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Abstract The valence Fock-state wavefunctions of the light-front QCD Hamiltonian satisfy a relativis-
tic equation of motion, analogous to the nonrelativistic radial Schrödinger equation, with an effective
confining potential U which systematically incorporates the effects of higher quark and gluon Fock
states. If one requires that the effective action which underlies the QCD Lagrangian remains confor-
mally invariant and extends the formalism of de Alfaro, Fubini and Furlan to light front Hamiltonian
theory, the potential U has a unique form of a harmonic oscillator potential, and a mass gap arises.
The result is a nonperturbative relativistic light-front quantum mechanical wave equation which incor-
porates color confinement and other essential spectroscopic and dynamical features of hadron physics,
including a massless pion for zero quark mass and linear Regge trajectories with the same slope in the
radial quantum number n and orbital angular momentum L. Only one mass parameter κ appears. The
corresponding light-front Dirac equation provides a dynamical and spectroscopic model of nucleons.
The same light-front equations arise from the holographic mapping of the soft-wall model modification
of AdS5 space with a unique dilaton profile to QCD (3+1) at fixed light-front time. Light-front hologra-
phy thus provides a precise relation between the bound-state amplitudes in the fifth dimension of AdS
space and the boost-invariant light-front wavefunctions describing the internal structure of hadrons in
physical space-time. We also show how the mass scale κ underlying confinement and hadron masses
determines the scale ΛMS controlling the evolution of the perturbative QCD coupling. The relation
between scales is obtained by matching the nonperturbative dynamics, as described by an effective
conformal theory mapped to the light-front and its embedding in AdS space, to the perturbative QCD
regime computed to four-loop order. The result is an effective coupling defined at all momenta. The
predicted value ΛMS = 0.328± 0.034 GeV is in agreement with the world average 0.339± 0.010 GeV.
The analysis applies to any renormalization scheme.

Keywords Quantum Chromodynamics, · Light-Front Quantization, · Light-Front Holography.

1 Light-Front Quantization

The quantization of QCD at fixed light-front (LF) time x+ = x0 + x3 provides a first-principles
method for solving nonperturbative QCD. Given the Lagrangian, one can compute the LF Hamiltonian
HLF in terms of the independent quark and gluon fields. The eigenvalues of HLF determine the mass-
squared values of both the discrete and continuum hadronic spectra. The eigensolutions |ΨH〉 projected
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on the free n-parton Fock state 〈n|ΨH〉 determine the LF wavefunctions ψn/H(xi,k⊥i, λi) where the

xi =
k+i
P+ =

k0i +k3i
P 0+P 3 , with

∑n
i=1 xi = 1, are the LF momentum fractions. The eigenstates are defined at

fixed x+ within the causal horizon, so that causality is maintained without normal-ordering. As Dirac
showed [1], the front form has the maximum number of kinematic generators of the Lorentz group,
including the boost operator, so that the wavefunction is boost invariant. Thus the description of a
hadron at fixed x+ is independent of the observer’s Lorentz frame, making it the natural formalism
for addressing dynamical processes in QCD. In fact, measurements of hadron structure, such as deep
inelastic lepton-proton scattering `p→ `′X, determine the wavefunction and structure of the proton at
fixed LF time. Light-front physics is a fully relativistic field theory, but its structure is similar to non-
relativistic atomic physics, and the resulting bound-state equations can be formulated as relativistic
Schrödinger-like equations at equal LF time. An extensive review is given in Ref. [2]. Light-front
quantization is thus the natural framework for interpreting measurements like deep inelastic scattering
in terms of the nonperturbative relativistic bound-state structure of hadrons in QCD. The light-front
wavefunctions (LFWFs) of hadrons provide a direct connection between observables and the QCD
Lagrangian. Moreover, the formalism is rigorous, relativistic, and frame-independent.

Given the frame-independent LFWFs ψn/H , one can compute a large range of hadronic observ-
ables, starting with form factors, structure functions, generalized three-dimensional parton distribu-
tions, Wigner distributions, etc. Computing hadronic matrix elements of currents is particularly simple
in the light-front, since space-like current matrix elements can be written as an overlap of frame-
independent LFWFs as in the Drell-Yan-West formula [3; 4; 5]. If the virtual space-like photon has
q+ = 0, only processes with the same number of initial and final partons are allowed. One can also
prove fundamental theorems for relativistic quantum field theories using the front form, including: the
cluster decomposition theorem [6], and the vanishing of the anomalous gravitomagnetic moment for
any Fock state of a hadron [7]. One also can show that a nonzero anomalous magnetic moment of a
bound state requires nonzero angular momentum of the constituents [5]. The gauge-invariant meson
and baryon distribution amplitudes φH(xi) which control hard exclusive and direct reactions are the
valence LFWFs integrated over transverse momentum at fixed xi = k+/P+. The ERBL evolution of
distribution amplitudes and the factorization theorems for hard exclusive processes are derived using
LF theory [8; 9].

Making a measurement of a hadron such as DIS ep→ e′X is analogous to taking a flash photograph.
The resulting photograph shows the object as it is exposed at a fixed LF time τ along the front of
the light-wave, not at one instant. In fact, the resulting photograph at fixed τ does not depend on the
Lorentz frame of the photographer; i.e., whether or not the camera emitting the flash is moving toward
the object. The exposure along the light-front is unchanged. Analogously, the LFWF measured in DIS
is boost invariant.

Note that a photograph of an extended object at a fixed “instant” time x0 = t would require an
Avogadro number of simultaneous flashes. The boost of a wavefunction of a hadron at fixed ‘instant’
time x0 is a difficult nonperturbative dynamical problem [10]. Even the particle number changes
with the boost. Moreover, the calculation of form factors at fixed instant time x0 requires computing
off-diagonal matrix elements, as well as the contributions of currents arising from fluctuations of the
vacuum in the initial state which connect to the hadron wavefunction in the final state, in order to
obtain the correct Lorentz invariant result. Thus the knowledge of the wave functions of hadronic
eigenstates alone is not sufficient to compute covariant current matrix elements in the usual instant-
form framework.

Light-front time-ordered perturbation theory is equivalent to covariant Feynman perturbation the-
ory. Cruz-Santiago and Stasto [11] have shown that the cluster properties [12] of LF time-ordered
perturbation theory, together with Jz conservation, can also be used to elegantly derive the Parke-
Taylor rules for multi-gluon scattering amplitudes.

In principle, one can solve nonperturbative QCD by diagonalizing the light-front QCD Hamiltonian
HLF directly using the “discretized light-cone quantization” (DLCQ) method [2] which imposes peri-
odic boundary conditions to discretize the k+ and k⊥ momenta, or the Hamiltonian transverse lattice
formulation introduced in Refs. [13; 14; 15]. The hadronic spectra and LFWFs are then obtained from
the eigenvalues and eigenfunctions of the Heisenberg problem HLF |ψ〉 = M2|ψ〉, an infinite set of cou-
pled integral equations for the LF components ψn = 〈n|ψ〉 in a Fock expansion [2]. The DLCQ method
has been applied successfully in lower space-time dimensions [2], such as QCD(1 + 1) [16]. For exam-
ple, one can compute the complete spectrum of meson and baryon states in QCD(1 + 1) and their LF
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wavefunctions, for any number of colors, flavors, and quark masses by matrix diagonalization [17]. It
has also been applied successfully to a range of 1+1 string theory problems by Hellerman and Polchin-
ski [18; 19]. Unlike lattice gauge theory, the DLCQ method is relativistic, has no fermion-doubling, is
formulated in Minkowski space, and is independent of the hadron’s momentum P+ and P⊥. One of
the most promising methods for solving nonperturbative (3+1) QCD is the “Basis Light-Front Quan-
tization” (BFLQ) method [20]. In the BLFQ method one constructs a complete orthonormal basis of
eigenstates based on the eigensolutions of the effective light-front Schrödinger equation derived from
light-front holography, in the spirit of the nuclear shell model. Matrix diagonalization for BLFQ should
converge more rapidly than DLCQ since the basis states have a mass spectrum close to the observed
hadronic spectrum.

The light-front vacuum state – the eigenstate of lowest invariant mass M is trivial up to k+ = 0 LF
zero modes. Thus the LF vacuum is essentially trivial – there are no quark or gluon vacuum expectation
values. The simple structure of the LF vacuum thus allows an unambiguous definition of the partonic
content of a hadron in QCD. In the case of electroweak theory, the phenomenology is unchanged,
except that the Higgs vacuum expectation value of the usual instant-form vacuum is replaced with
a light-front zero mode [21]. Since the LF vacuum is causal, it can be identified with the observed
void of the universe [22]. This has profound implications for the cosmological constant – the standard
contributions from quantum field theory do not contribute [23; 24]. Thus it is natural in the front form
to obtain zero cosmological constant from quantum field theory.

A remarkable feature of the front-form is that five-dimensional anti-de Sitter space (AdS5) is holo-
graphically dual to light-front Hamiltonian theory for three space dimensions x⊥, x

− at fixed LF time
x+ [25; 26]. “Light-front holography” – the duality between the front form in physical 3 + 1 space-time
and classical gravity based on the isometries of AdS5 space – provides a new method for determining
the eigenstates of the QCD LF Hamiltonian in the strongly coupled regime. For example, the valence
Fock-state wavefunctions of HLF for zero quark mass obtained from light-front holography satisfy
a single-variable relativistic equation of motion in the invariant variable ζ2 = b2⊥x(1 − x), which is
conjugate to the invariant mass squared M2

qq̄. The effective confining potential U(ζ2) in this frame-
independent “light-front Schrödinger equation” systematically incorporates the effects of higher quark
and gluon Fock states [27]. The hadron mass scale – its “mass gap” – is generated in a novel way.
Remarkably, the potential U(ζ2) has a unique form of a harmonic oscillator potential if one requires
that the effective action which underlies the QCD Lagrangian in the limit of zero quark masses remains
conformally invariant and extends the formalism of de Alfaro, Fubini and Furlan [28] to light front
Hamiltonian theory [27]. The result is a nonperturbative relativistic light-front quantum mechanical
wave equation which incorporates color confinement and other essential spectroscopic and dynamical
features of hadron physics. A review of light-front holographic methods is given in Ref. [29].

Finally, we will also show how the physical mass scale κ underlying confinement and hadron masses
determines the scale Λs in the QCD running coupling. The relation between scales is obtained by
matching the nonperturbative dynamics, as described by the effective conformal theory mapped to the
light-front and its embedding in AdS space, to the perturbative QCD regime computed to four-loop
order. The result is an effective coupling defined at all momenta [30].

2 The Light-Front Schrödinger Equation

It is advantageous to reduce the full multiparticle eigenvalue problem of the LF Hamiltonian to an
effective LF Schrödinger equation which acts on the valence sector LF wavefunction and determines
each eigensolution separately [31]. In contrast, diagonalizing the LF Hamiltonian yields all eigensolu-
tions simultaneously, a complex task. The central problem then becomes the derivation of the effective
interaction U which acts only on the valence sector of the theory and has, by definition, the same
eigenvalue spectrum as the initial Hamiltonian problem. In order to carry out this program one must
systematically express the higher Fock components as functionals of the lower ones. This method
has the advantage that the Fock space is not truncated, and the symmetries of the Lagrangian are
preserved [31].

To a first approximation, LF QCD is formally equivalent to the equations of motion on a fixed
gravitational background asymptotic to AdS5 [26]. In fact, the usual introduction of a dilaton profile is
equivalent to a modification of the AdS metric but it is left largely unspecified. However, we shall show,
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if one imposes the requirement that the action of the corresponding one-dimensional effective theory
remains conformally invariant, then the dilaton profile is constrained to be quadratic, a remarkable
result which follows from the dAFF construction of conformally invariant quantum mechanics [27]. A
related argument is given in Ref. [32].

A hadron has four-momentum P = (P−, P+,P⊥), P± = P 0 ± P 3 and invariant mass P 2 =
M2. The generators P = (P−, P+,P⊥) are constructed canonically from the QCD Lagrangian by
quantizing the system on the light-front at fixed LF time x+, x± = x0 ± x3 [2]. The LF Hamiltonian
P− generates the LF time evolution with respect to the LF time x+, whereas the LF longitudinal
P+ and transverse momentum P⊥ are kinematical generators. In the limit of zero quark masses the
longitudinal modes decouple from the invariant LF Hamiltonian equation HLF |φ〉 = M2|φ〉, with
HLF = PµP

µ = P−P+ − P2
⊥. The result is a relativistic and frame-independent wave equation for

φ [26] [
− d2

dζ2
− 1− 4L2

4ζ2
+ U

(
ζ2, J

)]
φn,J,L(ζ2) = M2φn,J,L(ζ2). (1)

The effective interaction U(ζ2, J) is instantaneous in LF time and acts on the lowest state of the LF
Hamiltonian. This equation describes the spectrum of mesons as a function of n, the number of nodes
in ζ, the total angular momentum J , which represents the maximum value of |Jz|, J = max |Jz|,
and the internal orbital angular momentum of the constituents L = max |Lz|. The SO(2) Casimir L2

corresponds to the group of rotations in the transverse LF plane. By using the dictionary of light-front
holography, the variable z of AdS space becomes identified with the LF boost-invariant transverse-
impact variable ζ [25], thus giving the holographic variable a precise definition in LF QCD [25; 26].
For a two-parton bound state ζ2 = x(1− x)b 2

⊥.
In the exact QCD theory the potential in the LF Schrödinger equation (1) is determined from

the two-particle irreducible (2PI) qq̄ → qq̄ Greens’ function. In particular, the reduction from higher
Fock states in the intermediate states leads to an effective interaction U

(
ζ2, J

)
for the valence |qq̄〉

Fock state [31]. The LF wave equation is the relativistic frame-independent front-form analog of the
non-relativistic radial Schrödinger equation for muonium and other hydrogenic atoms in presence of an
instantaneous Coulomb potential; it could emerge from the exact QCD formulation when one includes
in the confinement potential contributions which are due to the exchange of two connected gluons; i.e.,
“H” diagrams [33]. We notice that U becomes complex for an excited state since a denominator can
vanish; this gives a complex eigenvalue and the decay width. The multi-gluon exchange diagrams also
could be connected to the Isgur-Paton [34] flux-tube model of confinement; the collision of flux tubes
could give rise to the ridge phenomena recently observed in high energy pp collisions at RHIC [35]. A
related approach for determining the valence LF wavefunction and studying the effects of higher Fock
states without truncation has been given in Ref. [36]. Unlike ordinary instant-time quantization, the
LF Hamiltonian equations of motion are frame independent; remarkably, they have a structure which
matches exactly the eigenmode equations in AdS space [26]. This makes a direct connection of QCD
with AdS methods possible. One also can show that the linear potential used as a leading approximation
for describing color confinement of heavy quarks in the instant form of dynamics corresponds to a
harmonic oscillator confining potential in the front form of dynamics [37].

3 Effective Confinement from the Gauge/Gravity Correspondence

The correspondence between AdS and LF QCD was originally motivated [25] by the AdS/CFT
correspondence between gravity on a higher-dimensional space and conformal field theories in physical
space-time [38]. It has as its most explicit and simplest realization a direct holographic mapping to
LF Hamiltonian theory [26], which provides a precise relation between the wavefunctions in AdS space
and the boost-invariant bound-state LF wavefunctions describing the internal structure of hadrons in
physical space-time. The resulting valence Fock-state wavefunctions satisfy a single-variable relativistic
equation of motion analogous to the eigensolutions of the nonrelativistic radial Schrödinger equation.
There is a precise connection between the quantities that enter the fifth dimensional AdS space and
the physical variables of LF theory. For example, the AdS mass parameter µR maps to the LF orbital
angular momentum. The formulae for electromagnetic [39] and gravitational [40] form factors in AdS
space map to the exact Drell-Yan-West formulae in LF QCD [25; 41; 42].
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Recently we have derived wave equations for hadrons with arbitrary spin J starting from an effective
action in AdS space [43]. An essential element is the mapping of the higher-dimensional equations to
the LF Hamiltonian equation found in Ref. [26]. This procedure allows a clear distinction between the
kinematical and dynamical aspects of the LF holographic approach to hadron physics. Accordingly,
the non-trivial geometry of pure AdS space encodes the kinematics, and the additional deformations
of AdS encode the dynamics, including confinement [43]. Upon the substitution of the holographic

variable z by the LF invariant variable ζ and replacing ΦJ(z) = (R/z)
J−(d−1)/2

e−ϕ(z)/2 φJ(z) in the
AdS wave equation for general spin J , we find from the dilaton-modified AdS action the effective LF
potential [43; 44]

U(ζ2, J) =
1

2
ϕ′′(ζ2) +

1

4
ϕ′(ζ2)2 +

2J − 3

2ζ
ϕ′(ζ2), (2)

provided that the AdS mass µ is related to the internal orbital angular momentum L = max|Lz| and
the total angular momentum Jz = Lz + Sz according to (µR)2 = −(2− J)2 + L2. The critical value
L = 0 corresponds to the lowest possible stable solution, the ground state of the LF Hamiltonian. For
J = 0 the five dimensional mass µ is related to the orbital momentum of the hadronic bound state by
(µR)2 = −4 + L2 and thus (µR)2 ≥ −4. The quantum mechanical stability condition L2 ≥ 0 is thus
equivalent to the Breitenlohner-Freedman stability bound in AdS [45].
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Fig. 1 I=1 parent and daughter Regge trajectories for the light pseudoscalar mesons (a) with κ = 0.59 GeV;
and I = 0 and I = 1 light vector-mesons (b) with κ = 0.54 GeV.

The correspondence between the LF and AdS equations thus determines the effective confining
interaction U in terms of the infrared behavior of AdS space and gives the holographic variable z a
kinematical interpretation. The dilaton profile exp

(
±κ2z2

)
leads immediately to linear Regge trajecto-

ries [46]. For the confining solution ϕ = exp
(
κ2z2

)
, the effective potential is U(ζ2, J) = κ4ζ2+2κ2(J−1)

and leads to eigenvalues M2
n,J,L = 4κ2

(
n+ J+L

2

)
, with a string Regge form M2 ∼ n + L. A detailed

discussion of the light meson and baryon spectrum, as well as the elastic and transition form factors
of the light hadrons using LF holographic methods, is given in Refs. [29] and [29]. As an example, the
spectral predictions for the J = L+ S light pseudoscalar and vector meson states are compared with
experimental data in Fig. 1 for the positive sign dilaton model.

4 Uniqueness of the Confining Potential

If one sets the masses of the quarks to zero, no mass scale appears explicitly in the QCD Lagrangian,
displaying invariance under both scale (dilatation) and special conformal transformations [47]. Never-
theless, the theory built upon this conformal template displays color confinement, a mass gap, as well
as asymptotic freedom. A fundamental question is thus how does the mass scale which determines the
masses of the light-quark hadrons, the range of color confinement, and the running of the coupling
emerge in QCD? The effective confinement potential which appears in the LF equations of motion
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is unique if one requires that the corresponding one-dimensional effective action which encodes the
chiral symmetry of QCD remains conformally invariant. In addition, Leutwyler and Stern [48] have
also argued that the only possible potential that can appear in the semiclassical light-front equation
of motion that acts on the valence Fock state in a transverse variable must also take the form of a
harmonic oscillator.

We start with the one-dimensional action [28]. S = 1
2

∫
dt
(
Q̇2 − g

Q2

)
, which is invariant under

conformal transformations in the variable t. The scale-invariant 1/Q2 term is the analog of a centrifugal

term in the kinetic energy. In addition to the Hamiltonian H(Q, Q̇) = 1
2

(
Q̇2 + g

Q2

)
there are two more

invariants of motion for this field theory, namely the dilation operator D and the special conformal
transformation operator K. Specifically, if one introduces the new variable τ defined through dτ =
dt/(u+v t+w t2) and the rescaled fields q(τ) = Q(t)/(u+v t+w t2)1/2, it then follows that the operator
G = uHt+v D+wK which generates the quantum mechanical evolution in τ [28] is a compact operator
and thus introduces a mass scale. The new Hamiltonian operator G is a linear combination of the old
Hamiltonian H, D and K, where u, v and w are arbitrary coefficients. One can show explicitly [28; 27]
that a confinement length scale appears in the action when one expresses the action in terms of the
new time variable τ and the new fields q(τ), without affecting its conformal invariance. Furthermore,

for g ≥ −1/4 and 4uw − v2 > 0 the corresponding Hamiltonian G(q, q̇) = 1
2

(
q̇2 + g

q2 + 4uw−v2
4 q2

)
is

a compact operator. Finally, we can transform back to the original field operator Q(t). We find

G(Q, Q̇)=
1

2
u
(
Q̇2 +

g

Q2

)
− 1

4
v
(
QQ̇+ Q̇Q

)
+

1

2
wQ2 (3)

=uHt + vD + wK,

at t = 0. We thus recover the evolution operator G = uHt + vD + wK which describes the evolution
in the variable τ , but expressed in terms of the original field Q. The Shrödinger picture follows by
identifying Q→ x and Q̇→ −i ddx . Then the evolution operator in the new time variable τ is

G =
1

2
u
(
− d2

dx2
+

g

x2

)
+
i

4
v
(
x
d

dx
+

d

dx
x
)

+
1

2
wx2 (4)

If we now compare the Hamiltonian (4) with the LF wave equation (1) and identify the variable x
with the LF invariant variable ζ, we can identify u = 2, v = 0 and relate the dimensionless constant g to
the LF orbital angular momentum, g = L2−1/4, in order to reproduce the LF kinematics. Furthermore
w fixes the confining LF potential to a quadratic λ2 ζ2 dependence. The mass scale brought in via

w = 2κ2 then generates the confining mass scale κ. The dilaton is also unique: eφ(z) = e±κ
2z2 , where

z2 is matched to ζ2 = b2⊥x(1 − x) via LF holography. The spin-J representations in AdS5 [43] then
lead uniquely to the LF confining potential U(ζ2) = κ4ζ2 − 2κ2(J − 1), since only the positive sign
dilaton profile is compatible with LF holographic mapping [43]. The new time variable τ is related to
the variable t for the case uw > 0, v = 0 by τ = 1√

uw
arctan

(√
w
u t
)
, i.e. τ has only a limited range,

characteristic of a relativistic bound state. The finite range of invariant LF time τ = x+/P+ can be
interpreted as a feature of the internal frame-independent LF time difference between the confined
constituents in a bound state. For example, in the collision of two mesons, it would allow one to
compute the LF time difference between the two possible quark-quark collisions. The QCD mass scale
κ in units of GeV has to be determined by one measurement; e.g., the proton mass. All other masses
and size parameters are then predicted.

We have applied LF holography to describe the full baryon spectrum [49], the K-meson spectrum
(including quark masses) [50], space-like and time-like form factors [51], as well as transition amplitudes
such as γ∗γ → π0 [52], γ∗N → N∗ [53], all based on essentially the single mass scale parameter κ.
Many other applications have been presented in the literature, including recent results by Forshaw and
Sandapen [54] for diffractive ρ electroproduction which are based on the LF holographic prediction
for the longitudinal ρ LFWF. Other recent applications include predictions for generalized parton
distributions (GPDs) [55], and a model for nucleon and flavor form factors [56].

The separate dependence on J and L in the meson spectrum leads to a mass ratio of the ρ and the a1

mesons which coincides with the result of the Weinberg sum rules [57]. The treatment of the chiral limit
in the LF holographic approach to strongly coupled QCD is substantially different from the standard
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approach based on chiral perturbation theory. In the color-confining LF holographic model discussed
here, the vanishing of the pion mass in the chiral limit, a phenomenon usually ascribed to spontaneous
symmetry breaking of the chiral symmetry, is obtained specifically from the precise cancellation of
the LF kinetic energy and LF potential energy terms for the quadratic confinement potential. This
mechanism provides a viable alternative to the conventional description of nonperturbative QCD based
on vacuum condensates [58], and it eliminates a major conflict of hadron physics with the empirical
value for the cosmological constant [22; 24].

5 Scheme-Independent Determination of the Perturbative QCD Scale Λs from
Confinement Dynamics in Holographic QCD

One of the fundamental questions in QCD is the relationship between the hadronic mass scale
and the mass parameter ΛMS , which controls the evolution of the running coupling αMS(Q2). Since
the perturbative coupling apparently diverges at Q2 = Λ2

MS
, it is often argued, based on dimensional

transmutation, that the confinement scale κ, could in principle, be computed starting from the empir-
ically determined value of ΛMS . A serious complication which immediately confronts this procedure

is the fact that ΛMS depends on the choice of the MS renormalization scheme, whereas the value
of κ and hadron masses are scheme-independent. The logic of dimensional transmutation can in fact
be reversed: the mass scale κ underlying color confinement and hadron masses can be taken as the
fundamental parameter of QCD. We then use an analytic method which connects the nonpertubative
and perturbative domains of QCD to determine the scale parameter Λs. The method can be applied to
any renormalization scheme (RS), including the MS scheme [30]. We will demonstrate this connection
specifically in the effective theory based on holographic QCD [25; 26; 27]. As we have discussed, the
LF holographic approach to the strong interactions originates from a remarkable connection of LF dy-
namics to classical gravity in a higher dimensional Anti-de Sitter (AdS) space, as well as the properties
of conformally invariant one-dimensional effective quantum field [28]. This connects the form of the
effective LF confining interaction holographically to a unique dilaton profile in the embedding AdS
space [27].

As Grunberg [59] has emphasized, it is natural to define the QCD coupling from a physical ob-
servable which is perturbatively calculable at large Q2. This is analogous to QED, where the standard
running Gell Mann-Low coupling α(t) is defined from the elastic scattering amplitude of heavy leptons.
A physically defined “effective charge” in QCD incorporates nonperturbative dynamics at low scales,
and then evolves to the familiar pQCD form 4π/β0 log

(
Q2/Λ2

s

)
as required by asymptotic freedom

at high scales. As expected on physical grounds effective charges are infrared (IR) finite and smooth
at small virtualities [60]. Examples of freezing of the coupling at low momenta (IR fixed point) are
described in [61; 62; 63; 64; 65] (a full reference list is given in [60]). We shall focus on the effective
coupling αg1 = g2

1/4π defined from the Bjorken sum rule [66], which is the best-measured effective
charge [67; 68]:

αg1(Q2)

π
= 1− 6

gA

∫ 1

0

dx gp−n1 (x,Q2), (5)

where x is the Bjorken scaling variable, gp−n1 is the isovector component of the nucleon first spin
structure function and gA is the nucleon axial charge. The effective charge αg1(Q2) is kinematically
constrained to satisfy αg1

(
Q2 = 0

)
= π, and it is thus IR finite. The Gerasimov-Drell-Hearn (GDH)

sum rule [69; 70] implies that αg1(Q2) is nearly conformal in the IR domain [67]. The coupling αg1(Q2)
can be extrapolated to large distances. In the low Q2 < 1 GeV2 domain the Jefferson Lab data [67]
for αg1(Q2) are remarkably consistent with the Gaussian form predicted by LF holographic QCD [71].

αAdSg1 (Q2) = π exp
(
−Q2/4κ2

)
, (6)

At high Q2 one can compute αg1(Q2) in pQCD as a perturbative expansion in αMS(Q2) which is
presently known up to five loops. The complete functional dependence of αg1(Q2) must be analytic.
We thus expect an analytically smooth transition between the soft and hard pQCD regimes at a scale
Q0 ' 2κ ' 1 GeV. Thus, we can approximate the transition between the soft and hard domains
by matching the holographic and pQCD forms, for example by imposing continuity of the couplings
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Fig. 2 Comparison between the analytical expression for the effective charge αg1 obtained from the matching
procedure of hard and soft regimes with the experimental JLab data, lattice QCD results, and the GDH sum
rule constraint.

and its first derivative which fixes the transition scale Q0. We then can use the pQCD prediction
for αg1(Q2) in powers of αMS(Q2) to obtain a value of ΛMS from the scheme-independent scale κ.
Commensurate scale relations between couplings allow this procedure to be applied to any choice of
renormalization scheme [72; 73; 74]. Since Q0 is relatively small, higher orders in perturbation theory
will be essential for an accurate determination of Λs and to evaluate the convergence of the result and
its uncertainty. In addition, since we determine Λs by imposing continuity conditions at a transition
point Q0 – which is in turn determined by continuity conditions – it is important that there is a rapid,
smooth transition between the two regimes [75; 76; 65]. The parton-hadron duality [77] provides a
general argument why the transition between perturbative and nonperturbative dynamics occurs over
a relatively small domain of Q2. The pQCD β-series for αg1 has not been computed. However, αMS

has been calculated up to 4 loops (up to β3). One can then transform from the MS to the g1 scheme
by using the perturbative MS expression of the Bjorken sum rule [78]

αpQCDg1 (Q2) = π
[αMS

π
+ 3.58

(αMS

π

)2

+ 20.21
(αMS

π

)3

+ 130
(αMS

π

)4

+ 893.38
(αMS

π

)5

+ · · ·
]
.

(7)

At a fixed Q2, the equality between αpQCDg1 , Eq. (7), and αAdSg1 , Eq. (6), is fulfilled for a unique value

of ΛMS since, at fixed Q2, αs is monotonic with ΛMS . Eq. (7) is an expansion in αMS , itself a series
in βn. The value of ΛMS and the shape of αg1(Q2) depend on the orders to which these two series are
truncated. To compare consistently to the world data the β series is truncated at β3, while to provide
a transformation from the MS to the g1 schemes as complete as possible, the order of the αMS series
is kept as high as possible. Remarkably, the curves converge quickly to an universal shape essentially
invariant with the βn and αMS orders: at orders βn or αn

MS
, n > 1, the couplings αg1(Q2) are nearly

identical. The value of ΛMS , however, does depend significantly on the truncation order of Eq. (7).
However, the results are consistent at each order with the PDG 2012 data. Our result at highest order

is Λ
(3)

MS
= 0.328 ± 0.034 GeV at β3 and for nf = 3 [30], where the uncertainty is derived from the

truncation of the series for αg1 and a theoretical uncertainty of ± 0.024 GeV from the extraction of κ
from the ρ or the proton mass. We have neglected the uncertainty from the chiral limit extraction of κ

which amounts to ± 0.003 GeV. Our result is to be compared with the world data Λ
(3)

MS
= 0.339±0.010

GeV. In Fig. 2 we compare our prediction with the experimental and lattice results for αg1.
The strong coupling constant αs is also computable in Lattice QCD (LQCD) [79; 80]. Although

there is a parallel between the LQCD procedure and our matching procedure, notable differences are
that LF holographic QCD has only one parameter, the confinement scale κ, whereas in addition to the
bare coupling LQCD has four other parameters [80]. On the other hand, the foundation of LQCD stems
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directly from the QCD Lagrangian while LF holographic QCD is an effective theory. These differences
underline the complementarity of the two approaches. LQCD provides by far the best determination
of ΛMS , or equivalently of αMS , with a relative uncertainty of 0.6%. This can be compared with 1.3%
and 1.8%, the uncertainties on the two best experimental results, respectively from the world data on
τ -decays and DIS. Our uncertainty is 1.7%, similar to the accuracy of the combined world DIS data,
and would be similar to the τ world data if Eq. (7) was available to the next order.

6 Summary

One of the most profound questions in QCD is the origin of the mass scale which determines the
range of color confinement and hadron masses. As shown by dAFF, a mass scale κ can appear in the
Hamiltonian and the equations of motion without affecting the conformal invariance of the action [28].
When one applies the dAFF procedure to LF Hamiltonian theory, the result is a unique effective
confining potential and a unique dilaton profile in the embedding AdS space [27] which determines
the higher-spin representations [43]. The eigenvalues of the resulting frame-independent light-front
Hamiltonian accurately describe the light-quark spectroscopy of hadrons in terms of the fundamental
mass scale κ (e.g. Mρ =

√
2κ and Mπ = 0 for massless quarks), as well as dynamical observables such

as hadronic form factors [29] and diffractive vector meson electroproduction [54].
We have shown how the physical scale κ (or a single hadron mass such as mρ also determines the

scale parameter Λs controlling the evolution of the QCD running coupling αs. The relation between
these scales is obtained by matching the nonperturbative dynamics of the coupling, as predicted by
light-front holography [71], to the perturbative dynamics of QCD in the high momentum transfer
regime. This procedure determines the effective charge αg1(Q2) for all Q2. At low values of Q2, the
coupling takes the holographic form (6), which describes well the measurements of the Bjorken sum
rule [67]. At high Q2 the logarithmic pQCD evolution of αg1(Q2) is known to five-loops in the MS
scheme. The matching of the αg1(Q2) coupling and its slope at the intersection of the perturbative
and nonperturbative domains determines ΛMS in terms of κ, as well as the transition scale Q0 '
2κ ' 1 GeV. The predicted value ΛMS = 0.328 ± 0.034 GeV, is in agreement with the world average
0.339± 0.010 GeV. The relation between scales is ΛMS = (0.599± 0.062)κ = (0.423± 0.044)Mρ. This
analysis can also be applied to other effective charges and other choices of renormalization schemes.
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