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1. Introduction 

The present vigorous experimental programs at the existing accelerators and 

at the ones under construction are expected to subject quantum chromodynamics 

(QCD) and electroweak theory to ever more stringent tests. Specifically, e+e- 

colliders at center of mass energies of fi - 100 GeV will provide the opportunity 

to explore many of the predictions of QCD and electroweak theory in a clean 

environment and therefore they are ideal testing grounds within their energy 

ranges. 

In e+e- annihilations, the interaction is mediated by electromagnetic current 

(7) and the weak neutral current (ZO).l At typical operating energies of SLC2 

and LEP,3 the interaction will be dominated through neutral current via Z”- 

production. Furthermore, large enhancements in the value of cross section for 

e+e- --) hadrons is expected at Z” resonance, i.e. at c.m. total energy of ,/Z - 

Mz. However, at lower energies, (i.e., fi - 20 GeV), the process is dominated by 

electromagnetic current and Z” contribution will be negligible. The interesting 

region of medium energy (e.g. TRISTAN* energies) will reveal the interference 

between weak and electromagnetic interactions. 

Related to the variation of energy in inclusive hadron production, it is in- 

teresting to study the angular distribution of produced hadrons. At energies 

slightly above threshold, the reaction is almost like a two-body exclusive process. 

Therefore, the angular distribution is determined by the helicity of the final state 

hadrons. However, at higher energies, multiparticle production dominates and 

the spin correlations among produced hadrons become unimportant. In fact, 

at asymptotic high energies, the angular distribution of the hadron in inclusive 

reaction is basically determined by the quark-antiquark pair production. 
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Another interesting feature of angular distribution of hadrons comes from 

weak and electromagnetic interference. ’ The axial coupling of 2’ boson to fermion 

gives rise to asymmetry in the angular distribution. This leads to forward- 

backward asymmetry which can provide valuable information about the coupling 

of Z” to quarks. 

In this paper, we have studied the inclusive production of heavy mesons 

(mesons with at least one heavy quark c, 6, t) for the energy ranges from 20 GeV 

to 110 GeV. From a theoretical point of view, heavy meson systems are interest- 

ing because: (i) their binding energies are small compared to their masses and 

therefore to a good approximation they are nonrelativistic systems described by 

simple wave functions (see next section), (ii) th e momentum transfer q involved 

in the production of heavy quarks is sufficiently large compared to QCD scale 

parameter AQCD - 100 MeV. Thus, the heavy meson system could provide im- 

portant clues related to the perturbative QCD mechanism for the hadronization 

process.5 

This paper is organized as follows. In Section 2, we present the details of the 

calculation for production of heavy mesons. We derive analytic expressions for 

various cross sections at high energy limit in Section 3. The numerical estimates 

of total cross section, fragmentation function, angular distribution and asymme- 

try for pseudoscalar mesons are given in Section 4. A summary and conclusions 

are followed in Section 5. 



2. Calculation of Cross Section 

The mechanism for inclusive production of heavy mesons is shown in Fig. 1. 

In Figs. l(a) and-l(b), the process is mediated via photon production while in 

Figs. l(c) and l(d) ‘t 1 is mediated through 2’ boson. The main contribution from 

each set of diagrams depends on the energy regions as it was discussed in the 

Introduction. 

At large momentum transfer q, the invariant amplitude M for processes shown 

in Fig. 1 factorizes516 into the convolution of hard scattering amplitude TH and 

meson distribution amplitude 4~. Therefore, we can write M as, 

M (kqi) = 
J 

[dxl TH (bwi) +M (w2) (1) 

where TH is the hard scattering amplitude which can be calculated perturba- 

tively from quark-gluon subprocesses, and 4~ is the probability amplitude to 

find quarks which are collinear up to the scale q2 in a mesonic bound state. In 

Eq. (l), xi’s are the momentum fractions carried by constituent quarks and [dx]= 

dxldxp5(1- x1 - x2). For the heavy quark systems, the bound state wave func- 

tion can be reliably determined by nonrelativistic considerations.6 Therefore, we 

use the quark distribution amplitude dM, given in Ref. 6 which is derived in the 

same approximation. For pseudoscalar mesons, 4&f is given by 

(2) 

where fM is the pseudoscalar meson decay constant and m and ml are masses 

of the meson and the primary quark respectively. By substituting Eq. (2) into 
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Eq. (l), the invariant amplitude M becomes, 

M (hi) = k TH(kqi,r) 
26 

where r = ml/m. Using the spin sum,’ 

-$ c v(p) a(p) = 75(+;m) , 
spin 

(3) 

(4) 

for pseudoscalar mesons, the hard scattering amplitude TH can be expressed as 

TH= xi 
167r2C+a, 

I=7,ZO 
(1 _ r)s(+ - 2El)s1 0(k2)7c( rEu(kl) 

X 
‘(Q2h 9 7*(* + ff2 + rrn)rp I?; v(ql) 

&-2E1 

+ 
G?2)7a 9 7lc r&{-[d1 + d2 + (1 - r)+] + rm}ya v(ql) 

fi-2rE 

+ (primary t) secondary) 

where 
s7=s , szo = 4sin2 29~ (s - Mi + il?zMz) 

r:=-i , r,Z=ve+A,75 

(5) 

(6) 
q$=Q , r;=vQ+Ag75 

with 
VQ = 213 -4Qsin2Bw , V, = 4sin28w - 1 

(7) 
AQ = -213 , A, = 1 . 

Here I3 is the third component of the weak isospin of the quark coupled to Z” 

and Q is the charge of the quark. In Eq. (5), a! is the fine structure constant, 
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the color factor CF = 4/3, E and El are energies of the meson and the primary 

quark respectively, and (primary * secondary) indicates the contributions from 

the diagrams in which primary quark pair is exchanged with secondary quark 

pair. 

Now the square of the invariant amplitude M becomes 

where 

P’(I, J) = Tr ($2 7“ I’f #I FJ rV) (9) 

and 

q.w(A J) = - (,/i -42El)2 Tr id2 + (1 - rb-4 75 (j4 - 2m) (4 + 12 + rm) 

x 7&(h - rm)f$7~($ + J2 + rm)(+ - 2m)75} 

+ (& - 2&;;& _ 24 Re { Tr{[i2 + (l - drnl 

X 75(6 - 374(+ + d2 + rm)7p r&l1 - rm) 

X 7*(81+ 12 + (1 - r)$ - rf-&$ cyy(# + m)rsr,)} 

- (+--‘2rE)2 Tr 
{ 

M2 + (1 - r>m]ra75(# + m) 

X 7~ rl, (h + 82 + (1 - r)+ - rm)ra(tjl - rm) 

X 7% + J2 + (1 - r>+ - rm)h$rJ+ + m)yryp} . (lo) 
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In Eqs. (9) and (lo), Fa E V, - 75Aa. Using Eqs. (8)-(lo), we can calculate the 

differential cross section for the process e+e- --) meson + X: 

da _ l&l2 d3p d3q1 ‘d3q2 ’ ------ 64 (kl + k2 _ p - 
2s 2E 2E1 2E2 (27r)5 

q1 - q2) (11) 

where I&l2 is the square of the spin averaged invariant amplitude. Utilizing 

energy momentum conservation, the differential cross section (11) becomes, 

IN2 
d* = 64(2~)~ 

dz dy d cos fl d4 d cos ~MQ dc$Mg 

(12) 
2 - 2(y + 2) + yz + f-T2 

where y = 2El/,/i, z = 2E/&, r 2 = 4m2/s, angles (B,c$) specify the direction 

of the meson with respect to the beam axis, (OMQ, ~MQ) determine the direction 

of the primary quark with respect to the meson and the function 8(2 - y - z) is 

theta function. The final form of the differential cross section can be obtained 

by integrating over cos BMQ and 4 (integrand is independent of azimuthal angle 

of the meson). Therefore, we get 

da = l;/;4 dz dy dcos 8 d#MQ . (13) 

The limits of y integration5 satisfy the equation cos2 OMQ = 1, or 

{4(1-~)+~2}y2-2(2-2){2(1-z)+r~2}y+{2(1-z)+r~2}2+r2~2(~2-~2) = 0 . 

(14 

In the following section, we will use Eqs. (8)-(13) to determine cross sections for 

various pseudoscalar mesons. 
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3. Cross Sections at High Energy Limit 

In this section we derive an analytic expression for the differential cross sec- 

tion of Eq. (13) in-the limiting case of m2/s + 0. This high energy limit is mainly 

applicable to the production of D and B mesons at SLC and LEP energies where 

meson mass can be neglected compare to total c.m. energy. 

Let’s return to Eq. (14) w h ere its solutions represent the limits of y-integration 

in differential cross section of Eq. (13). If r2 = 4m2/s < 1, then the solutions5 

of Eq. (14) to the first order of r2 are 

31L = 1_ z + 11 - (1 - w2 T2 

42(1 - 2) 
(15) 

yu=l-{ 
1 - (1 - r)z}2 r2 

42(1-z) * 

Consequently, by integrating over y and using the limits given by (15), the dif- 

ferential cross section becomes, 

27rcY2a; f& S 

27sin4 2Owm2 {(s - M$)2 + I’iMi} 
(16) 

x d1 - 2j2 [ I-p {l+ (1 - r)z}2 (I_ r)2(1 _ rz)4 + l-8 (1 + rz)2 
r2{1 - (1 - r)z}4 I 

where 

rp,s = f (v&9 + J&/4: + A2Qp+Ji + d$p,8AZ) 

with 

b,s = vQp,~ V, - 4Qp+, sin2 28~ 
(s - M;)2 + I’;M; 

S2 
. 

(17) 

w 

Here Qp+ refer to primary and secondary quark charges. Now we calculate the 

fragmentation function D?(z) which is related to the differential cross section 
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where o is the total cross section and is obtained by integrating Eq. (16). The 

result is, 

27rtr2cr; f& S 

u = 27 sin4 2dwm2 {(s - Mi)I + I’iMi} VP g(r) + rs dl - r>) (20) 

where 

g(r) = lncl - r, 
r6(1 - r)2 

(10 - 20r + 16r2 - 6r3 + r4) 

(21) 
1 

+ 6r5(1 - r)3 
(60 - 150r + 146r2 - 69r3 + 15r4) . 

Therefore using Eqs. (16) and (20), the fragmentation function defined by (19) 

becomes, 

D?(z) = ~(1 - z)~ rp ” + Cl - r)z)2 + rs (1 + rz)2 
(1 - r)2(1 - r2)4 r2{1 - (1 - r)z}4 1 

(22) 

It rp g(r) + rs 90 - rj} 

where lYp+ is given by Eq. (17). 

It is interesting to note that even though experimental data from SLC or 

LEP are not yet available, but the measurements of fragmentation functions of 

heavy quarks at PEP or PETRA indicate (1 - z)~ behavior at large z values, i.e. 

z close to 1. This is precisely what is predicted by Eq. (22). Furthermore, at r 

values near 1, e.g. for D and B mesons, the contributions from secondary quark 
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I 

pair (light quark-antiquark pair) in Eqs. (16) and (20) become negligible and we 

get 

1 
>Df(z) = - 

{l+ (1 - rz)}2 
g(r)’ (1 - r)2(1 - r2)4 ‘(l- z)2 ’ (23) 

where g(r) is given by (21). Therefore, the coefficient Tp which contain the 

information about the coupling of Z” to quarks and leptons cancel and the frag- 

mentation function become exactly what was calculated in Ref. 5 based on only 

photon exchange . The fragmentation function as given by Eq. (23) peaks* 

at Zpeak B l/d5 - 5r + r2. For D mesons Zpeak B 0.8 while for B mesons 

Zpeak w 0.9. For T mesons (ta), Zpe& appears very close to 1 and the frag- 

mentation function behaves like a delta function. 

The analytic expressions for angular distribution of produced mesons can be 

calculated using the same technique. The result is summarized as 

da -= a2cY; f& 
dcosd sin4 28w{ (s - Mi)2 + I’~M~}$d 

(24 

+ (primary t) secondary) 1 , 
where Fp is a function which has the general form of 

Fp=Co+C1cos6’+c2cos2, . (25) 

The coefficients Ci’s are functions of r and couplings VQ, AQ, etc. The exact 

form of Fp will not be presented here because of lengthy expression, however, the 

predictions of Eq. (24) will be examined in the next section. 
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4. Numerical Estimates 

In this section, we present the numerical estimates of (a) total cross section, 

(b) fragmentation function, (c). angular distribution and (d) forward-backward 

asymmetry. As can be seen from Eq. (8), th ere are several factors for which there 

are no accurate experimental data. For example, the meson decay constant fM 

is not known for all cases we are considering. In our numerical results we used 

the following values: 

qq = 0.2 fM = 0.28 GeV 

mt = 40 GeV mb = 5 GeV 

m, = 0.3 GeV Mz = 92.9 GeV 

lYz = 2.9 GeV 

m, = 1.5 GeV (26) 

sin2 8w = 0.23 . 

(a) Total Cross Section 

For D and B mesons, total cross section at high c.m. energies (@ 2 60 GeV) 

is given by the analytic result of Eq. (20). Th e contributions due to higher twist 

mass effects are not very large and we found these corrections are about 20%30% 

[see Sections 4(b) and 4(c)]. However, for T mesons, the higher twist mass effects 

cannot be neglected because r2 is no longer small. Consequently, in this case all 

mass terms must be included in the predictions. 

The total cross sections for D and B mesons, as predicted by Eq. (20), are 

shown in Figs. 2(a) and 2(b). At Z” pole, i.e. ,/% = 92.9 GeV, the total cross 

section peaks and increases by approximately two orders of magnitude compared 

to fi = 60 GeV. The fact that the cross sections in Figs. 2(a) and 2(b) are not 

decreasing around ,/Z = 60 GeV is due to the contributions from 2’ exchange. 

This effect should be observable at TRISTAN energies. For lower energies, this 

contribution becomes smaller as compared to higher energy cases. Therefore, 
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photon exchange dominates and the cross section decreases as l/s. This l/s 

behavior is also recovered once the energy fi >> Mz. In Fig. 2(c) we have 

shown the total cross section of 2 meson which includes all mass terms. In 

this calculations we used the algebraic manipulation program REDUCE and the 

Monte Carlo integration routine VEGAS.’ As we see from Fig. 2(c), at 2’ pole 

the T(K) meson total cross section is approximately the same order of magnitude 

as B(k) and D( cu mesons. Consequently, we expect a large contribution from -) 

T meson in direct hadronic production channels at SLC and LEP. 

(b) Fragmentation Function 

Since the fragmentation function is defined by the ratio of two cross sections 

i.e. D(z) G (l/a)da/dz, th e corrections due to higher twist mass effects are 

negligible. The leading twist calculation of fragmentation function was presented 

in Section 3 where we derived an analytic expression for D(z) given by Eq. (22). 

As we mentioned in Section 3, for r close to 1, the fragmentation function is 

independent of the nature of exchanged particle (i.e. 7, Z” or both) and is only 

a function of z. In Figs. 3(a) and 3(b) we have compared the predictions of 

Eq. (22) with the experimental data. lo They are in reasonable agreement with 

the data for c and b quark fragmentation functions. These calculations can be 

easily extended to vector mesons” and the results are shown by dashed curves 

in Figs. 3(a) and 3(b). F or f amily of T mesons (tti, TV, etc.), the value of r is 

very close to 1 and due to mass threshold, the expected kinematic range of z for 

Df(z) is quite reduced to z F=: 1. In fact to a good approximation, it can be 

considered as Dy (z) - 6 (z - Speak) 3 where is zpe& is nearly 1. 

The differential cross section da/dz for B mesons is shown in Fig. 4. The 

solid line represents the calculations with all the mass terms included, while the 

12 



dashed line is the prediction of the analytic expression (16). From Fig. 4, it 

is observed that higher twist mass effects in average account for corrections of 

approximately 20%-30%. 

(c) Angular Distribution 

At low energies (e.g. fi M 20 GeV), the angular distribution of B mesons is 

expected to have a general form like a + bcos2 8. In other words, at these energy 

ranges the contributions from axial vector coupling due to Z” exchange is neg- 

ligible and the angular distribution is symmetric. As energy increases, the axial 

vector coupling makes larger contributions and the angular distribution gradu- 

ally becomes asymmetric and behaves like A + B cos 0 + C cos2 8 [see Eq. (24)]. 

This property is clearly shown in Figs. 5 and 6 where we have plotted angu- 

lar distributions of B and T mesons at various c.m. energies. As we see from 

Fig. 5(a), the angular distribution of B meson at fi = 11 GeV is almost flat 

(notice the scale). In fact, near threshold, the process is dominated by two body 

exclusive production and the angular distribution is effected by the spin correla- 

tions between the two produced mesons. Since we require one of the produced 

mesons to be a pseudoscalar, the other meson is most likely a pseudoscalar or 

.a vector. Therefore, the net angular distribution, which is a combination” of 

sin2 6 (pseudoscalar-pseudoscalar ) and 1 + cos2 6 (pseudoscalar-vector), shows 

very small variation in the entire range of cos 0. This threshold behavior is 

also observed for 2’ meson production as shown in Fig. 6(a). However, as en- 

ergy increases, angular distributions become more concave because multiparticle 

channels give larger contributions. This behavior is observed in both Figs. 5 and 

6 for B and T mesons respectively. 

13 



(d) Forward-Backward Asymmetry 

As we discussed in Section 4(c), the interference between vector and axial 

vector currents gives rise to asymmetry in angular distributions at high energies. 

This interference arise from 7 and Z” cross diagrams or from the product of 

vector and axial coupling terms in Z” diagram alone. The latter contribution is 

generally negligible due to the very small magnitude of the vector coupling of Z” 

to leptons. Therefore, the main contribution to the asymmetry is coming from 

weak-electromagnetic interference terms. 

To measure asymmetry, the forward-backward asymmetry AFB is defined as 

1 

A FB = 1 
/ 

da 
- dcos8 - 

O du 
u dcosB J 

- dcostl 
dcos6 

. 
0 -1 

(27) 

The asymmetries for D, B and T mesons are shown in Figs. 7 and 8. Since the 

photon diagram is dominant at low energies, the asymmetry is very small near 

the threshold of D and B meson production (see Fig. 7). However, for 50 5 

&/GeV 2 80, the interference between 7 and Z” gives a significant contribution 

to the process. Consequently, at TRISTAN energies, the asymmetry expected to 

be large. At Z” pole, the photon contribution is negligible and as a result the 

asymmetry becomes very small. For higher energies, photon contributions cannot 

be neglected. In fact, the asymmetry reaches a constant value at asymptotic high 

energies (& >> Mz). 

One of the interesting features of Figs. 7 and 8 is the mass effect. Comparing 

these figures, we note that the form of the asymmetry of the 2’ mesons around 

2’ pole is quite different from that of D and B mesons. This is basically due 

to the large t quark mass compare to c and b quarks, which causes the higher 
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twist mass effects to be much more significant for T mesons than D or B mesons. 

The same behavior can also be observed in the angular distribution of B and 2’ 

mesons (see Figs. 5 and 6). 

5. Conclusions 

In the preceding sections we analyzed the inclusive production of pseudoscalar 

heavy mesons in e+e- annihilation. For D and B meson production, the higher 

twist mass effects give 20% -30% corrections at total c.m. energy of about 60 GeV. 

Even at fi - 20 GeV, these corrections are still less than 50%. On the other 

hand, for T meson production, these effects are quite significant within the energy 

range we are considering and must be included in the analysis. 

Our predictions for the normalization of the cross sections depend on param- 

eters which are not yet well determined. However, the predictions for fragmen- 

tation functions and forward-backward asymmetry are relatively independent of 

uncertain input parameters. The analytic expression (22) for the heavy quark 

fragmentation function gives a reasonable agreement with the experimental data 

for D and B mesons. The measurement of the forward-backward asymmetry at 

energies slightly below 2’ production will provide a good opportunity to test 

the prediction of higher twist mass effects in 2’ meson production, as well as the 

interference between weak and electromagnetic currents. 
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Figure Captions 

Fig. 1. Inclusive production of mesons in e+e- annihilations. Four more dia- 

grams can be obtained by exchanging primary and secondary quark pairs. 

Fig. 2. Total cross sections for inclusive production of (a) D meson, (b) B meson, 

and (c) T meson. 

Fig. 3. (a) Charm and (b) Bottom fragmentation predictions Eq. (22)) compared 

to various experimental data. lo The solid curves in (a) and (b) are pseudoscalar 

mesons and the dashed curves are vector mesons. 

Fig. 4. Differential cross section for B meson at fi = 50 GeV. The dashed curve 

is the prediction of Eq. (20) and the solid curve is the numerical estimate which 

includes higher twist mass effects. 

Fig. 5. Angular distribution of B (bti) meson at (a) ,/S = 11 GeV, (b) ,/Z = 

29 GeV, (c) fi = 60 GeV, (d) fi = 80 GeV, (e) fi = 90 GeV. The solid curves 

in (a), (b) and (c) are the numerical estimates with higher twist mass effects. 

The dashed curve in (c) and the solid curves in (d) and (e) are predictions of 

Eq. (24). 

Fig. 6. Angular distribution of 2’ (tfi) meson at (a) fi = 85 GeV, and (b) 

fi = 92.9 GeV with higher twist mass effects. 

Fig. 7. Forward-backward asymmetry for inclusive D and B meson productions. 

Fig. 8. Forward-backward asymmetry for inclusive T meson production. 
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