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ABSTRACT

A method for simulating radiative Bhabha scattering for configurations where
one or both electrons do not scatter appreciably is presented. Double radiative
Bhabha scattering is included by using the equivalent photon approximation.
Results from a Monte Carlo event generator are shown for two experimental
configurations. When an electron and photon scatter at large angles, the con-
tribution from order o* is large for low visible energies. For the single photon

configuration, the order a* correction is small.
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1. Introduction

Radiative Bhabha scattering where one or both electrons escape detection at
low angles is an important background for neutrino counting experiments [1] and
some searches for supersymmetry [2] and compositeness [3]. Also, the large cross
section allows this process to be used to measure luminosity at e*e” machines [4]

as well as test QED and radiative corrections.

The Monte Carlo program of Berends and Kleiss [5] simulates Bhabha scat-
tering and includes the order a® correction. However, it cannot be used for
configurations where an electron scatters at an arbitrarily small angle. So in
order to study such configurations, we have produced a program that exclusively

simulates radiative Bhabha scattering in this low angle region.

The outline of this paper is as follows. In sect. 2 the process e'e™ — e*e™y
is discussed in lowest order. In sect. 3 the next order radiative correction to this
process is treated by using the equivalent photon approximation. In sect. 4 a
method to simulate the processes e'e” — e*e”™y and e*e” — e*e™yv by a Monte

Carlo procedure is presented. Results from the Monte Carlo program are given

in sect. 5.

2. Lowest order process
The lowest order cross section for radiative Bhabha scattering,
et (ps)e (p-) — e (as)e (g (k) (2.1)

can be expressed in a compact form, in the ultrarelativistic limit, by using the

following notation [6,5]:
s=(ps+p-)*, t=(ps—q)?, u=(p.—q.)?,
s'=(qx+¢), t'=(p-—-q)*, u'=(p.—q)%, (2.2)

zy=ps -k, zT=p_-k, v1=¢,-k, y2 =q--k.



We are particularly interested in small angle scattering of the electron or
positron and hence the quantities, t or ¢/, can be very small. However, terms
containing m2/t2 and m2 /t'?, that could be of the same order as terms containing
1/t and 1/t', are neglected in the cross section of ref. [5]. To find the m?2/t? term,
we calculated the cross section from the only two diagrams that contribute to such
a term, shown in fig. 1. The result was found, using the symbolic manipulation
program REDUCE [7], to be

as 2 2 8m2 -1
d5 _ 82 sl u2 ul [ 132 2 dSI\
o= o < +sT et el 4 — (z3 +y3) -y ,

(2.3)
d®q, d3q. d3k
2q9 2¢° 2k°°

d°T' = 6*(py +p- — ¢ —q- — k)

in the ultrarelativistic limit. An exact order a® calculation [8] of radiative Bhabha
scattering was found to contain the same mass term. Including the m2/¢/ ? term

also, we use for the differential cross section

s 2 2 2 2
dsae"e'—»e"’e'fy = dsaBK — a_8m2 (172 + yz) + (231 + y;)
nis TaYzt? T yst!

) d°T,  (2.4)

where d%0pk appears in the appendix. This modification can effect total cross
sections by as much as 5% or more when they include electron scattering at

arbitrarily small angles.
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Figure 1. Diagrams that contribute terms containing 1/t and m?/t?. These and
the charge conjugate diagrams dominate the order a® cross section for the region

under study.



3. Correction to lowest order

In this paper, only the correction from higher order QED will be consid-
ered. The contribution from the Z° is small since the annihilation channel is
significantly reduced by the requirement that an electron be below some small
angle in the final state. Matrix elements for double radiative Bhabha scattering
are in the literature [9] but a calculation of the virtual correction to radiative
Bhabha scattering has not yet been published. So, instead we make use of the
equivalent photon approximation [10] (EPA) for the next order correction. With
this method, only the diagrams shown in fig. 2 and their charge conjugates are
included. This will be shown to be a good approximation of the total radiative

correction when one electron scatters at a small angle.

In the following discussion, we consider the diagrams where photons are ra-
diated from the electron while the positron is deflected only slightly. The charge
- conjugate diagrams are included by symmetrization. Interference between these
two sets of diagrams is not included but the net effect is expected to be small.
Box diagrams, known to cancel an infrared divergence in the interference terms,
are also not included. However, the finite remainder, after the cancellation of
the divergence, is small in the similar processes of Mgller scattering [11] and
two photon pseudoscalar production [12]. In sect. 5 we confirm that the effects
of interference and annihilation channel diagrams are small in the lowest order

process by simply removing them from the matrix element.

The radiation spectrum from the scattered positron is proportional to [13]

A ~ 2
€'Py €°44
— ) 3.1
(k-p+ k"]+> 5.1)

where k is the momentum of a photon with polarization é. In the limit that

p. and q, are collinear, the radiation goes to zero and so it is expected that
the radiative correction to the positron will be small. This is confirmed by

an explicit calculation[14] of the radiative correction to the multiperipheral two
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Figure 2. Diagrams included in the approximation of the radiative correction to
radiative Bhabha scattering: a) Virtual correction diagrams; b) Double radiative
Bhabha diagrams.



photon diagrams of the process, e*e” — e*e " u*u~. This process is similar to the
one studied here, except that both the electron and the positron predominately

scatter at small angles. The total correction is found to be on the order of 1%.

Vacuum polarization is also not included since the largest part of the cross

section has ¢? ~ m?2, where the effect is small.

Both virtual and real photon emission from the electron are included in the
next order correction. The infrared divergence associated with virtual photon
emission is cancelled by integrating the soft real photon emission up to some
cutoff energy, E.,, leaving a finite correction. This total analytic correction can

be written in the form
do¥® = (1 + 6) do®, (3.2)

where 6 depends on the soft photon cutoff energy. The cutoff energy must be
small enough that the experimental resolution would not allow the detection of
the extra photon and that the approximations used in calculating § are valid.
However, the cutoff energy must be large enough so that (1 + §) > 0 for all of
the phase space under study.

The correction term, §, for radiative Bhabha scattering in the region under
study, can be obtained directly from radiative corrections to Compton scattering.

The equivalent photon approximation relates these two processes by,
dso'e*e'—w*e"y = dsne+_,¢+,1 dzo',ye—_’,.’e- (3.3)

where d®n,+_, .+, is the equivalent photon spectrum [10]. The correction, (1+ §),
is thus the same for both processes. This correction term has been calculated for
Compton scattering in the ve center of mass system by Mork [15]. Provided that

E.,. is specified in the e center of mass system, the corrected cross section is

given by
da:fe'—ve"e"y = (1 + 5;:3__),76_) dae*c'—be"‘e"y’ (3.4)
where 5';::—->7e' is given in the appendix.



The process, e*e” — e*e 4y where both photons have energies greater than
E.,. in the ~ye center of mass system, can be calculated by a direct application

of the EPA,

dsae*'e'—be"'e"y'y = dsne+__,e+,1 dsafye"—«»e'qq . (35)
The cross section for double Compton scattering,
v(k)e™ (p-) — e (a-)v(k)v(ke), (3.6)

was first calculated by Mandle and Skyrme [16]. Their result may be written in

the form,

ad XMS
dsa’Yc'—»e"Y'Y = w25 m? d°T,
dq. &%k d°k, (3.7)

2¢° 2k° 2kQ°

d°T = 6*(p_ + k—q. — k — k)
§= (P-+;§)2,

where X s is given in the appendix. Then the cross section for double radiative

Bhabha scattering,

et (py)e (p-) — et (gv)e™ (a-)v(k)v(ks), (3.8)

is given by,

4 - 2 _ 32 2
dsoe*'e‘—be"c"r‘/ = o Xoas <—1_) (s +(S 8) + 2me> dBI‘,

mts m? t 52 t

(3.9)
d3q, d3q_ d°k d°k,

d°T = 6* _—q,—q-—k—k
(P +p-—as—q s) 240 290 2k° 2k9°

where /3 is the e center of mass energy.



4. Monte Carlo event generation

The Monte Carlo generation follows the method used in ref. [5], where trial

events are generated according to an approximate cross section, do®. The trial

events are accepted on the basis of the weight,

w= da/da“,

(4.1)

so that the final set of events follows the distribution given by do. The total

cross section is found by,

az/wdo"".

For the lowest order process, we use the approximate cross section

d®o® A o ! 4lq,]d0,, d0
eteT e T 2n2 (14 ¢+ €)(Ep — q9)2 ¢ Q41 420q, 0

t=—2Eq? ((1 —cosb,,) + e/zf,’z) ,

2m2 o]
c=cosly, e=—%, z?zq—+o,
s Ep — ¢?

(4.2)

(4.3)

where all angles are measured with respect to p,. The approximate cross section

does not treat electrons and positrons equally. For half of the final events, all

charges are reversed, so that the final event sample is charge symmetric.

A good approximation of the double Compton cross section, when k9 < V3,

is [17]

2 3
5 L« p- q- d°ks ,,
d One~—e~qy & 472 (p_ ks - q. - ks> ko d One~—sne

(4.4)



By approximating this equation further and again using the EPA, we use the

approximate cross section for double radiative Bhabha scattering given by

d80.a.+ _

— 38 _.a 5 _.a
ec—»e*e'qq—d03d0+'

etem—etemy?

spe = & 1 1 1 ko,5) ks 4.5
das_47r2k§’2 (l—cp_+e+1—c_k+e>f( e® ko’ (4.5)

-1
. k9
cp. =cos /(ke,p-), c—=-cosl(ks,—k), f(k7,3)= (1 - T =+ 63) ,
3V

where d°02, - . ,- , 18 given in eq. (4.3) and d30? is evaluated in the ~ye center
of mass system. The function, f(k?,3), has been included to approximate better
the peaking behavior when k2 =~ % 8 in the ~ve center of mass system, and ¢, is

some arbitrary small parameter.

To generate a general phase space variable, z, according to a distribution

D(z) dz, it is necessary to solve the following equation for z:

z Imax
A = / D() di / / D(3) dz, (4.6)
Zmin Zmin

where JA; is a random number equidistributed in the interval (0,1). The quanti-
ties Tmin and T,.x are specified by or calculated from parameters that describe
the detector acceptance and event configuration. The photon and electron ac-
ceptances are defined by minimum angles with respect to the beam line, 8y ;s
and 0¢ min, and minimum energies, Ey in and E, ;.. Veto angles for photons
and electrons are given by the angles, 0yyeto and eyeto- All veto angles need
not be less than all acceptance angles, however the combination must not allow
a collinear final state. The event configurations, identified as e, single v, and
single e, specify the combination of final state particles in the acceptance, the

others being below the veto.

10



From eq. (4.3), the distribution of ¢ and cos,, is given by

0
9+ -
D(q2,cos0,,)d|q,|dcos8,, = ———-| — ) d|q.|dcosb 4.7
(6,c001,) dlas | deosty, = o (S) dayldeosty,. (4)
The distribution of ¢¢ alone, found by integrating over the positron scattering
angle, 8,, , between 0 and the veto angle, ¢ .o, is given by
2 q9 1—-cosb,.
D(20)dz0 = =% 1n [1+( 05 fevero) 02] dz?. (4.8)
s |q.] €

Equation (4.6) cannot be solved for this distribution, so 27 is generated by a
simple throw away technique. That is, a trial 2 is chosen at random, and is
accepted with a probability proportional to D(2?). The second degree of freedom,

0,., has the distribution given by eq. (4.7) and is generated by

- 0 veto Az
1 -—(;osﬂq+ = % ([1+ (1 COSUevet )222] _ 1) ) (4-9)
z

9+

9 €

Similarly the angle of the photon, 8, is generated by

A
1 amin 8
+ 08 Vmin + E) , (4.10)

1+ cosbi+ €= (1+cosbmax + € (1+cos0 .

where for the ey and single « configurations, 8 in = 0y min and Omax = T — 0y min,
and for the single e configuration, Opmin = T — 0yveso and Omax = 7 . The final

degrees of freedom for the three body final state are simply

ér =27y, and ¢g, =2mAs. (4.11)

To generate an event sample which includes the virtual and soft real pho-
ton corrections, the factor (1 + §) is included in the weight given by eq. (4.1).
This sample is combined with the double radiative sample, which is generated

separately as shown below, to produce an event sample correct to order a*.

11



The double radiative Bhabha event generation closely follows the previous
procedure, since the lower order process factors out in eq. (4.5), apart from the

term, f(k2,8). The distribution of ¢2 is now given by

D(z2)d= = 2 |(ql+| In (1 — coseoe veto) zfz] Inrdz?,
+
(4.12)
r—= ';'\/3(1 + 68) - Ecut .

E.B-E'cui:

The remaining degrees of freedom of the three body final state are treated as
before leaving just the three degrees of freedom of the second photon. The
energy of the second photon in the «e center of mass system is generated by the

following algorithm:

14 €
ki™ == 4.13
8 \/_ 1 + €8TA6 ( )

The approximate cross section peaks when the second photon is nearly collinear
with the initial or final state electron. Since the choice of the axis about which
0k, and ¢, are measured is arbitrary, by choosing the axis to be along p- and —k
alternately, by another random number, both peaks are handled in accordance

with eq. (4.5). These angles are generated by

24+ €
€

At
1+cosOp™ +e=¢ ( ) , and ¢;™ = 27, (4.14)

12



5. Results

The methods of the previous section have been incorporated into a Monte
Carlo program. In order to make specific comparisons, we have simulated the
ey configuration for a typical PEP or PETRA experiment. The invariant mass
distribution calculated with this Monte Carlo is shown in fig. 3 compared with
a calculation® using the EPA. Removing the annihilation channel and the inter-
ference between the t and ¢’ channels changes the total cross section by less than
0.1%. This check was made by using eq. (2.3) instead of eq. (2.4) for the cross
section. Hence the approximations used for the next order correction are valid.
The choice of the cutoff energy, E.,;, for the next order correction depends on
the detector resolution and analysis criteria. The range of allowed values of E.,,
is quite wide as shown in fig. 4. Also, the total cross section is shown to not
depend on the choice of E.,; as required. The total energy inside the acceptance
is shown in fig. 5 along with the lowest order result. The total cross section is
much larger when the next order diagrams are included due to low visible energy
events. In these events, the longitudinal momentum of the missing electron is
balanced by a hard photon, also undetected. The total radiative correction can
be reduced by requiring that a minimum total energy be detected. Then the

order a* simulation whould be an accurate representation of this process.

Total cross sections and energy spectra from the lowest order single 4 gen-

eration agree with results from a numerical integration of the differential cross

T

tribution from the Z°. In order to judge the effect of including the order a*

section’' and from another Monte Carlo generator [19] which includes the con-

* See ref. [4]. We replace eq. (6) by,

4o = max

u’;in -8 ﬂ - uxenax ol u%ax -8B B- u’xilin
SR e Y1 = mn 7 e
1-—- ﬂu - ﬂumax 1- ﬂumax 1- ﬁumin

min

t See ref. [18]. The authors chose to use a = 1/128.5, whereas we use o = 1/137.036. After
correcting for this, agreement is found.

13
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Figure 3. ey invariant mass distribution calculated to lowest order for a typical
PEP or PETRA experiment. E; = 14.5 GeV, cosl¢ nin = €088y nmin = 0.72,
0.veto = 0.1 rad. The dashed curve is from an EPA calculation, and the his-
togram is from the Monte Carlo generator. The total cross section is calculated
from the EPA to be 29.51+0.01 pb and from the Monte Carlo to be 29.29+0.07 pb.
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Figure4. The average virtual and soft correction, (1 + é), and the order a* total
cross section for various cutoff energies for the experiment described in fig. 3 with
Eqmin = Eemin =1 GeV and the ey separated by more than 45° in é.
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Figure 5. Total energy in the detector for the experiment described in fig. 4.
The shaded histogram is the order a® result and the unshaded is order a*. The

order a® total cross section is calculated to be 29.29 + 0.07 pb ; the order a* to
be 47.95 £ 0.12 pb.
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Table1l. Single photon cross sections for a simple SLC

or LEP experiment.

Ey = 47 GeV, 8y min = 30°,

0cveto = 15 mrad. For the order a* cross section,
0~ veto = 15 mrad. Only statistical errors are included.

E’ymin

0.5 GeV

1.0 GeV

1.5 GeV

Description

Otot (Pb)

Order a® 2 diagrams

Order a® complete

Order a*

33.40 + 0.09
34.24 £ 0.09
34.33 £ 0.10

4.89 1+ 0.03
5.06 = 0.02
4.77 £ 0.03

0.120 £+ 0.003
0.145 + 0.003
0.132 + 0.003

diagrams, we have simulated the single v process for a simple SLC or LEP exper-
iment. The total cross section is given in table 1 calculated to the lowest order
using the complete cross section, given by eq. (2.4), as well as using only the two
diagrams shown in fig. 1, given by eq. (2.3). In the cases where one electron is
allowed scatter at 0° (Ery min = 0.5 and 1.0 GeV), the two cross sections agree to
about 3%, which again indicates the interference and annihilation terms are small
and the method used for the next order correction is valid. When the criteria
force both electrons to be away from 0° (E,ymin = 1.5 GeV), the agreement is
worse. In this case, the approximation used for the next order correction is less

accurate. Table 1 also shows the total cross section when the order a* diagrams

are included. The correction is seen to be very small.

17




In summary, we have presented a method to simulate radiative Bhabha scat-
tering for configurations where one or both electrons scatter at small angles. We
have shown that for the ey configuration, the effect of including order a* can be
large, due to low visible energy topologies that are kinematically inaccessable by
three body final states. The size of this correction is best understood by the fact
that if an electron radiates a hard photon in the initial state, the ve scattering
process can take place at a much reduced center of mass energy. By specifying
a minimum total visible energy, the correction can be reduced. The order a*

correction to the single photon configuration has been shown to be very small.

The author wishes to thank Manel Martinez and Ramon Miquel for very
useful discussions which assisted in discovering an error in the event generation
procedure. They have completed a calculation [21] of double radiative Bhabha
scattering and find good agreement with the EPA method presented here.
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APPENDIX

Some lengthy formulas referenced in the text are included here. The lowest

order cross section for radiative Bhabha scattering from ref. [5] is given by
a3

dSO'BK = -————AWIRWm d5F
mis

A= (s8'(s2+ &) +tt'(t* + t'*) + uu'(u? + u'?))/(ss'tt),
(A1)

8 s t t! u u
Wir = + - - + s
T1T2 Yiy2 11 Z2Y2 Z1Y2 21

Wo—1-mele=8) (o & 8 s
sz 4+ Ty Tz Y1 Y2

The correction term for virtual and real soft photon emission for Compton

scattering from ref. [15] with four misprints removed is

cm _ 3 Ecut 2 1 2
2
2

2
+ (2t+——2+E4t3>L2(1—E2t) (A2)

[
+ 2—5t—%+4y(%+t—2)]lnE

— 2UIn*(1 —t) —UL,(t)

[ 2 2 lEz 1

1—2= — _ _ - 2

+ 11 Em T +4y< 1+ Zt)] In(E t)},

E = é, t=3(1+pB_cosb;™), y=In[Esin(6;™)], U=t+1/t,

mMe

where L;(z) is the second order Spence function,

z

La(z) = — / In " du. (A3)
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The matrix element for double Compton scattering calculated in ref. [16],

appears in ref. [20] as

Xms = 2(ab —¢) [(a + b)(z + 2) — (ab — ¢) — 8] — 2z(a® + b?) — 8¢

4z 1—=z

t4B

- )+ z%(1 - 2) + 22

[(A-i— B)(z+1) — (aA+bB)(2+ =

— 2plab + ¢(1 — z)]
3 3 3
1 1 1
oL T O D
3 3 3
T= Z ki, Y= Z'“:" z= Z’Ci'ci', (A4)
1 1 1

s !
— — o ol ! Ki | Kq
A=KiKk2Kks, B=£K Kok, p= E (—, + —’) ,

2 —_— 2 _ 2 T
meky =p_-k, miky=p_-ksy, miksg=—p_-k,

2,0 __ 2,0 __ 2.1 i
meK; = _q—'k’ myK, _—Q-—'ks, melc3=q--lc.
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