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ABSTRACT 
- 

The W-pair production cross section in e+e- collision is investigated as a 

measuring tool for the W-mass. Against the recent argument, the cross section 

itself is not useful for determining the parameter of the electroweak theory. Also 

the leading logarithmic correction to the cross section is shown to be small. 
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Recent-ly the W-boson pair production has been investigated as one of the 

main subjects for future high energy accelerators, particularly for LEP2 [l]. 

Among others, the three gauge vertices (WWZ and WW7), W-mass and W- 

decay processes are to be studied through this pair production process rather 

exclusively. 

In this letter, we concentrate on the W-boson mass measurement via the 

total W-pair production cross section. Naively the production cross section will 

increase very rapidly at the threshold and this behavior was considered to give 

a good measurement of Mw. However, recent papers [1,2] claim that the finite 

width of W will wipe out the rapid increase of the cross section. Then they 

consider the total cross section itself as a measure for Mw. Ref.1 estimates the 

change of the cross section (at slightly above the threshold) with respect to the 

change of Mw as 

- 

- = 2.7 pb/GeV , 
AMw 

--. .- . L 

and Ref.2 gives almost the same results for wide range of the center of mass 

energy. They both conclude that one can measure W-mass well by using the 

above rather large dependence of the production cross section on Mw. Note that 

Ref.1 uses a cut-off for the invariant mass of the W-decay products, Mwf 10 

GeV, while Ref.2 integrates out the cross section over whole range of the final 

states. Their results are consistent with each other taking account of the above 

difference. We will use the same cut-off as that of Ref.1 in the following numerical 

estimate. 

The above results, particularly Eq.( 1), are confusing and misleading. The A 
_- ’ .=. cross section is not a direct measurement of any particle mass. The dependence -- 

~ -of cross section on’s particle mass .is an implicit one. Hence one should carefully 
_- treat all the relevant parameters simultaneously. 

- - 
The standard electroweak theory contains basic three parameters (apart from 

fermion masses and the Higgs mass which are of little importance here, assuming 
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i r that they are not extremely heavy). We have two experimental data with high 
. precision, the muon life time rP and the fine structure constant cy. The present 

experimental status of the determination of gauge boson masses, Mz and Mw, 
is still far away from precision measurement. Then effectively one parameter 

remains undetermined which corresponds to the Weinberg angle sin2 8w typically, 

or anything else. Due to the remaining one parameter, the theory predicts only 

the relation between Mz and Mw, that is, Mw is a function of Mz or vice 

versa. Hence, as long as we are working in the standard theory, any change of 

Mw enforces the corresponding change of Mz and of everything else. Thus the 

dependence of some physical quantities on Mw should be discussed with proper 
- 

account of the above restriction. 

We write the total cross section o at some s as 

0 = &Mz,Mw) , (2) 

_-.. .- . L 

where we have adopted three physical quantities, e, Mz, Mw, as three basic pa- 

rameters of the theory. These masses, Mz and Mw, are the on-shell masses, and 

e is the on-shell photon coupling constant [3]. A complete and explicit formulas 

for the above function is found in Ref.2 which includes the finite width effect 

of decaying W. What is estimated in the previous papers [1,2] is nothing but a 

partial differentiation of o with respect to Mw, 

R1 = WeJJz,Mw) 
aMw ’ (3) 

The two inputs, rcc and cy, give two constraints, a fixed value for e and a correlation 

between Mz and Mw. The above differentiation contradicts the correlation. c 
,- _T_ What should be estimated for discussing the power of determining the remaining ..- 

~ - one parameter is the total derivative, 
-- 

- - 
R2 = ~(04dMw),Mw) 

dMw 
= R1 + ~Mz ~~(Ofz,Mw) 

dMw dMZ ’ (4 

where Mz is regarded as a function of Mw. This interrelation ( in the lowest 
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order )-is written down as 

Mw = M$)(Mz) = Mz j;(1+/~), 

where the inverse function is shown for later use, and GF is the Fermi coupling 

constant determined by the muon life time rl(. 

To see the actual numerical values, we take a typical s, fi = 200 GeV, and 

take Mz= 93.00 GeV for the center value. The corresponding Mgl(93.00 GeV) 

is 83.09 Gev, where we do not include some specific QED corrections to the muon 

decay amplitude which are usually put in the lowest order quantities. (Note that 

such inclusion of the particular part of the one loop corrections does not make 

sense absolutely in the renormalization theory of the electroweak theory.) The 

numerical results are 

- 

81 = 2.3 pb/GeV , (6) 

R2 = 0.24 pb/GeV . (7) - 

As is readily seen, the correct dependence on Mw is extremely reduced due to 

the second term contribution in Eq.(4). 

Presumably, the above argument will become impractical, though it is physi- 

cally correct. At the time when we will be able to observe W-pair production, we 

certainly know a precise value of Mz, say with 0.1 % error, via the e+e- experi- 

ment around Z-pole. The standard model predicts a definite Mw and everything, 

and the above estimate may lose practical significance. The deviation of the ob- & 
,- -9. served cross section away from the predicted one should indicate that there must -- 

- - 

..- 
be some new ingredients beyond-the standard model (and/or the higher order 

effects). 
- _ 

So far we have discussed the issue in the tree approximation (and the finite 

width effect). It cannot be overestimated to successfully confirm the higher order 
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* .-- effects in t-he electroweak theory. We just mention that the establishment of QED 
. is based on the excellent agreement between the renormalization theory results 

and the experiments. We proceed to investigate the higher order corrections to 

this process [4]. N o complete results of one-loop corrected amplitude including 

the finite width effect have been obtained yet. However, one may expect that 

the leading logarithmic part should dominate in the electroweak loop corrections. 

In general, the leading logarithmic corrections are rather easily evaluated [5,6,7]. 

Furthermore, in our scheme of renormalization, for any physical quantities of the 

weak scale (- 100 GeV) processes, the logarithmic terms are able to be simply 

assembled to the all orders. The corrected amplitude is a function of the effective 
- 

QED coupling constant at the weak scale and Mz[8]. 

The evaluation goes as follows. At the tree level, amplitude is written as 

aO(e,Mz,Mw). Practically, o” is regarded as a one-parameter function of Mz, 

provided that rlc and cx are fixed: 

co = a’(dm, Mz, M$)(Mz)) = iF”(Mz) , (8) 

_-..._ . L 
where a(O)-l = 137.036, and the function M$) is in Eq.(5). Of course we are 

supposing that Mz becomes the third best input parameter at the time when 

W  bosons are pair produced. Accordingly, our definition for the higher order 

correction is that calculated under fixed TV ,a! and Mz. Then the corrected 

amplitude with the all order logarithmic terms is expressed as[8], 

CT’ = a’(dw, Mz, M$+Mz)) = 6’(Mz) , 

where a constant a(M) is the effective QED coupling constant at the weak scale, 

and M$ (Mz) is a !ogarithmically corrected interrelation between Mwand Mz [5]. i 
_- , _=_ The corrected relation is defined implicitly by -- 

- .- 1. 

..- a(0)Mg2 (M; - Mt2) = a(M)M$j2 (M; - M$12) . (10) 
- - 

We take a typical value, a(M)-’ = 128, given by the standard contents of 

light fermions. For corrected Mw, we rather use an estimate of Ref.5 which 
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includes the leading logarithmic terms and O(o) terms as well, 

M$(93 OOGeV) = 82 14GeV . . . (11) 

This is 0.95 GeV less than the previous tree relation Mg)(93.OOGeV) = 83.09 

GeV. Finally we get ( fi = 200GeV, more complete results will be found in 

Ref.8)) 

&(‘)(93.00GeV) = 17.1 pb , (12) 

which should be compared with the tree prediction for the same Mz, 

S(‘)(93.00GeV) = 16.9 pb . (13) 

Thus the difference of these two is as small as 1%. It is rather disappointing to 

see how small the difference is. The leading logarithmic terms for this process are 

almost cancelled out among themselves. Intuitively, the running of the coupling 

_-.. .- . -. 
constant increases the cross section, while the change of Mw(-0.95GeV) decreases 

it. Note that such type of cancellation is not a general feature for the weak scale 

processes. 

We should comment here on the heavy particle effects to the process. For 

example, unknown heavy fermions may affect the corrected relation between MW 

and MZ to a large extent. In other words, under fixed Mz, Mwis changed due to 

heavy fermions. Those heavy particles ( mh > Mw) do not change a(M). Then 

one may think of the validity of RI in Eq.(3), that is, the change of Q and Mw 

both due to heavy,fermions may be related through RI (applied to Eq.(9)), and C 
,- _F_ hence R1 may tell the power of measuring Mw by the cross section. However --- -.- 1. 

this argument is still wrong. The dominant heavy particle effects to the process 
..- 

is not logarithmic. Therefore one has to take account of the direct correction 
- - terms of mi/M& to the cross section itself in addition to the logarithmic part in 

Es.(g). 
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. 
In conclusion, an efficient Mw measurementcannot be done only by looking 

at the W-pair production cross section. In order to get a precise measurement 

of Mw, one has to study the subsequent W-decay processes. Also the leading 

logarithmic corrections to the production process due to the electroweak loop 

effects is so small that it seems practically impossible to confirm the loop effects 

directly via investigating the cross section. 
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