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ABSTRACT

A method derived® for calculation of electromagnetic fields
of a point charge moving along an axis of cylindrically symmet-
ric structures is applied here to cavities and collimators with
side tubes. The longitudinal impedance for such structures
is calculated. In particular, the impedance for a pipe loaded
with a thin washer is also calculated. It is shown that for
large particle energy and for high frequencies the longitudinal
impedance of a collimator can be found analytically and that
it is a constant in a broad range of frequencies.

1. INTRODUCTION

A method of calculating electromagnetic (EM) fields ex-
cited by a point charge Q moving with a constant velocity u
along the axis of a cylindrical perfectly conducting pipe with an
abrupt change in its cross section was developed and published

x-ecently.l This method can be generalized to make it applica-
ble to any cylindrically symmetric metallic structures thatcan
be cut orthogonal to the axis of symmetry into a number of re-
gions such that within each region cross sections are identical.
Regions supposed to be electrically connected to each other.
Each region can be bounded by one or several coaxial metallic
cylindrical surfaces.

In essence, the generalized method consists of three steps.
First, the Fourier components of the EM fields in each re-
gion are expanded into seria of cylindrical waves. Each wave
satisfies the boundary conditions on the cylindrical metallic
surfaces. The seria still contain an infinite number of yet
unknown coefficients. Second, continuity and additional bound-
ary conditions are imposed on the EM field at each cross sec-
tional interface between different regions (field matching).
Third, the resulting transcendental equations are transformed
into an infinite set of linear algebraic equations for the expan-
sion coefficients. The approximate solution of the algebraic
set of equations is then obtained numerically by truncating it.
Physically interesting quantities, for example, the fields and
the longitudinal coupling impedance, are expressed in terms of
these coefficients.

In the present paper this method is applied to a case of a
point charge moving along the axis of either of the two struc-
tures sketched in Figs. 1a (a cylindrical cavity with side pipes)
and 1b (a cylindrical collimator). The longitudinal impedances
for such structures are calculated. The results found here for a
cavity with the side pipes of equal cross sections are compared
with calculations performed by another method of matching

fields on the cylindrical surface r = a.? This comparison shows
good agreement.

There is a certain advantage in matching fields on the inter-
faces z = constant rather than on the interfaces r = constant.
First, it lets one consider structures with indentations. Next,
the two side pipes can have different radii. The method pre-
sented allows one to take this case into account practically
without any additional complications. It is also straightfor-
ward to extend the method to the case of a charge moving off
the axis to find the transverse impedance.

Some other practically interesting structures are particular
cases of geometries considered here. One example is a cylin-
drical pipe loaded with a washer. Another example considered
here is a flange connection of two tubes which in the pres-
ence of a vacuum edge may form a very thin cylindrical cavity.

* Work supported by the Department of Energy, contract
DE-ACO03-76SF00515.

Fig. 1. Cylindrically symmetric structures considered
in the present work: a) Cavity and b) Collimator of the
radius b and the length g with side pipes of the radii a;
and a3.

Two geometries considered in Ref. 1 (a pipe with a sudden
increase or decrease of its cross section) are also particular
cases of geometries considered in the present paper.

Of particular interest is the question of the behavior of
the impedance for very high frequencies. For the case of a
collimator the asymptotic behavior of the impedance can be
calculated analytically. This calculation can be found in the
Appendix. Under the assumptions made in the present work,
the impedance is independent of the frequency and is equal to
120 In(a/b) N, where a is the cross section radius of the pipe
at the exit of the indentation.

The equations derived here are valid for any particle veloc-
ity 8 = u/c, with ¢ the speed of light. Thus one can solve for
fields radiated by a charge with an arbitrary energy. A note
of caution is appropriate here. For very low § the assumption
that velocity is constant does not hold. In that case the prob-
lem should be solved self-consistently, as was done for example

in the paper.a A relativistic case can be easily obtained by as-
suming 4 >> 1, where ~ is the Lorentz factor of the charge.
Most results obtained here are pertinent for large ~.

Throughout this paper the right-hand cylindrical coordi-

natesystem r, 8, z is used. The current density of a point charge
moving along the axis of the pipe is

J=e,o+e,o+e,gr—"rs(r) Sz—-ut) ,  (L1)

where §(z) is Dirac’s 5-function. If one defines the Fourier com-
ponents of any vector V for the angular frequency w
by expression

+00
{’=—l— / dtV exp{iwt} , (1.2)
27
-—00

then the Fourier components of the current density is

Qé(r)

j=e0+e;0+e, oy

exp{iwz/u} (1.3)

2. Field Expansions

Using well-known expressions for the EM fields of a point
charge moving along the axis of a cylindrical pipe4 and for
eigenfunctions of a pipe,5 it is easy to represent the EM field
components for any region shown in Fig. 1 as an expansion into

seria of the cylindrical waves with unknown coefficients (see,
¢.g., Ref. 1). Let us introduce the following notation:
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k=w/c , (2.1)
r=k/By , (2.2)

M = Qk/xev?8* (2.3)
Gi(r,d) = Ky(rr) + I (rr)Ko(rd)/Io(7d) , (2.4)
Go(r,d) = Ko(rr) — Io(rr)Ko(rd)/Io(rd) ,  (2.5)

-

where d = aj,az or b, Ko, K;,Ip and I; are modified Bessel
functions of the second and the first kind, and the zeroth and
the first order, respectively.

Then for the diffraction region z > ¢/2 (Region III in
Fig. 1) we have:

'Ej =yMG (r,az) exp{tkz/B} — iTa B (vn/a2)

Ji(vnr/az)azn exp{izdazn} (2.6)
Ef = — iMGo(r,as) exp{ikz/B} + ZaB; (v2/a})
Jo{vnr/az) exp{izAa2n} (2.7)

H} =4BMG\(r,a2) exp{ikz/B} — ikTnB} (vn/az)

Ji(vnr/az) exp{izAa2.} (2.8)

where As2n = 1/k? — v2/a? and Jo,J) are Bessel functions of
the first kind, of the zeroth and the first order, respectively.

Similarly, for the reflection region z < —g/2 (Region I in
Fig. 1) we have:

E"‘ =yMG1(r,a1)ezp{ikz/B} + tZ, B, (vn/a1)

J1(Vnr/81) Aatn exp{—izAain} , (2.9)

E; = - iMGo(r,a)) exp{ikz/B} + EaB; (va/a})
Jo(vnr/ar) exp{—izAain} , (2.10)

Hy =4BMGi(r,a1) exp{ikz/B} — ikEnB; (vn/a1)
Ji(var/a1) exp{—izAa1n} » (211)

where Ag1n = \/ k2% — 12 /al.

Finally, for the intermediate region —g/2 < 2 < g¢/2
(Region II in Fig. 1) we have:

E® = yMG(r,b)exp{ikz/B} — iZn(vn/b)
J1(Unr[b)Apn (CT exp{izAp,} — C~ exp{—tzXs,}) ,(2.12)

E® = —iMGo(r,b) exp{ikz/B} + Ta(v2/b?)

Jo{unr/b)(CT exp{izAp,} + C ™ exp{—1z)p,}) , (2.13)
HY = vBMG(r,b) exp(ikz/B) — ikZn(vn/b)
Ji(vpr/b)(CT exp{izdpp} + C exp{—izXpn}), (2.14)

where Ay, = k2 — 12 /b2,
All the other field components are zero due to cylindrical
symmetry of the problem.

The eigenvalues v, are defined by the boundary condition
E,(z) = 0 for r = d which gives the following formula for vy:
JO(Vn) =0,

n=1,2.0 (2.15)

They are assumed to be arranged in ascending order: vy <
vy < ... < 00. In all field expansions above, Bf and C*
are unknown coefficients to be defined by the boundary and
continuity conditions on the interfaces z = constant between
adjacent cylindrical regions.

To ascertain the proper asymptotic behavior of the diffrac-
ted field for z — oco and the reflected field for z — —oo the
imaginary parts of the propagation constants should be chosen
positive (such a choice is known as the radiation condition):

Imlzin >0 (2.16)

ImAgn >0 2.17)

The same sign is chosen for the propagation constant in
the Region II:

ImAy, >0 (2.18)

Each term in expressions (2.6-2.8) for the diffracted field de-
scribes either the n'® wave propagating in the positive z di-
rection, if kK > vp/az, or an evanescent wave, if £ < v,/a;.
Similarly, each term in expressions (2.9-2.11) for the reflected
field describes either the n'® wave propagating in the negative
z direction, if k > vn /a1, or an evanescent wave, if k < vn/a;.
For any given k there are a finite number of propagating and
an infinite number of evanescent waves.

3. Boundary and Continuity Conditions

The expansions of the EM fields given in the previous sec-
tion are constructed in such a way as to fulfill the boundary
conditions on the wall of the pipe in any region with a constant
pipe radius. For example, for r = az and for all z > g/2,

Ef(z)=0 (3.1)

Consider now an interface between two regions. In the

plane of the interface:

a) the radial component of the electric field on the inner
side of the wall should be equal to zero for all r,

b) all three components of the field should be continuous
across the opening.

For example, for a cavity at z = g/2,

E%r)=0 forall az<r<b , (3.2)
and for all r < a3,
Er(n=E0) (3:3)
B} () =) (34)
E}(r) = B2() (3.5)

Analogous expressions can be written for another cavity
interface z = —g/2 and for a collimator. It is well-known that
one of the three conditions (3.3-3.5) is always fulfilled as soon
as two others of them are fulfilled. In what follows continuity
conditions for E, and E, are chosen to determine unknown
expansion coefficients.

We introduce now the dimensionless variables:

k=kb | (3.6)
n=1lga=a/b , (3.7)
p2=1/gz = azfb | (3.8)
g=g/2b , (3.9)
p=r/b . (3.10)



In these variables the propagation constants are

Xatn = Aaind = \/k2 — v2/p} , (3.11)
Xazn = Aazab = /K2 —02/p} | (3.12)
xbn = Apnb = V K2 — Vz (3.13)

It is also useful to redefine the expansion coefficients

By = —(2i6Q/nc) exp{—iG(x/B + Xain)}zn , (3.14)

C7 = —(2ibQ/me) exp{+iF(x/B + pn)}tn , (3.15)
Cl = —(216Q/mc) exp{—ig(x/B — Xbu)}yn »  (3.16)
B = +(2ibQ/mc) exp{+35(r/B — Xs2n)}za . (3.17)

The expressions for the field components in the plane
z = —g/2 in these variables become:

E; = (2Q/mcb) exp{—ix§/B}|(x/278%)G1(r, a1)

+ (1/P1) Enzatndt (Vnp/P1) Xa1n) (3.18)
E? = (2Q/mcb) exp{—ix§/B}|(x/275%)G1(r,b)
+ EntnJ1 (Vnp) Xon (tn exp{2iG(~/B + Xpn) —ys}]  (3.19)

Ez‘ = —(2iQ/7cb) exp{—ixg/B}(x/27?B8%)Go(r,a1)

+ (I/Pﬂznznuyz;JO(VnP/Pl)] (3.20)
EQ = —(2iQ/ncb) exp{—ixg/B}[(x/272B%)Go(r,b)
+ Ent2Jo(Unp) (tn exp{2:G(x/B + Aon) + yn}] (3.21)

Similar expressions for the field components in the plane
z=g/2 are

Ef = (2Q/mcb) exp{ixg/B}|(x/278%) G (r, az)
+ (l/pZ)znznVnJl(VnP/PZ)Xa.Zn]
E? = (2Q/mcb) exp{ixg/B}|(x/27B%)G1 (r,b)

~+ Tavndi (l/,,p);{,,,l (tn — ynexp{—2ig(x/f — X,,,,)}] (3.23)
E} = —(2iQ/ncb) exp{ixg/B}|(x/272B*)Go(r, az)

(3.22)

— (1/P3)SnzntE Jo(vap/p2)] (3.24)
E? = —(2iQ/wcb) exp{ir§/B}|(x/2v* B*)Go(r, b)
+ Ent2Jo(vnp)(tn + yn exp{—2iG(x/B + Apn)} (3.25)

Note that these expressions are valid both for a cavity, for
which p; < 1 and p; < 1, and for a collimator, for which p; > 1
and pg > 1.

4. Basic Equations

Unknown coefficients z,,yn,t, and z, are defined by the
set of equations which are obtained by substituting expressions
(3.18) through (3.25) into Egs. (3.2) through (3.5) for the inter-
face z = g/2 and the similar equations for the second interface
z = —g/2. As was explained in Ref. 1, this set of transcen-
dental equations can be replaced by a simpler set of algebraic
equations.

Let us introduce a vector of coefficients
In
Yn

XN = ,
n t,

Zn
Then the set of equations can be written in a matrix form:

ENEnAPNXN = Pl LN =1,2,3,4; n,l=1,2..00. (4.2)

Eq. (4.2) constitutes an infinite system of linear algebraic
equations for the unknown coefficients X2 .

The coefficients A’l‘fN and the right-hand sides P}, of
the matrix eq. (4.2) for a cavity are presented in Table 1. There

Vado(vmp)J1(vn)/(VE — PPVE), i vn # prm;
ndE(vn)/ (Vn + prm),

d’mn(p) = { .
if vp = prpm.

(4.3)

In particular,
$mn(1) = EnmJ7 (vn)/2 (4.4)
For a collimator, Eq. (4.2) looks the same but its coeffi-
cients and the right-hand sides have a different meaning and

are presented in Table 2.

Two geometries considered in Ref. 1 (a pipe with a sudden
increase or decrease of its cross section) are particular cases
of geometries considered in the present paper. For example,
the case of a charge passing through a decreasing cross section
can be obtained by assuming a2 = b (or equivalently, p; = 1)
and g = O in equations describing a collimator. The same case
can be obtained by assuming a; = b (or equivalently, p; = 1)
and ¢ = 0 in equations describing a cavity. Similarly, the case
of a charge passing through an increasing cross section can be
obtained by assuming a; = b (or equivalently, pp = 1) and
g = 0 in equations describing a collimator. The same case can
be obtained by assuming a; = b (or equivalently, p; = 1) and
g = O in equations describing a cavity. Using Eq. (4.4), it is
easy to see that with necessary changes in notation, Eq. (4.2)
indeed reduces to Eq. (12) of Ref. 1.

Notice that for a smooth pipe for which p; = p2 = 1 or
@1 = g2 =1 all P, = 0. Since Det| A}y | # 0, only the trivial
solution X,{V = 0 exists. That means that there is no radiation
in a smooth pipe, as it should be.

5. Longitudinal Coupling Impedance

The usual expression for the longitudinal impedance is:
[e ]

2n ~p .
Z(k) = ) dzEf*(r = 0,z) exp{—1kz/B} ,

— 00

(5.1)

where EF is the radiative part of the field, i.e., the part which
depends on the expansion coefficients. Sometimes an alterna-
tive definition of the impedance is used in which the integration
is performed over the difference between the full field and the
field of a charge in a smooth pipe. This definition is useful only
if both side pipe cross sections have equal radii a; = a2 = a
or, equivalently, p; = p2 = p. In this case the real parts of the
impedance are the same according to both definitions. The
imaginary parts differ by

AZ = —iZokgF(a)/n¥? 8% (5.2)

where 47/c = Zo = 377 ] is the impedance of free space and
F(a) is defined in Table 1. In the general case of different pipe
radii, definition (5.1) is more useful and is used below.
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Table 1. Coefficients A}y and right-hand sides P} of Eq. (4.2) for a cavity

E; = exp{2ig(x/B + an)},

E_ = exp{-2ig(x/8 — an)},

F(a) = Ko(rb)/Io(b) — Ko(ra)/Io{ra)

p1 = a;/b, pz =az/b, g=g9/2b
N 1 2 3 4
b L
1 | 2020 0108in(p1) | XondP(vn)bni | —XonJE(vn)bniEx 0 Jo(uip1)/To(rar) (v} + (76))
2 | vEJE(a)bin | —2P3idmilp1) | —2piviémi(pi)E+ 0 —(r0)piniy (v) Io(ra1) F(a1)/ (v} + (ra1)?)y
3 0 XonJ2(Un)bmiE= | —Aend?(vn)bnt | 203X a2ndin(p2) Jo(vip2)/Io(raz)(vf + (7b)%)
4 0 20202 0ui(p2) E- | —2p02émlpe) | —VEJE(vn)bin | —(78)piridi () Io(ra2) F(az)/ (v} + (7a2)?)y

Performing the integration in formula (5.1} we find:

Z(k) = —(Zo/7)En {:cn(lc/ﬂ — Xarn)/ [1 + (ra1/vn)?]
+ yn(rc/B + ) (exp{2i§(Xy — x/B)} — 1)/ [1+ (rb/vn)?]
— ta(r/B — Xo)(exp{26G(X, + x/B)} — 1)/ [1 + (rb/vn)?]

+2,(k/B + Xazn)/ [1+ (raz/va)?] }
(5.3)

Formula (5.3) is valid for both a cavity and a collimator.
The expansion coefficients zn,yn,tn, and 2z, in this formula

should be understood as solutions of corresponding equations
for a cavity and a collimator, respectively.

In the ultrarelativistic limit ¥ — oo there is an alternative
way of calculating the impedance for a cavity with equal side
pipes radii. Instead of integrating the field along the axis of
the structure r = 0 one can as well integrate the field along
any line r = RS

Za(k) = —?@’I ]o d2F,(r = R, 2) exp(—ikz) (5.4)
Performing the integration we find:
Zr(k) = —(Zo/7)En {z,JO(u,R/a) (x — Xa1n)
+ ynJo(waR/8) (s + %) [exp{25(Xs — )} 1] 69

— taJo(vaR/b)(x — Xp) [exp{zrg'(i,, +K)} - 1]
+2ndo(vnR/a)(x + Xazn) }

A remarkable feature of this formula is that the right-hand side
of it does not depend on R in spite of its explicit presence there.

In particular for a cavity, a convenient choice is R = a.
Due to the boundary condition (3.1) the regions z > ¢g/2 and
z < —g/2 do not contribute to the value of the integral.

Table 2. Coefficients A7) and right-hand sides P} of Eq. (4.2) for a collimator

E. = exp{2ig(x/8 + an)}a

E_= exp{—2i§(ﬂ/ﬁ - :\’bn)}1

F(a) = Ko(1b)/Io(7b) — Ko{ra)/Io(ra)

@1 = b/ay, g2 = b/az, g=g/2b
N 1 2 3 4
L
1 Xaln"f("n)&zl 2Q?xbn¢ln(‘h) '_zqfxbn‘;sln((h)Eﬁ- 0 _‘I()(qul)/lo(‘ral)(ul2 + (Tb)z)
2 | 2630k n(q) | ~VEJE(Wn)bin | ~V2JE(vn)6inE4 0 —(r8)g?viJy (1) Io(rar) F(a1)/ (v} + (ra1)?)y
3 0 203 inb1n (92) B | —2¢3Xondin(g2) | MaznJE(vn)bu ~Jo(vgz) /To(7as) (v} + (70)?)
4 0 —V&le(l/n)élnE.. _VZle(Vn)éln —2q§u;‘:¢n1(qg) —(Tb)q%l/[\]l (I/[)Io(Ta,z)F(az)/(l/l2 + ('rag)z)'y

4



Putting R = a in Eq. (5.5) yields,
Zeao(k) =~ (Zo/m)Ento(vnp) {vn(x + Xy)
[exp{2i’g"(ib -K)} - 1]

~ta(x — %) [exp{2ig(% + )} 1] }

(5.6)

For a collimator, a convenient choice is R = b. In this case
due to boundary condition (3.1) the region —g/2 < z < g/2
does not contribute to the value of the integral and we obtain
(g1 =b/a1,q2 = b/az):

Zeou(k) = = (Zo/m)Zn [ando(vaer) (= — )

- (5.71)
+2znJo(Vng2) (K +Ab)]

For large « the impedances obtained by means of all the
formulae (5.3), (5.5), {(5.6) and (5.7) agree very well and this
feature is used as a check in numerical codes.

6. Numerical Results and Conclusion

In general, the solution of Eq. (4.2) can be found only
numerically. Two computer codes, RCVTY (for the geom-
etry sketched in Fig. 1a) and RCLMTR (for the geometry
sketched in Fig. 1b), have been written for this purpose. An
approximate solution is found by truncating the matrix to a
finite size, inverting it and solving for the coefficients. In a
normal case, i.e., not for extreme values of parameters, a ma-
trix size of 20 X 20 is usually sufficient to obtain reasonable
accuracy. The results are checked to be independent on the ma-
trix size up to the maximum size of 100 x 100 allowed by the
codes. The programs, if asked, can do an additional check for
the correctness of the solution. Namely, the coefficients found
are used to restore the continuity and the boundary conditions
at the interfaces between different cylindrical regions.

As an illustration of the results obtained with the help
of RCVTY the real and imaginary parts of the longitudinal
impedance for a cavity with the same dimensions as used in
Ref. 2 are represented in Figs. 2 and 3, respectively. The plots
are in good agreement with the result of that paper for all the
frequencies except those around the cut-off frequencies of the
pipe ka = 2.405.
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Fig. 2. Real part of the longitudinal impedance of a cav-
ity as function of dimensionless frequency px = aw/ec.
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Fig. 3. The same as in Fig. 2 but for the imaginary part
of the impedance.

Dependence of the impedance on the charge energy is illus-
trated in Figs. 4 and 5. Here the real and imaginary parts of
the longitudinal impedance of a cavity are plotted for several
different Lorentz factors 4. As one can see, from the point of
view of the impedance 4 = 5 is already close enough to oo,
4 = 10 is indistinguishable from oo.

The real and imaginary parts of the impedance of a very
thin cavity built out of two pipe flanges and a vacuum edge
electrically connecting them are plotted in Figs. 6 and 7,
respectively.

To illustrate the results obtained with the help of RCLMTR
the real and imaginary parts of the impedance of a washer in
a pipe (thin collimator) for the SLAC geometry are plotted in
Figs. 8 and 9, respectively.

The impedance of a long collimator can be seen as the
sum of two impedances for a sudden increase and decrease
of the pipe cross section. The impedance in the range of
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Fig. 4. Illustration of the dependence of the real part
of the impedance on « for the same cavity as in Fig. 2.
1) y=100,2) y=10,3) y=5,4) y =2, v = 1.4.
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large frequencies, found using formula (5.7), coincides with the a
impedance of a sudden inerease of the pipe cross section found 2 o
in the paper.l This is the consequence of the fact that the &
impedance of a sudden decrease of the pipe cross section tends = -
to zero for large frequencies. 5 L
An analytic derivation of the asymptotic formula for the o] 2 4 8 8 10
impedance of a collimator is presented in the Appendix. As 1186 pr=aw/c 89848
is discussed there the impedance is constant in the frequency Fig. 8. Real part of the longitudinal impedance of
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It is interesting to estimate the total energy loss AW of a
distributed charge passing through a collimator:

AW:/dwlf(w)lzReZw”(k) , (6.1)

—00

where f(w) is the Fourier transform of the charge density. Let
us assume f(w) to be Gaussian:

f(w) = (Q/2r) exp(—k?a?/2) (6.2)
where o is rms of the longitudinal charge distribution.

If one assumes that ReZ,,; is constant and given by Eq. (A.6
then the total energy loss is

-

2

_ @

This expression is valid when o > b/4 and agrees with formula

for the total energy loss of a charge passing through a sudden
change in a pipe cross section obtained in the paper.u

For a point charge 0 = 0. If one assumes that ReZ.,; is
constant for k < v and is zero for k£ > «, as was discussed
above, then the total energy loss is proportional to v . That

e . . 8 .
conclusion is in agreement with an estimate  and numerical

calculations® +*° for a charge passing through a hole in a screen.
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Appendix: Asymptotic Formula for the
Impedance of a Collimator

The longitudinal impedance of a collimator in the large
frequency domain (and for the relativistic case 4 >> 1) can be
found analytically. We will do that using formula (5.7). Since

asymptotically A, = x, only the diffracted field, i.e., the field
depending on coefficients z,, contributes to the impedance.
Physically that arises from the fact that only the diffracted
field radiated ahead can reach the relativistic particle. Hence,

Z.ou(k) = —2(20/7)kEn2ndo(vnq) (A.1)

where ¢ = a/b, a and b are the exit pipe and collimator radii,
respectively.

The coefficients 2, can be found from Eq. (4.2) with the
matrix and the right-hand side of it taken from Table 2:

arJEi(v) = =Jo(11g) [V} + 2¢*kEm(tm — YymE-)bim , (A.2)
where the quantities ¢, are defined in Eq. (4.3). Divide now
Eq. (A.2) by JE(v), multiply by Jo(vg) and sum over I:
xSiz1do(vg) = —L1J3 (ng) /v IF (v)

+ 26X Jo(vig)JE (1)) 2 (A.3)
Zmltm = YmE-)vmd1 (vm) (vin/¢* — )7

Summation here can be performed explicitly using the fol-
lowing particular form of the Kneser-Sommerfeld formula:*?

E5 (mg) (vf — 2*) 1 (w)
= nJo(gz){Jo(g2)Yo(z) — Jo(2)Yo(gz)}/4Jo(2)

where Yj is Bessel function of the second kind.

One can easily see that the second term containing coeffi-
cients t,, and y,, vanishes. First, interchange the order of the
summations over ! and m. Then formula (A.4) applies with
Z = Uy /q and the result of summation is zero.

Application of the same formula with z — 0 to the first
sum in Eq. (A.3) gives:

(A.4)

I3 () /viIE () = —= lim [Yo(z) — Yo(pz)]
= (Ing)/2

Hence, for large energy and for large frequencies the impedance
of a collimator is the following constant:

(A.5)

Z.ot(k) = (Zo/7)In(a/b) for £>>1,v>>1 . (A6

From this formula it may seem that the corresponding wake
field, which is the Fourier transform of the impedance, diverges
at the zero distance behind the charge. That is not necessarily
true. Indeed, derivation of this formula is based on the ap-
proximate Eq. (5.7) which is valid in the limit v >> k. Com-
paring Eq. (5.7) and the exact Eq. (5.3) one can conclude that
formula (A.6) is not valid for x > «. In this range of frequencies
impedance should decrease at least as k~2.
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