SLAC-PUB-17218
Published in Physical Review of Accelerators and Beams,
https://journals.aps.org/prab/pdf/10.1103/PhysRevAccelBeams.21.010101

Exact Cancellation of Emittance Growth Due to
Coupled-Transverse Dynamics in Solenoids and RF Couplers”

David H. Dowell#, Feng Zhou, and John Schmerge
SLAC National Accelerator Laboratory, 2575 Sand Hill Road, Menlo Park, California 94025, USA

Abstract

Weak, rotated magnetic and radiofrequency quadrupole fields in electron guns and injectors can
couple the beam’s horizontal with vertical motion, introduce correlations between otherwise
orthogonal transverse momenta, and reduce the beam brightness. This paper discusses two important
sources of coupled-transverse dynamics common to most electron injectors. The first is quadrupole
focusing followed by beam rotation in a solenoid, and the second coupling comes from a skewed high-
power RF coupler or cavity port which has a rotated RF quadrupole field. It is shown that a DC
qguadrupole field can correct for both types of couplings and exactly cancel their emittance growths. The
degree of cancellation of the RF skew quadrupole emittance is limited by the electron bunch length.
Analytic expressions are derived, and compared with emittance simulations and measurements.

l. INTRODUCTION

Optical aberrations are a major limitation to the beam quality of modern electron injectors and
accelerators. This is especially true for the low-voltage guns and injectors required for high-duty factor
and high-average current operation. In these systems the beam is made large to mitigate space-charge
forces. However, this large beam is more sensitive to aberrations such as the spherical aberration which
increases the emittance as the 4™ power of the transverse beam size, and the chromatic aberration
which is proportional to the beam size squared.

Here we examine the coupled-transverse dynamics aberration, which also strongly depends on
the beam size. Coupled-transverse dynamics results when the electrons have azimuthal momenta and
their trajectories are no longer coplanar with the beam axis. The trajectories are ‘coupled’ because the
electron’s x-coordinate depends not just on x and x’, but also on y and y’, and similarly for the y-
coordinate. This paper assumes the mathematical theory is linear and applies 4x4-matrix algebra to
compute the electron dynamics. We concentrate on the 4D-transformation of a rotated quadrupole
which skews the electrons about the beam axis. Since the 4D-rotation is linear, the 4D emittance
doesn’t grow. However, there is emittance growth in both the x-x" and y-y’ 2D phase spaces due to
skew trajectories. Fortunately, theory and simulation show that it can be eliminated with a rotated
corrector field because the coupling is correlated.

In his 1970 PhD. thesis, G. Ripken described a theory of the coupled-transverse dynamics in
electron storage rings for high energy physics experiments [1]. His and studies which followed [2] used
4D-matrix algebra to show that the beam luminosity could be increased (emittance decreased) by
correcting for transverse plane coupling with a skew quadrupole. Recent theoretical work describes the
coupled dynamics by generalizing the Courant-Snyder theory with a 4D symplectic rotation [3]. A useful
introduction to the matrix theory for electron beams can be found in Wiedemann’s book [4].

This paper concentrates on beam quality degradation due to quadrupole fields which are
themselves rotated, or when the beam has been rotated in a solenoid with respect to normally aligned
qguadrupole fields. Here we study two beamline components which are common sources of rotated
guadrupole fields. The first is a weak quadrupole field followed by a solenoid, and the second is the
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quadrupole field produced by the coupler which feeds RF power into a cavity through rotated or
unbalanced ports [5,6].

The emittance of quadrupole followed by a solenoid is simply the emittance growth of the
rotated quadrupole field, with a rotation angle equal to the sum of the quadrupole’s rotation plus the
beam’s Larmor rotation in the solenoid. Although we assume the weak quadrupole field is near the
solenoid, the field can, in fact, be anywhere before the solenoid. This includes the quadrupole RF fields
of a RF gun followed by a focusing solenoid.

The transverse coupling due to RF fields can be eliminated by cancelling the on-axis dipole and
qguadrupole fields with a dual RF feed and a racetrack-like cavity shape [7]. Such designs have been
implemented into modern RF guns [8] and upgraded RF couplers for room temperature linacs [9].
However, many accelerator RF cavities are built without these features because the designs already
exist, and the re-design, fabrication and testing costs of new RF structures are prohibitively expensive,
especially for superconducting RF cavities. Fortunately, as will be shown in this paper, much of this re-
work is unnecessary, since the quadrupole RF field can be exactly cancelled with a low-field DC
qguadrupole.

This paper is organized as follows. The next section defines the terms rotated, normal, and skew
guadrupole fields, and derives the emittance growth produced by a rotated quadrupole field. Section llI
gives a general discussion of the fields of ideal solenoids with only radial fields, and realistic solenoids
possessing quadrupole fields. Quadrupole field measurements for a solenoid are presented. In Section
IV, expressions for the coupled transverse dynamics emittance of the beam in a solenoid preceded by a
weak quadrupole field are derived, and the emittance cancellation with a corrector quadrupole is
demonstrated using analytic and numerical calculations as well as measurements. Section V discusses
RF quadrupole field, its induced emittance growth, and emittance cancellation with a DC corrector
qguadrupole. Finally, a summary of the work is presented in Section VI.

1. EMITTANCE GROWTH DUE TO ROTATED, NORMAL, AND SKEW QUADRUPOLE FIELDS

Figure 1 shows the equipotential surfaces for quadrupole magnetic fields with rotated, normal,
and skew Bgy-field patterns. The normal quadrupole field (center drawing in Fig. 1) is aligned to the
midplane of symmetry with B, (x,y) = —B,(x,—y) and B,(x,y = 0) = 0 along the x-axis. Rotating
the field 45 degrees about the +z-axis (out-of-the-page) results in a skew quadrupole field (right drawing
in Fig. 1). The term rotated quadrupole is given to a quadrupole field having an arbitrary angle of axial
rotation with respect to the normal-quadrupole field orientation. The rotated quadrupole field is equal
to the vector sum of normal and skew quadrupole fields. As will be shown, only the skew-component of
a rotated quadrupole generates emittance, and therefore only a skew quadrupole corrector is necessary
to cancel the emittance growth. The normal-component of a rotated quadrupole produces no
emittance, however, including a normal-quadrupole corrector allows returning the beam to it’s original
transverse shape.
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FIG. 1(color): Magnetic equipotential surfaces for rotated, normal, and skew quadrupole fields. The
coordinate system is right-handed with the z-axis pointing out of the page. The normal quadrupole field
is focusing in the x-plane and defocusing in the y-plane for electrons travelling along the +z-axis.

The beam transformation matrix for a quadrupole rotated about the +z-axis is found by first
rotating the beam about the z-axis, then transforming through a normal quadrupole, and lastly rotating
the beam back to zero rotation. Using the matrix and angle conventions of the TRANSPORT and MAD
optics codes [10] the transformation matrix for a rotated quadrupole is given by,

Rrotquad (a,f) = Ryot (_a)unad (f)Ryor (@) (1)
Here R,o; and Rgyqq are the standard 4x4-matrices which rotate and quadrupole-focus the beam,
respectively. R,,; rotates the beam clockwise an angle a about the positive z-axis. Therefore, the
quadrupole rotation angle, a, is shown going counterclockwise in Fig. 1. R4 is for a thin quadrupole
lens with focal length, f. Multiplying the matrices gives the transformation matrix for a thin quadrupole
lens with focal length f, and rotation angle a as

1 0 0 0
_Cofs 2a 1 —si]r: 2a 0
Rrotquad(a' = 0 0 1 0 (2)
—sin2a cos 2a
Zsinza 1
f f
The focal strength depends upon the beam energy and the integrated quadrupole field gradient,
1 dB
=" - (3)
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Here the effective length of the quadrupole field is L.¢ ¢, fymc is the beam momentum and

the quadrupole gradient evaluated on the z-axis. Defining Q to be the integrated quadrupole field

gradient,
JdB
— v
Q = Lquadﬁ
x,y=0
allows us to write the focal strength more concisely as the integrated field divided by the beam’s
momentum,
1 eqQ
= 4
f Bymc @



Let X represent a 4x4 beam matrix whose elements describe an ellipse in (x,x’,y,y’)-space. The
diagonal elements of the X-matrix are the beam size or divergence for each dimension squared.
Transforming the beam matrix, 2(0), through the rotated quadrupole gives the final beam matrix (1),

2(1) = Rrotquad z:(O)Rzotquad (5)
If we assume the initial beam is collimated with perfectly parallel rays then the emittance is zero, and
2(0) is
(0 0 0 O
0 0 0 0
0 0 Z,,(0) O
0 0 0 0
The non-zero beam matrix elements of £(0) are equal to the horizontal and vertical beam sizes squared,
2 (0) = 02 and  %,,(0) = o] (7)

2(0) = (6)

The volume of the beam ellipsoid in four dimensions gives the normalized 4D-emittance,
€nap = PyVdetT (8)
Clearly, there is no 4D-emittance growth for the rotated quadrupole since the rotation
transformation is symplectic [3]. However, the emittance does increase for the 2D phase space
distributions in xx’ and yy’. The x-plane emittance growth is given by the 2x2 submatrix in the upper
left-hand-corner of the 4D beam matrix. Writing out the emittance in terms of this submatrix gives,

€Enx = [))V\/det (9)
Applying these relations and working through the matrix algebra leads to the normalized 2D emittance
growth generated by a rotated quadrupole,

0,0 .

€nrotquad = By xf_y |sin 2a| (10)
The x- and y-plane emittance growths are equal since the rotation affects both planes the same. As
expected, there is no emittance growth for a normal quadrupole (¢ = 0). Since the skew component of
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the rotated field strength is 7 L = fsin 2a, Eqn. (10) shows the emittance growth of a rotated
skew

qguadrupole is due solely to its skew-component.

In terms of Q, the rotated quadrupole normalized emittance becomes,

eqQ | .
€nrotquad = Ox0y - |sin 2« (11)

Thus, the normalized coupled-transverse emittance growth is a simple product of the beam sizes, the
integrated quadrupole field, and the sine-function of twice the quadrupole rotation angle.
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. FIELDS OF THE SOLENOID
A. The ideal solenoid
The fields of the ideal solenoid have axial symmetry about the z-axis in cylindrical coordinates.
Therefore, the fields are independent of the azimuth angle with By = 0. Radial integration of V-BE=0
leads to the following well-known relation for fields with axial symmetry [11],

r 0B,
Br=—=3% (12)
Thus, the slope of the B,-field, %, determines the location and extent of the solenoid’s fringe fields.

These radial fields give the electrons a momentum kick in the 8-direction which begins the beam’s



rotation in the solenoid. An opposite kick at the exit (due to B,’s opposite slope) cancels the initial
azimuthal kick, so the beam exits with zero azimuthal momentum.

Using Eqgn. (12) for the radial field, the focal strength of a solenoid is found to depend upon the
solenoid’s maximum interior field squared,

L _ engLsol

fsot  2(yBmc)?
Here the maximum interior field is By, the effective length of the solenoid is Ly,;, and the beam’s total
momentum is yfmc.

The ideal solenoid generates little emittance growth for small, low energy spread beams.
However, the growth can be significant for large beams due to spherical aberrations and for beams with
energy spread [12]. Computing the spherical emittance requires knowing the fields at large radii either
by measurement, by analytic extrapolation, or with a magnetic field finite element code. These radial
fields can then be either integrated numerically for the field integrals or be used directly in a beam
simulation code to numerically compute the emittance as a function of initial beam size to obtain the
spherical emittance growth.

(13)

B. Solenoid with quadrupole fields

Although the ideal solenoid has only radial and longitudinal fields, its field can excite
surrounding magnetic material and generate azimuthal fields. In our experience, these extraneous
materials (such as a vacuum pipe with magnetic welds), which are excited by the solenoid’s field, often
produce the strongest multipole fields and are therefore the most likely to cause emittance growth.

Once again V- B = 0 but now there is an extra term for the azimuthal field,
10 10Bg , 0B, _

rar(rBr)-I_r 69+62_0 (14)

Multiplying by rdr and integrating gives the more general form of Eqn. (12) which includes the azimuth

field gradient,
0By _ _ 105,

Br+ae_ 2 9z

(15)

Thus, the slope of the longitudinal field equals the total strength of the transverse fields. This is
like the focusing by a dipole magnet, where tilting the poles increases the vertical focusing but it also
lowers the horizontal focal strength. For a dipole field, the sum of the two transverse strengths equals
the bend angle over the bend radius [13].

Measurements are necessary to determine both the strength and multipolarity of the By-field
and if it depends upon the solenoid’s field or not. If the Bg-field does not scale with the solenoid field,
then these fields are referred to as stray quadrupole fields. Stray fields are produced by magnetic
materials or devices which are located near the beamline but are not magnetically connected with the
solenoid’s field. However, if By is proportional to the solenoid field, then this field is referred to as the
solenoid’s anomalous field. These fields are called anomalous because they are unexpected
irregularities or anomalies of the solenoid’s field. Anomalous quadrupole fields can be caused by
quadrupole-like features in the solenoid’s coil or yoke design, or by magnetic material placed
(unintentionally) within the solenoid’s magnetic circuit. Both anomalous and stray quadrupole fields can
increase the emittance if they are rotated, as just discussed in Section ll, or if they precede a solenoid, as
discussed later. The next section describes magnetic field measurements of the Linac Coherent Light
Source (LCLS) gun solenoid.



C. Multipole field measurements of a solenoid

Figure 2 shows magnetic measurements for the LCLS-I gun solenoid [14]. The upper plot is the
z-dependence of the longitudinal field, as measured using a 3-axis Hall probe. The lower plot is the
integrated quadrupole gradient and rotation angle as a function of z. The integrated quadrupole field
gradient as measured by a short rotating coil is
By (r=Tcoit) (16)

Tcoil
Here L, is the axial length of the rotating coil, 7,,;; is the radius of the coil, and B, (r = 1,4;;) is the
quadrupole field at the coil’s radius.

The rotating coil measurements show quadrupole fields peak at the ends of the solenoid as
expected from the previous discussion in Section Ill B. The data also show the quadrupole angle
changes 90-degrees between the ends, which corresponds to a polarity reversal. In addition, the
guadrupole fields scale with the solenoid’s field. Therefore, they qualify as anomalous quadrupole fields
of the solenoid. These properties suggest there is some magnetic material which is unintentionally
within the solenoid’s magnetic field or quadrupolar coil winding error.

In our experience, the sources of these low quadrupole fields were difficult to identify and
control even with state-of-the-art, finite-element-analysis calculations, and following rigorous
fabrication practices with careful selection of materials. Therefore, we decided to install weak normal
and skew quadrupole correctors in the LCLS-I solenoid and optimize their settings with the beam itself.
Measurements of the beam emittance taken while optimizing the quadrupole correctors are described
later in Section IV D.

Qmeas = Lcoil
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FIG. 2(color): Magnetic measurements of the LCLS gun solenoid for an integrated field of 0.046 T-m. Top: Hall
probe measurements of the solenoid axial field. The transverse location of the measurement axis (the z-axis) was
determined by minimizing the radial field. Bottom: Rotating coil measurements of the quadrupole field. The
rotating coil dimensions were 2.5 cm long with a 2.8 cm radius. The measured quadrupole field is thus averaged
over these dimensions.



V. COUPLED-TRANSVERSE DYNAMICS IN QUADRUPOLE + SOLENOID SYSTEMS

In this section, we develop a simple yet accurate model for understanding the effects of a
quadrupole and solenoid system with coupled-transverse trajectories. These theoretical studies and
numerical simulations confirm the emittance growth is due to well-defined coupled dynamics between
the transverse planes. In addition, theory, simulation, and experiments show the emittance growth can
be cancelled with a correcting quadrupole field.

In this theory, the full 4D transverse transport matrix conserves the 4D emittance since the
transformation is linear in 4-dimensions. However, the both the 2D sub-spaces of xx” and yy’ can gain
emittance because of non-zero cross-terms in the beam matrix. The linear 4D-transformation generates
cross-terms or correlations between the x- and y-planes via non-zero off-diagonal beam matrix elements
such as Eyy Zyy, Zyry , Lysyr , €EC. Since a rotated quadrupole can also create these cross-terms, it is
possible to use a corrector quadrupole to control them and the emittance they produce.

A. Emittance due to a quadrupole field near the entrance of a solenoid

The emittance growth of a normal-quadrupole followed by a solenoid is computed assuming a
normal quadrupole field followed by a solenoid. The (x,x’,y,y’) transformation of a beam ray through a
thin quadrupole lens followed by a solenoid can be written as [15],

cos? KL Sir;(KL sin KL cos KL Sin;KL /11 0 0 0\
RypiRoas = —KsinKLcosKL cos*?KL —Ksin?KL sinKL cos KL |_? 1o Ol (17)
solffquad = o2 ;
—sinKLcosKL —32% cos2 kI, nKbcoskh 0 0 11 0
. . K K 0 0 + 1
Ksin? KL —sinKLcosKL —KsinKLcosKL cos?KL f

Here L is the effective length of the solenoid, K = i‘)c, By is the maximum interior magnetic field of

2Bym
the solenoid, and f is the focal length of the quadrupole field before the solenoid. The beam is rotated
through the angle KL by the solenoid.

As shown earlier, an initial 4x4 beam matrix, £(0), can be transported through the quadrupole
and solenoid producing the exit beam matrix, 2(1),

(1) = Rsoquuad 2(0) (Rsoquuad)T (18)
Using the same X(0) for a perfectly parallel beam as before, and working through tedious matrix algebra
gives the expected result for the transverse-plane emittance growth of a normal-quadrupole followed
by a solenoid as

o o .
Enquad+sor = By =% |sin 2KL| (19)

In other words, the emittance growth of a normal-quadrupole followed by a solenoid is that of the
qguadrupole rotated the Larmor angle of the solenoid. The emittance growth is the same for both the x-
and y-planes.

Substituting the integrated quadrupole field for 1/f, one finds the coupled-transverse dynamics
normalized emittance growth depending only upon the beam size, the integrated quadrupole field, and
the rotation angle of the beam in the solenoid,



eqQ | .
€n,quad+sol = 9x,s01Ty,sol e |Sln ZKLl (20)

Figure 3 compares this simple formula with a particle tracking simulation for a solenoid
preceded by a normal-quadrupole field. The initial beam had zero emittance, zero energy spread and
was circular and uniform. No space charge forces are included in the simulation. The figure shows the
normalized emittances given by Egn. (19) and the simulation, plotted as a function of the rms beam size
at the solenoid entrance. The normal-quadrupole focal length is 50 meters for a 6 MeV beam energy.
This corresponds to an integrated quadrupole field gradient of 4.3 gauss which is similar to the
measured field of the LCLS solenoid (see Fig. 2). The analytic theory and the simulation assume a short
quadrupole field with this integrated quadrupole field located at the solenoid’s entrance. The
simulation emittance is slightly larger, since it includes both the coupled-transverse dynamics emittance
being discussed here, and the geometric aberration. The good agreement verifies the model’s
assumptions and illustrates that even a weak, normal-quadrupole field can produce significant
emittance growth when combined with the rotation in a solenoid field.

10

n
c
o
s 1
E
Q
o
§ 01
£
£
w

0.01

0 1 2 3

Beam size at solenoid (mm-rms)

FIG. 3(b&w). Normalized emittance due to the quadrupole-solenoid coupling given by Eqn. (19) (solid-line) and by
a particle tracking simulation (dashed-line) for the case of the LCLS solenoid. For a beam energy of 6 MeV the
quadrupole focal length was 50 meters. This corresponds to an integrated quadrupole field of 4.3 gauss. The
solenoid had an integrated field of 0.046 T-m, giving a focal length of ~12 cm. The simulation is done with the GPT
code [16].

If the quadrupole field is rotated an angle «, as shown in Fig. 1, then by induction, one adds the
qguadrupole’s rotation angle with the solenoid rotation angle obtain the emittance,

6n,quad+sol(a) = Ox,s010y,s01 ren_QC |Sin Z(KL + a)l (21)

In Fig. 4 the emittance growth given by Eqn. (21) and simulations is plotted as a function of the
quadrupole angle of rotation. The integrated quadrupole field is Q = 4.3 gauss, followed by a strong
solenoid (focal length of 12 cm, integrated field of 0.046T-m). The beam energy used in the simulation
was 6 MeV. At this beam energy, a 4.3 gauss quadrupole field focuses the beam with a 50-meter focal

length. In both the analytic theory and the simulation, the emittance growth becomes zero whenever
T

KL+ a= E (22)



Or every 90 degrees. The slight offset in emittance and angle between the theory and simulation could
result from the 3™-order emittance of the solenoid’s non-linear radial fringe fields which are included in
the simulation but not in the model.

— =Simulation

——Theory

Emittance (microns)

rotated quad

solenoid

0 50 100 150
Quadrupole rotation angle (deg)

FIG. 4(color). The emittance growth for a quadrupole-solenoid system (shown on the left) as a function of the
quadrupole rotation angle. The theory (solid-line) is computed using Eqn. (21) and the simulation (dash-line) is
done with the GPT code. The initial beam size at the solenoid is 1 mm-rms for both the x- and y-planes. The
quadrupole and solenoid fields are the same as Fig. 3.

B. Cancellation of the emittance due to transverse coupling in a solenoid

In this sub-section, the solenoid and quadrupole fields are modeled for a
quadrupole+solenoid+quadrupole (gsq) configuration. Figure 5 shows the model layout, and the
guadrupole and solenoid parameters used to compare the analytic theory with numerical simulations.
The quadrupole corrector, or quad-corrector, used to cancel the transverse-coupled emittance is
located after the solenoid.

If the solenoid is a thick lens, then the beam size will be smaller at the exit than the entrance.
However, the previous discussion showed the coupled dynamics emittance depends upon the square of
the beam size. Therefore, it is important to use different beam sizes for the solenoid and quadrupole,
and the quad-corrector. For the case considered here, simulations give the beam size at the corrector as
0.55 mm-rms when the beam is 1 mm-rms at the solenoid entrance.

This effect is easily added to the theoretical model by defining the x- and y-rms beam sizes at
the quadrupole as gy guqa and gy guqa, respectively, and revising the expression for the coupled-
transverse emittance gives,

Ox,s0l0y,s0l . Ox,cor9y,cor _.
€ngsq = BY %j’sosm 2(KL + ay) + %sm 200r (23)

The focal length for the rotated-quadrupole field preceding the solenoid is f; and its rotation angle is a;.
The quadrupole after the solenoid is a quad-corrector with focal length f..r and rotation angle a.,,.

The layout and parameters for this qiSciqcor-system given in Fig. 5 are used to compare Eqn. (23)
with numerical simulations. As shown in the figure, the beam size at the quad-corrector is
approximately half its size at Quad1, as determined from simulation.
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FIG. 5(color). Quadrupole-solenoid-quadrupole configuration and parameters used to compare
emittance growth computed with the analytic model and numerical simulations shown in Fig. 6. The
beam energy is 6 MeV.

Figure 6 shows normalized emittance growths of analytic theory and numerical simulation for
the giSoigcor-configuration with the parameters given in Fig. 5. The plots show the normalized x-plane
emittance for a 6 MeV beam as a function of quad-corrector rotation for theory (left) and simulation
(right). In all cases, the Quad1 is a normal quadrupole with a 50-meter focal length. The emittance is
plotted for quad-corrector focal lengths of 15, 20, 40 and infinite meters. The 50-meter focal length
corresponds to an integrated quadrupole gradient of 4.3 gauss; and the 15-, 20-, and 40-meter focal
lengths correspond to Q-values of 21.5, 14.3, and 5.4 gauss, respectively.
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FIG. 6(color). Comparison of the transverse-coupled emittance for a giSoiqcor-configuration as a function
of the quad-corrector rotation angle as computed by Eqn. (23) (left), and a numerical simulation (right).
The configuration and parameters are given in Fig. 5. The emittance growth is for Quadl with a fixed
focal length of 50-meters and quad-corrector focal lengths of 15, 20, 40 and infinite meters. The beam
energy is 6 MeV. The 15-, 20-, and 40-meter focal lengths correspond to 21.5, 14.3, and 5.4 gauss,
respectively, integrated fields.

It is important to point out that the quad-corrector can be located almost anywhere, even
before the solenoid. This is because the quadrupole fields have very long focal lengths and, within the
thin lens-approximation, the spacing between and location of the elements becomes irrelevant.
Therefore, the focal strengths simply add. However, since the quad-corrector focal strength scales with
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the inverse beam size squared, it should be located where the beam is large. This will minimize the
gaud-corrector strength needed to cancel the anomalous quadrupole fields.
C. Simulation and measurements of an injector with a quadrupole field in a solenoid

The effectiveness of the quadrupole correction has been validated with the simulations of the LCLS
injector. The LCLS injector includes 5.5-MeV RF gun, a main solenoid for emittance compensation, and
two linac sections to boost energy to 135 MeV [17]. The ASTRA code [18] including 3D space-charge
forces is used to simulation the LCLS injector. Figure 7 shows the emittance vs. z for no quadrupole
fields with only the solenoid field (blue), the emittance due to a weak normal quadrupole (focal length
11.5 m) at the entrance of the solenoid (green), and the weak quadrupole emittance corrected by a
qguadrupole with focal length of 28.6 meters and rotation angle of 11.5 degrees after the solenoid (red).
These results show the emittance grows about 20% if there is a weak quadrupole field situated at the
entrance of the solenoid. The red curve shows this emittance growth can be completely corrected by a
weak, rotated quadrupole in the region downstream of the solenoid. Therefore, the simulations verify
the analyses of the previous sections.
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FIG. 7(color). Simulations of emittance cancellation with a quadrupole corrector: The emittance without
a quadrupole field at solenoid entrance (blue), the emittance with a normal quadrupole at the entrance
of the solenoid (green), and emittance correction with a quadrupole corrector downstream of the
solenoid (red).

Two long quadrupole correctors, one normal and one skew, are installed inside of the solenoid
for the LCLS-I injector [14]. Figure 8 shows one example of the experimental data of the injector
emittance measured at 135 MeV vs. the skew quadrupole corrector field strength. Shown are typical
measurements made during LCLS-I operations to optimize the beam emittance.

The data in Fig. 8 have been fit with the quadratic sum of the quadrupole-solenoid-quadrupole
emittance with the other unknown but constant emittances, €,;x¢r, Using the following expression,

2
_ 2 £
Eexpt - \/Eother + (Ecoupled + mec O-x,coro-y,cochor) (24)
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Here €coupiea is the emittance growth due to the uncorrected coupled-transverse dynamics of the
injector, and Q,, is the integrated quadrupole field gradient of the quadrupole corrector. The x-rms
and y-rms beam sizes at the quad-corrector are gy cor and ay .o, respectively. The fit to the data
assumes these are the same and equal to 0.6 mm-rms. Since the data was taken using the skew
qguadrupole corrector, the sin 2a factor in Eqn. (23) is equal to one. A single curve has been fit to both
the x- and y-plane emittances. However, the offset in emittance between the x- and y-planes suggest
the other-effects emittance for the y-plane is approximately 25 nm larger than the x-plane’s other-
emittance. The data is shown with 5% error bars.

O x-plane o y-plane — -fit ——other emittances
0.65

0.60 | N

N
N

= VI

0.40 1 1 1 1 1
-15 -10 -5 0 5 10 15

Skew Quadrupole Corrector Integrated Field, Q_,, (G)

Emittance (microns)
[=} (=)
wv wv
(=] [%,]
T T

045

FIG. 8(b&w). LCLS injector emittance at 100 pC for the x- and y-planes vs. the skew quadrupole corrector
integrated field strength, Q... The emittance (points w/error bars) was measured at a beam energy of
135 MeV. The dashed curve shows the fit to the data with Eqn. (24). The other-effects emittance,
€other, 1S Shown by the solid line at 0.46 microns. The fit indicates the coupled-transverse dynamics
emittance growth, €.oypieq, is 0.15 microns.

The fit (dash-line) shows the emittance is minimized when the integrated field of the skew quad-
corrector is 7-gauss, corresponding to a 31-meter focal length for a 6 MeV beam. The emittance due to
other effects is €,¢5e =0.46 microns (solid-line). The fit is the quadrature sum of this emittance and the
total coupled-transverse dynamics emittance growth given inside the second set of brackets of Eqn.
(24). The total coupled-transverse dynamics emittance growth is the sum of the unwanted coupled-
emittance, €coypieqa, and the quad-corrector’s emittance. Since the quad-corrector field can be positive
or negative, it can have the opposite sign of the unwanted coupled-emittance, and cancel it. The fit
gives €couplea =0.15 microns for the coupled-transverse dynamics emittance growth. Since the RF
cavities of this injector were designed to have compensated RF quadrupole fields [14], therefore this
emittance is most likely due to the anomalous quadrupole fields of the solenoid. These results are
consistent with the measured fields shown in Fig. 2.
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V. COUPLED-TRANSVERSE DYNAMICS DUE TO THE ROTATED FIELDS OF RF COUPLERS
This section discusses the quadrupole fields of an RF coupler. These fields are linear in x and y
near the beam axis but rotated about the beam axis due to the mechanical constraints of the coupler
design. It is shown by calculation and simulation that the emittance generated by these coupler fields
can be cancelled with a DC corrector quadrupole field.

A. Analysis of the RF coupler field
Maxwell’s equations show that the transverse electric fields over a small region near the beam
axis can be specified as a linear expansion obeying the following relations between the field gradients

[19],
OE,

O0E,

Ex =Exot 5 x+ oY (25)
O0Ey OE,

Ey = Ey,O + Ex - E (26)

A coupler gives the beam an instantaneous kick in voltage along the x, y and z-directions. Each
component of the kick gives the beam an instantaneous jump in voltage when the beam transits the
coupler. Following the literature [20], the complex voltage kick factor is defined as

Foo Vxo + UxxX + Uy Y
v(x,y) = m = | vy + 117yix + vy, Y (27)

Where the complex voltage kick, V(x, y), is given by integrals of the coupler fields along lines parallel to
the z-axis (beam’s optical axis),

V(x,y) = [[E@) +icB x B(P)]e'®*/°dz (28)

The B-term is imaginary to account for its /2 RF phase shift in time with respect to the electric field.
The complex voltage kick factor gives the electrons a momentum impulse of [20]

p = Re{v(x, y)ei‘pS}% (29)

Here w is the RF frequency and c is the speed of light. Equation (29) is the transverse momentum of an
electron at distance s behind the head electron and having phase ¢5 = % + Preaq With respect to the

coupler’'s RF waveform. This phase relation assumes the beam is relativistic. Writing out the
components of the coupler’s x-y plane momentum kick shows the spatial and phase dependences can
be separated into a complex voltage amplitude and phase, whose real part gives the transverse
momentum kick of the coupler,

Vox + UyxX + U ,
(px) _ eVace Re {( 0x XX xyy) elq’)s} (30)
Dy coupler c Voy + Uy X + Vyyy

Dividing by the total momentum converts this to the coupler’s angle kick vector,

(x') _ eVgee Re {(VOx + UxxX + vxyy) ei¢s} (31)
, =
y coupler Bymc? Voy + VyxX + VyyY

Applying the relation between the field gradients shown in Eqns. (25) and (26) reduces the number of
independent elements of the kick matrix from four to two,

13



! Vox + UyxX + U .
() ot (o ) o
y coupler pyme Yoy T VxyX = VxxY

Absorbing the various factors and phase (time) dependence into a re-normalized voltage kick matrix

given by 7, allows one to write

(x’) _ (ﬁOx + Uy X + ﬁxy)’)
, =

~ - - 33
y Voy + UxyX = Uxxy ( )

coupler

The Ty, terms are the coupler’s dipole kicks which can be cancelled with nearby steering
dipoles. Simulations show dipole steering is very effective at mitigating the dipole-kick emittance
produced when the beam goes through the coupler at the wrong angle and/or transverse position.

The ¥,, terms indicate uncoupled x-plane focusing because the final angle kick is proportional
to x, and similarly for the y-plane. Thus #¥,, is the focal strength of the normal-quadrupole component
of the RF field. This focusing does not produce any emittance growth, except that due to the time-
dependence of the RF fields. The cross-term, 7,,, is related to the skew-component of the RF’s
guadrupole field, and does generate emittance growth. As will be shown later, this is similar to the
growth generated by the beam’s rotation in a solenoid and can be cancelled using a rotated quadrupole.

B. The emittance due to rotated RF-coupler quadrupole fields
For simplicity, let us assume the electron bunch distribution in the xy-plane is uniform inside a
square area having dimensions, —R < x < R by —R <y < R. This trivial distribution simplifies the
calculation of the variances and averages needed for deriving the coupler-induced emittance while
retaining the essential physics. The variance and standard deviation for this 2R x 2R square uniform
distribution is,

R? R
(x?) =(y?) = 5 and o =% (34)

The normalized emittance for the x-plane is defined as
€n = By (x2)(x'2) — (xx')? (35)

Here it is important to include the correlation (xx’) term in the emittance definition. After some tedious
algebra, the coupler-induced emittance is found to be solely due to the cross-term, vy, of the complex

voltage kick,
eVacce

€n,coupler (5) = 0-9?

ws i . [ws
v;y cos (T + ¢head) + valcy sin (7 + ¢head)| (36)

mc?

Here vy, and v};y are the real and imaginary parts of vy,,.
Equation (36) gives the transverse emittance of a thin slice of the bunch a distance s behind the

bunch head. The RF phase of the bunch head is ¢;44 and the tail is a bunch length, I, ,cn, behind it at

RF phase of@ + Preqq- Figure 9 shows as an example the head and tail emittances vs. the RF

phase for a head-tail phase difference of 10 degRF. (Here the unit degRF is defined as one degree of
phase at the RF frequency of interest which, in this case, is 1.3 GHz.) The head minus the tail emittance
is also plotted, and shows the difference is 20 nm or less which is small compared to the uncorrected
emittance of more than 100 nm; confirming the effect is mostly due to the skewed quadrupole field
rather than the phase-dependent kick.
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Figure 9(color): The head (s=0, solid-line) and tail (% =10degRF, dash-line) emittances vs. phase for ox

=1 mm. The emittance difference in the head and tail (red-line) is a maximum when the beam is on the
crest of the RF waveform. The coupler voltage and kick are Vac=20 MV and vy, = (3.4 + 0.2i) X
107%/mm which are typical parameters for SRF cavities [20]. Here the unit ‘degRF’ is a degree of phase
at the RF frequency of 1.3 GHz.

The emittance over the length of the bunch can be computed by averaging the slice emittance in
Egn. (36) over the longitudinal distribution of electrons. Assuming the longitudinal distribution is
uniform with full width, l,,,cx, then the bunch average emittance an be found from

l
fobunch €n,coupler(5)ds

(Encoupter) = folbunch s (37)
Inserting the coupler slice emittance gives
ev, wS i . wS
<6n,coupler> = m(zczc 0-9? v}?y (COS (T + ¢head)> + valcy (Sln (T + ¢head)>| (38)

Taking the averages and expanding in terms of the bunch length gives the projected emittance of the
bunch,

eVacc

<6n,coupler> = W 0-9? | (v;y cos ¢head + valcy sin ¢head)

. i Ap
- (v;y sin ¢head + valcy cos ¢head) % (39)

The first term inside the absolute value function gives the emittance growth due to the rotated
transverse quadrupole field and generates emittance even for infinitesimal bunch length. The second
term depends linearly upon the bunch length as well as the coupler’s skew field. For the short bunches
considered here A¢pyncn < 1, and the second term can be ignored, and the rf-coupler emittance
growth becomes

ev,
(En,coupler) = mc;czc

2 1 .
Oy |v;y Ccos ¢head + U)lcy Sin ¢head| (40)

However, it is important to note that even if vy, = 0, there remains emittance growth from the
normal-quadrupole term, v,.,, due the bunch’s phase-length. This phase-emittance occurs because the
RF field is time-dependent. This changing field then gives different quadrupole kicks along the bunch
length and generates projected emittance growth. The first term in Eqn. (39) is absent for a normal-
qguadrupole rf field, since a normal-quadrupole has no emittance growth. However, the second bunch
length dependent term remains with v,,, replaced by v,,. This emittance growth due to bunch length
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can be mitigated by shaping the RF cavity [21] or introducing additional penetrations into the cavity
walls [22] to cancel both normal and skew components of the quadrupole RF field on the beam axis.

C. Cancellation of coupler kicks with a rotated quadrupole field
As shown in Section I, the kick angle vector in the xy-plane for a quadrupole with focal length f
and rotation angle a can be written as

cos2a sin2a
x' T
(y’) = sin2a cos2a (41)
rotquad — T X + Ty

Comparing Eqns. (33) and (41) one can define the normal and skew components of the coupler’s
qguadrupole field,

~ __cos 2Qcoupler
Uxx,coupler =

sin 2acoypler (42)

and Uxy,coupler =

fr:oupler fcoupler

Here the subscript ‘coupler’ has been added to denote these are kicks due to the rotated quadrupole
field of a RF-coupler. These relations allow us to model the coupler fields equivalently as a quadrupole
with focal length fooupier and rotated acoypier about the z-axis. The rotation angle of the coupler’s
quadrupole field in terms of the normalized voltage kicks is

1 —_ ﬁx
Qcoupler = —3 tan~* d (43)

Since the quadrupole fields are weak, we can again apply the thin lens approximation, and add
Egns. (33) and (41) to give the total kick angle of the coupler and a quad-corrector located near the

coupler,

! ' I} {fjxx — %}x + {ﬁx _ szacor}
(x ) - (x ) + (x ) = or Y e (44)
! - ! 12 —_— .
Y 7 total y coupler y quad {ﬁxy _ szacor} X — {ﬁxx __cos zacor}y
feor Jfeor

The symmetry of Maxwell’s equations, mentioned earlier in this section, can now be
appreciated. Equation (44) proves the emittance and the focusing effects of the coupler can be exactly
cancelled with a rotated DC quadrupole corrector. It shows that the following two equations determine
the quad-corrector focal strength and rotation angle which cancel the coupler quadrupole kick,

~ COS2Qcor
xx

-0 and ﬁxy—s“‘ff%=o (45)

Simultaneously solving these two equations gives paired values for the quad-corrector’s rotation
angle and focal strength which cancel the coupler field’s cross-term (emittance) and the quadrupole-
focus term (astigmatism) for a single slice of the bunch. Solutions for the quad-corrector rotation angle
and focal strength are

fCO‘I"

1 1D
Qepr = —tan™ 1 =% (46)
cor 2 o
XX
1 _ EVaCC ~2 ~2
feor - Bymcz Vax + ny (47)

The normalized voltage kick factor, 7, in terms of the complex voltage kick factor, v, is

eVacc

Uyx (Ps) = W (v;x cos ¢ps — v)l;x sin d)s) (48)
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and
eVacce

Bymc?

(viy cos ¢ps — vy, sin ) (49)

1~7xy (¢s) =

Inserting these relations into Eqns. (46) and (47) gives the quad-corrector rotation angle,

1 _1 VxycoOS ¢5—v,icy sin ¢
a = —tan - 50
cor (@) > R g (50)
and focal strength,
1 _ eVace T P . 2 r i . 2
feorps)  Bymc? \/(vxx COS P5 — Uy SIN ('bs) + (vxy COS Ps — Vyy Sin d)s) (51)

These solutions are for a thin slice of the bunch transiting the coupler at a bunch-RF phase of ¢s.

As a numerical example, we use the SRF coupler parameters given in Dohlus’ paper [20] to
compute the corrector quadrupole requirements. His Table 1 gives the normalized complex voltage kick
factors as

Ve = (1 —0.70) X 107® /mm (52)

Vyy = (3.4 = 0.2i) X 107° /mm (53)
These coupler kicks correspond to a normalizing voltage of 20 MV and assume a beam kinetic energy of
800 KeV such that Sy = 2.5. Figure 10 shows the focal length and rotation angle required to correct for
these complex voltage kicks as functions of the beam-to-RF phase. The correction quadrupole rotation
angle and focal length are given as functions of the bunch’s head phase with respect to the coupler RF
waveform. A phase of 90 degRF corresponds to the bunch head synchronized on the RF waveform crest.

120

100 |- — —corrector angle = ——corrector focal length

0
o
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40

20

Focal length (m)
Rotation angle (deg)

-20

-40

-60 I I I I I I I I
0 20 40 60 80 100 120 140 160 180

Beam wrt coupler phase (degRF)
Figure 10: The correction quadrupole rotation angle (dash-line) and focal length (solid-line) vs. the beam
to coupler RF phase for a high-power coupler of a SRF linac. The corrector rotation angle is
discontinuous near the coupler phase of ~125 degRF where the denominator of Egn. (50) is zero and the

%tan‘1 function jumps to stay within the its principal value range of -45 and 45 degrees.

D. Implementing quadrupole correctors into the LCLS-Il injector
The LCLS-Il injector consists of a CW RF gun, two solenoids for beam focusing, an RF buncher for
bunch compression, and one standard 8-cavity cryomodule (CM) [23]. The standard 8-cavity CM is used
to boost the beam energy to ~100 MeV from <1 MeV. The strong rotated quadrupole RF field located at
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the power coupler of the CM can increase the emittance, especially for a beam at low energy with a
large beam size. Figure 11 shows the emittance simulations for a 300-pC bunch without coupler fields
(blue), with 3D coupler fields (green), and with 3D coupler fields corrected by a quad-corrector (red).
The coupler fields are computed from the 3D CAD-model of the coupler’s walls, ports, etc. The
emittance is plotted vs z along the length of the injector to where the emittance reaches it asymptotic
value at 100 MeV. The emittance grows about 20% when the 3D RF coupler fields are included
compared to the no coupler case. The simulation shows a quad-corrector located near the CM with 0.9
Gauss integrated quadrupole gradient, and -17.2 degrees rotation angle can eliminate the RF-coupler’s
emittance growth (red vs. green curves).

Because of these studies, we are planning to use a quad-corrector in the second solenoid for
both the anomalous quadrupole field and RF-coupler field correction in the LCLS-Il injector [24]. We
may consider installing another quad-corrector near the entrance of the CM for the coupler correction if
the shared quad-corrector is not strong enough.
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FIG. 11(color): LCLS-Il injector emittance evolution with perfect RF field (blue), with 3D RF coupler fields
(green), and emittance cancellation using a weak (0.9 G) rotated (-17.2 degrees) correction quadrupole
(red) for 300 pC.

VL. SUMMARY AND CONCLUSIONS

This paper discussed two types of emittance growth due to coupled transverse dynamics. These
emittances are caused by rotated quadrupole fields in combination with a solenoid field, and the
rotated RF quadrupole fields of high power couplers for accelerator linacs. Both effects are commonly
encountered in high brightness guns and injectors.

The emittance growth caused by a weak quadruple field in combination with a solenoidal field is
analyzed for electron injectors. And its correction with a rotated quadrupole field is verified through
analytical theory, simulations, and experiments. It is also shown that RF couplers in RF cavities can
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significantly degrade the emittance. Further theoretical analysis and simulations show that this RF-
coupler emittance growth can also be completely corrected with a weak rotated quadrupole. These
guadrupole correction techniques for solenoids and RF couplers have been implemented into the LCLS-I
and LCLS-1l injectors as well as in the SwissFEL injector [25] and the Cornell DC photocathode injector
[26].

And finally, there is the potential use of rotated quadrupole correctors in highly dispersive
systems such as chicane bunch compressors to correct for small coupling of the transverse dynamics
between the energy dispersed plane and the orthogonal, non-dispersed plane dynamics due to slightly
rotated dipoles. These and other examples demonstrate the general applicability of rotated corrector
guadrupoles to uncouple the transverse dynamics of electron beams.
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