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Introduction 

It has=recently been realized that a necessary and sufficient criterion for CP 

violation in the standard model with three generations can be formulated in a 

~parametrization independent manner. This formulation is stated entirely in terms 

of the determinant of the commutator of the mass matrices for the charge 2e/3 

and charge -e/3 quarks,“’ a quantity invariant under any allowed redefinition of 

phases of the quark fields. It is not necessary to refer to the Kobayashi-Maskawa 

matrix,“’ or any parametrization thereof. Instead one can work entirely with 

mass matrices which involve the fundamental Yukawa couplings of the Higgs 

boson to the quarks in the basis of weak eigenstates. 

With three generations of quarks and leptons CP is violated if and only if 

the single quantity,“’ 

det K = det [ Ut U, Dt D], (1) 

. is non-vanishing. Here U and D are the three by three Yukawacoupling matrices 

for the charge 2e/3 and -e/3 quarks, respectively. 

In the Kobayashi-Maskawa”’ parametrization 

det K o( (mf - mz) (m: - mi) (mi - rnf ) (mi - mz) (mz - mi) (mi - mi) x 

sin2 t$ sin e2 sin e3 cos e1 cos e2 cos e3 sin 6 
(2) 

This vanishes if any quarks with the same charge have the same mass, or any of 

the angles t?i assume the values 0 or 7r/2, or the phase 6 is 0 or 7r. 

In this paper we study the scale dependence of det K. We find that it satisfies L 
_. _ _F_ 

- a simple renormalization group equation where the change in det K is propor- 
~- 

..- - tional to itself. This allows a straightforward computation of its value at the 

grand unification scale in terms of its value at the weak scale, given an initial set 
- _ 

of Yukawa and gauge couplings. 
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In the standard model with one Higgs doublet and three generations of quarks 

and leptons det K falls by roughly six orders of magnitude in going from the weak 

to grand unification scales if the t quark mass is small. When the t quark mass 

approaches its fixed point value”‘51 of N 220 GeV, det K falls by about four orders 

of magnitude. Similar results hold in extensions of the standard model involving 

two Higgs doublets or supersymmetry. The decrease in det K is due primarily 

to the decrease in quark masses that are not near their fixed points and has 

important consequences for baryogenesis. 

Renormalization Group Equation in the Standard Model 

- 
The renormalization group equation for det K follows from those for the 

Yukawa coupling matrices U and D: Is1 

U-$=-G,+3T+;(UtU-DtD), 

-and 
. 

~-lg = -Go + 3 T + %(D~D - utu). 

(34 

w 
--.. .- . -. The conventions are those of Ref. 5, where r = &ln(CLJMw); T = Tu + 

To = Tr(UtU) + Tr(DtD); and GU and GD are equal to 8s: + igi + ggf and 

89: + $7; + &l;, respectively. Leptons have been neglected as unimportant. Using 

Eqs. (3) and the definition of K = [UtU, DtD], we find 

$jF = W, A), 

where 

(4 

. A=6T+;(UtU+DtD)-(Go+Gb) (5) j _T_ 
- - L. 

Noting that - 

- - d(ln det K) = d(Tr In K) 
dr d7 

= Tr(K-‘g) = 2 TrA, (6) 
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we obtain: ,z.- . . -. 

. (det K)p = (det K)M,+, eKc2 TrA)dz, (7) 

where !+!%A +T--3 (Gu+GD). 

The behavior of det K as a function of the momentum scale p compared to its 

value at the weak scale is shown in Figure 1 for various values of mt. The Yukawa 

couplings of the other quarks and the values of the gauge couplings are set at Mw 

to their known values. I” It is seen that det K decreases as the scale ~1 increases. 

In particular, for t quark masses below about 150 GeV, (det K),/(det K)M~ 

decreases by over five orders of magnitude when ~1 is at the grand unification 

scale (which we take as 10 l5 GeV, corresponding to r = 0.19). As mt grows 

larger, and the corresponding Yukawa coupling approaches its fixed point,““’ 

(det K)GUT/(det K)w approaches - 10a4. 

- 

Figure 2 shows the ratio of det K at the unification scale to its value at the 

weak scale as a function of mt. Here we see more directly that det K at the 

unification scale assumes larger values as the t quark Yukawa coupling increases 

-- .- . -. 
toward its fixed point. ‘4’s1 

This hints that most of the running of det K is due to the running of the 

quark masses rather than that of the mixing angles if we decompose det K into 

a product of factors, as in Eq. (2). The dashed curve in Figure 2, which shows 

only the effect of the running of the mass factors in Eq. (2), gives an explicit 

numerical demonstration that this is the case. An analytic calculation which 

neglects the contribution of the Yukawa couplings (a good approximation for 

small quark masses) shows the same result: most of the running is .due to the 

quark masses, which fall by a factor of - 3 between the weak and unification - . ~ _T_ 
- - scales. L. 

._- With some hindsight, this is to be expected, as the mixing angles are dimen- 

- - sionless and functions of ratios of quark masses of the same charge. Thus they 

are insensitive to the running of the gauge couplings, which yield the same factor 

4 



.-- 
for all quarks of the same charge; the angles only run if there are large Yukawa 

couplings.-‘*’ 

Extension to Two Higgs Doublets and Supersymmetry 

To extend our results to the case with two Higgs doublets, we need only 

replace Eqs. (3) by”’ 

-Gu + 3 Tu + $3 UtU + DtD), (84 

and 

D-l: = -GD + 3 TD + fe DtD + UtU). w 

. 

--.. .- . -. 

Correspondingly, the matrix A now is replaced by ATE,, ~~~~~ = 3 T + i(UtU + 

DtD) - (Gu + GD). The form of the remaining equations is the same, as is 

their solution. The only important difference is that there now exist two vacuum 

expectation values, w, and Vd, with the constraint that vf+wj = v2 = (175 GeV)2. 

Thus in addition to mt we have.an additional variable, which we take to be vd. 

In Figure 3 we plot the value of det K at the unification scale relative to its 

value at the weak scale as a function of vd for various values of mt. Again, as in 

Figure 2, this ratio is roughly 10m6 when mt is small and grows to approximately 

10m4 when the Yukawa coupling of the t quark approaches its fixed point. 

The situation for the supersymmetric extension of the standard model is 

similar. Now the Yukawa coupling matrices run according to16’ 

U-l: = -Gu + 3 Tu + (3 UtU + DtD), (94 
; 

. and _Y_ ~- 
- - 

‘D-l: = -Go + 3 TD + (3 DtD + GtU), w 
..- 

- - and Asusy = 3 T + 7 (U+U + Dt D) - (Gu + GD). Because of contributions of 

super-partners, GU and GD are altered to Fgi + 3 gi + Fgf and ygz + 3 gz + ggf, 
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respectively. The behavior of det K is given in Figure 4, and is qualitatively the 
‘. .-- same as before. However, because the gauge couplings run more slowly, light 

. quark masses decrease by a factor of - 5 rather than - 3 between the weak scale 

land the unification scale. Consequently det K at the unification scale is about 

three orders of magnitude smaller than for the standard model. 

Baryogenesis 

CP violation is one of the necessary conditions for baryogenesis.“’ Conversely, 

baryogenesis is the only probe of the strength of CP violation at the grand uni- 

fication scale. 

. 

A physical quantity involving CP violation does not have to be det K times 

pure numbers; it can involve det K divided by other physical quantities such as 

quark masses, and therefore have a less dramatic decrease as we move from the 

weak to the unification scale. For example, analyses of baryon generation in a 

large class of theories”-“’ lead to a baryon to photon ratio that scales like the 

product of six Yukawa couplings. 

- 

-- ..- . -. 
If these Yukawa couplings are unrelated to quark masses, e.g., involve super- 

heavy Higgs bosons that are not in the same SU(5) multiplet as those that give 

masses to quarks, there is little predictive power. We fix our attention instead on 

theories where the baryon excess originates in the Yukawa couplings responsible 

for quark masses, and consequently can be obtained from accessible physics of 

5 10 TeV. 

If the product of the six Yukawa couplings is proportional to light quark 

masses, one obtains too small a baryon excess. “‘I What we need are heavy 

generations of quarks whose masses are close to their fixed points and thus do 

not decrease as we go from the weak to the unification scale. Their masses are 
. j _T_ -- 

._- constrained from above and below: if there exist N heavy generations then no 

quark can have a mass above the fixed point of 250/n GeV or else perturbative 
- - 

unification is lost. Is1 If, on the other hand, they are much lighter than 250/n 
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GeV they are too far from their fixed point; their masses will decrease as we go 
L r to the unification scale, and lead to too small a baryon excess. 

. 
We conclude that, in this framework, big bang baryogenesis suggests the exis- 

tence of new heavy quarks close to their fixed points. Such quarks automatically 

occur [121 in family unified theories. iww 

FIGURE CAPTIONS 

1. The ratio of det K at the momentum scale p to its value at the weak scale 

plotted versus r = & ln(j.4/&) for various values of mt. 

2. The ratio (solid line) of det K at the unification scale (p = 1015 GeV) to 

its value at the weak scale as a function of mt. The dotted line shows this 

ratio due to the effect of the running of the mass factors in Eq. (2) alone. 

3. The ratio of det K at the unification scale to its value at the weak scale in 

the case of two Higgs doublets as a function of vd for various values of mt. 

4. The ratio of det K at the unification scale to its value at the weak scale in 

the supersymmetric extension of the standard model as a function of vd for 

various values of mt. 

- 
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