _ _
+ XM 0% xPBa X — ZRmnqumPaanpPan] , (5.6)

where p® (o = 0,1) are the two-dimensional ¥ matrice

o ST UN I

The action (eq. 5.6) is the action for an (1,1) supersymmetric nonlinear
o-model. Thus we see that by restricting the background fields to have some
specific form we may get extra supersymmetries in the model. In fact, for our
purpose we need to restrict the background fields further in order to get a (2,2)
supersymmetric model. This is done by taking the internal manifold to be com-
plex and Kahler. We may then introduce complex coordinates on the internal
manifold. Let us denote them by 2™ and 2™, respectively. In this coordinate

system the various components of the metric are given by

24



Gmn= ma=0 |,

, (5.8)
Gmii. = 8maﬁ.K ’

where K is a function of the internal coordinates, and known as the Kahler

potential. K is only defined locally, as we go from one coordinate patch to

another K does not remain invariant, but changes as

K'(2',2') = K(2,2) + f(2) + g(2) , (5.9)

where f and g are holomorphic and anti-holomorphic functions of the internal
coordinates, respectively. Neither f nor g contribute to G/, calculated from

eq. 5.8 and hence G5 transforms as a tensor field as we go from one coordinate
~ patch to the other.

Under these restrictions on the internal manifold, the o—model described by
eq. 5.6 has a (2,2) supersymmetry. The easiest way to see this is to use the

superfield notation. We introduce four Grassman parameters 0g, Og, 01, 07, and
define

Dy

= 4400,
80L +30L +
D - 01,0 3
L EY Lo+
DR = ‘—9—0—R;+20R6_ ’
Dgp = -?— —10pd- (5.10)
d0p

O™ =Z™ +0rxB + 0rxT + 0L0rF™ + Higher 0 terms

®™ = Z™ + 0xE + O0rxT + 0.0 F™ + Higher 0 terms (5.11)
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where x7 = A™ and x7* = ¢™ are the right and left moving components of x™,
respectively. F™ is an auxiliary field, and higher 8 terms are determined in terms

of the lower 8 terms by solving the constraint equations:
Dy®™ = Dp®™ = D1, @™ = Dpd™ =0 . (5.12)

The action (eq. 5.6) may then be written as

E}&_' d0rd0pdidipdodrK(®,®) . (5.13)
This may be verified by expanding K (®, ®) in terms of the component fields, and
performing the 8, 8 integrals explicitly using the rules of Grassman integration,
- and using expression eq. 5.8 for the metric. The (2,2) superfield formulation
(there are two left-handed and two right-handed Grassman coordinates) clearly
shows that the action has (2,2) supersymmetry. Furthermore, eq. 5.13 is the
most general dimension 2 operator in the theory consistent with (2,2) supersym-
metry. Hence, if we regularize the theory maintaining N=2 supersymmetry (for
example, by using N=2 superfields) the most general divergent counterterm has
the same form as the action (eq. 5.13). The effect of renormalization may then

be summarized into a single S—function BX.

On the other hand, we may regard the model (eq. 5.13) as a (1,1) supersym-
metric model with coupling constants Gmn(= 0), Gma(= 0) and Gmz. Hence,
we may also describe the effect of renormalization by the B-function of these
coupling constants. These are of course related to BX. The relationship is the

same as that between G and K, namely,

G =Bas=0, Ba;=0mdB" . (5.14)
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We shall now see that there exists a special class of internal manifolds for
which ﬂfm vanishes identically. First we shall investigate the one loop result.
At this order B¥ is given by a'cTr InG where ¢ is a numerical constant and
the trace is taken over the indices m,n, taking G as a 3 x 3 complex matrix.
,B,C;:n calculated from ,BK is proportional to ¢R,,5 where R,,5 is the Ricci tensor. (28]
Thus, the vanishing of the one loop f—function requires a Ricci flat metric. There
is a special class of manifolds admitting such metric, known as Calabi-Yau man-
ifolds. Thus, to one loop order we may get a supersymmetric o—model with
vanishing f—function by choosing the internal manifold to be a Calabi—Yau man-

ifold with Ricci flat metric.

What about the higher loop corrections? I shall now give a general proof
that on a Calabi—Yau manifold we may always choose a metric which gives us
- vanishing f-function to a given loop order. To see how this can be done, let us
assume that a’zAﬂK (G) is the total contribution to BX from beyond one loop
order. Then we need to solve the equation:

a'cOmdrTrInG + o> 8m8:ALK(G) =0 . (5.15)
We shall look for a solution where the metric is Kahler, i.e.,
Gmn = 0mOnK . (5.16)
Let Gus be the Ricci flat metric on the Calabi-Yau manifold, satisfying
Rma(G) =0 , (5.17)

and K be the corresponding Kahler potential

Gma = OmdnK . (5.18)
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Finally, let us define
6K=K — K, 6Gun=Gma— Gmn=0mdr6K . (5.19)
Equation 5.15 is satisfied by a G which satisfies
a'cTrinG + o’ ABX(G) = a'cTrinG . (5.20)

This equation may be written as

G0, 06K = —a'c " ABK(G) + Y —(——;)—Tr(GéG)" . (5.21)

n=2

We shall now show that there always exists a solution to the above equation on
a Calabi—Yau manifold to any given order in a'. For this we need to use a special
property of ABK(G), namely that it is a globally-defined scalar function on the
manifold if G is a globally-defined tensor. Note that the one loop contribution to
BE does not satisfy this property, since Tr In G changes by a term proportional
to [Trin(82"/82") + Tr In(8z" /82" )] as we go from the coordinate system z
to z!. However, a direct examination of Feynman graphs show that beyond one
loop order ABK(QG) is always a scalar function of G.[%’W] In fact, ABX vanishes
at the two and three loop order, and is proportional to the Euler density at the

four loop order. [28-30]

We may now solve eq. 5.21 iteratively. 28] Since 6K is expected to be of order
o', we may replace ASE(G) by ABX(G), and ignore the Tr(G6G)" (n > 2) terms
on the right-hand side of {eq. 5.21) in the lowest order. The equation then reduces
to

MK = —a'c 'ABK(G) (5.22)
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where 1 is the Laplacian operator with metric G. Since ABK (é) is a globally-
defined scalar function, it can be split into two parts, one proportional to the
zero mode of I (a constant) and the other orthogonal to the zero mode, on which

f is invertible. In other words,
ABK(G) = ap+ by (5.23)

where ap is a constant, and bo is another globally-defined scalar function. Now
note that,

~ ~ ~ — ~

(K = G™ 80z K = G™Gmn = 3 (5.24)

for a manifold of complex dimension 3. Hence a solution to eq. 5.22 is given by
§K = —a'c (RK +b) . (5.25)

3

Note that K is not a globally-defined scalar function on the manifold. How-

ever,

6Gms = OmOsSK = —a'c™ (5 G + Imnbo) (5.26)
is a globally-defined tensor, since by is a globally-defined scalar field. Thus, the
new metric Gpup = é’mn 4+ 6Gmp is an admissible metric on the Calabi—Yau
manifold.

We may now substitute the value of §G on the right-hand side of eq. 5.21.
Since 6Gyn is a globally-defined tensor field, the right-hand side of eq. 5.21
remains a globally-defined scalar field. Since this is the only constraint that we
needed to arrive at the solution (eq. 5.26), the new equations may also be solved
as before. This process may be repeated indefinitely until we get the solution to

the desired order in a'.

29



This shows that we can formulate a (2,2) supersymmetric field theory on a
Calabi-Yau manifold, at least perturbatively. What about the central charge of
the Virasoro algebra? Unfortunately, no direct proof of the nonrenormalization
of the central charge has been given. Another way to study this problem is to
study the equations of motion of the graviton and the dilaton fields derived from
the string effective action and trying to see if one can find solutions of these
equatibns on Calabi—Yau manifolds. This has been shown to be true to order

- a’4, but again, no general result exists beyond this order. [31]

(32]

However, there are

indirect arguments showing that this must be the case.
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6. VANISHING OF THE COSMOLOGICAL CONSTANT

In this section we shall show how the results obtained in secs. 3 and 4 may
be used to prove another important result in string theory, namely, that at the
tree level of the string theory, the four-dimensional cosmological constant always
vanishes after compactiﬁcation.[33] A more precise statement is the following:
Let us look for a solution of the string field equations where the ten- (or 26-)
dimensional manifold is of the form My x K, My being a maximally symmetric
four-dimensional space and K an internal six-dimensional space. The fields Gij,
B;; and A?’I are allowed to take nontrivial vev only in the internal directions and
are allowed to depend only on the internal coordinates. Then we shall show that
as long as the classical equations of motion of the string theory are satisfied, My

is always the Minkowski space (as opposed to di Sitter or anti-di Sitter space).

This is equivalent to the vanishing of the four-dimensional cosmological constant.

The proof of this statement goes as follows. If we write down the string the-
ory in the background field of the type mentioned above, the two-dimensional
field theory splits into two parts, one involving the internal coordinates corre-
sponding to the compactified dimensions, and the other involving the coordinates
of the maximally symmetric space My. In order for the theory to be conformally
invariant each of these two theories must be separately conformally invariant.
The theory involving the coordinates of My describe an O(4) (or more precisely
0O(3,1)) o—model with radius proportional to the inverse of the cosmological con-
stant. This theory becomes a conformally invariant free field theory in the limit
of infinite radius, i.e., for zero cosmological constant. This shows the vanishing

of the cosmological constant as a consequence of the string field equations.”

* We should note that the metric that appears in the o-model is not the physical ten-
dimensional metric, but is related to the physical metric through multiplication by e where
¢ is the dilaton field. Thus a flat four-dimensional metric 7, in the o-model will correspond
to a vev of the physical metric of the form e?y,,. This has been called the warp factor in
ref. 34. However, since ¢ does not depend on the four-dimensional coordinates, the effective
cosmological constant in four dimensions still vanishes.
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