SLAC—-PUB — 3148

ITP — 800
November 1985
(T)

QUANTUM CHROMODYNAMIC
EVOLUTION OF SIX-QUARK STATES”

CHUENG-RYONG JI

Stanford Linear Accelerator Center
Stanford University, Stanford, California, 94305

and

Institute of Theoretical Physics, Department of Phystcs
Stanford University, Stanford, California 94305

and

STANLEY J. BRODSKY

Stanford Linear Accelerator Center

Stanford University, Stanford, California, 94305

Submitted to Physical Review D

* Work supported in part by the Department of Energy, contract DE-AC03-76SF00515 and
by the National Science Foundation, grant PHY-81-07395.



ABSTRACT

The evolution of six-quark color-singlet state distribution amplitudes is for-
mulated as an application of pefturbative quantum chromodynamics to nuclear
wave functions. We derive and solve a set of coupled evolution equations for
the deuteron S-wave amplitude. The solution of the evolution equations leads to
a general matrix representation of anomalous dimensions which can be used to

analyze the deuteron wavefunction at short distances.
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1. Introduction

In the past few years a number of new applications of perturbative quantum
chromodynamics to nuclear physics have been explored! including a qualitative
description of the nuclear force in terms of quark exchange, and detailed predic-
tions for the electromagnetic interactions of nuclei at large momentum transfer.
Since the basic scale of QCD, A3f5, is phenomenologically of order of a few hun-
dred MeV or less, QCD predicts a transition from the traditional meson and
nucleon degrees of freedom of nuclear physics to quark and gluon degrees of
freedom at internucleon separations of a fermi or less. In addition, because of
asymptotic freedom, perturbative QCD calculations should become relevant at

momentum transfer scales of order of 1 GeV or even less.?

Recently, we have presented detailed QCD predictions for the asymptotic
high_—Q2 behavior of the deuteron form factor which are, in principle, exact dy-
namical predictions of nuclear physics.? One of the most convenient and physical
formalisms for analyzing exclusive processes with large transverse momenta is
the QCD evolution formalism, based on a reformulation of the Bethe-Salpeter
equation at equal light-cone time. In this paper, we present a detailed deriva-
tion of a set of six-quark evolution equations for the deuteron S-wave amplitude
and a convenient way to solve the derived equations. We then construct a gen-
eral matrix representation of the anomalous dimensions from explicit solutions of
the evolution equations in order to analyze the deuteron wavefunction at short

distances.
The evolution of the amplitude for simpler hadrons such as quark—antiquark
meson®® and three quark baryon* systems have already been formulated and

solved. While these conventional hadrons have only one color singlet representa-



tion, the six—quark systems considered here have five independent color singlet
representations. The formulation of the evolution equation for totally antisym-
metric six—quark states is not trivial even though it is a natural extension of the
three-quark case.* We have presented a general method for solving the QCD evo-
lution equations which govern relativistic multi—-quark wave functions.® We have
also applied it to a four—quark toy system in SU(2)¢ and derived some constraints
on the effective force between two baryons.” However, since the antisymmetric
representation of a multi—~quark wave function must be constructed explicitly, it
is hard in practice to solve the multi-quark evolution equation. In this paper
we avoid this problem by exploiting the permutation symmetry of the evolution

.+~ kernel.

In Se;:. 2, a completely antisymmetric six—quark wave function is constructed
and an example of an explicit representation is presented. In Sec. 3, we de-
rive \a. set of evolution equations for the deuteron S-wave amplitude through a
generalized kernel equation for a completely antisymmetric six—quark wave func-
tion. A convenient way to solve these coupled evolution equations is presented
in Sec. 4. In Sec. 5, the general matrix representation for the anomalous di-
mension is obtained. Results for the leading anomalous dimension are given in
detail. Discussions and conclusions are followed in Sec. 6. In Appendix A we
describe a general method determining color singlet representations and explain
the methods leading to the explicit representations given in Sec. 2. In Appendix
B we present the color factor calculations and the detailed expressions for the

orthogonal kernels which have specific permutation symmetries.
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2. Six-Quark States

Six-quark states can be classified by their symmetries under SU(3)¢ (color),
SU(2)r(isospin), SU(2)s(spin), and spatial symmetry. Since the physical states
are color singlets, the Young symmetry of the color singlet states of six—quark
system is fc = (222) or @ . In the six—quark system, there are five independent
color singlet states corresponding to five different Yamanouchi labels® of (222)
symmetry. The explicit representations of the five independent color singlet states

and their correspondence to Yamanouchi labels is given in Appendix A.

The completely antisymmetric six-quark representation |(1°)[654321] >, ..,

-® which has Young symmetries for isospin (SU(2)r) labelled by fr is given by!°
| (1%)[654321] > -1 > nrlfr Yo >4 | fr Y7 >
fr.feso \/TV—; T{JT YT < fr |JT IT -~ foso s (2.1)
Yr

where Y7 is the allowed Yamanouchi label of fr (fr symmetry has Np different
Yamanouchi labels) and the phase n = £ 1 = (—1)¥7 depends on whether Yr
is obtained from the Yamanouchi label with the indices in natural order by an
even or odd number of transpositions. The dual symmetry states in the CSO
space (represented by wavy lines) are used to construct the overall antisymmet-
ric representations. It is convenient to construct a basis of completely antisym-
metric six-quark representations from the combined color-spin symmetry. We
thus introduce color-spin as an intermediate representation. For example, the
specific projection of the the completely antisymmetric six-quark representation

|(16)[654321] > f,. 0.0 ° Which has Young symmetries for color-spin (SU(6)cs),
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and orbital symmetry labelled by fcs, and fo respectively, is represented by!°

| (1°)[654321] > ;. fos,50 = F > 3> nr<fesYes, foYo | fr¥r >

Yr Yos Yo

x| fr¥r >| fcsYes >| foYo > ,
(2.2)

where Yog, and Yo are the allowed Yamanouchi labels of feog, and fo, and
< fesYes, fo Yo | fo’T > are Clebsch - Gordon coefficients of the permutation
group S¢. Now we decompose further fogs into fo and fs using Clebsch - Gordon

coefficients < fcYe, fsYs | fcsYes > so that Eq. (2.1) becomes

| (1°)[654321] > 1y, 1o, fs,f0 = Z YYD (Y

YT YC S YO YC YS

x < fesYes, fo Yol fr¥r >< foYe, fs¥s|fosYos >
X |fr¥r > |fcYc > |fsYs > |fo Yo >
(2.3)
Since our purpose is to formulate and solve a generalized evolution equation, it is
useful to project Eq. (2.1) onto the light-cone momentum space of six-quarks, each
carrying light-cone longitudinal momentum fraction z; = (g§+¢2)/(Po+Ps) of the
deuteron’s momentum P, (26: z; = 1) and transverse momentum ¢*, (26: g\ =0).

=1 =1
The corresponding light—cone wave function of six—quark system \Ild(:z:i,qi) is

defined by

Uy(zi,qP) =< 24,60 | (1%)[654321) >, oo

Nr  Ngs

YT r Y
N > D Z < fesYces, foYo | frY¥r > (2.4)
NT Yr=1 Yes=1Yo=1

X ¢o($i,q(j))lfTYT >| fesYos >,
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where the orbital wave function is given by

bo (20,49) =< 25,40 | foYo > . (2.5)

The remaining SU(2)r and SU(6)cs symmetries (|frY7r > and |fcsYes > ) are

given by specific tensor representations.

The probability amplitude for the constituents with light-cone momentum
“fraction z,; to combine into the hadron with relative transverse momentum up to

the scale Q2 is given by the distribution amplitude ®4(z;, Q) defined by

Q? .
d2 (5) i :
D4(z, Q) = (1623) 167362 (Z qg_)) \Il‘(iQ) (:z:,-,q(l)) , (2.6)

i=1

where the @ dependence of \II&Q) comes from the renormalization of the quark

fields.1?

As an explicit example of a six—quark representation, we give a specific repre-
sentation for fr = (33), fes = (222)¢ X (6)s, and fo = (6) (I' =0, S = Sz =3,

and S-wave);



ap
®4(z;, Q) = m[—fﬁkfzmn (Gadﬁbeecf + €ge€pd€cs Tt €ad€bfEce T+ Eaffbdfce)

+ €iji1€kmn (facébefdf + €ac€hf€de + €ac€hc€df t+ faffbcfde)
— (&ijmerin + €ijnerim) (€acepa€es T €adepcer)
+ (Gikmszn + €kn€jiim t+ €kmEiln T Ejknfizm) €ab€cd€ef
— (&ir1€jmn + €jki€imn) (€ap€ce€ar + fabfcffde)]

x a] (1)b}(2)c}(3)d] (4)el, (5) £1(6)

2\ ~0
X T1Z2L3T4T5L6 (ZnF> R

- (2.7)
where the indices ¢,j,--+ ,n and a,b,--- , f are the color (r,y,b) and isospin
(u,d) indices, respectively. The €;;;’s and €4;’s are the completely antisymmetric
Cartesian tensors of SU(3)¢ and SU(2)r. The coefficient ag is the normalization
of the orbital distribution amplitude (see Sec. 5). The leading anomalous dimen-
sion is 79. A detailed calculation of ~ for the various six-quark states and the

tensor representations in Eq. (2.7) will be given in Sec. 5 and the Appendix A,

respectively.

In the following section, we will derive a set of evolution equations for the
deuteron S—wave distribution amplitude. Since the deuteron is an isospin singlet
and the S—-wave is a symmetric orbital, the Young symmetry in each quantum
space is given by fr = (33)r, fcs = (222)¢s, and fo = (6)o. Thus, an example
of the ground-state S-wave of the deuteron distribution amplitude is represented

by



(1) E>D= %ZZ nrl G Yr > | Yos > | oo [11111]0 >, (2.8)

Yr Yeos

where (6)o has only one Yamanouchi label [111111]¢ {the Clebsch—Gordon coef-
ficient in Eq. (2.2) is trivially given by 1]. We will concentrate on the the leading
term in the high Q? limit. It is an eigensolution of the evolution equation which
will be derived in the next section. The leading term is the lowest power term
of z;—dependent polynomials i.e. z; z2 3 =4 5 6. For example, we can see
that the basis element given by Eq. (2.7) is an eigensolution because only the
symmetric tableau is allowed for the spin in Sz = 3 case. However, in general,
and specifically for the deuteron, the eigensolutions will be given by mixing of

basis elements in spin space.

3. Evolution Equations for the Deuteron

Each eigensolution of a six-quark state satisfies a kernel equation of the form
K |(1%)]654321] >.= e|(1°)[654321) > , (3.1)

where |(16)[654321] >, is an eigensolution with the eigenvalue e given by a linear
combination of completely antisymmetric representations (basis elements). The
kernel K is calculated to leading order in o,(Q?) from one-gluon-exchange by
using light—cone perturbation theory. It is given explicitly in Sec. 5. The pairwise
one-gluon exchange diagrams are shown in Fig. 1. Since the isospin representation
does not change through gluon exchange, the SU(2)7 symmetry has no mixing
and is fixed. For example, fr = (33) in the deuteron case. Also, the six-

quark states are always color-singlet states i.e. foc = (222). Thus, in general, the



evolution equation has the following form in the basis of Eq. (2.3);

DX D353 Y cles < foYe, fsYslfosYes >

fes fs fo Yos Yo Ys Yo

x < fosYos, foYolfr¥r > K|fcYe > |fsYs > |foYo >

=e» Y D> Y D> ¢l < feYe, fs¥s | fosYos >

fecs fs fo Yos Yo Ys Yo

x < fesYes, foYolfr¥r > | feYe > |fsYs > |foYo > .
(3.2)

The unknown coefficients C’fg}s and the eigenvalue e are obtained by solving
Eq. (3.2). In Eq. (3.2), the possible Young-tableaus fos and fo in the sums

Lo

are determined by the Clebsch—Gordan series of Sg to produce the C'SO Young-
itableau fT. Likewise, the possible Young-tableaus fs are determined to produce
fcs after combining with fo. Each possible combination of fs, fog and fo gives
an e<-1ua.tion (3.2). The combinations of fs, fcs and fo are given by coefficients
of Cfg;s and has a corresponding eigenvalue e.

In general there are many possible combinations of fg, fcs and fo contribut-
ing to Eq.(3.2), since only fr and fc are fixed and mixed Young symmetries are
allowed. However, if we constrain ourselves to some special cases then only a few
equations actually need to be solved. For example, the leading term in high Q?
limit of the Sz = 3 and T = O amplitude has only one possible combination of
fs,fcs and fo (ie. fr = (33), fc = (222), fs = (6), fcs = (222), fo = (6))
and only one equation needs be constructed for this special case. Therefore, we

can easily see that the explicit representation given by Eq. (2.7) is an eigensolu-

tion itself as we already mentioned in Sec. 2.

In any case, the unknown coefficients C}fg;s and eigenvalue e in Eq. (3.2)
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can be determined after a given set of equations (corresponding to the number

of possible combinations of fg, fcs and fop) are solved.

In this paper, we will concentrate on analyzing the asymptotic amplitude
which dominates exclusive processes at large transverse momenta such as the
asymptotic high-Q? behavior of the deuteron form factor. However, the general
equation is given by Eq. (3.2), and the method which we present in the rest of this
section can be applied to arbitrary cases. Since a deuteron is isospin singlet and
the dominant degree of freedom in high-Q? limit is S—wave, the eigensolutions
which we are considering have fr = (33) and fo = (6). In the Sz = 1 case, one

has mixing between fs = (6)s and fs = (42)s.

For the fr = (33)r, fo = (6)0 case, Eq. (3.2) becomes

o0 C((Z)Z}) < (222)cYe, fsY5|(222)csYos >
fs Yo Ys

x K|(222)cYe > |fsYs > |(6)O[111111]o >
(3.3)

=e) DD, C((62)2f2) < (222)cYc , fsYs5[(222)csYes >
Js Yo Ys

x [(222)cYe > | fsYs > | (6)o[111111], >,

where fos = fr = (3~3) = (222) and Y¢g = Yr because < fosYcs, (6)o [111111]p
| frYr >= 5fcs r X 5ch Vr
Since we know from the Clebsch—Gordon series of Sg that the possible values

of fg are (6) and (42), we have two unknown coefficients C((g)z( )) and C((e)( 4)2) which

must satisfy the normalization condition,

( ((62)2(?)) + (C((ez)z(i)n) =1 (3-4)
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Because of the normalization condition (3.4), one can define two eigensolu-

tions in terms of one mixing angle . The corresponding eigenvalues are:

(222) _ (222)

e = e; when C(e)(ﬁ) =cos 6, C(e)(42) =sin 0
(3.5)
222 .
e = ez when C((e)(e)) = —sin 4, C((g)z(i)2) =cosf .

Furthermore, the kernel K has the factorized color factor corresponding to one

gluon exchange

X Xj
K=Z(7 ?) Vij (3.6)
17

._where each term represent the kernel given by the interaction between the st*
and j%* quark and each component of the eight dimensional vector X is the Gell-
Mann matrix of the SU(3)¢ group. If we sandwich Eq. (3.5) between two color

states which have Yo = a and Y¢ = B respectively, we can define a 5 X 5 matrix

representation of K whose elements are given by

6
Kop =< (222)ce| K [(222)cB > = Y Cap(i,4) Vs, (3.7)
i#
where
. X g
Copli,i) = < (222)ca 7-7’ (222)cB > . (3.8)

The most important observation in this formulation is that the kernel K is

- -

a linear combination of the operators ©;y in color space each of which has a

12



definite Young symmetry f with Yamanouchi labels Y;

K=Y KryOyy.
7Y

Therefore the kernel element K,z can be rewritten in terms of the kernel Ky

Kap =< (222)ce| 3 Ky ©,v((222)c8 >
fY
(3.9)

Y

= Z Z < (222)ca, fY|(222)cB > Ky
f

"where the possible f which gives the non-zero Clebsch-Gordon coefficient
< (222)ca, fY|(222)cB > is only (6) or (42). One can rewrite Kyy in terms of

color factors Cop(?,7) and Vyj;

1 .. 1 4
K(g)nun) = ¢ Z Z Caalt, J)Vij = -—EC’F ZV,',', (C'F = §) (3.10)

a i#j i#]

Kugy = g 3% < (222)ca, (42)Y((222)08 > Copliy i)Vess
a g
Y =1,..,9). (3.11)

In appendix B, we present details of the derivation of Eq- (3.10) and (3.11)
and the color factors of Eq. (3.8). Note there are five possible labels Yo in
correspondence with the labels 8 = 1,...,5 of Yo. If we project Eq. (3.3) with

Ycg = B by a color singlet state Yo = o then we get a set of two equations using

13
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Egs. (3.5) through (3.11). One of them is given by

cos @ (6aﬁK(6)[111111] + Z < (222)0&, (42)Y|(222)CS,3 > K(42)Y)
Y

x |(6)s[111111]g > |(6)o [111111]o >

+ sin 6 (Z < (222)ca, (42)5Y5|(222)csB > Kg)111111)
Ys

+ 3373 < (222)c, (42)5Y5|(222)058 >< (222)c e, (42)Y|(222)0 > K(42)Y>
Ys Y o

- X |(42)5Ys > |(6)0[111111]0 > =e (cos 05aﬂ|(6)3[111111],g > |(6)o[111111]o >

+ sinOZ < (222)004, (42)3Ys|(222)(;5ﬂ > |(42)SY5 > |(6)0[111111]0 >) ,
Ys

(3.12)

and another one is given by substitutions § — 6 + 7 and e; — e in Eq. (3.12).

Combining the two equations and using properties of Clebsch—Gordon coeffi-

cients we get the following set of evolution equations (we drop the trivial orbital

factor |(6)o[111111]p >):

K(g)j111)1(6)s[111111]5 > = (e1 cos® 8 + ez sin® 0) |(6)s[111111]5 > (3.13)
%Z sy | K(an)sY > = (e1 — e3) cos Osin8](6)s[111111]s >  (3.14)
Y

K(43)y |(6)s[111111]g > = (e1 — e2) cos 0sin0(42)sY > (3.15)

14 e
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K)n11111)[(42)sY > + ZEZZZ < (222)cB, (42)sY|(222)cs x >

¥ Ys Yx

< (222)0'7, (42)SYS|(222)CS,6 >
< (222)ca (12)¥x|(222) 0y > K{agyral(42)5Ys >

= (e1sin? 0 + ey cos? 4)[(42)sY > .
(3.16)

Since the operator order of the Ky is irrelevant, [K(a)[111111],K(42)Y] = 0, we

can see from Egs. (3.13) and (3.15)

Ke)111111)1(42) sY >= (e1 cos® 8 + egsin? 0)[(42)sY > . (3.17)

‘Furthermore, we can prove the following property of Clebsch Gordon coefficients;

D000 < (222)08, (42)sY(222) 05 >< (222)0, (42)5 5| (222) 05 >

5
x < (222)c0 (82)Yi|222)07 >= 252 < (42)¥s, 4 V| (2)5Y >
(3.18)
Thus, if we combine Egs. (3.16) through (3.18), then we get
Z Z (42)sYs, (42)Yk|(42)sY > K(42)YKI(42)SYS >
Ys Yk (3.19)

= (e1 — e2)(sin? @ — cos? 6)|(42)sY > .

Egs. (3.13), (3.14), (3.15), and (3.19) appear to be independent. However,
we can see that only three combinations of e;,e2 and § can be determined in the
above equations. So we need to solve three equations (for example, Egs. (3.13),

(3.15), and (3.19)) and the other equation Eq. (3.14) can be used to check the
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results. We will describe a convenient way to solve these equations in the next

section.

4. Symmetry of Kernel Equations

The symmetry of the left and right hand sides of any of the equations derived
in the last section should be conserved. This can be easily checked since each
kernel and eigenstate has definite symmetry. If the kernel is symmetric, then
the states of left and right hand side have the same symmetry. For the simple
case where the z;—dependence of the orbital distribution amplitude is given by

the lowest power, such as the example we presented in the last section, all the

equations become an eigenvalue equation where the eigenvalue is determined

‘by Sz . This explains why Egs. (3.13) and (3.17) have the same eigenvalue

€1 co§2 0 + e3sin? 0. For the symmetric kernel case, we can fix the color factor
as —Cr/5 (see Eq. (3.10)). We can generalize this procedure for any spin-orbit
state and find the general matrix representation of the kernel in the basis of

polynomials. This will be done in the next section.

However, the eigensolution of the symmetric kernel equation (3.13) is not a
true solution of the whole system in general because there could be mixing i.e.
f # 0 in our example. We need to use other mixed symmetric kernel equations
and find more constraints to determine e;,e; and . In our example, we can find
relations between three combinations of e;,e; and § by counting spin annihila-
tion or surviving terms. [In the general case one must consider the z;—dependent
orbital distribution functions and their integration. One can find relations be-
tween combinations of eigenvalues and mixing angles case by case by counting the

number of terms which are surviving or annihilated after the kernel operation.

16



The equation which we need to solve actually is the symmetric kernel equation

presented in the next section.]

By counting spin terms, we find the following results for the leading anoma-

lous dimension. If the symmetric kernel equation is given by

Ke)111111]1(6) s[111111]s >= 4|(6) s[111111]5 >, (4.1)

then
Ke)111111)1(42)sY > = +[(42)sY >, (4.2)
K2y |(6)s[111111)5 > = %11(42)3[11111113 >, (4.3)
%K(42)y|(42)3Y > = El—\g—éq|(6)s[111111]s >, (4.4)

and
ZZ (42)sYs, (42)Yk|(42)sY > K sy, |(42)sYs >= —'7|(42)5Y > .
. (4.5)

Comparing with Egs. (3.13), (3.14), (3.15), (3.17), and (3.19), we can solve ey, ez,

and 0 in terms of 4. We find two solutions;

. 25 5 V6
1) e = =T e=3" tan @ = >
(4.6)
ii) e —H e —l tano—__\/_g
1 = 8 s 2 = 16'7, - 3 .

However, if v > O then only ¢) solution is valid. The value of v will be determined

in the next section.
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5. Symmetric Kernel Equation and Solution

The evolution equation with the symmetric kernel has the same spin-orbital

symmetry fso and Ygo in the left and right hand sides of the equation:

Ke)n1111)lfso¥so >=T|fsoYso > , (5.1)

where T is the eigenvalue of the symmetric kernel equation. In order to give
a more explicit expression of Eq (5.1), we project both sides of Eq (5.1) to the
light—cone momentum space of six—quarks as illustrated in Sec. 2. We then obtain

a kernel equation for the spin—orbital wave function ¥s0(z;, ¢ ),

. . 1 . .
Vso(zi,qy) = Cd/[dy]/[dzkl] <z q} fZVke i, k' > ¥so (yi,kl)
, Py,
(5.2)

where Cy = —Cp/5, and

dy] = 6 (1 - Zyi) dy; ,

. =

1=1

(5.3)

[dzk‘] =ﬁ kL) o rsg2 Y K
L] 711\ 1643 - Ly

1=t

Thus¢¥go (zi, q‘l) is a linear combination of some orbital wave functions ¢o (a:,-, ql)

(see Eq. (2.5)) with some coefficients of spin tensor representations. By calculat-

ing the leading order diagrams shown in Fig. 1, one obtains an explicit expression

of < =z, qj_|% kz;é: Vk¢|y,-,kj_ > for the spin—orbital wave function % (:z:i,qi) (the
£

spin-orbit index SO is dropped here since each possible fsp and Ygsp satisfies

18
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the same equation):

Y (:z:,-,qi) = _2CdZ 47ra8( ) /[dy] 0(y; — z;)

i#£5 (‘1 l) k=1

6 -
oY [ Chay 1 (5.4)
x T é(ue zt)x,(ziJr_xj + )

P p— xu
(i d i

fleae

where o, ((qj_)z) [E (47 /B) (Zn (qi)2 /Az)_l] is the QCD running coupling con-
stant (8 = 11 — 2/3ny, ny is the effective number of flavors) and 6, ;. = 1(0)
-when the constituents’ {, 7} helicities are antiparallel (parallel). Eq. (5.4) has an
‘infrared singularity at z; = y;. Thus, in order to obtain a well defined evolution
equation of the six—quark system, we consider the quark distribution amplitude
#(z;, @) which is the amplitude for finding constituents with longitudinal mo-
menta z; in the deuteron which are collinear up to the scale QZ:

Q2

¢(z:,Q) = / [dzq(j)]tb(") (xi,q(j)) : (5.5)

This definition is the same as Eq. (2.6) except that the only spin-orbital wave
function ¥(@) (1:,, qg_)) is integrated instead of the total wave function \I"(iQ) (:z:,, qgf)> .
By differentiating both sides of Eq. (5.5) with respect to Q%, and combining with

Eq. (5.4), we obtain the evolution equation of the six-quark system:

6 1
H [ 3CF]‘?~5( Q) = (;d [dylV (zi, 4:) (v, Q) » (5.6)
k=1 0

19



where we use the definition cg(:z:;, Q) as

.'B,, H xk¢(zu s

and the variable

2

(@) =2 dkkz aS(k2)~ln<en%>

47

e In33
and V(z;,y;) is given by
- 6 Y;
] ) V(zi, %) 2H$k20(y; —z;) [ 6(ze—we) ;J-
. k=l 1#£7 £#£4,5 J

Op.h; A
(e ] + — V‘ i Ti) .
(-’Ci +zj Yi — -'B;') (v 7:)

By definition the factor A in Eq. (5.9) means

Aé;(yia ) $(y‘n Q) - &(xia Q) ’

(5.7)

(5.10)

so we can see that the infrared singularity in Eq. (5.4) at z; = y; is completely

cancelled by that in Eq. (5.5). We notice that this cancellation happens only when

the correct value of deuteron color factor, Cy = —Cp/5, so that this is a good

check of the correctness of C;. We calculated Cj; explicitly from the definition in

the Appendix B.

Since the six—quark evolution equation (5.6) has a similar form to that of the

three quark evolution equation,* we can solve this equation following the similar
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methods to the three quark case. First, we separate the variables of q’g(xi, Q) such

as

é(zi, Q) = p(z:)e™ ¢

= §(z:) (ean) ,

and substitute into Eq. (5.6) so that Eq. (5.6) becomes [note that Cy = —CFr/5]

(5.11)

° 3C h .
kl;[lxk ( -+ —ﬂF> ¢(z:) = 5[3 [dy]V (zi, s) H(wi)
(5.12)

CF

ﬂVl¢> ;

-where the equation is simply redefined by the quantum mechanical notation
V|q§ > and V(z;,y;) is given by Eq. (5.9). Next we expand 5(2:,-) in terms of
eigenfunctions ¢, (z;), so that the general solution of $(z,-, Q) is of the form

o0

@) = 3 eninted) (055) (5.13)

n=0
where a, are the coefficients and eigenvalues ~, are corresponding to the anoma-
lous dimensions of six—quark system. Since V (z;,y;) is both real and symmetric
[V (zi,v:) = V(yi,zi)], the ~vn are real. The {fn(z:) % , are orthogonal with

weight w(z;) = z1T2T324Z5%6 ,

/[dx]w(xi)$;(xi)$m(xi) = Knénm ’ (5.14)
0
where K, are the normalizations. Since the {@n(z;)}3, form a completely
5 oo 5
- ortonomal basis {H x:n"} , where > m; = n , we expand V on
1= ml,mg,"',m5=o =1
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this polynomial basis. After some calculation, we obtain the following results:!?

5
VI = >

1=1

A

1 5 m.'+11
63 ——— —6 =

I m
€ mg - e + 1 6}137} ) m.-—[
33 (T )
5 Yo

X Z ¢ H( l)k;h' xzw=+jk

{ei} (€ — Z Je)! H (gx!) k4
#1 k#i

5 m;
I mg - l + 1 6h671,,' > mi—t
+Z (Z(m,+1 + (m; + 1)(m; + 2) Zy

5 .
x 2! : H(—l)gé:ijkzzlﬁ'jk
{7} (e — E jk)! H( ) k#1
k#1 k#1

5 m;
+) [Z gmittg it mj(m; —1)--- (m; — £+1)

i<j Le=1 7l mi+2)(my+3)--- (mi+ L+ 1)

my
+ ; z;" T £(m; +2)(m; +3)-- (mJ + 0 + 1) k]_;;[J
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(m,~+2)(m,~+3)---(m,~+£+1)

3 S m;+L m,—t m,-(mj—l)---(mj_g+1)
S S [D g

5
mi—t fflj+l mi(mi — 1) e (mi — £+ 1) mx
+§x1 o (m; +2)(m; +3)---(mj+€+1) Ll;I;xk

- R

_ —1)---(ms —£+1)
_|_6 ma+L ms /4 m5(m5
h4h5m4+m5+2 [Zx (mg+2)(mg+3)--- (mg+ £+ 1)

3
mi
H T
k=1

+§fx mi—tyms+e_ Ma(ma—1)---(ma—£+1)
+ 5 (m5+2)(m5+3)---(m5+€+1)

5
H ‘> Uy, (m}

=1/2)

{nn}

(5.15)
where particles 1, 2, and 3 have helicity parallel to the hadron’s helicity A, and

the particles 4, 5, and 6 have helicities hy, hs, and hg. The notation >
{Jesi}

5
means the summation over all possible integer ji(k # ¢) as long as Y. i S £ is
kAt
satisfied. Ufp,} (m;} is @ matrix representation of the linear operator w=!V on the

5 5
basis {z*}. Since Ug,1 f;my = 0 when ) n; > m;, the eigenfunctions are
i {n:},{m:}

=1 =1
5
polynomials of degree n = Y m; = 0,1,2,---. The corresponding eigenvalues are
=1
5 5
obtained by diagonalizing the matrix Ufn.},{m:} With Y n;= > m; = n. Several
1=1 1=1

leading eigenvalues and the eigenfunctions are given in Table I.

From Table I, we see the leading anomalous dimension obtained from the

symmetric kernel equation is given by

Yo =

oo
o =3

%—— or Sz =0, % for Sz =41 . (5.16)
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Therefore, v0 > 0 and the true leading anomalous dimension is given by

Cr 7 Cp
— for Sz =0, - —— = .
5 or Sz > 88 for Sz = +1 , (5.17)

real __

Yo

| e

from the value of ez in the 1) case of Eq. (4.6).

6. Discussions and Conclusions

Harvey!? has classified the color singlet six—quark states in terms of a physical
cluster decomposition. Using his classification, the physical deuteron state [i.e.
a bound state of two color singlet clusters] is represented as a linear combination

of several different kinds of totally anti-symmetric color singlet six—quark states.

For example, the two well separated nucleons |[NN > is given by 1°

INN >= \/g I[6]{33} > +\/§ I[42]{33} > __\g_z I[42]{51} > , (6.1)

whel.'e the brackets | | and { } represent the orbital and spin—isospin symmetry
[i.e, fo and frg in our notations| and color symmetry (222) is abbreviated.
However, this classification by itself does not include the dynamics of strong
interactions between the constituents. In other words, the dynamics between the

quarks inside the deuteron is not included.

Thus far, in this paper, we have formulated the dynamical evolution equa-
tion of six—quark systems and solved it to give the general form of the quark

distribution amplitude ¢4(z;, Q) :

¢a(zi, Q) = ( CTS )é(z:,Q) (6.2)

where (CTS) is tensor representation obtained from the Young symmetry of

SU(3)¢, SU(2)r and SU(2)s [one example is given by Eq. (2.7)], and the orbital
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distribution amplitude ¢(z;, Q) is given by

00 . 2\ " Tn
#(zi, Q) = T122T3T4T5%6 Z andn(z;) (Zn%> . (6.3)

n=0

We project Eq. (6.1) to momentum space:

1 4
¢nn(zi, Q) = \/;45[6]{33} (z:,Q) + \/;¢[42]{33}(xi,62)

4
- \/;915[42]{51}(5{, Q)

In the limit @ — oo, the dependence of @ is determined by the leading anoma-

(6.4)

lous dimension; all other terms which have non-leading anomalous dimensions

are suppressed by logarithmic damping factors. However, as we can see from Ta-

-ble I, the orbital symmetry of the eigensolution which has the leading anomalous

dimension cannot be [42] but is [6]. This means only the first term of Eq. (6.4)
survives at the large @ limit. The NN amplitude itself is not sufficient. One can
show that an 80 percent hidden-color state is necessary to saturate the normal-
ization of six—quark amplitude when six quarks approach the same position in
impact space b, — 0. We have called this new degree of freedom an anomalous
state since it does not correspond to the usual nucleonic degrees of freedom of
the nucleus. The physical implication of the anomalous state is discussed in our

toy model analysis.”

The asymptotic behavior of the deuteron distribution amplitude is given by

nQ?/A? )ﬂo (6.5)

¢D(93ia Q) = apT1T2T3T4T5T6 <m

where v9 = %%ﬂ for Sz = 0 deuteron. The QCD predictions for high-Q? behavior

of deuteron form factor and the form of the deuteron distribution amplitude at
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short distances are given in Ref. 3. The fact that the six—quark state is 80 percent
hidden color at small transverse separation implies that the deuteron form factors
cannot be described at large Q? by meson-nucleon degrees of freedom alone, and

that the nucleon—-nucleon potential is repulsive at short distances.3713
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Appendix A

In this appendix we describe a general method for finding the color singlet
representations for multihadron systems. This leads to the explicit representation

of Eq. (2.7).

Group theoretically, color states of every quark and/or antiquark systems are

represented by the multiple outer products:

(3)° x (3")° (4.1)

for the system of p quarks and ¢ anti-quarks. The reducible tensor represen-

_tations of (A.1) is decomposed into irreducible tensor representations and the

‘resulting singlet representations provide the physical quark system.

Since the color singlet is invariant under SU(3) transformation, the only ten-
sor representations!? which are invariant under SU(3) transformation are the
Kronecker delta and the completely antisymmetric Cartesian tensors:

6]':, €ijks Pk , (A.2)
where the lower (upper) indices correspond to 3(3*) representations. This comes
from the fact that only operations of contraction and anti-symmetrization com-
mute with the SU(3) transformations on the mixed tensors. Thus, every color
singlet representation can be represented by the products of the three tensors
(A.2).

From this observation, we describe the rules to construct the color singlet ten-

sor representations for arbitrary quark and/or antiquark systems such as (A.1):
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. Give each index to every 3 and 3* representations. For example, p lower

indices and ¢ upper indices will be given to (A.1).

. Assemble one possible product of Kronecker deltas and completely anti-

symmetric Cartesian tensors to use up all indices considered in rule 1. For
example, the p = 6 and ¢ = 0 case needs the product of two antisymmetric

Cartesian tensors.

. Permute the upper and lower indices separately. For example, p = 6 and ¢

= 0 case will give 10 possible different representations. However, note that

they are not all independent.

. To construct all the independent (orthogonal) representations follow the

method of Schmidt’s orthogonalization, where the inner product is defined

as contraction. For example, in the p = 6 and ¢ = O case, five independent

- representations are obtained:

1
1 _
Sijktmn = m (fikmfjln + €Eikn €5tm + €jkm €itn + Ejkn film) ’

2
Siiktmn = e /6 (fijm. €ktn + Eijn szm) ;

1
S?jktmn = m (€ike €jmn + €kt €imn) » (A.3)
4 1 1
Sijktmn = WAL €kmn — 3 €ijk €tmn |
1

5 —
Sijktmn =6 €k €tmn »

where S2 (e =1, 2, ---, 5) are the five independent color singlet represen-

17kimn

tations.
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The correspondence between Eq. (A.3) and the five different Young tableau
(or Yamanouchi labels) is as follows: If we denote i =1, j = 2,---,n = 6, then

the corresponding Young tableau with Eq. (A.3) are following:

1]2 1[3 1]2 1[3 1[4
3|4 2|4 3|5 2|5 5
56 56 4l6 4|6 3|6
« = 1 2 3 4 5

A similar method can be applied to construct the isospin singlet representa-
tions in SU(2). The five independent isospin singlet tensors corresponding to the

dual of the color singlet Young tableau shown in (A.3) are represented by

113(5 1

ol4l6l 2\/5 €ab€cd€ef »

1{2{5 1

3lalel = 2\/(_5 (facebdfef + 6adfbcfe,f) ’

1|34 1
2506 = 2\/(—5 (fabfcefdf +5ab5cf5de) ) (A-4)
11214 1

31516 6v2 (facfbcfdf + €ac€hf€de T €ac€hc€df + faffbcfde) s

1(2(3
415|6

(€ad€be€cs + €acEbfeca + €af€patce)

[ R )

where the €,3’s are the antisymmetric Cartesian tensors of SU(2)r and the Young
tableau are denoted by a = 1, b = 2,--., f = 6. If we multiply the color and
isospin singlet tensors given by Egs. (A.3) and (A.4), respectively, taking care of
the phase factor® nr for the Yamanouchi labels, we get the special case of the

asymptotic deuteron representation, Eq. (2.7).
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Appendix B

The color factor defined in Eq. (3.8) can be explicitly expressed in terms of
tensor notation, since we know the tensor representation for the multiplication

of Gell-Mann matrices in Eq. (3.8) as 14

N\NE /o\7]
A A igd icd
(_2_) (.2—) _1/2 <6]'61' 1/3 '1611) ’ (B']')

where the indices ¢ and ¢’ designate the color it #th quark before and after a

gluon exchange. Using the notation Eq. (A.3), the generalized color matrices

(5 x 5) given by Eq. (3.8) can be obtained by

.. A A
Caﬁ(t,]) = a,J (5) (5) S.‘.i.,'r...jr... ’ (B'Z)
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5 3
-5 0 £ o0 o
5 3
0 -3 0 ¥ o
ci45 =% o L o o
3 1
o ¥ o L o0
0 o o o -2
-E£ 0 -¥ o o
5 3
0o -&% 0o -¥ o
c46)=|-2 o L o o (B.3)
3 1
o ¥ o L o
| 0 0 0 0 -]
. i
1o 0o o0 o
1
ol 0o 0o o
C(5,6)=|[0 0 -2 o0 0O
2
00 0 -2 0
2
00 0 o -%

Using the results (B.3) and the formula (3.10) and (3.11), we can find expressions

for the kernels in terms of V;;. Since Cyuq(7, 5) is independent of ¢ and 5 and given

by

.. 2 1
C‘o,o,(z,J):—§ ><3+§ Xx2=-Cp, (B.4)

the symmetric kernel is given by
Ke)111111] = Cdz Vijo (B.5)
i#]
where Cy = —CFp/5.
The other kernels can also be obtained by using the Clebsch—-Gordon coeffi-
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cients of Sg and (B.3). The results are given by

Ksy = Nyy ZAiijj ,
1#£5

where Nyy and A;; are summarized in the Table II.
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TABLE I

Solutions of the evolution equation Eq. (5.12) for total helicity |3h+hs+ hs+
h6| =0 (¢TTTlll) ,1 (d,TTTTll, ¢TTTlTl, ¢TTTllT) ,2 (¢TTTllT, HTTTIT, ¢TTTlTT) ,

and 3 (qSTTTTTT) cases. The procedure for the systematic derivation of the q~5n
is given in Sec. 5.

Cr 0 1 1 1 1 1
Yn/ <7> N a(()o)ooo ago%)oo agl)ooo agO)IOO a(()o)om ago)om
ST 6 111
5
13 13!
3 1 -
13 13!
3 E 1 1 -2
13 13!
= = 1 -1
5 4
13!
15—3 I3 2 -2 -2 -2 -3 -3
14 13!
= I3 1 -2 -2 -2
¢TTTTll
ST % 11!
¢TTTllT
¢TTTTT1
¢TTTTlT 2 11!
¢TTTlTT
¢TTTTTT 3 11!

5 5
(571.(-731') =vN Z as,r,,?...ms Hx:"" (n = th)
1=5

{m:}
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TABLE II.

The coefficients A;; for all (¢, 7) pairs and the normalization factor Nyy defined in Eq. (B.6). Since color symmetry is fixed by
(222), the possible symmetry of the kernel is f = (6) or (42).

Kyy Ny (56) (46) (45) (36) (35) (26) (25) (16) (15) (23) (24) (34) (14) (13) (12)
K(e)[nuu] —% 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
K(42)[221111] g 12 —3 —3 —3 —'3 —3 '—3 -3 '—3 2 2 2 2 2 2
K(43)[212111] —\é—:)_q 9 -3 -3 1 -3 1 -3 1 1 -2 -2 -2 2 2

K (42)[211211]

K (43)[211121)

K (42)[122111}

K (42)[121211]

K (42)[121121]

K (42)[112211)

o o
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cﬁ‘ Sl cﬂ%‘ ol o Ole| Clen

()
|
(X}
|
[y
|
[
[y
[u—y

K (42)[112121]




Figure Captions

Fig. 1. The leading order contributions to the kernel of the six quark wave func-
tion in light cone perturbation theory. The longitudinal momentum of particle
¢ (1 =1,2,---,6) before and after the interactions is y; and z; respectively; the
1 and j particles interact with transverse momenum transfer of order Q. Fifteen
diagrams are included by summation over ¢ and 5 with ¢+ # 7. The Feynman rules

of light cone perturbation theory in light—cone gauge are summarized in Ref. 4.
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