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We propose a method based on the slice energy spread modulation to generate strong
subpicoseond density bunching in high-intensity relativistic electron beams. A laser pulse
with periodic intensity envelope is used to modulate the slice energy spread of the electron
beam, which can then be converted into density modulation after a dispersive section. It
is found that the double-horn slice energy distribution of the electron beam induced by the
laser modulation is very effective to increase the density bunching. Since the modulation
is performed on a relativistic electron beam, the process does not suffer from strong space
charge force or coupling between phase spaces, so that it is straightforward to preserve
the beam quality for further applications, such as terahertz (THz) radiation and resonant
excitation of plasma wakefield. We show in both theory and simulations that the tunable
radiation from the beam can cover the frequency range of 1∼ 10 THz with high power and
narrow-band spectra.

I. INTRODUCTION

High-brightness electron beams have been
used to drive free-electron lasers (FELs) [1–3],
high-intensity terahertz (THz) radiation [4, 5],
advanced accelerators [6–8] and beyond. The
precise manipulation of the beam phase-space
distribution is often desired to advance the de-
velopment in the above mentioned fields. Re-
cently, there has been great interest in the gene-
ration and control of high frequency structure in
the current profile of relativistic electron beams.
The bunched beam at picosecond (ps) and sub-
ps scale can be used to produce intense narrow-
band THz radiation [5, 9] and resonant wake-
field excitation [10–13]. Besides, In FELs, sub-
ps bunched beams have been applied to generate
multicolor X-rays [14] based on the sideband ef-
fect [15].

There are several methods proposed and
studied for the generation of ps and sub-ps
bunching in electron beams, including exchan-
ging transverse modulation to longitudinal dis-
tribution [16, 17], direct modulating the drive
laser [18–21] and converting wakefield induced
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energy modulation to density bunching [22–24].
As the development of the state-of-the-art la-
ser technologies, laser-based manipulation of
the electron beam has been implemented wi-
dely. An external-injected laser pulse which co-
propagates with the electron beam inside an un-
dulator can create energy modulation on the
scale of the laser wavelength. The energy mo-
dulation can be converted into density modu-
lation by letting the beam pass through a lon-
gitudinally dispersive element, e.g., a magnetic
chicane. However, the typical laser wavelength
is usually ∼ 800 nm, which is much shorter than
the THz wavelength. In this case, the concept
of difference frequency can be used to approach
THz range with two wavelengths of energy mo-
dulation in two separated undulator sections [25–
27].

For the laser-based modulation method, since
it is performed directly on a relativistic elec-
tron beam, the process will not suffer from the
strong space charge force or coupling between
transverse and longitudinal phase spaces, which
is critical to preserve the beam quality for furt-
her applications. For example, in resonant wa-
kefield excitation, the transverse focus size of the
electron beam needs to match the plasma den-
sity [10], which puts a challenging constraint on
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the transverse normalized emittance.
In this paper, we propose a method based on

the slice energy spread modulation (SESM), rat-
her than energy modulation, to generate sub-ps
density bunching in a relativistic electron beam.
The slice energy spread of the beam will be mo-
dulated in a laser heater [28, 29] if the laser in-
tensity envelop varies periodically. The device
has been used widely in the FEL facilities [30–
33]. Then after a dispersive section, strong den-
sity bunching can be obtained whose wavelength
depends on the scale of laser envelope variation,
not the laser wavelength. Similar methods have
been adopted to generate THz radiation in a
storage ring [5] and multicolor X-rays [14]. In
this paper, we present detailed theoretical ana-
lysis on the conversion from SESM to density
bunching and compare it with simulation results.
We will also provide an example to produce tu-
nable intense narrow-band THz radiation ran-
ging from 1 to 10 THz. This method is well sui-
ted with the configuration of linear accelerator
facilities and is of great potential in applications.

This paper is organized as follows. In Sec. II,
detailed theoretical analysis on the converstion
from SESM to density bunching is presented. It
is found that the double-horn slice energy dis-
tribution from the laser modulation will help in-
crease the available bunching factor. In Sec. III,
we propose a dedicated beam line to generate
intense narrow-band THz radiation based on
the SESM method. Simulations are performed
to demonstrate the tunable bunching frequency.
Some discussions about the advantages and re-
quirements of the proposed method will be pre-
sented in Sec. IV. Lastly, we will give a short
summary in Sec. V.

II. THEORETICAL ANALYSIS

Let us assume the initial beam is uniform in
current, but has a Gaussian slice energy spread

σδ(z0) that is a function of the longitudinal coor-
dinate z0 within the beam. The distribution can
be written as

f0(δ0, z0) =
I0√

2πσδ(z0)
exp

[
− δ20

2σδ(z0)2

]
, (1)

where δ0 is the relative energy deviation and I0 is
the beam current. Due to the laser modulation,
the slice energy spread is assumed to be

σδ(z0) = σ̄ [1 +A sin(k0z0)] , (2)

where σ̄ is the average rms slice energy spread
0 < A < 1 is the relative modulation depth.
The longitudinal phase space is not uniform but
integration over δ0 yields uniform current I0.

An energy chirp is added in the following li-
nac section by δ = δ0 + hz0, and then the longi-
tudinal dispersion occurs in a magnetic chicane
as

z = z0 +R56δ = z0 +R56(δ0 + hz0) . (3)

Here we ignore the scale of relative energy spread
due to the change of beam average energy, which
can be absorbed into other parameters. The den-
sity modulation appears after the chicane with
the bunching factor as follows

b(k) =
1

I0

∫
dδdze−ikzf(δ, z) . (4)

Using the Liouville theorem that f(δ, z) =
f0(δ0, z0), dδdz = dδ0dz0 and making a change
of variable from δ0 to η = δ0/ [1 +A sin(k0z0)],
we obtain



3

b(k) =

∫
dδ0dz0e

−ik(1+hR56)z0−ikR56δ0 1√
2πσδ(z0)

exp

[
− δ2

2σδ(z)2

]
=

∫
dηdz0e

−ik(1+hR56)z0−ikR56η[1+A sin(k0z0)] 1√
2πσ̄

exp

[
− η2

2σ̄2

]
=

1√
2πσ̄

∫
dη exp

[
−ikR56η −

η2

2σ̄2

] ∫
dz0e

−ik(1+hR56)z0
∑
n

Jn(kR56ηA)e−ink0z0 . (5)

Integration over z0 yields nonvanishing bunching
at the wavenumber kn = nk0/(1+hR56) with the
bunching factor

bn =
(−1)n√

2πσ̄

∫
dηJn(knR56Aη)e−iknR56η− η2

2σ̄2 .

(6)

Numerical calculation of Eq. (6) can be used to
find the exact bunching factor and current dis-
tribution.

Here we focus only on the fundamental modu-
lation wavenumber k1 = k0/(1+hR56), the bun-
ching factor b1 is plotted with a solid line for dif-
ferent k1R56σ0 in Fig. 1. The expression of b1 can
be simplified if we approximate J1(x) ≈ a sin(bx)
for |x| < 3 with a = 0.58, b = 0.85, then

b1 =
a

2
[e−

k2
1R

2
56σ̄

2(1−bA)2

2 − e−
k2
1R

2
56σ̄

2(1+bA)2

2 ] . (7)

The optimal chicane setting to achieve the lar-
gest bunching factor is to satisfy |k1R56σ̄| ≈√

2 + 0.5A2, and the maximum bunching factor
is ∼ 0.27.

It should be noted that there is an assump-
tion for the above derivations that the beam has
a Gaussian slice energy distribution. This as-
sumption, however, is not always true if we use a
laser heater to modulate the beam’s slice energy
spread. In Ref. [29] it is found that when the
laser size is much larger than the electron beam
size, the resulting energy profile is a double-horn
distribution, which will not contribute much to
suppress the instability. Figure 2 shows an ex-
ample of double-horn distribution of the beam
slice energy. The detailed parameter settings can
be seen in Table I in the following sections. Ho-
wever, with the purpose to increase the density
bunching, we find that the double-horn energy
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FIG. 1. Bunching factor evolution versus k1R56σ̄
with A = 0.9 and different slice energy distributi-
ons: (solid line) Gaussian distribution, (dashed line)
Gaussian distribution but the bunching factor is cal-
culated by Eq. 7 and (dotted line) double-horn dis-
tribution from laser heater.

distribution is more effective to increase the bun-
ching factor in this study.

Assuming the laser spot size is larger than
the beam size and the laser power profile has the
form

√
PL(s) =

√
P̄ (1 +B cos(k0s)), the energy

modulation in the laser heater can be written as

δf = δi + ∆(1 +B cos(k0s)) , (8)

with initial and final relative energy deviation
δi, δf and energy modulation amplitude ∆. The
full expression for ∆ can be found, e.g. in
Ref. [29]. To compare withe Gaussian distribu-
tion, we define an effective modulation depth

A =

√
∆2(1 +B)2 + σ2

0 −
√

∆2(1−B)2 + σ2
0√

∆2(1 +B)2 + σ2
0 +

√
∆2(1−B)2 + σ2

0

≈ 1− 2
√

∆2(1−B)2 + σ2
0

∆(1 +B)
, (9)

where σ0 is the initial rms energy spread. When
∆/σ0 = 10, B = 1, the modulation depth A =
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FIG. 2. Double-horn slice energy distribution of the
electron beam when the laser spot size is much larger
than the beam size in the laser heater. The detailed
parameters can be found in Table I.

0.9. Numerical calculation results of the bun-
ching factor for different R56 are presented in
Fig. 1. The optimal R56 is similar with the Gaus-
sian case, but the maximum bunching factor is
increased to ∼ 0.4 with the optimal condition
k1R56σ̄ ≈ 1.75.
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FIG. 3. Longitudinal phase spaces and the corre-
sponding density profile with the largest bunching
factor in the two different energy distributions with
the same modulation depth A = 0.9. The energy
is scaled by the rms energy spread and the time is
scaled by the period of the bunching. (a) and (b)
are Gaussian energy distribution and (c) and (d) are
double-horn distribution.

The longitudinal phase spaces and the cor-
responding density profiles of the electron beam

that give the largest bunching factor in both ca-
ses are presented in Fig. 3. The physical mea-
ning of k1R56σ̄ denotes the rotation angle of the
phase space. As the increase of the R56, the
phase space begins to rotate counter-clockwise
and the projected density profile will have peaks
and valleys. At a certain angle, the bunching
factor reaches its largest value. The similar ro-
tation angle of the two phase spaces in Fig. 3
verifies that they both achieve optimal bunching
at similar k1R56σ̄. In order to optimize the bun-
ching for different parts of the beam at the same
R56, the modulation depth and the average slice
energy spread needs to be uniform over the whole
beam. In the double-horn distribution case, the
peaks in density profile are higher and sharper,
resulting in a larger bunching factor.

III. THZ RADIATION GENERATION

From the theoretical analysis in the previous
section, the proposed method using SESM can
produce strong density bunching in an relativis-
tic electron beam with a bunching factor about
0.4. Based on this method, we propose a dedica-
ted beam line design for tunable intense narrow-
band THz radiation generation in Fig. 4, which
can be implemented in most x-ray FEL facilities
or dedicated small THz facilities. The electron
beam is generated and accelerated by the gun
and the first section of linac before it goes into
the modulator. In a typical laser heater design,
the undulator is located in the center of a chi-
cane to smear out the laser-induced energy mo-
dulation. However, we do not have to do this
since the density bunching scale of interest here
is much larger than the laser wavelength. The
drive laser of the gun and the modulation la-
ser can share the same laser system to make the
synchronization between electron beam and la-
ser easier. After the modulator, the beam will
pass through the second section of linac with
-/+90 ◦ off-crest acceleration phase to add the
energy chirp for THz frequency control without
net energy gain. The final chicane is set at op-
timal value to convert the SESM to density mo-
dulation and the radiation frequency is varied by
tuning the energy chirp from the second linac. In
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practice, the average slice energy spread σ̄ can
be calculated after removing the existing energy
chirp.

Gun Linac1 Modulator Linac2 Chicane

Laser 

FIG. 4. Schematic layout of the proposed beam line
for tunable intense narrow-band THz radiation gene-
ration.

The laser pulse with oscillating power envelop
can be generated by chirped pulse beating [34]
or pulse stacking techniques. In the previous
work [5, 14], the laser are both modulated by
the first method. Here we discuss the pulse
stacking method with α-BBO birefringent cry-
stals [35–37]. Taking 2 THz density modulation
as an example, we need to stack laser pulse with
a uniform separation 0.5 ps. Using crystals with
decreasing thickness and assuming the initial la-
ser pules is of Gaussian profile with rms width
60 fs, the numerical simulation of the stacked la-
ser pulse train is shown in Fig. 5. For compa-
rison, we also plot the sinusoidal modulation of
the same period with full modulation depth (the
intensity minimum along the laser pulse is zero).
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FIG. 5. Laser pulse train distribution. The dashed
line denotes the full sinusoidal modulation profile for
comparison.

We use the particle tracking code Elegant [38]
to simulate the laser modulation and beam dyn-
amics. For similarity, the simulation starts from
the end of the first linac with the beam and
modulator parameters listed in Table I, which is

realistic and readily available from the injector
of many FEL facilities. The current profile of
the electron beam is ∼ 10 ps flop-top distribu-
tion. The laser envelop modulation period is 2
and 4 THz, respectively. Higher frequency mo-
dulation can be generated by the chirped pulse
beating technique. The waist size of the laser in
the modulator is 1.5 mm, much larger than the
electron beam size to generate double-horn slice
energy distribution as discussed in the previous
section.

TABLE I. Beam parameters before the modulator in
the simulations.

Parameter Value Units

Electron beam

Charge 500 pC

Beam energy 135 MeV

Current Profile flat-top /

Bunch length ∼ 10 ps

Intrinsic slice energy spread 10−4 /

Norm. emittance 1 mm-mrad

rms beam size 200 µm

Modulator

Laser wavelength 800 nm

Undulator period 5 cm

Period number 10 /

Laser waist size 1.5 mm

Laser stacking separation 0.5 (0.25∗) ps

rms laser pulse length 60 (30) fs

Laser power 1 (0.26) GW

* The numbers in brackets are the parameters for
4 THz case.

As obtained from the theory, the bunching
factor optimizes when k1R56σ̄ ≈ 1.75. For
one certain frequency of density bunching, we
need to match the R56 and the average slice
energy spread after the modulator. The energy
spread is controlled by the laser power. For
the 2 THz case, the laser peak power is 1 GW
and the average energy spread after modula-
tor is 190 keV (1.4e-3), leading to the optimal
R56 = −29.4 mm. To verify the theoretical pre-
diction, we turn off the Linac2 and scan the
R56 of the chicane in the simulation. The bun-
ching factor and the peak current are presented
in Fig 6. The optimal R56 with the largest bun-



6

ching factor is -29 mm, which agrees well with
the theory. We also present the longitudinal
phase space of the beam at the optimal chicane
settings in Fig. 7. The residual energy chirp on
the beam is due to the linac wakefield and lon-
gitudinal space charge effects.
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FIG. 6. Bunching factor and peak current of the
electron beam with fixed laser power 1 GW and zero
energy chirp added onto the beam.
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FIG. 7. Phase space of the electron beam with largest
bunching factor. R56 = −29 mm and laser power
1 GW.

The bunching frequency can be controlled by
the induced energy chirp from the Linac2 (an
S-band acceleration structure in the simulation)
before the chicane. As the bunching frequency
changes, we need to vary R56 and laser power
to maintain the bunching factor. If we fix the

laser power at 1 GW, the R56 needs to be va-
ried as shown in Fig. 8. The bunching frequency
can be varied from 1 to 3 THz with almost con-
stant bunching factor 0.4. We also show the full
width of half maximum (FWHM) of the bun-
ching spectra and the requirement for the chirp
energy of Linac2. The degradation of the bun-
ching factor and the increase of the spectra band-
width are both due to the nonlinear effects du-
ring the beam compression or stretching.
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FIG. 8. Bunching factor and the FWHM of the bun-
ching spectra for different radiation frequency by ma-
tching the R56 and chirp energy. The laser power is
fixed at 1 GW.

In addition, we can also choose to vary the
laser power and fix the R56. Figure 9 presents
the results of bunching factor, FWHM, required
laser and chirp energy for different frequencies,
which are similar with the results of varying R56.
In practice, we can vary both R56 and laser po-
wer to optimize the bunching factor for different
frequencies based on the availability of the beam
line.

Lastly, we present some examples of 4 THz
density modulation simulations. As the fre-
quency is increased by a factor of 2, the laser
power is decreased to 0.26 GW to meet the opti-
mal condition with R56 = −29 mm. By varying
R56, the bunching frequency can be varied bet-
ween 2 to 6 THz with a bunching factor larger
than 0.3, as shown in Fig. 10. However, if we
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FIG. 9. Bunching factor and the FWHM of the bun-
ching spectra for different radiation frequency by ma-
tching the laser power and chirp energy. The R56 is
fixed at -29 mm.

add a harmonic RF cavity that decelerates the
beam at -180 ◦ before the chicane to compensate
for the nonlinear effects during compression, the
frequency range of the modulation can be ex-
tended significantly. In Fig. 10, we give the re-
quirements for R56, chirp energy, and especially
the maximum energy gain of a 4th-harmonic (X-
band) cavity to vary bunching frequency. With
the help of chirp compensation from the X-band
cavity (e.g. [39]), the bunching frequency range
is extended from 1 to ∼ 8 THz with the bunching
factor keeping at ∼ 0.38.

Note that the bunching frequency control dis-
cussed above is to compress or stretch the elec-
tron beam. Alternatively we can also change
the laser intensity modulation period directly to
control the bunching frequency. As the increase
of bunching frequency k1, the R56 of the chi-
cane or (and) the laser power needs to be de-
creased to keep the optimal condition. Usually
laser-induced energy spread should be much lar-
ger than the initial slice energy spread to intro-
duce enough effective modulation depth, so re-
ducing the R56 of the chicane will be a better
choice. Compared with the beam compression,
in this method the nonlinear effects in the chi-
cane will be smaller, which is helpful to maintain
the density bunching. In addition, the number

0 2 4 6 8 10
0.1

0.2

0.3

0.4

Central frequency  f  (THz)

B
un

ch
in

g 
fa

ct
or

  b

 

 

f
0
 = 4 THz, w/ X band

f
0
 = 4 THz, w/o X band

0 2 4 6 8 10
0

0.1

0.2

−
R

56
  (

m
)

Central frequency  f  (THz)

 

 

−100

−50

0

50

100

C
hi

rp
 e

ne
rg

y 
 E
  (

M
eV

)

−R
56

 E

0 2 4 6 8 10
0

5

10

15

20

Central frequency  f  (THz)

E
X

  (
M

eV
)

FIG. 10. (top) Bunching factor for different radiation
frequency w/ and w/o X-band cavity. (middle) The
requirements for R56 and chirp energy. (bottom) The
requirement for energy gain of X-band cavity.

of sub-bunches in the train will become larger for
higher modulation frequency, resulting in smal-
ler bandwidth in the spectra.

IV. DISCUSSIONS

The proposed method is of great advantages
in the generations of tunable narrow-band THz
radiation. The bunching factor averaged over
the beam can be kept around 0.4 for a wide range
of frequency, covering the THz gap, by varying
the beam compression and (or) the laser modu-
lation period. The proposed method is robust
as it is performed on a very relativistic electron
beam. Since there is no strong space charge force
or beam loss during the process, the beam qua-
lity can be preserved for beam matching and fo-
cusing. Assuming that the beam is focused to
a small spot and the frequency cut due to finite
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dimensions of the target, e.g., a metallic foil, can
be neglected, it is possible to estimate the THz
energy emitted by this beam as

ETHz = N2
e b

2dW1

dω
∆ω , (10)

where b is the bunching factor, Ne is the number
of electrons for coherent emission, dW1

dω is the sin-
gle particle spectral power which for transition
radiation is relative relatively flat and equal to
2
πmerec ln γ, with me the rest electron mass and
re the classical electron radius. ∆ω is the line-
width which is equal to 1 over the number of
cycles in the pulse train. In the previous simula-
tions, the beam charge is set at 0.5 nC. Even
though there is no strict constraint on beam
charge and beam repetition rate. Using 2 THz
radiation as an example, the THz pulse energy
emitted from 10-ps beam is shown in Fig. 11 as
a function of beam charge. When the charge
is 2 nC, the pulse energy is up to more than
40µJ centered around 2 THz frequency in 5%
bandwidth. The spectra brightness and THz
field are both significantly improved. Finally, we
note that using an undulator [9] or a dielectric
tube [24, 40, 41] can further enhance the output
THz energy to approach the mJ level.
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FIG. 11. THz pulse energy around 2 THz frequency
in 5% bandwidth emitted from 10-ps beam for diffe-
rent beam charge.

In passing we note that our proposal does not

require a linac with a photo-cathod RF gun. The
method is also applicable for the electron beams
from storage rings or thermal-cathode injectors
with higher repetition rate. The main require-
ment of the method is the electron beam energy
needs to be ∼ 100 MeV to be resonant with an
optical laser. However, for electron beams with
lower energies, it is still possible to interact har-
monically with the optical laser.

V. SUMMARY

In this paper, we have proposed a method
based on the slice energy spread modulation to
generate strong density bunching in a relativistic
electron beam, which can be used to produce in-
tense narrow-band THz radiation. Theoretical
analysis and simulations both show that with
the help of double-horn slice energy spread dis-
tribution from the laser modulation, the bun-
ching factor can reach up to 0.4 for modulation
frequencies ranging from 1 to 10 THz. We also
found the optimal condition involving the bun-
ching frequency, R56 of the conversion section
and the average slice energy spread to maximum
the bunching factor. To implement this scheme
in an existing x-ray FEL, very minimal hardware
additions are required. The use of the laser
in our proposal makes the THz signal synchro-
nize with the optical signal and has a stable wa-
veform. The high spectra brightness of the radi-
ation make it a powerful and promising method
for many applications, such as THz pump [42],
THz streaking [43] and THz acceleration [44].
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