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ABSTRACT
Transition amplitudes between states with spin < 1 are considered and di-
rectly evaluated in terms of momenta and polarization vectors. A special al-
gorithm is derived to reduce expressions where 4-matrices of different lines are
saturated. The application of the method is illustrated for radiative and non-

radiative processes, including mass effects.
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1. Introduction

In recent years the theory of strong, weak and electrom;ignetic interactions
has developed to a point that we are more in a position to make very accurate
comparisons between theoretical predictions and experimental results. In this
investigation we need to compute higher order Feynman_diagrams. The stan-
dard procedures, where we square the amplitude for a given process and use a
covariant sum over polarizations, has become almost intractable. However al-
ternative techniques have been recently developed for analyzing bremsstrahlung
cross sections! and transition amplitudes between Dirac spinors.2 Motivated
by these ideas we show Vthat a unified approach can be formulated in which the
amplitude for an arbitrary process, radiative or not, is directly computable in
te;ms of the invariants which specify the process and for any set of spin indices.

The formalism is discussed in Section 2.

2. Evaluation of Transition Amplitudes

What we need is a convenient procedure which eliminates spinors, spin 1
external wave functions and -matrices in terms of momenta and polarization
vectors. In order to deal witﬁ spinors we first dévelop a method which makes use
of an explicif representation of the y-matrices. Using the conventions of Ref. 2

we find

up(p;) 85 (pj) = —N(p;)N(p;)( #i + im)Ty (£ + im;)

_9 1444 . 5
N7p) =2polpo+m), Iy =——(6,+i7 F-3,)

(1)

where u(p) denotes a Dirac spinor and X\ = +1 gives the spin assignment in the

P rest frame. Having in mind applications to high energy physics we restrict



our analysis to massleés particlés. v-spinors are then converted into u-spinors
by vy = —\y%u_y. Next we process by reducing the numerator structure of an
arbitrary diagram. Vector and axial couplings of internal particles are replaced
with a combination of scalar and pseudoscalar couplings. The basic reduction

formula reads

— - -

7 Snun(p) B (9)Sm* = —Np| Smiu—p(a) 83 (9IS = 7°Sriu—4(9) By (P)SH'°

— 8, (P)SFSBu_pl0) +1° 55 (P)SF°SBu_ ()]

(2)
where S, stands for an arbitrary string of n ~-matrices and S,I,? is the same
string in the reversed érder. The form:xla can be easily proved by using the
Chisholm identities.3 In this way an arbitrary diagram consisting of n fermion
lines connected by internal vector bosons is replaced by a collection of diagrams
each formed by n disconnected fermion lines. However each application of the
Chisholm identities doubles the number of terms. When many internal pho-
tons are present we could in principle avoid this problem by using the Kahane
algorithm3 which appears to minimize the number of terms in the final expres-
sion. The resulting amplitude is computed by introducingl!l

Syp(P, 9) = —2p090 B (P)up(a),  Pr,(p,9) = —2pogo iy (P7°ulg) . (3)

For S and P we get

Saplp, ) =p-a86,+iBX7) -3\, P9 =(Pod—q58) 3, 4

[IMatrix elements of this type have been tabulated for light cone perturbation
theory in Ref. 4. . : .



As a bonus for working with an explicit representation of 4-matrices we can
avoid arbitrary phases. For simple processes the amplitude can be immediately

computed. Consider u~e™ scattering in massless QED

do a?
) E()‘ A\p — PePu) =2 Wl M()\ekﬂ - Pepu) l2 (5)

— - -

It follovys )

M(XeXp = pepy) = —Xepp Sﬂe,—ﬂas—)\e,)\p - PPe,_P#P—)\e,)\p

(6)
- Pckps-xe,—l’p + Ppc)\pP“)\e"‘PlA
Thus in the ¢.m.s. of the scattering particles
M(++ — ++) = M(—— — ——) = u?
i M(++ = —+) = M(— = +=) = M(++ - +-)
= M(— — —+) = —i(tu®)!/2
M+ —» ——)=M(—— - ++) = —tu
(7)

M(+— — ++4) = M(—+ —» —) = M(+— — —-)
= M(—+ — ++) = is(tu)!/2

M(+—— —+) = M(—+ — +—.) =8t
- - MH—-—+-)= M(—+ — —+) = —su
In agreement with the well-known result
Y M2 = 234(1 L f;) .
spin 8 2
Calculations of QED processes with polarized particles, including higher order

corrections can be found in Ref. 5. In general we have expressions like

- (i) 1T evste). ®



where the @, are linear combinations of external momenta (even when internal

loops are present). This can be reduced to a product of S, P functions since

Py =21 ;n: 8mePom zr: ur(pm) s (pm) for Qo= ;n: AmePm - (9)

Finally we must take into account a possible multi-photon radiation. Once the
reduction formula is applied the formalism of Ref. 1, namely the use of circularly
polarized photon states, becomes particularly simple since each fermion line with
its emitted photons can be analyzed independently from the rest of the diagram.
Even when strong cancellations between different diagrams are not expected we
use the fact that the polarization vector £‘): of Ref. 1 is explicitly given in terms
of the external momenta and the previous formulas suffice in evaluating the
amplitude. We also need a explicit representation for massive vector boson wave
functions. A convenient way is to write

1

A(k) — 6}
(k) =& + M + ko)

Kk, e)(k) = —Mk)‘

\i=123 k¥=-M?
From Ref. 2 we leafrn that”a specific referente to spinor components can be
avoided? if we allow for arbitrary phases. Here we derive the formalism for the
massless limit with a new version of the reduction formula. Let uy and v, be
eigenstates of %(l + 27%) and %(1 — X\7°) respectively. The only property we need
is

un(p) B (p) = —»'5;% Ty (P)0x(p) = -—e;;io £ (10)

[2]See also Ref. 6.



with m\, = %(l +2\79). Hence we may use vy, = —\7°u_y. Next we derive

—ub_
2V2

is an unspecified phase. When the helicity is the same @) uy, = 0

un(p) By (¢) = = (pogor - 9) V2 4 A7_, (11)

Where e V-

and a different procedure must be used

— - -

—iYy
uy(p) @ (9) 62\[ (pogo) 22p - ng-n—p-o V2 g4 g1 (12)

where n,, is an arbitrary vector normalized to n2 = 1. If R is the operator which

reverses the order of a string of 4-matrices, RS = SR , we get

R uy(p)8,(q) = u—p(g)a_,(p) .

Application of the Chisholm identities gives now®

7 Snux(p) By (¢)SmA* = —25Bu_y(q) 8_y (p)SE
(n + m even)
7 Sntin(p) By (9)SmA* = By (p)SESRu_y(q) —° a_y (9)SEA°SBu_,(g)
- - (n+m odd)
" A Snun(p) By (9)Smy* = By (p)SESRuy(q) — 1° 5y (p)SEA°SRuy (q)
(n + m even)
A Snun(p) By (q)Sm* = —25Buy(g) a_y (p)SE

(n + m odd) .
(13)

An alternative approach can e found by means of the identity3

tr(v*S)tr(*S") = 2tr(S + SB)S' .



As an example we consider -
247" uy U37Pug = tr(v¥uy ag)tr(hFug 83) u; = uy (p;)

= 28, (p3)ur(p1) ) (pe)u,(p2) + 28, (p3)u—_x(p4) B (p1)u,(p2)

A=xp, 2 p=12>A2, )3
(14)

The first term contributes ohly for p-= —X, the second ox.lly for p = X. Helicity
conservation prevents in general from a proliferation of diagrams in the repeated
use of the reduction formula. Scalar and pseudoscalar bilinear forms can now be

derived.

i wusla) = ¥ 20) "1, ),
(15)

o (p1Pusla) =~ 20) Pamr, ) = 9 220) Paopr, )

where A¥()\, p) = %(1 4+ \p). Also using Eq. (12) with n = Q we get

: .0q-0—0%.-0\1/2 .
0 () Rupla) = (T 2LEZTR N s, ) et )

The arbitrariness of the phases becomes relevant whenever different diagrams

interfere. In the followmg example we use eWo = -—pe"*‘" to derive

. 2a 2. .5 5, ,2i¥, (Pl p2p3- P4) 2 2
g3uy + u = P1°P2P3 P4 + )
g8 ul u2 3“4 gp ul’7 u2 3’7 u4 € E1E2E3E (gs pgp)

X1=X2=)\, )\3=X4=p
As an application we consider the radiative Coulomb potential scattering of an

electron. The amplitude is

Ze € I e 1 1
My = - I_,|2tr[(';k ”,.k);f 2’{/{{ 2{,{0,:‘ ux(p) By (p') ,




Using (1) £ = A K A fr_o— B # K7o) we find

2 %
M, = _éfrz %(EE')—lﬂ(gp.np' . n_p.p’)‘I/Q[MiA‘*(a, A)+ MZA™ (o, \)
| (18)
~ - M{=p-p'(p-p'—2 -np ntp-k—p-nk-n)

—p-np' -np-k+(p-n)’p' k+2p" -ne(n,p,p' ko (19)

MZ=p-p'(p-p'—2p-np' - ntp'-k—p'-nk-n)
1o R '
—p-np -np -k+(p -n)p-k—2p-ne(n,p,p,klo
where A%(o,\) = 1(1 + \o),e(n, p, p', k) = P p,phks. Since A* are pro-
jectors MJ do not interfere.

Even in a situation where masses are not negligible there are many advantages
in computing directly the amplitude. The relevant formalism has been developed
in Ref. 2. The reduction formula is now more complicated and we derived it

only for a simple example. Let
M =@y uy a3 uy

where u; = u(p;,n;, \;) denotes a Dirac spinor with polarization A\; = +1 along

n; with n? = 1,n;-p; = 0. Thus
M = tr (y*uy ) tr (YFug iz) = tr (v* M{{)tr (+# MgHY)
M;; = M{F + ME™ = Ny #; + imi)T;( 8; + im)) (20)

- Tij = 1+i7°(\ A+ Nj )+ N\j i Aj



N;; is a normalization factor and even (odd) denotes the part of M;; with an

even (odd) number of 4-matrices. We can easily prove that -
Modd+ Meven u(p;, ni, ;) @ (pj,nj,\j)
M — M = —u(—p;,—ni, M) B (=pj, —n;,\;) )

Mi}} = “(.Pj-v —nj, X;) 8 (p;, =14, N;)

Also

1 i 1" =111 ) ) ) 1 =1
=3 supigug —azuy’ af vo + sz uf 8]’ vo — Bz ujB{ uo

—aluyay u'" +allulall é" —alul gl u + af e m}

| (22)
where u;! = 'u(—p,',n;, )‘l) u” = u(pn ﬂ',)\ ): = U(—-p,, nn)")' USiIlg the
formalism we are able to derive the expression for uy(p) @) (¢) previously given in

the massless case. It turns out that n, can be chosen to satisfy n-p=mn.q=0.

Indeed we start by computing u(py, n1, M\1) & (p2, no, \o) with

cos
iw = P, iBE) + sin
1
n#=(a70)!n'ﬁi=0’ﬁ2=1) | (23)
' 2 2 o2 m?
OS.¢ S 7l'/2,p'- = -—-m ’ﬂi =1—E§

for ¥ = 0 this corresponds to longitudinal polarization. As usual

uy o = %(EIEQ)—I/Q(H:_I/2A+ + n:lle")
(24
— Xm0 ) § (L A o+ m)



When A\; = X2 =\ we ﬁnd'ri.,. = —2¢ti$ sin? ¢ p; - p2 + O(m). Thus

. 1
n1,\)@(po, ng, \) = ¥ ——_(E Esp; - po)~ /2
u(py, n1,A) @ (pg, na, \) 4\/5( 1E2 p1 - p2)

(25)
X Z1lsiny + i(cosy + )«75) A #2+ O(m) .
In the limit y =0,m =0 - - -
uy(p1) &) (p2) = ’.e@%(ElEb p1-02) V2 A famy . (26)

As a final application we consider the bremsstrahlung amplitude for ete™ —
FYF~~ where the F mass effects are explicitly taken into account. Moreover
we only include final states radiation simulating in this way a QCD 3-jet cross

section for heavy quarks. The amplitude is

M = @(p3, n3, A3)[V* Alps + k) £7+ £ A(—p3 — k)v*]v(pg, ng, Mg) -
9 (p1, M)7*ulpe, o) A™Np) =i F+m

where factors due to couplings and an overall s™1 from the photon propagator

have been omitted. Using (1)

€ = ﬂ—(m ko3, — 3 kpay + Geunappip§®)
) | (28)
1
/a=\/—— 23 By KTo— K B3 $aT—0) , To = (1+0’1)
we find
M=_" ﬁ37“[ﬂ3-?4+m2p3'k+imp3.k Kr_ot lflfafra]vwl ug
V2N py-k py-k
4 ﬁa[ﬂa'p4+mzu—imwﬂ—a K+ 75 4 }5]’1“1)41')1’7""2
V2N p3-k p3-k

(29)
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Next we use
1 . .
v4 0 = ZN14(/4 —im)(1 — e\ Ay A4) F17_y,

1 . .
ugli3 = 2 Nogm_y, Fo(1+19kohs A3 F3+im)

Nis = (mp;-ns+p; 'Pf)—I/ZA—()‘i, Ag)+(—mp; -ns+p;- Pf)_1/2A+(>\.', Ar)

L. = E Nikak()\,‘,)\f)
k=%
(30)
Thus M = (i/16 /2 N)N14NosgtrT. After applying Chisholm identities and

rearranging the terms in the trace we find
T = A"(\, M)t
V i\ AT k (31)
t= Y trDizA (0, A\)A (A1, 2q)A% (N2, A3)
- k==
The A are projectors and the dlﬁerent terms in the sum never interfere in the

cross section. However the matrices D for arbitrary polarizations contain up to
a maximum of 8 4-matrices and therefore their trace is cumbersome but clearly

not impossible (compare with the standard procedure)
Dijy = A;n(ix1)B;;Cr + A_; n(—iN)B_;;C,

(32)
+A’C’B,k n(le) + AL C’B_’_,k m(—iN1) 6,7, k=+,—
2p3-k
Ar=A+ K A3, A——A+'mp4 /‘ A=p3-ps+m? ek
AQ,:A'+;J4}(,A_';=A' tm——}l A = p3-py + m? 2Pa -k
: D3 - k p3k
Biy =4y 51 Fm Ay 1 ,B_x = —im Jy Fi 4y A4 1, (33)

Ci =p2-p3Fmpz-n3—2im o F 2 g3 A3 fo
CL=p1-psFmpy -ng+2im g1 £2 gy A4 bs,

T Bly=im i o A3 B3, BLi=5 fsFm fo A3

11



Finalily
M= K’EFA—()‘I’)‘Q) z’jkz=:!: N1 Nosktr Dijeh (o, A\1)AY (A, M)A* (A2, A3) .
(34)
The method developed here can be of great advantage in computing the ampli-
tude for hard subprocesses in perturbative QCD where'each quark is assumed to
be .collix;eal: with the hadron. In this approximation we only need the kinematics
of a four body process to analyze # — m or 7 — p scattering.
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