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Abstract

This paper studies the space charge impedances of a rectangular beam inside a rectangular chamber, and the limiting
case, e.g., a rectangular beam between parallel plates, respectively. The charged beam has uniform density in vertical
direction and arbitrary distribution in horizontal direction. The method of separation of variables is used to calculate the
space charge potentials, fields, and impedances which are valid in the whole perturbation wavelength spectrum.
Comparisons between the theoretical calculations and the numerical simulations are also provided and they match quite
well. It is shown that the rectangular beam shape may help to reduce the longitudinal space charge impedances.
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1. Introduction

In order to study the longitudinal beam instabilities due to the interactions between the perturbed beam
and the conducting vacuum chamber surrounding it, various space charge field models with different cross-
sections of the beam and chamber have been investigated. Ref. [1] derived the longitudinal space charge
impedances of a round beam inside a rectangular chamber in the long-wavelength limits. Ref. [2] and Ref.
[3] studied the longitudinal resistive-wall instability and the space-charge driven microwave instability,
respectively, using a model consisting of a round beam inside a round vacuum chamber. In the research for
future linear colliders, some merits of flat (planar or rectangular) electromagnetic structures have been
found and aroused the interests of beam physicists, such as the reduced space charge forces [4] [5]. Ref. [6]
explored the properties of a planar beam between a pair of perfectly conducting plates. It concluded that,
comparing with the conventional axially symmetric configurations, the flat geometries of both the beam
and the chamber may help to reduce the longitudinal space charge fields. The two-dimensional (2D)
electrostatic space charge field of a rectangular beam inside a rectangular chamber was solved by Ref. [7]
using the method of separation of variables. While in this model, the field was induced only by the
unperturbed (constant) beam intensity without longitudinal modulations. The results are only valid when
the perturbation wavelengths of the longitudinal charge density are much larger than the transverse
dimensions of vacuum chamber, hence cannot be used directly in the study of short-wavelength instabilities,
such as microwave instability and micro-bunching instability. Another model of rectangular beam inside
rectangular chamber in Ref. [8] assumed the beam perturbation took place in the vertical direction, and
hence this model was devoted to study the transverse resistive wall instability but not to the longitudinal
one.

This paper introduced a three-dimensional (3D) space charge field model consisting of a rectangular
beam with sinusoidal longitudinal density modulations inside a rectangular vacuum chamber. The vertical
charge density is assumed to be uniform, while the horizontal beam distributions are not restricted. By
applying the Fourier expansion to the horizontal distributions and using the method of separation of
variables, the space charge potentials and fields within the chamber can be solved analytically in Cartesian
coordinate system. The results are valid in the whole perturbation wavelength spectrum and can be used to
study the microwave instability. The longitudinal space charge impedances of this model and its limiting
case of parallel plate model were derived for the convenience of beam instability analysis. A general-
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purpose simulation code based on the Finite Element Method (FEM) was developed by us. The theoretical
longitudinal space charge impedances are consistent with the numerical simulation results quite well. The
effects of the different beam and chamber dimensions on the space charge impedances were investigated.

This paper was organized as follows. Section 2 briefly introduced the space charge field model. Section
3 derived the analytical solutions to the space charge potentials and fields of this model. Section 4 derived
the longitudinal space charge impedances of a rectangular beam inside a rectangular chamber, and a
rectangular beam between parallel plates, respectively. Section 5 provided the case studies of the
longitudinal space charge impedances using both simulation and theoretical methods. The effects of beam
and chamber dimensions on impedances were explored by the method of scanning.

2. Field model of a rectangular beam inside a rectangular chamber

The geometry of the cross-section of a rectangular beam inside a grounded, perfectly conducting vacuum
chamber is shown in Fig. 1. The beam and the chamber are coaxial with the center located at (w, 0). The
full width and height of the inner boundary of the chamber are 2w and 2h, respectively. The full width and
height of the beam are 2a and 2b, respectively. The horizontal beam dimension 2a is variable and can be as
wide as the full chamber width 2w.
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Fig. 1. A rectangular beam inside a rectangular chamber.

Assume the vertical particle distribution is uniform in the region of —b <y < -b. For the longitudinal
charge distributions, since the unperturbed charge density A, does not affect the longitudinal space charge
fields, we can only keep the perturbed charge density components.

In the lab frame, assume the line charge density and beam current have sinusoidal modulations along the
longitudinal coordinate z, and can be written in the form of propagating waves as

A(z,t)=A, explitkz—at)], 1(z,t)=1, expli(kz—at)]. 1)
respectively, where A, and |, are the amplitudes, I, = A, 5C, f is the relativistic speed of the beam, c is
the speed of light, w is the angular frequency of the perturbations, k is the wave number of the line charge
density modulations.

In order to calculate the longitudinal space charge fiend inside the beam in the lab frame, first, we can
calculate the electrostatic potentials and fields in the rest frame of the beam, and then convert them into the

lab frame by Lorentz transformation.
In the rest frame, the line charge density of a beam can be simplified as

A'(z")=A,'cos(k'z"),

where the symbol prime stands for the rest frame.

@

For general purpose, we assume there are no restrictions for the horizontal beam distributions within the
chamber. If the dependence of the perturbed volume charge density o'(X',y',Z") on x’in the rest frame
can be described by a function of G(x”), then



A, 'cos(k'z")

1 1 1 [ G(XI) | yllS b'
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where G(x’) satisfies the normalization condition of
2w
jo G(x')dx'=1, @)
and the volume charge density correlates with the line charge density
h 2w
[y [pr0xy 2y = A'(2).
o (®)

In order to solve the Poisson equation in the Cartesian coordinate system analytically and conveniently
using the method of separation of variables, the normalized horizontal distribution function G(x’) can be
written as a Fourier series. Since the charge must vanish on the chamber side walls at x’ = 0 and x” = 2w,
we can expand G(x’) to a sinusoidal series

G(x) :iign'sin(nnx'), (6)
_nx /
nn - 2W ( )

The dimensionless Fourier coefficient g,’ can be calculated by
2w
gn'=2jG(x')sin(nnx')dx'. ®)
0

From Eg. (3) and Eqg. (6), the volume charge density in the rest frame can be expressed as

A, 'cos(k'z")

" g, 'si ' "<h.
p'(X'!yI,ZI): 4bW nzzj;gn Sln(nnx )’ |y| (9)

N b<y'|<h.

3. Calculation of the space charge potentials and fields

In Region | (charge region) and Region Il (free space region), the electrostatic space charge potentials
o’ (X, y,2)and ¢, (X, y’, 2°) in the rest frame satisfy the Poisson equation and Laplace equation,
respectively. Then we have

oS L LN AJjcos(k'z) & L. ,
(y"‘y"'?)% (x,y'z) =—wn§9n sin(r,x"), (10)
2 2 2
L Ly (¢, y,7) =0, GE

+ +—
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where &= 8.85x10"? F/m is the permittivity in free space.

The basic components of the solutions to Eq. (11) and the homogeneous form of Eq. (10) can be written
as



@'= X(X)Y (y)cos(k'z’). (12)

The possible configurations of the solutions to X(x”) and Y(y’) may have the forms of

X (x") ~cos(,X'),sin(zn,y") or their combinations, (13)
and
Y (y') ~cosh(v,"y"),sinh(v,"y") or their combinations, (14)
respectively, where Vn'2 = 77n2 +k?, n=1,23... (15)

Considering the boundary conditions (a) ¢’ =0, E,’=0atx’ =0, 2w; (b) ¢’ =0, E,’=0aty’ = +h, and
the potential ¢’(x’, y’, z’) should be even functions of y’, the basic components of solutions to Eg. (11) and
the homogeneous form of Eg. (10) may have the following forms

In region | (charge region): ¢, '~ sin(77,x") cosh(v,"y") cos(k'z"), (16)
In region 11 (free space region): ¢, , '~ sin(z7,x") sinh[v,'(h—| y')]cos(k'z"). 17)
The particular solution to the inhomogeneous Eg. (10) can be written as
2, (X, Y, 2) = cos(k' ') S C, sin(r7,x). (18)
=)

Plugging Eq. (18) into Eqg. (10) and comparing the coefficients of the like terms of the two sides gives the
coefficients C,’

A 1 1
C,'=—k=n_ e = (19)
4g,bwy,
Then in region | (charge region), the field potentials in the rest frame are
P (X, Y, 27) =g, +¢, "= cos(k'2') D _sin(17,X')[A,"cosh(v,"y') + C,'] (20)
n=1
In region 1l (free space region), the field potentials in the rest frame are
ou' (X', y',2') =cos(k'z') D B, 'sin(r7,x") sinh[v," (h—[ y']]. (1)

n=1

The boundary conditions between Region | and Region Il are: aty’ = +b, ¢'= o', do’ I&’° = oy ’| &y
Then the coefficients A,” and B,,’ can be determined as

_cosh[vn'(h—b)]C B sinh(v.'b) c

I: 1 - . (22)
A cosh(v,'h) "' " cosh(v,'h) "
Finally, the space charge potentials in the rest frame are
(@) Inregion I (charge region), 0 <|y’| <b,
o oo AJoos(k'Z)YS g, , cosh[v.'(h—b)] D
V(XL Y2 =———F ) =osin(p X){l- ———_~——=cosh(v : (23)
@' (X,y,7) depw nZ:I‘,Vn.Z (1. cosh(v, ) (v,"y)*

(b) In region I1 (free space), b<ly’|<h,



A, 'cos(k'z' )Z g," sinh(v,'b)

')si ‘(h=1y' 24
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o' (X',y',2") =

For a beam with rectangular cross-section and uniform transverse charge density, the volume charge
density in the rest frame can be expressed as

cmdwz) w-a<x'<w+a,|y'Kb.

X,y z
pYLT)= 0 X'<w-a,x'>w+a,b< yKh

(25)

Comparing Eqg. (25) with Eq. (3) gives G(x’) is equal to 1/2a inside the beam and O outside of the beam,
respectively. Then g,’can be calculated from Eq. (8) as

g,'= iasin(nnw)sin(ma). 9

n
inside the beam and 0 outside of the beam, respectively.

According to Eq. (23), the longitudinal space charge field inside the beam in the rest frame can be
calculated as
dA’ (z)

o o, (X', Y',2") g, cosh[v,'(h—D)] L (27)
E Y, 2 ) =——H =— n 1-——01 2 2cosh .
W (X0Y2) = iobn > SN L= el Y )}

According to the theory of relativity, the relations of parameters between the rest frame and the lab
frame are

(a) The longitudinal electric field is invariant, i.e.,

Ez,I ‘= Ez,I ! (28)
(b) The wave number kK'=k/y, (29)
(c) The coordinates X'=X, Y=y, z'=y(z-pct), (30)
(d) The line charge density amplitude A=Ay, (31)
2 2 k|2 _ 2 k2
(e) Vo =, =1, + ? ' (32)
dA'(Z' : KA, .
() (. ):—k'Ak'sm(k'z'):——stm(kz—a)t). (33)
dz y
If we choose exponential representation as used in Eq. (1), Eq. (33) can also be expressed as
dA'(Z' 1 0A(z,t
@) _ 1 oA@Y) -
dz yo oz
where v is the relativistic factor. Then the longitudinal electric field in the lab frame becomes
aA(z t)
E,, (%Y, zt)=- Z 9, Lsin(n x){l—wcosh(vny)}. (35)

dg bw =V, cosh(v,h)

where
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n
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4. Longitudinal space charge impedances

The average longitudinal electric fields over the cross-section of the beam at z and time t are

b w+a

1
<E, (z.1) >=4T\b J; dyWLEZ'I (X, y,z,t)dx
OA(z,1)
oz N9 _ cosh[v, (h—b)]
= - —_— 1_ h 1
4wy ; Vn2 <sin(n,x) >{ cosh(v 1) <cosh(v,y) >}

(38)

where
. 1 w+a . 1
<sin(n,X) >=— _[ sin(r,x)dx =—g,,, (39)
2a,;, 2
17 1
<cos(v,y) >=— J‘cosh(vn y)dy = —sinh(v,b). (40)
2b -, bv,
Finally, the average longitudinal space charge fields in the beam region can be expressed as
1 0A(z,t)
E,,(z,t)>=- k : (41)
<E,(@@1)> L puy? x(k) P
where
2
=g cosh[v,(h—Db)] .
k)= n_f1- n sinh(v,b)}. (42)
200 =3 =Sy ST}

n

The sum of the infinite series in Eq. (42) can be evaluated by truncating it to a finite number of terms, as
long as the sum converges well.

The energy loss per turn of a unit charge in a storage ring due to the longitudinal space charge field is

- <E,, (21)>C, =2}, ()1, oplike—at)] (@)

where C, is the circumference of the storage ring, Z! (k) is the longitudinal space charge impedance of

0,sc
the rectangular beam inside the rectangular chamber. It is easy to get from Eqgs. (1)(41) and (43) that the
impedance per unit length (2 /m) is

28,00 . 7k

44
C, 20w, A (44



where Z, = 377 Q is the impedance of free space, R is the average radius of the storage ring. If the
impedance is evaluated by the longitudinal space charge fields on the beam axis (w, 0), since in Eq. (35),
sin(7px) = sin(n2), cosh(w,y) = 1, then x(k) in Eq. (42) should be replaced by

g n COSh[Vn (h B b)]
Zaxs(k) Zl v, Sln( ){ W} (45)

For a special case of infinite h, i.e., the rectangular chamber becomes a pair of vertical parallel plates
separated by 2w, since r|1im{COSh[Vn (h—b)]/ cosh(v,h)}= cosh(v,b) —sin(v,b), the parameter y(k)
—

in Eq. (42) can be simplified as
cosh(v,b) —sinh(v,b)

2
e
K) = n_M—
Zpp (K) n§:12 [ b

n n

sinh(v_b)]. (46)

Eqgs. (44) (46) give the longitudinal space charge impedances per unit length of a rectangular beam between
a pair of vertical parallel plates separated by 2w. In Eq. (46), if b is infinite, i.e. a rectangular beam with
infinite height between two vertical parallel plates, since the last part in the right hand side of Eq. (46)
becomes zero, then

(47)

vap,b:w
n

For a special case of w—, i.e., the rectangular chamber becomes a pair of horizontal parallel plates
separated by 2h, if we make exchanges a«<sb, weh, it is easy to get its impedances from Eqgs. (44)(46) that

I
Zomp{l) _j__Zok Znpp (K, (48)
Co 4ﬂah7/2 PP
2 .
o 9h, _ COSh(V, 1pp) = SINN(V, @) _.
}(hpp(k Z hpp ,hppv . ,hpp Slnh(vn,hppa)]V (49)
n:1 ”hPP n,hpp
Nz
where Moo :E' (50)
kZ
Vn,hppzznn,hpp2+72, n=1,23.... (51)
2 . .
gn,hpp = b Sln(nn,hpph)Sln(nn,hppb)' (52)
n,hpp

Eqgs. (48-52) give the longitudinal space charge impedances of a rectangular beam between a pair of
horizontal parallel plates separated by 2h. In Eq. (49), if a — oo, i.e. a rectangular beam with infinite width
between two horizontal parallel plates, since [cosh(Vp hpp@)-SinN (Ve npp@) 1SINN (Vi ppp @)V ppp@ — 0, then

thp,a:ao(k) i L hpp . (53)

n= l nhpp

5. Case studies of the longitudinal space charge impedances
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We developed a simulation code that can solve the Poisson equation numerically based on the Finite
Element Method (FEM) [9]. The code can be used to calculate the space charge potentials, fields and
impedances of the beam-chamber system with any configurations of the charge distributions and boundary
shapes. In the rest frame, assume the harmonic volume charge density can be written as product of the
transverse and longitudinal components

P XY, Z)=p (X YIN (@)= p (X, )N (54)
where J.pl'(x', y')dx'dy'=1. Similarly, the potential due to the harmonic charge density is written as
Py, 2) =0 (X, y)e"". (55)

The Poisson equation with Egs. (54) and (55) becomes
1 XI’ 1
(vli_k|2)¢L|:_Aklpl ( y) .
)
where V'i = 0%/ 0x?+0% 1 6y and @,'=0o0n the metal boundary. The potentials given by Eq. (56)

with arbitrary beam and chamber shapes can be solved using FEM. The whole domain is first divided into
many small element regions (finite element). For each element, the strong form of the Poisson equation Eq.
(56) can be rewritten as the FEM equation

(56)

Mg, '+k*B=Q, (57)
where

N - ON.
_H oN, 0 aN, ON; Xy’ 58)

x o oy oy
:” Nidex' dy', (59)

o

Q=" (60)

&y
Here N(x’, y”) is called the shape function in FEM, by which the potentials at field point P(x’, y°’) within an

element can be interpolated by the potentials of its neighboring nodes, it is related to the coordinates of the
field point P(x’, y’) and the nodes of the element region. M is the stiffness matrix with matrix element

M ,eJ , i and j are the node indices of the finite element, S° is the integration boundary of the finite element,

q; is the charge at the node i, which is proportional to the harmonic line charge density amplitude A,’. The
¢, of Eq. (57) at all nodes satisfying equations Egs. (57)-(60) and the boundary condition ¢, = 0 on the
chamber wall can be solved numerically. Then the total potentials in the rest frame can be calculated from
Eq. (55), the corresponding longitudinal space charge fields and impedances in the lab frame can be
calculated using the similar procedures in Sect. 4.

Now we can use the rectangular beam and chamber model to estimate the longitudinal space charge
impedances of the coasting H," beam in the Small Isochronous Ring (SIR) at Michigan State University
(MSU) [10]. The ring circumference is Co = 6.58 m, the kinetic energy of the beam is E, = 20 keV (B =
0.0046, y ~ 1.0), the cross-section of the vacuum chamber is rectangular with w = 5.7 cm, h =2.4 cm, the
real beam is approximately round with radius ro= 0. 5 cm. We can use a square beam model witha =b =
ro= 0.5 cm to mimic the round beam.
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Fig. 2. Comparisons of the on-axis and average longitudinal space charge impedances between the
theoretical calculations and numerical simulations for a beam model of square cross-section inside
rectangular chamber withw =5.7cm, h=2.4cm,a=b= 0.5cm.

Fig. 2 shows the comparisons of the on-axis and average longitudinal space charge impedances of SIR
beam between the theoretical calculations and numerical simulations using a square beam model. We can
see that the theoretical and simulated impedances match quite well. Note that the impedances evaluated by
the longitudinal electric fields on the beam axis are higher than those averaged over the beam cross-section,
the former may overestimate the longitudinal space charge effects. For this reason, we only plot the
impedances averaged over the beam cross-section in the following figures.
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Fig. 3. Comparisons of the longitudinal space charge impedances between the square and round models (w
=h=r,=3.0cm,a=b=ry=0.5cm).

Fig. 3 shows the comparisons of the longitudinal space charge impedances between the square and round
field models. The longitudinal space charge impedances per unit length of a round beam of radius ry inside
a round chamber of radius r,, can be derived from Ref. [3] as

Zy(K) _. 20k

-~ rr IZ ' (61)
G ﬂﬂVZ (k)
- 1 <lykr)y>. - = -
KyY=—— —— ———[K, (ki) (kr,) + K, (kr, )1, (kr)],
rere X (K) )’ krolo(krw)[ (k)1 (kr,) + Ko (kr, )1, (k)] -

k = K /7, 15(%), 11(x), Ko(x), K1(x) are the modified Bessel functions, and

— 1 27 Iy —
< 1,(kr) >=m—02j0 dajo |, (kr)rdr, (63)



The parameters used in the calculations are w = h =r,= 3.0 cm, a = b = ry= 0.5 cm. We can observe that
the model with square beam and chamber shapes has lower longitudinal space charge impedances
compared with the round one. At large perturbation wavelengths, the impedances of the two field models
are close to each other.
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Fig. 4. Simulated longitudinal space charge impedances of square and round beam models in square
chamber (w =h =3.0 cm, a = b =ry= 0.5 cm), respectively.

Fig. 4 shows the simulated longitudinal space charge impedances of the square and round H," beam of
20 keV inside the same square chamber. The parameters used in the calculationsare w=h=3.0cm,a=b =
ro = 0.5 cm. We can observe that the square beam has relatively lower longitudinal space charge
impedances than the round beam. The difference of impedances is caused by the different beam shapes. For
a beam with fixed line charge density, the square beam has a larger area of cross-section than the round
beam inscribing it, hence has smaller volume charge density, lower longitudinal electric fields and
impedances. At large perturbation wavelengths, the impedances of the two field models are close to each
other.
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Fig. 5. Simulated longitudinal space charge impedances of round beam inside square and round chambers
(w=h=r,=3.0cm, ro=0.5cm), respectively.

Fig. 5 shows the simulated longitudinal space charge impedances of a round H," beam of 20 keV inside
the round and square chambers, respectively. The parameters used in the calculations are w =h =r,, = 3.0
cm, ro= 0.5 cm. We can observe that the two curves are close to each other, and the square chamber model
has relatively higher longitudinal space charge impedances than the round chamber model. The reason for
this tiny difference is that the four corners of the square chamber are relatively farther away from the beam
axis compared with a round chamber inscribing the square chamber, thus the shielding effects of the square
chamber due to image charges are weaker, and therefore the longitudinal space charge fields become
stronger. At large perturbation wavelengths, the impedances of the two field models are close to each other.
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Figs. 3-5 show that the lower impedances of the rectangular beam and chamber model in Fig. 3 mainly
originate from the different beam shapes rather than the chamber shapes.
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Fig. 6. Longitudinal space charge impedances of rectangular beam model with different half widths a inside
rectangular chamber (w = 5.7 cm, h = 2.4 cm, a is variable, b = 0.5 cm).

Fig. 6 shows the calculated longitudinal space charge impedances of four perturbation wavelengths for a
20 keV H," beam model of rectangular cross-section inside the rectangular chamber of SIR. The
parameters used in the calculations are w = 5.7 ¢cm, h = 2.4 cm, b = 0.5 cm, the half beam width a is
variable. We can see the longitudinal space charge impedances decrease with beam width 2a for a fixed
beam height 2b due to dilutions of the volume charge densities.
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r \ ---/12:2.0cm
10F W == A3=5.0cm p
¢\ _
. NS 14—10.Ocm
g s RN
8 I
=c 6F
4,
2-
07 £ £ £ £
0 0.5 1 15 2 2.5

Fig. 7. Longitudinal space charge impedances of rectangular beam model with different half heights b
inside rectangular chamber (w =5.7 cm, h = 2.4 cm, a = 0.5 cm, b is variable).

Fig. 7 shows the calculated longitudinal space charge impedances of four perturbation wavelengths for a
20 keV H," beam model of rectangular cross-section inside a rectangular chamber of SIR. The parameters
used in the calculations are w = 5.7 cm, h = 2.4 cm, a = 0.5 cm, the half beam height b is variable. We can
see the longitudinal space charge impedances decrease with beam height 2b for a fixed beam width 2a due
to dilutions of the volume charge densities.
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Fig. 8. Longitudinal space charge impedances of square beam model inside rectangular chamber (w = 5.7
cm, his variable, a=b = 0.5 cm).

Fig. 8 shows the calculated longitudinal space charge impedances of a 20 keV H," beam model with
square cross-section inside a rectangular chamber of SIR. The parameters used in the calculations are w =
5.7 cm, a = b = 0.5 cm, the half chamber height h is variable. For short wavelengths 4 < 5.0 cm, the
longitudinal space charge impedances are almost independent of the changes of h. For longer wavelengths
A > 5.0 cm, when h > 5.0 cm, the impedances are insensitive to the changes of h and are close to the
limiting case of h =« (vertical parallel plates).

0 5 10 15 20 25 30 35
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Fig. 9. Longitudinal space charge impedances of square beam model inside rectangular chamber (w is
variable, h=2.4cm,a=b=0.5cm).

Fig. 9 shows the calculated longitudinal space charge impedances of a 20 keV H," beam model of square
cross-section inside a rectangular chamber of SIR. The parameters used in the calculations are h = 2.4 cm, a
= b = 0.5 cm, the half chamber width w is variable. For short wavelengths A < 5.0 cm, the longitudinal
space charge impedances are almost independent of the changes of w. For longer wavelengths A2 > 5.0 cm,
when w > 3.0 cm, the impedances are insensitive to the changes of w and are close to the limiting case of w
= oo (horizontal parallel plates).

6. Conclusions

We introduced a 3D space charge field model of rectangular cross-section to calculate the perturbed
potentials, fields and the associated longitudinal space charge impedances. The calculated longitudinal
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space charge impedances are consistent with the numerical simulation results. A rectangular beam shape
with a = b = r, may help to reduce the longitudinal space charge impedances compared with the
conventional round beam with radius ry, this result is consistent with Ref. [6] in which a planar geometry
was investigated. For fixed b(a), when a(b) increases, the longitudinal space charge impedance will
decrease. The impedances of a rectangular beam inside a pair of infinity large parallel plates are also
derived in this paper. Theoretical calculations demonstrate that when the transverse chamber dimensions
are approximately more than 5 times of the transverse beam dimensions, the rectangular chamber of the
Small Isochronous Ring (SIR) can be approximated by a pair of parallel plates. This validates the
simplified boundary model of parallel plates used in the Particle-In-Cell simulation code CYCO to simulate
the rectangular chamber of SIR [10].
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