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ABSTRACT

Calculation of the effective Lagrangian for QCD in the presence of a covariant
constant chromomagnetic background field encounters unstable quantum fluctuations
at the one loop level. Previous computations simply regularize these unstable modes,
which generates a residual imaginary contribution to the effective Lagrangian. Here
we show that the one loop unstable modes are completely stabilized as one goes beyond
the one loop approximation, and there is no need for an ad hoc regularization pre-
scription. We show that our higher order computation yields an-effective Lagrangian
whose real part agrees with previous computations, and an imaginary part which is

unambiguousl)} zero.
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‘1. Introduction

Much work has been done on the calculation of the effective Lagrangian for QCD
in the presence of a covariant constant chromomagnetic background field.! In the
one loop approximation the computation is ill-defined as a result of the existence of
fluctuations corresponding to unstable excitations of the background field. In order to
render the calculation finite the unstable modes must he regularized in the infra-red

_ region, which generates a residual imaginary contribution to the eflective Lagrangian.

Recently, Dittrich and Reuter? have pointed out the controversy with regard to
the sign of the imaginary part. They perform the one loop computation of the effective
Lagrangian using Hawking's £-function regularization prescription® and find that the
imaginary part vanishes for this procedure. In their work, and the previous work
referenced above, this ambiguity arises from the fact that additional input must be
made to the one loop computation to specify how the unstable mode is regularized.
In this work we will show that the one loop unstable modes are completely stabilized
when one goes beyond the one loop approximation, and thus there is no need for
an infra-red regularization prescription. We show that our higher order computation
yields an effective Lagrangian whose real part agrees with previous computations!:2
(as it must to have the proper asymptotically free limit), and an imaginary part which

is unambiguously zero.

2. Computation of the Effective Lagrangian
A. ‘"The fluctuation eigenmodes 7 B

- We compute the effective Lagrangian by means of the Euclidean functional integral.

The explicit connection is given by7
Zg = N/ [DA] exp(f d'sLg) = N' ezp(f d*z L) 2.1)

where N and N’ are normalization constants. The Lagrangian for the pure
SU(2) theory is

1
LE = ’T_Z F[?V FI?V 7 ) (2.2(1)



where
FS, =08,A% —0, A} —g e ALAC . (2.2b)

The configuration we will study is a covariant constant field of the form

1
Az = —‘2‘ F[IV Ty 603 (2.30)
- where -

Fio =B ,Fo3 = eB with 0<e<l . (2.3b)

The magnitude of the constant chromomagnetic field is B, and we also allow for a
parallel chromoelectric field of magnitude eB. This is the form of the most general
covariant constant field for the 0(4) invariant Euclidean theory, and connection is

made with the previous computations as ¢ — 0.

The gauge fields are parameterize‘dras
Ag(z) = AZ (z) + by(z) (2.4)

and the Lagrangian can be expanded in powers of the fluctuations bj. With this
parameterization, and introducing a background gauge fixing term* with gauge fixing
parameter equal to one, and including the associated Fadeev-Popov term, the Euclidean
functional integral becomes

Zp=N [ D8 esp{ [ ate[-1FR, Fh, + 3 63 O

2
+ gtz Dy)eeny — L (035802 — (bb)6285) )| (2:50)

+¢n (= Dy D,)}



with
6% = 64Dy Do) —2g 9 F4, (2.5b)
and D% = §99, — g 2 A3
The functional integral of Eq. (2.5a) is normally computed in the one loop ap-
proximation. This corresponds to retaining terms in the exponential only to second
_ order in the quantum fluctuation bj. This leaves a simple gaussian integration which

is trivially done, yielding the effective Lagrangian by Eq. (2.1). The completion of this

program is critically dependent upon the necessary condition that
/ d'z bi(z) O biz) < O , (2.6)

which insures that the gaussian integral is convergent. The fact that Eq. (2.8) is
not satisfied for the covariant constant field is the origin of the ambiguity in the
aforementioned references. In this work, we will investigate the eigenvalue equation

6, b5 = b (2.7)

and categorize the eigenmodes into those that are stable (\ < 0) and those that are un-
stable (A > 0). This categorization is a gauge invariant procedure since the eigenvalue
spectrum is trivially shown to be gauge invariant. The contribution of the eigenmodes
which are stable will be computed in the usual one loop approximation and give a
well defined result. The one loop unstable eigenmodes will be treated beyond the one
loo;;_apprqxin;ation by i'etaining the hiéher order terms in the expanded Lagrangian
of-Eq. (2.5a). Due to the fact that the negative definite quartic term dominates the
functional integral for large fluctuations, this also will give a well defined result, and
an unambiguous contribution to the effective Lagrangian. In this way a finite effective

Lagrangian will be calculated by a well defined gauge invariant procedure.



The operator é:f, of the eigenvalue equation, Eq. (2.7), can be written in terms

of raising and lowering operators by the following familiar procedure. Define

B B .
a; = 6,+g?x,- af5—8,+g2—x, , 1=12
B B (2.8a)
— ge + ge
aj= 3J + ‘2—1'] aJ- = —3, + T:L'J-, ‘—0,3
- and form-the linear combinations
C= ao—ia3 D= al-—iag
(2.8b)
Ct=of +iaf DY'= of + ic}
which satisfy
[C,Ct]|= 29eB , |D,D*]|= 2¢B. (2.8¢)
Also defining bjf = b}, + ibf,, the eigenvalue equation can be rewritten as
{ 8,(~C*C —D*D — gB - geB) F 2igF,,,,} bE = \bE (2.9)

The eigenvalue spectrum is immediately obtained using the commutation relations of
Eq. (2.8¢) and defining b, ;s = b + ib3, etec.:

biiis: N\ = —2ngeB —2mgB + geB — gB

i bg:?‘ia A = —2ngeB — 2mgB - 3géB —gB
- (2.10)
b:fim : X\ = —2ngeB — 2mgB — geB + ¢B

bt N\ = —2ngeB —2mgB — geB—3¢B ,

where (m,n = 0,1,2 ...). It is now apparent which of the modes are stable, and which
are unstable to one loop. All modes are stable (A < 0) except for b-li-+i2 and b;_ ., with
m=0 and 0< n < 213 - % The contribution to the functional integral for the stable

and unstable modes will now be treated in turn.



B. One loop stable modes

The contribution of the one loop stable (OLS) modes to the effective Lagrangian
is determined by evaluating the functional integral of Eq. (2.5a), retaining terms only
to second order in the fluctuation field. This yields

Zl(?OLS) ~/ [Db](OLS) exp{—;— / diz bii(z) é;f, bﬁ(z)} , (2.11)

- where the functional integral is over. ail the OLS modesK. V\;hen thé fluctuation fields

are expanded in the eigenstates of the operator ©;,, the functional integral becomes a

(22
product of integrals over each of the eigenmodes. For example, the contribution from

the set of eigenmodes corresponding to the color and spin state b(')" i3 18

(OLS)( bty i3) [/ I db&?,‘,l’s) exp{ %(—211963 — 2mgB + geB — ¢B)
nm . (2.12)

) B x [ dz b(e) bg(x)}]c.

The power c reflects the degeneracy of each of the (n,m) eigenstates originating in the
arbitrariness in the choice of the coordinate origin for the fluctuation. This constant
is calculated in the appendix of reference 5, and is €(gB/2,)? f d*z. The gaussian
integral of Eq. (2.12) yields

c
Z(OLS) (b0+ 3) ~ {II (2ngeB + 2mgB — geB + gB)—I/Z] ’ (2-13)
n,m

- which gives a contribution to the eﬂ‘ective Lagrangian of .

Leff(bg"ﬂ:i) - 5(2“) Z tn(2ngeB + 2mgB — geB + gB) : (2.14)

2 n,m

Using the identity

lna = —/oods —e (2.15)

and doing the sum over m and n gives for the contribution of the modes from the color

and spin state bg’ +i3

€g?B? [ ods e29¢Bs

— 1! = ki
E (834i) = 1672 J o 8 sinh(geBs)sinh(gBs)

(2.16)



Performing the same procedure of Egs. (2.12) - (2.16) for all of the OLS eigenmodes
plus the ghost terms yields the contribution to the effective Lagrangian

22 - -
eg“B / o ds (2 sinh(geBs) +9 stnh(gBs)
o

eff —_ bt
LE (OLS) = 872 s " sinh(gBs) sinh(geBs) sinh(geBs)sinh(ng))

59232/ OOE £*9B(1—¢) (l—e_ng(l-H))

- 2 . 2.17
4ar o 8 Co (l_e—2geBa,) - - ( )

" Note that as expected the contribution is finite as s — 00, and has the usual UV
(s — 0) singularities that will be removed by the ordinary UV renormalization proce-

dure in Section D.

C. One loop unstable modes

The contribution of tﬁe one loop unstable (OLU) modes to the effective Lagrangian
is determined by evaluating the functional integral of Eq. (2.5a), retaining all orders
in the fluctuation field. Since the OLU modes have the color and spin states bih:t&’ it
is easily seen that the cubic term vanishes, giving the functional integral for the OLU

modes

N
Z};OLU)N [/ I db&ow) e:rp{%(——2ngeB — geB + gB) / d*z bu(z)bi(z)

n=0

¢ f d4x[baba _(babC)(babc)]}]c ,

(2.18)

where N =1 - 1
" The n** OLU mode is given by (C*)" ¢u(z), where ¢}(z) is the lowest eigenmode
and satisfies C¢3(z) = D¢j(z) = 0. Using the expressions for C and D from Eq.

(2.8), it is easily shown that the n** OLU mode is given by

2n2\1 2 2 2 2
€g°B —gB(zf + = eB(zi + =
blioln) = (“’Z—ﬂ—) o1, 0(CT)" e:vp{ g (41 2)_ 9B 2 3) } (2.19)



with the arbitrary normalization chosen such that f d%z by by = 1, and ¢:1k:ti2 is the
constant color/spin vector for the OLU modes. Equation (2.19)-can be used to simplify
Eq. (2.18) to an integral over the strength of the OLU eigenmode fluctuation:

N
A0 [ 4t e -5 o

(2.20)

- (45

The factor of two in the exponent comes from the two color/spin states. Note that this

2¢

integral is convergent only because of the inclusion of the quartic term in the quantum

fluctuations. The B-dependence of this integral can be scaled out, giving

N 1 h 4 2¢
OLU 1\z 00 1 €g
Z](E‘ )~ nI—Io (B—) /o d§ exp {5(-—2nge — ge + g)€% — (-2;?)64 } ] . (2.21)
The factor coming from the finite £-integration is B-independent and does not show
up in the renormalized effective Lagrangian. This gives the contribution of the OLU
modes to the effective Lagrangian, A

N 2n2 2p2
Lgf(OLU)= - Y f_i;g_ inB = —E%;I;— (%+l)€nB . (2.22)
n==0

- D. Renormalized effective Lagrangian

The to,tal»unrenorrn‘alized eﬁecfive'Lagrangian is the sum of L;;{f (OLS) and
ngf (OLU), Egs. (2.17) and (2.22). It has the usual UV divergences at s — 0, and

can be renormalized by the standard Coleman-Weinberg conditions 6
aL
L|7=0 =0 , —6—.7'92"—"1‘2/2 = -1 (2.23)

where 7 = 1 F}, F, = 1(1+¢?)B? for the field configuration under study. Applying
Eq. (2.23) to the total effective Lagrangian computed above yields

1
eff _ 1 ovpz 1g°B%(1+ €% { (g(l+e2)?B) B 1}
Ly’ = 2(1+e )B 82 fn| ) " af - (2.24)



- 3. Discussion

It has been shown that the fluctuations about a covariant constant field configu-
ration can be separated into gauge invariant classes that are either stable or unstable
at the one loop level. The contribution to the effective Lagrangian of the one loop
stable modes was computed in the usual gaussian approximation. The contribution of
the one loop unstable fluctuations was computed by retaining all orders in these OLU
“modes, yielding a finite well defined result. The obtained effective Lagrangian has the

form for a constant chromomagnetic field (¢ — 0)

2 2n2
eff__B__”-‘lB{ (@)_l}
Ly = 5 2872 in p 5 (3.1)

which agrees with the real part of L¢// of previous calculations, and unambiguously

determines the imaginary part to be zero, in agreement with the regularization pro-
cedure of Dittrich and Reuter.? (It should be noted that a vanishing imaginary part
is what should be expected since the Lagrangian in the exponent of the functional
integrand, Eq. (2.1), is a negative definite quantity for all large and real fluctuations,
and thus is a well defined and real quantity.) The form of 1%/ indicates that the
uniform chromomagnetic vacuum field has a stable minimum at B = % erp —%’;)

in this approximation scheme.

It is also important to realize that although the two sets of modes (which are gauge
invariant sets) were treated to different orders, the results obtained are gauge invariant.
| The approximation is éﬁect{vély that all modes are calculated to one loop, with an
additional “all orders” contribution from the one loop unstable modes, neglecting cross
terms between the different gauge invariant subsets. All of the modes could have been
treated in the same way, i.e. to quartic order in the fluctuations, giving the same result
as was obtained above, but once again with the restriction that the cross terms between

gauge invariant subsets would be necessarily neglected for computational feasability.
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