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Abstract

Atomic physics and hadronic physics are both governed by the Yang Mills

gauge theory Lagrangian; in fact, Abelian quantum electrodynamics can be re-

garded as the zero-color limit of quantum chromodynamics. I review a number of

areas where the techniques of atomic physics can provide important insight into

hadronic eigenstates in QCD. For example, the Dirac-Coulomb equation, which

predicts the spectroscopy and structure of hydrogenic atoms, has an analog in

hadron physics in the form of frame-independent light-front relativistic equations

of motion consistent with light-front holography which give a remarkable first ap-

proximation to the spectroscopy, dynamics, and structure of light hadrons. The

production of antihydrogen in flight can provide important insight into the dynam-

ics of hadron production in QCD at the amplitude level. The renormalization scale

for the running coupling is unambiguously set in QED; an analogous procedure

sets the renormalization scales in QCD, leading to scheme-independent scale-fixed

predictions. Conversely, many techniques which have been developed for hadron

physics, such as scaling laws, evolution equations, the quark-interchange process

and light-front quantization have important applicants for atomic physics and

photon science, especially in the relativistic domain.
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1 Introduction

Quantum Electrodynamics – the fundamental theory of leptons and photons which

underlies atomic and molecular physics – and Quantum Chromodynamics – the quark

and gluon theory that underlies hadronic and nuclear physics, are both governed by the

Yang-Mills Lagrangian. In fact, in the limit where the number of colors NC vanishes,

with αsCF = α held fixed (CF ≡ (N2
C − 1)/2NC), the non-Abelian theory becomes

equivalent to Abelian gauge theory [1]. This analytic connection between QCD and

QED provides a link between the two fields; processes and analyses in QCD at NC → 0

must be compatible with analogous processes and constraints for QED. There are, in fact,

many examples where particle and atomic physics confront similar theoretical challenges,

particularly in the area of relativistic bound-state dynamics.

In this contribution to the EXA2014 proceedings, I will briefly review several topics

where the techniques of atomic physics give important insight into the structure of

hadrons, the color-singlet bound states of quarks and gluons in QCD. For example,

the Dirac-Coulomb equation, the effective equation that predicts the spectroscopy and

structure of hydrogenic atoms has an analog in hadron physics in the form of relativistic

frame-independent equations of motion derived from light-front holography [2], equations

which give a remarkable first approximation to the spectroscopy, dynamics, and structure

of light hadrons. Other topics include: The production of atoms in flight provides

a method for computing the formation of hadrons from QCD jets – “hadronization

at the amplitude level”. The renormalization scale for the running coupling which is

unambiguously set in QED leads to a solution for setting renormalization scales in QCD.

Conversely, many techniques and analyses developed for hadron physics, such as scaling

laws, and evolution equations, have equal utility for atomic physics. One of the most

powerful tools used in hadron physics is light-front quantization [3] – based on Dirac’s

“front form”. Light-Front methods provide many important tools for analyzing the

dynamics of atoms in motion and thus have many applications of interest for photon

science and laser physics.

2 Light-Front Quantization

The distributions of electrons within an atom are conventionally determined by

eigenfunctions of the QED Hamiltonian H|Ψ〉 = E|Ψ〉. at fixed time t. However,

this traditional method – called the “instant form” by Dirac, [4] is plagued in the
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relativistic theory by complex vacuum and casualty-violating effects, as well as by

the fact that the boost of fixed-t wavefunctions away from the hadron’s rest frame

is a difficult dynamical problem. However, there is an extraordinarily powerful non-

perturbative frame-independent alternative – quantization at fixed light-front (LF) time

τ = t+ z/c = x+ = x0 + x3 – the “front-form” of Dirac. [4] The constituents of a bound

state in a light-front wavefunction are measured (e.g. in Compton scattering) at a fixed

light-front time τ – along the front of a light-wave, as in a flash picture. In contrast, the

constituents of a bound state in an “instant form: wavefunction must be measured at

the same “instant time” t; this requires the exact synchrony of simultaneous probes.

In the light-front framework, an atom in QED or a hadron H in QCD is identified

as an eigenstate of the LF Hamiltonian HLF |ΨH〉 = M2
H |ΨH〉, where HLF = PµP

µ =

P−P+ − P 2
⊥ is the light-front time evolution operator which is derived directly from

the Yang-Mills Lagrangian. The eigenvalues of this Heisenberg equation give the com-

plete mass spectrum of the theory. The eigensolution |ΨH〉 projected on the free Fock

basis provides the set of valence and non-valence light-front Fock state wavefunctions

Ψn/H(xi, k⊥i, λi), which describe the bound-state’s internal momentum and spin distri-

butions. If one quantizes the vector field in light-cone gauge A+ = A0 + A3 = 0, the

photons and gluons have physical polarization Sz = ±1; there are no ghosts, so that

one has a physical interpretation of the bound states in terms of their fundamental

constituents and spins.

One can utilize the Mandelstam-Liebbrandt method [10, 11, 12] to regulate the

singularities at k+ = 0 which appear in LF time-ordered perturbative matrix elements

and loop integrals when quantizing in light-cone gauge. Alternatively, one can choose to

quantize a gauge theory in a covariant gauge such as Feynman gauge [13] and avoid these

complications. Other regularization issues for LF quantization are discussed in [14].

A remarkable feature of LFWFs is the fact that they are frame independent; i.e.,

the form of the LFWF is independent of the hadron’s total momentum P+ = P 0 + P 3

and P⊥. The boost invariance of LFWFs contrasts dramatically with the complexity of

boosting the wavefunctions defined at fixed time t. [5]

Light-front quantization is thus the ideal framework to describe the structure of

hadrons in terms of their quark and gluon degrees of freedom [3]. The constituent spin

and orbital angular momentum properties of the hadrons are also encoded in the LFWFs.

The total angular momentum projection [6] Jz =
∑n

i=1 S
z
i +
∑n−1

i=1 L
z
i is conserved Fock-

state by Fock-state and by every interaction in the LF Hamiltonian [7]. The empirical

observation that quarks carry only a small fraction of the nucleon angular momentum
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highlights the importance of quark orbital angular momentum. In fact the nucleon’s

anomalous moment and its Pauli form factor are zero unless the quarks carry nonzero

Lz [8].

Hadron observables, such as hadronic structure functions, form factors, distribu-

tion amplitudes, GPDs, TMDs, and Wigner distributions can be computed as simple

convolutions of light-front wavefunctions (LFWFs) in QCD [9]. For example, one can

calculate the electromagnetic and gravitational form factors < p + q|jµ(0)|p > and

< p + q|tµν(0)|p > of a hadron from the Drell-Yan-West formula – i.e., the overlap of

LFWFs. The anomalous gravitomagnetic moment B(0) defined from the spin-flip ma-

trix element < p + q|tµν(0)|p > at q → 0 vanishes [6] – consistent with the equivalence

theorem of gravity. In contrast, in the instant form, the overlap of instant time wave-

functions is not sufficient. One must also couple the photon probe to currents arising

spontaneously from the vacuum which are connected to the hadron’s constituents.

The Wick theorem proves that LF time-ordered perturbation theory is equivalent to

the Feynman analysis. However, the LF theory has the advantage that only diagrams

with positive k+ momenta appear, LF spin Jz is conserved at every vertex, only three

dimensional integrals appear, and unitarity is explicit. A recent application to the Parke-

Taylor multi-gluon scattering amplitudes in QCD perturbation theory is given by Cruz-

Santiago and Stasto [15]. In addition, the numerator algebra is process independent,

allowing for efficient recursive methods. The LF perturbative computation of the lepton

anomalous moment up to order α3 including QED renormalization using the “alternate

denominator method is given in ref. [16] The perturbative LFWFs of an electron at

order α are given in ref. [6] The LFWFs for atomic bound states such as positronium is

given in ref. [17] .

The eigenvalues M2
i of the LF Hamiltonian HLF |Ψi >= M2

i |Ψi >, define the LF

Heisenberg eigenvalue problem. and provide the spectroscopy of invariant masses of a

theory; the projections of the eigenstates < n||ψi > on the free Fock basis |n > define

the corresponding frame-independent LF wavefunctions. For example, one can solve

QCD(1+1) for any choice of colors, quark masses and flavors and obtain the entire set

of meson and baryon eigensolutions by matrix diagonalization to high precision using

the “discretized light-cone quantization method (DLCQ)” [18]. Other 1+1 field theories

that appear in string theory have been solved by using DLCQ by Klebanov [19]. A new

method [20], called “basis light-front quantization (BLFQ)”, uses the orthonormal basis

of eigensolutions of the AdS/QCD effective theory as the basis to diagonalize the full

Hamiltonian of QCD(3+1).A comprehensive review is given in ref. [3].
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Light-front quantization provides a rigorous method for solving nonperturbative

quantum field theories. The formalism is frame-independent and causal. The LF vac-

uum is trivial up to k+ = 0 ‘zero modes’ [21] For example, in the LF quantization of the

Standard model, the Higgs vacuum expectation value is represented as a static scalar

background k+ = 0 field [22], analogous to a static Zeeman or Stark Field in QED.

Recent discussions of the physics of zero modes and the breaking of chiral symmetry in

LF QCD are given in refs. [23, 24, 25].

Light-Front methods are directly applicable for describing atomic bound states of

QED(3+1) in both the relativistic and nonrelativistic domains; it is thus particularly

useful for atoms in flight since the LFWFs are frame-independent. It also satisfies

theorems such as cluster decomposition [26] even for relativistic theory. The use of

light-front time also provides a natural basis for describing laser interactions with atoms

and molecules since light-front time is measured along the front of a light-wave [27]

The frame-independence of light-front quantization eliminates the complications from

Lorentz boosts as well as vacuum processes [28, 24]. Implications for the cosmological

constant are discussed in ref. [28].

As shown by White et al. [29], elastic hadron-hadron scattering amplitudes are

dominated by quark interchange; e.g., the interchange of the u-quark in K+p → K+p

dominates over gluon exchange. The amplitude for quark interchange can be written

as the overlap of the four incident and final hadronic light-front wavefunctions [30]. In

the non-relativistic limit the LF formula reduces to the standard formula for electron-

interchange (spin-exchange) in molecule-molecule scattering.

The analog of intrinsic charm Fock states in hadrons [31] such as |uudcc̄ > in the

proton is the |e+e−µ+µ− > Fock state of positronium which appears through the cut of

the muon-loop light-by-light contribution to the self energy of the positronium eigenstate.

In this Fock state, the muons carry almost all of the momentum of the moving atom since

the off-shell virtuality is minimal at equal velocity. In QED the probability for intrinsic

leptons LL̄ exist in positronium scales as 1/m4
L, whereas in QCD the probability of

intrinsic heavy quarks in the wavefunction of a light hadron scales as 1/m2
Q because of

its non-Abelian couplings [32, 33].

3 The LF Schrödinger Equation

The computation of the precision spectroscopy of hydrogenic atoms in atomic physics

is based on reducing the full multi-particle Fock space for QED eigenstates of the QED
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Hamiltonian to an effective two-body equation. (See Fig. 1)The effective potential in-

cludes the Lamb Shift and other quantum field theoretic effects induced from higher Fock

states. Similarly, it is advantageous to reduce the full multiparticle eigenvalue problem

of the LF Hamiltonian for hadronic eigenstates to an effective light-front Schrödinger

equation which acts on the valence sector LF wavefunctions of the lowest Fock State

of a hadron [34]. (See Fig. 2) The central problem then becomes the derivation of the

effective interaction Ueff which acts only on the valence sector of the theory and has, by

definition, the same eigenvalue spectrum as the initial Hamiltonian problem. In order to

carry out this program one must systematically express the higher Fock components as

functionals of the lower ones. This method has the advantage that the Fock space is not

truncated, and the symmetries of the Lagrangian are preserved [34]. In the exact QCD

theory the potential in the Light-Front Schrödinger equation (1) is determined from the

two-particle irreducible qq̄ → qq̄ Green’s function. The elimination of the higher Fock

states then leads to an effective interaction U (ζ2, J) for the valence |qq̄〉 Fock state [34].

In the case of nonrelativistic QED, one introduces angular coordinates θ and φ and

the spherical harmonic basis to reduce the 3-dimensional equation to a one dimensional

equation in the radial variable r. The kinetic energy acquires a term `(` + 1)/r2 for

nonzero orbital angular momentum `. The dominant term in the effective potential is

the Coulomb interaction. (See Fig. 1)

In the case of the relativistic light-front theory [35], the key radial variable is ζ2 =

b2x(1−x), the invariant separation between the quark and antiquark where x = k+/P+.

The LF kinetic energy – which is also the invariant mass squared (pq + pq̄)
2 for a pair of

massless quarks – is
k2⊥

x(1−x)
→ − d2

dζ2⊥
. One then can introduce the azimuthal angle φ and

a phase factor exp (iLφ) to obtain a one-dimensional LF Schrödinger equation with an

extra kinetic energy term (4L2 − 1)/ζ2.

A novel nonperturbative QCD approach has been developed which leads to an el-

egant analytical and phenomenologically compelling first approximation to the full LF

Hamiltonian – “Light-Front Holography”. [2] Light front holographic methods allow one

to project the functional dependence of the wavefunction Φ(z) computed in the fifth

dimension of Ant–deSitter space AdS5 to the hadronic frame-independent light-front

wavefunction ψ(xi, b⊥i) in 3 + 1 physical space-time. The variable z maps to the trans-

verse LF variable ζ(xi, b⊥i) which measures the invariant separation of the constituents

within a hadron at equal light-front time. The result is a single-variable light-front

Schrödinger and Dirac equations which determine the eigenspectrum and the LFWFs

of hadrons for general spin and orbital angular momentum. The transverse coordinate
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HQED
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2mred
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QED atoms: positronium and 
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Eliminate higher Fock states              
and retarded interactions

LQED

Atomic Physics from First Principles

Figure 1: Reduction of the QED Hamiltonian to the Coulomb Schrödinger Equation

ζ is closely related to the invariant mass squared of the constituents in the LFWF and

its off-shellness in the LF kinetic energy; it is the natural variable to characterize the

hadronic wavefunction. In fact ζ is the only variable to appear in the relativistic light-

front Schrödinger equations predicted from holographic QCD in the limit of zero quark

masses.

The effective potential Ueff in the single-variable LF Schrödinger equation represents

the complete summation of interactions obtained from the Fock state reduction. It is an

effective LF equation of motion acting on the lowest valence Fock state which encodes

the fundamental conformal symmetry of the classical QCD Lagrangian.

LF Hamiltonian theory provides a rigorous, relativistic, frame-independent frame-

work for solving nonperturbative QCD and understanding the central problem of hadron

physics – color confinement. The QCD coupling is dimensionless, so the origin of the

hadron mass scale for zero quark mass is not apparent. However, if one requires that the

effective action which underlies the QCD Lagrangian remains conformally invariant and

extends the formalism of de Alfaro, Fubini and Furlan [36] to light front Hamiltonian

theory, the potential U(ζ2) has a unique form of a harmonic oscillator potential κ4ζ2,

and the corresponding dilaton profile of the dual holographic AdS5 model is uniquely
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determined to be eκ
2z2 and a mass gap arises [37].

Thus light-front holography leads to an effective light-front Hamiltonian and rela-

tivistic frame-independent wave equation with a unique potential [2]

[
− d2

dζ2
− 1− 4L2

4ζ2
+ U

(
ζ2, J

)]
φn,J,L(ζ2) = M2φn,J,L(ζ2). (1)

The result is a nonperturbative relativistic light-front quantum mechanical wave equa-

tion which incorporates color confinement and other essential spectroscopic and dynam-

ical features of hadron physics, including a massless pion for zero quark mass and linear

Regge trajectories with the same slope in the radial quantum number nand orbital an-

gular momentum L. Only one mass parameter κ appears. Light-front holography thus

provides a precise relation between the bound-state amplitudes in the fifth dimension

of AdS space and the boost-invariant light-front wavefunctions describing the internal

structure of hadrons in physical space-time. This equation describes the spectrum of

mesons as a function of n, the number of nodes in ζ, the total angular momentum J ,

which represent the maximum value of |Jz|, J = max |Jz|, A LF Dirac equation for

baryons can be derived in a similar way using superconformal quantum mechanics [38].

New supersymmetric relations between qq̄ mesons with LF angular momentum LM and

baryons with quark-diquark angular momentum LB = LM − 1 appear [39]. One finds

successful predictions for both hadron spectroscopy and dynamics, including a Regge

spectrum with equal slopes in n and L and a zero mass pion at zero quark mass. A

comprehensive review is given in ref. [40].

The hadron eigenstates generally have components with different orbital angular

momentum; e.g., the proton eigenstate in LF holographic QCD with massless quarks

has L = 0 and L = 1 light-front Fock components with equal probability. Higher

Fock states with extra quark-anti quark pairs also arise. The resulting LFWFs then

lead to a new range of hadron phenomenology, including the possibility to compute the

hadronization of quark and gluon jets at the amplitude level [41].

This approach to hadron physics also predicts the form of the non-perturbative ef-

fective coupling for QCD and its β-function. [42]. At low scales the predicted coupling is

proportional to exp−Q2/4κ2. At high Q2 the coupling falls logarithmically in agreement

with asymptotic freedom. The matching of the two domains then leads to a determina-

tion of ΛMS in terms of κ which in turn is determined by the ρ or proton mass [43, 44].

The analysis applies to any renormalization scheme.
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Figure 2: Reduction of the QCD Light-Front Hamiltonian the LF Schrödinger Equation

4 Production of Exotic Atoms in Flight and Hadroniza-

tion at the Amplitude Level

Relativistic antihydrogen was first produced in 1995 at CERN-LEAR [45] and at

the Fermilab Antiproton Accumulator [46]. The incident antiproton beam produces

a Bethe-Heitler electron-positron pair in the Coulomb field of a target nucleus p̄Z →
p̄e+e−Z → [p̄e+]Z. The comoving off-shell p̄ and e+ then coalesece into antihydrogen

atoms via the Schrödinger Coulomb wavefunction which connects the off-shell state to

the on-shell anti-atom. The atom is dominantly in its 1S ground state. In principle, one

can measure its “anti-Lamb-Shift” using the Robiscoe level-crossing method [47].

The calculation of the relativistic production of anti-hydrogen is the prototype for

computing hadronization at the amplitude level in QCD, now only treated heuristically.

For example, the Λ(sud) baryon can be produced at high longitudinal momentum frac-

tion xF in pp→ ΛX reactions by the coalescence of the ud valence quarks of the beam

with a comoving strangeness quark. This method can be generalized to produce heavy

hadrons such as Λc(cud),Λb, double charmed baryons, etc., using the high x intrinsic

heavy quarks which exist in the higher Fock states of the proton wavefunction [48].
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Consider the production of a qq̄ meson in an e+e− annihilation event. One first

calculates the T matrix element for the production of off-shell quarks and gluons at

the amplitude level using light-front time-ordered perturbation theory. The light-front

wavefunction of the meson then converts the off-shell comoving qq̄ pair into the final-

state meson. The confined colored quarks thus never appear on-shell. This first-principle

method for forming hadrons in QCD [41] can replace phenomenological jet hadroniza-

tion models. The light-front wavefunction required for calculating “hadronization at

the amplitude level” [41, 49] is the frame-independent analog of the Schrödinger wave-

function of atomic physics. It can be determined by solving the Heisenberg matrix

HQCD
LF |ΨH >= M2

H |ΨH > using a method such as discretized light-cone quantization

(DLCQ) [50] or using the AdS/QCD approach together with Light-Front Holography [2].

It is very interesting to produce “true muonium”, the [µ+µ−] bound state. Lebed

and I [51] have discussed the QED production and decay mechanisms, such as the

electroproduction of relativistic true muonium below the µ+µ− threshold via e−Z →
[µ+µ−]e−Z or e+e− → [µ+µ−]γ. The APEX electroproduction experiment [52], which

will search for dark matter candidates at Jefferson Laboratory, could be the first to see

this exotic atom. Studying the precision spectroscopy of the [µ+µ−] atom is important

in view of the anomalies seen in the muon g − 2 [53] and the µ−p Lamb shift [54].

“Atomic Alchemy” refers to the transition between a muonic atom into an electronic

atom: (µ−Z) → (e−Z)ν̄eνµ via the weak decay of the bound muon and the subsequent

capture of its decay electron. Greub, Wyler, Munger, and I [55] have shown that

such processes provide a laboratory for studying the relativistic high momentum tail

of wavefunctions in atomic physics; in addition, they provide a simple toy model for

investigating analogous exclusive heavy hadronic decays in quantum chromodynamics

such as B → πeν.

The QCD analog of a molecule in QCD is a bound state of heavy quarkonium with

a nucleus such as [J/ψA] [56, 57]. The binding occurs through two-gluon exchange, the

hadronic analog of the Van der Waals interaction. Since the kinetic energy of the J/ψ and

the nucleus are both small, one expects to produce these exotic hybrid states at thresh-

old. Examples of nuclear-bound quarkonium are the |uuduudss̄ > and |uuduudcc̄ >
resonances which apparently appear as intermediate states in pp→ pp elastic exchange.

These resonances can account [58] for the large spin-spin ANN correlations [59] observed

at the strangeness Ecm ' 3 GeV and Ecm ' 5 GeV and charm thresholds.
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5 Renormalization Scale-Setting in QED and QCD

A key difficulty in making precise predictions for perturbative QCD is the uncertainty

in determining the renormalization scale µ of the running coupling αs(µ
2).

The fundamental QED coupling α(q2) = α(0)/[1−Π(q2)] is the “effective charge” [60]

defined from the potential controlling elastic scattering of infinitely heavy leptons [61].

The function Π(q2) sums the vacuum polarization loops to all orders. The QED β-

function, β(µ) = dg(µ)/d log µ is analytic [62] as one successively passes through the

vacuum polarization contributions of each intermediate lepton pair. The renormaliza-

tion scale µ2 in α(µ2) is by definition the virtuality of the exchanged photon µ2 = q2. For

example, in the case of electron-electron elastic scattering, the t-channel and u-channel

one-photon exchange amplitudes are proportional to α(t)/t and α(u)/u, respectively.

This automatically sums all vacuum polarization insertions in the renormalized photon

propagator. If one would choose different scales than t and u, the evaluation of an infinite

humber of loop contributions would be needed to recover the same result. Higher order

pQED amplitudes involving multiple-photon exchange each have distinct renormaliza-

tion scales, reflecting the virtualities of the exchanged photons; the renormalization

scales can be set in QED at each order so that all terms involving the β function (i.e.,

vacuum polarization contributions) are eliminated. The resulting series matches that of

the corresponding “conformal” theory with β = 0. Renormalon divergences αnβnn! are

eliminated. Precision tests of QED such as the spectroscopy of muonic atoms depend

on the proper choice of renormalization scale – the modified muon-nucleus Coulomb

potential is precisely −Zα(−~q 2)/~q 2; i.e., µ2 = −~q2. The renormalization scale in QED

is unique. The Gell-Mann Low coupling [61] is actually a “scheme” choice; for exam-

ple, one could use the MS scheme defined from dimensional regularization for pQED.

Different choices of scheme and effective charges are related by commensurate scale re-

lations [63] so that physical observables do not depend on the choice of scheme. To first

approximation, αGML
(Q2) = αMS(e5/3Q2)[1− 2αMS/π + · · · ].

It is conventional to “guess: the renormalization scale µ of the QCD coupling αs(µ
2)

and its range in pQCD predictions. The resulting predictions then depend on the choice

of the renormalization scheme. The arbitrary procedure of guessing the renormalization

scale and range violates the principle of “renormalization group invariance”: physical

observables cannot depend on the choice of the renormalization scheme or the initial

scale. Varying the renormalization scale can only expose terms in the pQCD series

which are proportional to the β function; it is thus an unreliable way to estimate the
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accuracy of pQCD predictions.

The same principles that are used in QED also unambiguously determine the renor-

malization scale µR of the running coupling αs(µ
2
R) at each order of perturbation theory

for QCD. The essential step: all β terms in the pQCD series must be shifted into scales

of the running couplings. At low orders one can identify the β terms from the occur-

rence of nF terms as proposed in the original BLM paper [64]; at high orders one can

use the Rδ method [65]: one modifies the traditional MS dimensional regularization by

subtracting an extra constant δ. The resulting dependence of the pQCD series in powers

of δ unambiguously identifies the βi dependences and the pattern of their occurrence.

One then shifts the scales of the QCD coupling at each order of αns to eliminate all δ

and β terms. The resulting coefficients of the pQCD series matches that of the cor-

responding conformal theory with β = 0. This “Principle of Maximum Conformality

” (PMC) [66, 67] gives predictions which rapidly converge and are independent of the

choice of renormalization scheme; this is the key principle of renormalization group in-

variance. The PMC predictions are also independent of the choice of the initial scale µR

to very high accuracy.

There have been many successful applications of the BLM/PMC method. In the

case of the forward-backward asymmetry in p̄p→ tt̄X at the Tevatron, the application

of the PMC [68, 69] eliminates the anomaly reported by CDF and D0 – the discrepancy

between measurements and pQCD predictions was based on the choice of an erroneous

choice of renormalization scale and range. As in its QED analog, e+e− → µ+µ−, the

higher Born amplitudes which produce the µ+µ− forward backward asymmetry have

a smaller renormalization scale than the lowest-order amplitude. Thus it is essential

to assign a different renormalization scale at each order of perturbation theory. The

effective number of flavors nf is also different at each order.

In summary: The purpose of the running coupling in any gauge theory is to sum all

terms involving the β function; in fact, when the renormalization scale µ is set properly,

all non-conformal β 6= 0 terms in a perturbative expansion arising from renormalization

are summed into the respective running coupling. The remaining terms in the perturba-

tive series are then identical to that of a conformal theory; i.e., the theory with β = 0.

The divergent “renormalon” series of order αnsβ
nn! does not appear in the conformal

series. Thus, as in quantum electrodynamics, the renormalization scale µ is determined

unambiguously by the “Principle of Maximal Conformality (PMC)” [67, 66]. This is

also the principle underlying BLM scale setting [64] An important feature of the PMC is

that its QCD predictions are independent of the choice of renormalization scheme. The

12



PMC procedure also agrees with QED scale-setting in the NC → 0 limit.

The PMC provides a systematic and unambiguous way to set the renormalization

scale of any process at each order of PQCD. An unnecessary error from theory is elim-

inated. The PMC thus allows the LHC to test QCD much more precisely, and the

sensitivity of LHC measurements to physics beyond the Standard Model is greatly in-

creased. The PMC is clearly an important advance for LHC physics since it provides an

important opportunity to strengthen tests of fundamental theory.
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