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ABSTRACT

We calculate the n-point correlation functions of spin fields on an arbitrary

genus Riemann surface. We also calculate the corresponding correlators for the

spin fields associated with the local supersymmetry ghosts using a specific ansatz

for screening the background ghost charge. Using these results we show by ex-

plicit calculation that to all orders in the string perturbation theory all n point

amplitudes involving massless fields in the superstring and the heterotic string

theory vanish identically for 0 < n < 3.
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String perturbation theory a la Polyakov [1] entails calculating correlation
functions of vertex operators on Riemann surfaces of successively increasing gen-
era. In a previous paper [2] we have calculated correlation functions of spin op-
erators on a torus. These are relevant in string theory for calculation of one loop
amplitudes involving fermion emission vertices. Using these results we demon-
strated that one loop two and four fermion amplitudes in superstring theory
vanish when all external momenta are set to zero. In this paper we extend our
analysis to higher genus Riemann surfaces. In particular we calculate n-point
correlation functions of spin fields on arbitrary genus Riemann surfaces. For
the ghost system there are some new subtleties that one encounters at genus
two and higher. These have to do with the now nonvanishing ghost background
charge and with the presence of the supermoduli [3,4]. We propose a way for
handling these subtleties which makes the analysis relatively simple. Within this
framework it is shown that all n-point amplitudes in superstring theory and the
heterotic string theory vanish for 0 < n < 3, for arbitrary momenta of the exter-
nal particles and to any order in perturbation theory. Thus our analysis provides

an explicit verification of the non-renormalization theorems [5].

We start by analysing a system of one complex Weyl fermion % on a Riemann
surface of genus g. Let us denote by S*(z) the spin fields associated with this
system. The fields 9, 1, ST obey the following operator product expansions:

P(2) ST (w) ~ (2 —w) 72 5™ (w),

P(2) 57 (w) ~ (2 — w)3 §~(w),

¥(2) S*(w) ~ (2 — w)? §F(w),

¥(2) 5™ (w) ~ (2 — w) "2 §F(w),
B(2) h(w) ~ (2 — w),

¥(2) Y(w) ~ (z — w),

P(2) Y(w) ~ (z— w) 7Y,

5+(2) §™(w) ~ (2 — w)7%,



where % are excited spin fields of conformal dimension % These operator prod-
ucts may be realized explicitly by using bosonization {3]. The global issues in-
volved in bosonization on higher genus surfaces are, however, more subtle, and

at no stage of our analysis we shall use bosonization.

We shall be interested in calculating a correlation function of the form,

N N, Ns N
F(yi, 2i5uiy v;) = <H.S+(y,-) s () [] %) H¢(Ui)> , (2)
i=1 i=1 i=1 i=1

on a genus g Riemann surface. %(Nl — N32) + (N4 — N3) must vanish in order
to conserve the total fermionic charge. In order to calculate this we start from

another Green’s function:

D)) TN S+ (w) [T 5~ (z,)n,_l (u,)nﬁaw(vi».
(I s+(y.-)nfias (i) T2, & (us) T ¥ (vs))

G(y9 2,Yiy 24, Uy, ‘U,’) =

(3)
An expression for G may be written down by examining its singularities and
periodicities as a function of z and w using the operator products in Eqn.(1).

The result is™
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* This generalizes the result obtained by Sonoda [6] in the absence of spin fields.



Here (d',l_)) are each g dimensional real vectors with entries zero or half charac-
terizing the spin structure of the fermion fields on the genus ¢ Riemann surface.

(d'o,go) denote some reference spin structure which is chosen to be odd." 19[6-[:]

B
denotes generalized ¥-function as defined in Mumford [7]. & is a g dimensional

complex vector whose entries are g linearly independent holomorphic one forms

of the genus g Riemann surface. P is an arbitrary point on the Riemann surface
it
o bo+b
not depend on P. Finally h(y) is the holomorphic half differential associated

which has been introduced only for convenience, the argument of 19[ does

with the reference spin structure (ap, 50), satisfying (7]
(b)) = 30)-2% 0[] @ loco - )
3¢ | bo =

19[%3] ( _!fl &) has a zero at z = y as well as at (g — 1) other points independent
of y. ‘\zNe shall denote these points by Ry,..., Rg—1. But h(2) has (¢ — 1) simple
zeros at the same points [7]. Using these properties it is not difficult to check
that expression (4) as a function of y and z has all the correct periodicities and
the correct singularities dictated by (1) with no additional spurious singularities.
Now, from Eqn (4) we may derive a differential equation for F as follows. Let us

define the stress tensor as:

1() = fm {3 10,5608 ~ 300 + 2} - O

y—z

Given a primary field ¢(z) of conformal dimension h, T'(z) satisfies the following

operator product expansion with ¢(z),



Let us define

(8)
1
- 3zG55(y,z;y,-,z¢,u,~,v,')] + ( _} ’

z—w)?

which is the expectation value of the stress tensor in the presence of the fermion
fields and their spin operators. If we now consider the limit 2 — y; , the singular

part of H, > may be identified with

11 1 2 F i i uis vi)
8(z—w)?  z—wi Flyi,2,ui,v)

; (9)

where % is the conformal dimension of S*(y;). Thus we may first calculate H;
using Egs. (4) and (8), and then take the limit z — y; to get a first order
differential equation for F' in the variable y;. Studying other limits (e.g., 2 — 2;,
u; or v; in H) furnishes differential equations for F in all other variables. The
details of the analysis are very similar to the 1-loop case [2]. As in there, it turns
out to be straightforward to integrate the set of first order differential equations

for F. Here we only give the solution:



Fg (vi 2w, vi) = Kop {K.ﬂ[(gﬂ(/zjw)}z {gﬂ[gﬂ </yw)}

<
n

(/) e (/) a9}
(/) {9} () (/=)
(@2} k()
(SHIGIE I ES R E

o] [1mse] [rs)] (110
(10)

where Kd’l? is a normalization factor to be determined later. Note that since

%Zig:] contains (1/2) {3’ & and (1/2) [§' @, it changes to a 9-
function with a different characteristic as we translate y; or 2; once along any of

the argument of 19[

the canonical homology cycles. As we shall show later, this will help us determine
the relative phases and normalizations of the contributions from different spin

structures.

Next we turn to the superconformal ghost system [, 4 with the stress

tensor [3]:

Ty(s) = lim | =3 B(=) 0w (w) - 5 0: () 7(w) - =z | (1)

zZ—w



We can now introduce the spin fields Sgi' for this system. The short distance
behaviour of various operator product expansions may be understood by repre-

senting the various ghost fields as

v(z) ~ eEn(2), B(z) ~ e *) d¢(2)
(12)
Sgi(z) ~ eE1¢(2)

where ¢ is a scalar field and n, £ are two fermionic fields [3]. The relevant

operator product expansions are

B(2)(w) ~ (2 —w)™

Bl2) S} (w) ~ (z — w)3 e 34 9 ¢(w)

B(2) S5 (w) ~ (z —w) 72”74 8¢(w) (13)
1(2) S (w) ~ (2 — w) ™7 e+39() y(w)

7(2) 57 (w) ~ (2 — w)3 e*39() y (w)

There are some subtleties in the calculation of the correlation functions in-
volving the supersymmetry ghost fields due to the presence of the 2(g — 1) ghost
zero modes on a surface of genus ¢ > 2. An associated problem is the integration
over the supermoduli [3,4].* In general the ghost zero modes may be removed

by insertion of operators proportional to e?(F) at 2(g — 1) points P, ..., ng_z.T

Following reference [10] we choose a basis for the holomorphic % differentials A%’

» Here we only consider the effect of the supermoduli which appear due to the handles on the
surface. The supermoduli appearing due to the punctures on the surface are used to the
generate the picture changed vertex function along the lines discussed in Ref. [8,9]

t Here the operator ¢? refers to an operator with ghost charge 1 and conformal dimension

—%, and need not be interpreted as the exponential of a bosonic field ¢.



which may be expressed as

he? = Vl(2,2) = ) Ay 6D (2 P)) (14)

where v?(2) is a half differential with poles of the form } A;;(z—P;)~! at z = P;.

The part of the action that depends on the supermodulii ¢; may be written as,
/ d? zc; h¥(2) Tr(2) (15)
where Tr is the fermionic part of the super stress tensor. Since hfa does not have

any singularity at P; we can exclude a small region around each P; from the 2

integral in Eq.(15). Substitution of (14) into (15) and integration by parts yields,

¢ Aij?( > izpj Tr(2) + i My ~ ¢; [AijTF(Pj) + ME‘] (16)
where M},- denote the contributions from the singularities of T». These will
appear if we are calculating the correlation function of a set of vertex operators,
in the presence of which Tr will develop singularities. Thus M},, will in general
involve the contour integral of Tp around these vertex operators. The integral
over ¢; will now give several terms, each containing a product of (2g — 2) factors.
One of them will contain the product of Tr(F;) for 1 < ¢ < (29 —2), in the others
some factors of Tr(P;) will be replaced by M.

Let us now take the limit P, — Py = Q1, P3 — P4 = Q2 etc. With the
amplitudes properly normalized, only the most singular part will contribute.
But the most singular part in the operator product e?(P1) Tp(P;) e?(F2) Tp(P,)
is e2¢(P2) (P, — P;)~%. Only the term involving (2g — 2) factors of Tr(F;) will
contribute, terms involving M} will be non-leading. Thus the final prescription
will be to insert factors of e?‘i’(Q‘) at each of the (g-1) points Q; in any correlation

function.



In what follows we shall further choose the points Q1,..Qg—1 to coincide with
R1,..R;_1, the position of the (g — 1) zeros of 19[?:”] (f; @) in the z-plane which
are y-independent. We believe the final result will be independent of the choice
of these points, but the calculation becomes much simpler with this choice.”
The total ghost charge carried by these operators adds up to 2(g — 1) and hence
we get a nonzero answer for the correlator provided the total ghost charge of all

other fields in the correlator adds up to zero.}

Thus we have to consider the correlation function

g—1 N
F9(y;, %) = < T #® ] (55 (w) Sg_(zi)]> (17)
k=1 =1
As before, we start with the function:

(T§=1 e TIE, (S (4) 57 (2:)] B(w) ¥(2))
(i &) TLEL (ST (v) 7 ()

Gy, zyi,2) =

The analytic properties of GY as a function of y and z may be determined using

the operator product expansion (13) as well as,

B(2) ) ~ (2 — w)? ™) 3 ¢(w)
(19)
~(2) e26(w) (z — w)—2 £39(w) n(w)

* The special role played by these points have also been noted in Refs. [11,12].

1 Again we shall never explicitly use the representation of the operator €2? in terms of bosonic
fields. The only information we shall be using is that it carries ghost charge 2 and has
conformal weight -4.



This gives,

=

B[] (f &) IL9(F](J )
L3 () (f &) TL 9 [2] (] @)

Yi Zi

GIo(v, 2 9ir2) =

(20)

ao+a
d (5 +b](f w3 Zf B ()3 (2)
sl G s f 91 2)

It may be easily verified that G;‘g , so defined has all the right poles and zeros.™

From this expression for GY j We can derive differential equations for F7.

a, a,

before, using the stress tensor (11). Here we write down the solution:

[

s = LR LRI
1_,10[22](/6> | [b0+1( Z/) (21)

T {mw) -4 a(a:01%)

i

where Ka’ Y is a normalization factor.
3

We are now ready to assemble all the above results in order to calculate

the correlation functions of fermion emission vertex operators. Here we will only

% For that one needs to use the fact that h(z) possesses simple zeros at the points

 Ruyey By 1)

10



exhibit what is needed in the proof of the nonrenormalization theorems. We shall

use two different forms of the fermion emission vertex, [3,13] namely:

v

(u,k,2) = u®(k) Sa(2) e*X(=) 5-(2),

1
2
z

Vi(ki2) = (k) X 57(2) {0X* ()ap 57 (22)

e |97 () 5a(2) - =27 (7)ap 8°)]| }

where we have defined a normal ordered operator by point splitting. The rule for
calculating scattering amplitudes involving fermions is to choose a charge neutral

combination of V% and V_

1 We shall also need the bosonic vertex operator

Vol¢, ky 2) = ¢u [0XH + ik, 9(2) 97 (2)] e*-X(2) (23)

We shall now illustrate the non-renomalization theorem for the fermion-

fermion boson vertex. For this we need to calculate

< V_%(ul,ki,zl) Vi(uz, k2, 22) Vo(ss, ks, 23) > (24)

We shall show that the non-renormalization theorems hold only as a consequence
of the vanishing of the correlators in the 1 space, hence we shall never need to
calculate the correlators in the X space. Let us first consider the k independent

part of the correlator. The relevant correlator is proportional to

<Sg_(zl)5;'(z2)> <Sa1(z1).5'ﬁ2(z2)> = A(z,2) 6% (25)

where in writing down such an expression we should keep in mind that the
ghost correlator is to be defined after soaking up the zero modes along the lines
explained above. The function A(z1,22) may be calculated by choosing spe-

cific values of a;,fB2 and representing the SO(10) spin operators as a product

11



of five SO(2) spin operators. Thus we may choose Su,(21) and SP2(z;) to be
51" (21) 85" (21) S5 (21) 8 (21) S5 (1) and 87 (22) 85 (22) S5 (22) S5 (22) S5 (22) re-
spectively. The final expression for A(z1,2;) may be obtained using Eqn (10)

and (21) and summing over spin structures. The result is,

where 77(&‘,5) denotes the relative normalization and phases of the contribution
from different spin structures. At this stage we have to demand that (26) behave
as a one form as a function of z; in order for the integral over z; of V_% to be
well defined. This in turn implies that the combination of #-functions multiplying
h?(z1) in (26) must be periodic as we shift z; around any of the canonical ho-
mology cycles. Note however that under such a shift ¢ [%ZI?] [(1/2) [ ; ? @] goes
over to a theta function of a different characteristic. Hence the relative normal-
ization and phases (&, I_;) are completely determined by demanding periodicity

in 21 [2,8].* We obtain
n(a, I—;) = K exp {47rz' (&'._'0 — gd'o)} . (27)

Substitution of this result in (26) shows that the answer vanishes identically due

to the generalized Riemann J-identity [7,14],

% In other words if we know the contribution from one spin structure, we know that from all
others by translating z; around different cycles.

12



and that 19[%2] (0) =o0.

Next let us analyse the part involving k. It is easy to see that the relevant

contributions are proportional to the following structures

I = z(k3)1/ ual(kl) u®? (k2) ('YP)azﬁ2 (§3)Il'

(29)
(Sau(21) §72(22) ¥ (23) ¥* (23) ) (5 (1) 7 (=2))

I = lim u® (ky) u(ks) (k2)u (ks)p (cs)v (w2 — 22) 7%
2 2 (30)

(Sau(21) Sas (22) ¥H (w2) ¥ (23) ¥ (23)) (S (21) S (22))

where we have dropped terms that would vanish by on-shell conditions, e.g.,
terms of the form (k2),u®!(k1)u®?(k2)(Sa,(21)Sas(22)¥ (wz)). Expression (29)

has two tensor structures of the form

A(zl,zg,za)csgf §¥ + B(z1, 22, 23) (Z)‘“’)a,ﬁl2 (31)

13



The tensor proportional to A does not contribute due to the on-shell condition
¢ -k3 = 0. B on the other hand may be evaluated by setting u = 1, v = 2:
Sa, = 8787858 St and SP2 = S7S;75;75,S;. The product of the spin

correlators, after being summed over the spin structures gives,

Zb [exp {m‘(a.”o - b‘.ao)} (32)

{*’[22121<%/w+%/w>}2{g[§ziﬂ(%/J>}2]

23 23 Z2

This again vanishes using Eq. (28). Finally we turn to the correlator appearing
in Eq. (30). There are four independent tensor structures which we shall take to

be,
AV )araz 6 + B(")araz 6”7 + C(7)arar 6* + D(v* £ ) 050 (33)

Upon substitution in Eqn. (30) only the tensor structure proportional to A would
contribute to the amplitude. A may be evaluated by setting p=1p=1,v =2,
Sa, = S{"S{S{SjSQ’, Sa, = SI_S{S;S;S;. This gives,

14



4= tm, [“*”)‘*{"[‘éﬂ (Jo)} ()
SRIEINCRORINCRIIEN
st e e for o] o
(ide/a) {lz e/ /o))

(h(21))2(h(zs))zh(n)h(wz)}

Since the prefactor does not diverge in the ws — 23 limit, we may set we = 23 in

the sum. The result vanishes by (28).

So far we have discussed the two fermion one boson vertex. The advantage of
having the fermion vertex operator in the correlator is that the relative normal-
ization and phase between contributions from different spin structures is fixed
by demanding periodicity in the argument of the fermion vertex operator. This
is not the case for correlation functions of purely bosonic vertex operators, since
the function is periodic in each sector separately. However one may obtain the
correlation function involving the bosonic vertex operators by starting from the
fermionic vertex operator and then using operator product expansion.” For

example, if we start from the correlation function

< V_%(ul, ki, z1) V;(uz, ke, 22) Vo(¢s, ks, 23) >

* We would like to thank E. Martinec for discussion on this point.
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and take the limit 2; — 23, the singular part of the expression is proportional to

(21 — 22) 7Y { Vo(@iy v* uz, k1 + k2, 21) Vo(¢s, k3, 23) ) (35)

Thus the vanishing of the correlation function of the two fermion one boson vertex
operators also implies the vanishing of the correlation function of the two bosonic
vertex operators. If we now take the limit 2; — 23 in (35), the most singular part
proportional to (21 — 23) 2% is proportional to the identity operator, thus showing
the vanishing of the expectation value of the identity operator. This in turn
shows the vanishing of the cosmological constant.! Vanishing of the correlator
(V% (1) V_ L (22)) is a straightforward consequence of (28), in fact all the relevant
correlators were evaluated in calculating two fermion one boson vertex. Taking
the 21 — 2z limit in this correlator one may show that the one point bosonic

amplitude vanishes.

Calculation of the correlator of three bosonic vertex operators is somewhat
more involved. We start from the correlator (V% V_%VOVO), then study the limit
when the arguments of V% and V_ 1 approach each other. The result again van-
ishes as a consequence of the Riemann theta identity. We shall not give the

details of the calculation here.

Thus in this paper we have derived a general expression for correlation func-
tions of spin fields on arbitrary genus Riemann surfaces. Using a specific ansatz
for screening the background ghost charge makes the calculation relatively simple.
With this ansatz we have shown that all n-point amplitudes in the superstring
and the heterotic string theory vanish for 0 < n < 3, to all orders of string

perturbation.

t Vanishing of the cosmological constant on higher genus Riemann surfaces have also been
discussed in Refs. [12,15].
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