January 2008

CERN-PH-TH/2007-177
SLAC-PUB-12859

ZU-TH 30/07
FERMILAB-PUB-07-639-T
PITHA 07/21
arXiv:0712.3009v1[hep-ph]

Logarithmically Enhanced Corrections to the
Decay Rate and Forward Backward Asymmetry
in B— X/t

Tobias Huber'?, Tobias Hurth3’4’H, and Enrico Lunghi’®

U Institute for Theoretical Physics, Univ. of Zurich, CH-8057, Zurich, Switzerland.
2 Institut fiir Theoretische Physik E, RWTH Aachen, D-52056 Aachen, Germany
3 OERN, Dept. of Physics, Theory Division, CH-1211 Geneva, Switzerland.

4 SLAC, Stanford University, Stanford, CA 94309, USA
® Fermi National Accelerator Laboratory, P.O.Box 500, Batavia, IL 60510, U.S.A.
Abstract

We study logarithmically enhanced electromagnetic corrections to the decay rate in the high
dilepton invariant mass region as well as corrections to the forward backward asymmetry (FBA)
of the inclusive rare decay B — X ,/T¢~. As expected, the relative effect of these corrections
in the high dilepton mass region is around —8% for the muonic final state and therefore much
larger than in the low dilepton mass region.

We also present a complete phenomenological analysis, to improved NNLO accuracy, of the
dilepton mass spectrum and the FBA integrated in the low dilepton mass region, including a
new approach to the zero of the FBA. The latter represents one of the most precise predictions in
flavour physics with a theoretical uncertainty of order 5%. We find (¢2),, = (3.5040.12)GeV>.
For the high dilepton invariant mass region, we have B(B — X fiit)pign = (2.401083) x 1077,
The dominant uncertainty is due to the 1/my corrections and can be significantly reduced in
the future. For the low dilepton invariant mass region, we confirm previous results up to small
corrections.

*Heisenberg Fellow

Submitted to Nuclear Instrumentation and Methods (NIM) A

Work supported in part by US Department of Energy contract DE-AC02-76SF00515



1 Introduction

At the beginning of the LHC era, the search for physics beyond the Standard Model (SM)
is the main focus of particle physics. In principle, there are two ways to search for possible
new degrees of freedom. At the high-energy frontier one tries to produce those new degrees of
freedom directly, while at the high-precision frontier one analyses the indirect virtual effects of
such new particles. It is a matter of fact that high-precision measurements allow to analyse
new physics scales presently not accessible at direct collider experiments.

There are theoretical arguments like the hierarchy problem which let us expect new physics
at the electroweak scale. However, the indirect constraints on new physics by the present
flavour data indicate a much higher new physics scale when such new effects are naturally
parametrized by higher-dimensional operators. Thus, if there is new physics at the electroweak
scale, then its flavour structure has to be highly non-trivial and the experimental measurement
of flavour-violating couplings is mandatory. This ‘lavour problem’ has to be solved by any new
physics scenario at the electroweak scale. Moreover, the present electroweak data also indicate
a slightly higher new physics scale (‘little hierarchy problem').

Among inclusive flavour-changing neutral current (FCNC) processes (for a review see [1,2]),
the inclusive B — X ¢T¢~ decay presents an important test of the SM, complementary to the
inclusive B — X,v decay. It is particularly attractive because of kinematic observables such
as the dilepton invariant mass spectrum and the forward-backward asymmetry (FBA). These
observables are dominated by perturbative contributions if the c¢¢ resonances that show up as
large peaks in the dilepton invariant mass spectrum are removed by appropriate kinematic cuts.
In the so-called ‘perturbative ¢*>-windows’, namely in the low-dilepton-mass region 1 GeV? <
¢* = m}, < 6 GeV?, and also in the high-dilepton-mass region with ¢* > 14.4 GeV?, theoretical
predictions for the invariant mass spectrum are dominated by the perturbative contributions,
and a theoretical precision of order 10% is in principle possible.

The integrated branching ratio has been measured by both Belle [3] and BaBar [4] based on
a sample of 152 x 10 and 89 x 10% BB events respectively. In the low-dilepton invariant mass
region, 1 GeV? < ¢> < 6 GeV?, the experimental results read

i (1493 £ 0.50443451) x 105 (Belle)
B(B — X )iow = {(1.8+0.7+0.5) x 10 (BaBar) (1)
(1.60 £ 0.50) x 1076 (Average)

Measurements for the high-¢? region, 14.4 GeV? < ¢ < 25 GeV?, are also available:

(0418 £ 0.117536%) x 107 (Belle)
B(B — XL uign = (0.5 £0.255508) x 10-° (BaBar) (2)
(0.4440.12) x 107° (Average)

By the end of the present B factories an experimental accuracy of 15% is finally expected.
The recently calculated NNLL QCD contributions [5-14] have significantly improved the
sensitivity of the inclusive B — X /T¢~ decay in testing extensions of the SM in the sector
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of flavour dynamics, in particular, the value of the dilepton invariant mass ¢ for which the
differential FBA vanishes is one of the most precise predictions in flavour physics with a theo-
retical uncertainty of order 5%. This well corresponds to the expected experimental sensitivity
of 4 — 6% at the proposed Super-B factories [15-17].

Also non-perturbative corrections scaling with 1/m2, 1/mj, or 1/m? [18-24] have to be
taken into account. Moreover, factorizable long-distance contributions away from the resonance
peaks are important; here using the Kriiger-Sehgal approach [25] avoids the problem of double-
counting.

In the high-¢? region, one encounters the breakdown of the heavy-mass expansion at the
endpoint; while the partonic contribution vanishes in the end-point, the 1/m? and 1/mj cor-
rections tend towards a non-zero value. In contrast to the endpoint region of the photon energy
spectrum in the B — X,y decay, no partial all-order resummation into a shape function is
possible here. However, for an integrated high-¢? spectrum an effective expansion is found in
inverse powers of mgt = my, X (1 —v/Smin) rather than m;,. The expansion converges less rapidly,
depending on the lower dilepton mass cut Syin [11]. Recently it was suggested [24] that the
large theoretical uncertainties can be reduced by normalizing the B — X £T¢~ decay rate to
the semileptonic B — X,/ decay rate with the same ¢? cut.

A hadronic invariant-mass cut is imposed in the present experiments (Babar: my < 1.8 GeV,
Belle: myx < 2.0GeV) in order to eliminate the background such as b — ¢(— setv)e v =
b — sete” + missing energy. The high-dilepton mass region is not affected by this cut, and in
the low-dilepton mass region the kinematics with a jet-like X, and m3 < mpAqep implies the
relevance of the shape function. A recent SCET analysis shows that using the universality of
jet and shape functions the 10 —30% reduction of the dilepton mass spectrum can be accurately
computed using the B — X,y shape function. Nevertheless effects of subleading shape functions
lead to an additional uncertainty of 5% [26,27].

Finally, as in the B — X,v case, there are unknown subleading nonperturbative corrections
of order O(asA/m;) which may be estimated by an additional uncertainty of order 5%.

Recently, further refinements were presented such as the NLO QED two-loop corrections
to the Wilson coefficients whose size is of order 2% [12]. Furthermore, it was shown that
in the QED one-loop corrections to matrix elements large collinear logarithms of the form
log(m3/ mlzepton) survive integration if only a restricted part of the dilepton mass spectrum is
considered. This adds another contribution of order +2% in the low-¢? region for B(B —
Xoutu~) [28]. For B(B — X,eTe™), in the current BaBar and Belle setups, the logarithm of
the lepton mass gets replaced by angular-cut parameters and the integrated branching ratio for
the electrons is expected to be close to that for the muons.

In the present manuscript, we calculate these corrections due to large collinear logarithms
also for the dilepton mass spectrum in the high-¢> window and for the FBA for the first time.
In the high-¢? region these corrections are much larger than in the low-¢? one; we already
anticipate that in the muon channel the former account for —8% of the rate while the latter
are only about +2%. We also update the theoretical prediction of the observables using several
improvements offered recently in the literature among which the two-loop matrix element of the
semileptonic operator Py and the 1/mj corrections are the most important to date. We present
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a new phenomenological analysis of the dilepton mass spectrum in the low- and high-¢? region
and of the FBA. In particular, a new approach to the zero of the FBA is proposed. Moreover,
we explore a strategy to reduce the uncertainties due to the 1/m;, corrections by normalizing
with the semileptonic B — X, /7 decay rate with the same ¢> cut, as was recently proposed
in the literature [24]. Finally, we derive model-independent formulae for non-SM values of the
high-scale Wilson coefficients.

The present manuscript is organised as follows. In Section 2] we present the master formulae
for the calculation of the observables; in particular we discuss the normalization of the branching
ratio and forward backward asymmetry and explain the details of the perturbative expansion.
In Section [B] we present the novel analytical results on the logarithmically enhanced QED
corrections to the forward backward asymmetry and to the decay width in the high-¢® region
and also discuss some nonperturbative subtleties. Furthermore, we analyse the relation of
the collinear logarithms and the experimental angular cuts. In Section ] we present the SM
predictions for the branching ratio and forward-backward asymmetry. In Section [ we draw
our conclusions.

2 Master formulae

In this section, we present master formulae for the various observables. We closely follow here
the notations of Ref. [28] in order to keep the paper compact. The new results are explicitly
derived in the next section.

2.1 Dilepton invariant mass spectrum

Following Ref. [28], the master formula for the B — X /"¢~ branching ratio reads

dB(B — X (™) _ _ ViV |2 4 @)
= B(B Xc ex Le -~ ) 3
e (B = Xeow |577| G o, )
where § = ¢*/mp pote- Pue(3) and @, are defined by
dl(B — X t07) GEmy e 1 .
T T VAl 2u), (@)
B G2 5
D(B = Xuer) = —- U2V, (5)

and we have @, = 1 + O(ag, Qem, A?/m3). The normalization with the measured semileptonic
decay rate minimizes the uncertainty due to the fifth power of my; the factor C,

Vub

cb

T(B — X.ev)

¢= ['(B— Xyev)

(6)

is used to avoid spurious uncertainties due to the b — X_.ev phase-space factor. This factor
can be determined from a global analysis of the semileptonic data [29]. The quantity ®y(s)/ P,
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can be expressed in terms of the low-scale Wilson coefficients and various functions of § that
arise from the matrix elements. The main formula reads

Dy(8)
Dy

= Y Re [C8 () C5™ () Hig(1, 3)] (7)

1<j

where C¢ (1) # Ci(p) only for @ = 7,8. The functions H;;(up, 8) are given in Eq. (116) of
Ref. [28] and can be expressed in terms of the coefficients M;* listed in Table 6 of Ref. [28], as
well as the building blocks Sgg, S77, S79, and Sig10 given in Egs. (112-115) of Ref. [28].

In the low-¢? region, there are only a few modifications compared to the analysis in Ref. [28]:
we update the parametric inputs, the influence of the c¢ resonances are taken into account and
the two-loop matrix element of the operator Py is given in a more precise way (see Eqgs. (48]
and (49) of the present paper). The combined effect of these improvements does not change
appreciably the central value for the branching ratio obtained in Ref. [28].

In the high-¢? region, there are several additional changes necessary besides the ones men-
tioned above. The electromagnetic contributions to the building blocks Sgg, S77, S79, and Sig19
are different and are presented here for the first time in Eqs. (@0) — (T). O(1/mj) corrections
are numerically relevant and explicitly given in Eqgs. (6) of Ref. [24]. Finally, the functions F7,
Fy, F7, FJ, FY, and F{ that appear in the coefficients M7 (listed in Table 6 of Ref. [28]) are
different Eln the high-¢? region and are known only numerically. They have been calculated in
Ref. [11]!

2.1.1 New normalization

The authors of Ref. [24] have shown that it is possible to drastically reduce the size of 1/mj and
1/mj power corrections to the integrated decay width, by normalizing it to the semileptonic
b — wu/lv rate integrated over the same ¢*-interval. This procedure will help reducing the
uncertainties induced by the large power corrections to the decay width integrated over the
high-s region. The new observable is defined as follows:

/1 s dl'(B — X +07)
S - 2 (1 3a A
R(So) _ 30 _ ds —4 ‘/ts‘/tb féi) ds (I)EZ(S) (8)
T dN(B° — X, fv) Vi, | (1 dsd,(3)
~ds B 50
S0

where ®y(35) was defined in Egs. [B) and (@) and the differential ®,,(s) is given by

dru G%‘VU5‘2m2p 1
- pole ¢ (5)
FE 19273 (%) 9)

Explicit expressions for the O(1, a4, 1/m2,1/m3) contributions to ®,(8) can be found in
Egs. (5,11) of Ref. [24]. The O(a?) correction to ®,(5) is given by a?X,(8) with X, defined
in Eq. (60) of Ref. [30]. We have not included electromagnetic corrections of order s in the

"Numerical expressions of these functions can be obtained from the authors upon request.
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normalization because they are not known. However, the effect of those effects in the conven-
tional approach where the fully integrated semileptonic decay rate is used as normalization is
less than 2.5%.

Note that in the definition of R we used only neutral semileptonic decays in order to reduce
the uncertainties coming from weak annihilation contributions (f2, fF, f2, fF); in fact, fol-
lowing the analysis of Ref. [31] one concludes that f0, fO, fF < f.F (for the definition of the f
variables we refer the reader to Ref. [24]).

Obviously, for the comparison of the theoretical ratio R with experiment, a separate mea-
surement of B® — X, /v and BT — X, (v with a high-¢? cut is necessary. These are quantities
with larger experimental uncertainties. However, they are not expected to negate the drastic
reduction of the theoretical uncertainty in the ratio R (see section 2] for numerical results).

2.2 Forward-backward asymmetry

In complete analogy to the formula for the branching ratio, one can derive also a formula that
expresses the FBA (see [32]) in terms of the low-scale Wilson coefficients and various building
blocks. Normalizing to the semileptonic B — X,ev decay width, we get

dArp(B — X 1(07) _ ViV |2 4 ®LPA(3)
= B X 5 —_— 1
FE B(B — X.eV)exp Vo C o, ) (10)
where ®5;B4(3) is defined by (2 = cos ;)
1 _
ET(B — X 0H)  GEmdoe . A
Jdesente) == = LIV, @A), (1)
CI)FBA f‘f T
o = X Re[C(m) O () Hij(m, 3)] - (12)
u i<j

Again, the functions H;;(up, 8) depend on the coefficients M;* listed in Table 6 of Ref. [28] and
on the building blocks S719 and Sgio:

> Re(M{AM]*) Sao+ AH;; when i = j
A=T7,9
Hij = 13
’ Z (MZ'AMjIO* + MZlOMJA*) SA10 + AHZ] 3 WheIl ’L 7&] . ( )
A=T7,9

where S710 and Sgig are given by

Sro = —6(1—38)° {1 +8a. |fro(3) + u“’} + ru™ +8 g [wiin) (8) + u™ frio(3)]
+16a2 [u® +4u® fr0(5)] }
8\ : Ao 9
—— 55— 6—F (1—145+9 14
7 8= 015 (1-14549%), (14)



Sop = —38(1 =82 {1+8a [foro(8) +uD] + kul™ + 8 acr [wiy’ () + ul™ foro(3)]

+16a2 [u® + 4u® fo0(3)] }
AN 12\
- 21 8% + 22 8% (4 —38) . (15)

my my

The functions fi10(S) (i = 7,9) can be found in Egs. (15-17) of Ref. [9]. The functions wi(;m)
represent the electromagnetic corrections to the matrix elements which are calculated for the
first time in the present paper (see Eqs. (B2H38)). The Syp also include non-perturbative
O(1/m}) corrections from Refs [19,22]. Contrary to the expression for the branching ratio the
quantity A, which is related to the kinetic energy of the b-quark, does not drop out here. The
quantities

AHij = bij + Cij —+ eij (16)

have the same meaning as in Eq. (117) of Ref. [28]. They need to be included only for ¢ = 1, 2.
The additional In(m}/m3?)-enhanced electromagnetic corrections e;; for the FBA read

o = —243(1—8)% @K% Wi (8)

€110 = %6210~ (17)

The function w3’ (3) is again new (see Eq. (34)), while the O(A{cp/m?) non-perturbative
contributions were calculated in Ref. [21]

A
Co10 = +52s/<63—7;2(1 — 5)*(1+35) F(r),

Cililo = —% €210 (18)
where r = 1/y. = s/(4m?) and the function F(r) is listed for example in appendix A of
Ref. [28]. The finite bremsstrahlung contributions b;; were calculated in Ref. [13]. We do not
present these corrections here but do include them in the numerical analysis.

2.3 Normalization of the FBA

First of all, let us recall that the zero of the FBA is not an independent theoretical quantity,
thus, it should not be separately expanded in ag, but its dependence on «y is fixed by the
expansion of the FBA itself.

As discussed in section 2, the normalization of the FBA by the semileptonic decay rate or by
the B — X £*¢~ decay rate is important in order to cancel the overall factor M pole- Moreover,
the elimination of renormalon ambiguities requires the analytical conversion to a short-distance
mass and the expansion in «; (see next subsection). If we extract the zero of the FBA without
using any normalization, the conversion and the expansion of the overall mj . factor induces
a large dependence on the scheme we choose for the short distance b mass. In fact, we find
a —11% (+5%) shift in switching from the 1S scheme to the MS (pole) one. This large my,
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scheme dependence can be eliminated only by the complete overall o, expansion of numerator
and denominator by which all conversion factors cancel.

Moreover, it is well-known that the perturbative expansion of the B — X /T ¢~ differential
decay rate is not well-behaved and it should not be used as normalization in order not to
propagate the corresponding uncertainty into the numerator. It is not surprising that also this
procedure leads to a large m; scheme dependence of the zero: we find a shift of —12% when
one compares the 1S to the MS scheme.

It is clear, that on theory side we should choose the optimal method to predict the FBA and
its zero, in particular we should aim for stable, well-converging perturbative expansions which
keep the theoretical errors small. The considerations above led us to propose the following
double ratio

Dy(8)
Dy

dApp(B — X 0107) [dB(B — X 07) FBA(3)

[ ds ) ds ) ==

/1

I (19)

where the quantities are defined in Eqgs. ([B) and (I0). It is understood that each of the ratios
in brackets gets fully expanded in ag, but no overall expansion is done. Note that each of
the two terms multiplied by the experimental semileptonic branching ratio corresponds to an
observable.

This represents the optimal quantity to fix the FBA and also its zero for several reasons.
The experiments will measure the integrated FBA in two or more bins by constructing AN/N
were N is the total number of events and AN is the asymmetry between the events in the
forward and backward region in either of the bins. Our proposed procedure directly gives the
corresponding quantity for the integrated asymmetries, while the ®, dependence drops out if
we expand the perturbative series sufficiently high. Also the m; scheme dependence of the zero
turns out to be minimal; as we will show in the next section, it is around 1% when we compare
1S, MS and pole schemes.

This discussion shows that the estimation of the perturbative error of the zero via the
comparison of different normalisations as done in [12] is questionable because the various nor-
malizations are ambiguous and the problem of the large scheme dependence of the b quark
mass should be addressed. As we will discuss in section 5] the standard analysis of the scale
dependence offers a better guidance to the understanding of the perturbative errors in our
predictions.

2.4 Perturbative expansion

Some remarks about the perturbative expansion are in order: Large logarithms of the form
ag log(my/My) have to be resummed at a given order in perturbation theory using renor-
malization group techniques. In the case of b — s¢*¢~, the first large logarithm of the form
log(my,/Myy) arises already without gluons. Moreover, the amplitude of b — s¢*¢~ is propor-
tional to . So naturally we have an expansion in ag and in kK = @, /s while resumming all
powers of aglog(m,/My ). The Leading Order (LO) are of order k, NLO are proportional ko,
NNLO are proportional ka?.



It is well-known that this naive «g expansion is problematic, since the formally-leading
O(1/as) term in Cy is accidentally small and much closer in size to an O(1) term. In addition
the NLO terms are enhanced by a factor of m?/(M2, sin® fy). Therefore, also specific higher
order terms in the general k"' expansion are numerically important.

The b — s~ decay amplitude has the following structure (up to an overall factor of Gr):

A = K [ALO + oy Ayro + Ozg AnnNro + O(Ozi’)}
+152 JATS + s AVpo + 02 Ao + 0(ad)] + O(x°) | (20)

with Ao ~ as Anvro and AYp ~ as ANLo. All these terms are included in the numerical
analysis in a complete manner, together with the appropriate bremsstrahlung corrections, while
also the term Anyro is practically complete due to the calculations in Refs. [5-14]. The
only missing parts originate from the unknown two-loop matrix elements of the QCD-penguin
operators whose Wilson coefficients are very small.

Among the contributions to A¥} o, We include only the terms which are either enhanced
by an additional factor of m2?/(M2, sin® fy,) (with respect to A ,) [12] or contribute to the
In(m/m3)-enhanced terms at the decay width level. As discussed above, the latter terms
were calculated in Ref. [28] for the dilepton mass spectrum in the low-¢? region, while the
corresponding terms for the high-¢? region and the FBA are calculated for the first time in the
present paper.

The perturbative expansion of the ratio ®4($)/®, has a similar structure to that of the
squared amplitude (up to bremsstrahlung corrections and nonperturbative corrections)

A2 = R&2[A3o+ 0. 2400 ANzo + 0 (Akro + 240 ANNLo)
+al 2(AnoAnnio + ) + O(al))]
+ K [240A50 + s 2 Ay 10 ATS + Ao AT o)
+a2 2(AypoAN o T AvnioATo + Ao AN Lo)
+a) 2(AypoANNLo + AvnroANLo + ) + 0(0‘3)]
+ O(kY). (21)

We assume that all products in Eq. () are expanded in oy and x. Regarding QCD, a strict
NNLO calculation of ®.(8)/®, should only include terms up to order x?a?. In the numerical
calculation of ®4(8)/®,, however, we include all the terms that are written explicitly in Eq. (2T]).
The term AnroAnnzo of order k2a3 is formally a NNNLO term, but numerically important.
Within the electromagnetic corrections the same is true for the term AY}oAnnLoO-

The dots in Eq. (2I]) stand for the unknown terms ApoAnvynro and AT AnnnLo and, con-
sequently, can safely be neglected due to Aro ~ asAnro, AT ~ as AV o, and asAnynro <
Annro. So our calculations almost reach the formal NNNLO QCD accuracy. Those terms be-
yond the formal NNLO level which are proportional to |C|? and |Cg|? are scheme independent.

In the following we will therefore call the accuracy of our calculations improved NNLO which
in fact is very similar to the scheme proposed in Ref. [6] and used in many previous analyses of
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the b — s¢T¢~ observables. In these works the formally-leading, but accidentally small O(1/c)
term in Cy is treated as O(1) and absorbed into the NLO coefficient: as consequence the two-
loop matrix element of Py and the three-loop mixing of the four-quark operators into Py are
left out even though they are formally NNLO terms. This is the main difference between the
NNLO scheme proposed in Ref. [6] and the improved NNLO used in the present manuscript.

Finally let us comment on the mass schemes that we use: The pole mass of the b quark
appears explicitly in the calculation of the matrix elements (5 = s/mj ) and in several
loop functions. Unfortunately, the precise determination of the numerical value of mg,pole is
hindered by renormalon ambiguities that appear in the relation between any short distance
mass definition (e.g. MS, 1S, kinetic schemes) and the pole one. We eliminate these renormalon
uncertainties utilizing the Upsilon expansion described in Refs. [33,34]. Every occurrence of
the pole mass is converted analytically to the 1.S5-mass before any numerical evaluation of the
branching ratio is performed. In our analysis we use the conversion formula up to order o [34].
We follow a similar approach for the treatment of the charm pole mass that appears in the
calculation of some matrix elements. We adopt the MS charm mass as input and expand the
pole mass at order o using the formulae presented in Ref. [34]. For what concerns the top mass,
we take the pole mass as input and convert it to the MS scheme at order o®. The perturbative
expansion of the FBA proceeds along the same lines.

3 Analytical results

In this section, we calculate the electromagnetic corrections to the matrix elements for the
FBA in the low- and high-¢? region and for the dilepton mass spectrum in the high-¢? region.
Moreover, we present a more precise fixing of the two-loop matrix elements of the Py operator.
Finally, we make some remarks on some non—perturbative subtleties.

3.1 Log-enhanced corrections to the FBA, low- and high-¢? region

First we derive the basic formulae to obtain the expressions for the In(m?/m?)-enhanced correc-
tions to the FBA, where we shall focus here on the un-normalized asymmetr corresponding
to the LHS of Eq. (II]). We follow closely the notation of Section 5 of Ref. [28].

It was shown in the Appendix of Ref. [19] that the angular FBA with respect to 6, the
angle in the dilepton c.m.s. between the directions of the momenta of the decaying B and the
positively charged lepton, is equivalent to the energy asymmetry between the two leptons in the
rest-frame of the decaying B. Events in which cos#, > 0 in the dilepton c.m.s. correspond to
events in which E_ > E, measured in the B-meson restframe, where E. denotes the /*-energy.
Sticking to the latter frame and defining the scaled energies

2K
Y+ = = ) (22)
my

In this subsection we suppress the normalization factor, thus, the symbol App denotes the un-normalized

FBA, see Eqgs. (23), (217), and @I)).
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we can write the fully differential FBA as
dApp = PF ds dy. dy_ 6(1+ 53—y, —y-) | AP sgn(y- — ys), (23)

with the pre-factor

Gimy| Vi Via?
3273

We are mainly interested in In(mZ/m?)-enhanced electromagnetic corrections. They are derived

by means of the splitting function and we shall adopt the kinematics from Figure 2 of Ref. [28].

In the collinear limit the fully differential FBA reads

PF = (24)

dAFB con = PF dx dsdy, dy- 6(1+35—yy —y-) fy(m)(x) |A‘2 sen(y— — y+) - (25)

We shall only retain the In(m?/m3?)-enhanced part of fv(m), which then becomes independent of

E,
£ (2) = 4@8M ln(mb) . (26)

v my
In the squared amplitude in Eq. (25) we keep only those terms that are relevant for the FBA,
i. e. all terms that do not drop out upon integration over the sign-function,

AP = 2Re[C1oCy + @k Cro(Ca + Cr C1) f3(3)] (Pro)isee( Po)icee
+2 Re[CloC'?] <P10>tree<P7>tree . (27)

As in the case of the decay width we must consider the difference

dA%mB),COII,Q . dA%mB),COII,S (28)
ds ds ’

where we stay differential in the double and in the triple invariant, respectively. At this point
more care is required compared to the calculation of the decay width. Due to the emergence
of the sign-function in Eq. (25) we must distinguish between photon-emission from the ¢ and
from the ¢~ in case of the double invariant. In the former case we have to stay differential in
§ = (Tp; + p2)?/mi, in the latter in § = (p; + Tpe)?/m3. Also the y. change accordingly. We
therefore have

:E+5

JAm 15 8 v
FB;Z—GW = 4+PF /dx /dyi+ /dx/dyi— /dx /dyi
o 0 3/z 1-v3 §/z s

1+cc

X fasm;(x) (29)

\«4\2|

§—38/%; yz—l-y++3/T

The two expressions corresponding to upper and lower sign should be equal due to the antisym-
metry of \A\Q in y, <> y_. The case of the triple invariant is simpler since we stay differential
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in § = (p1 + p2)?/mi, namely

AT s Pl
0 ] 1+s
2

where the expression for the upper and lower sign should again be equal due to the antisymmetry
of | A]>. We finally have to combine the expressions according to Eq. (28).
The corrections to the unnormalized FBA read

dA.AFB G%mg’
ds 4873

GZmp
= —E Ny, ViR — §)25zsm{ — 48 l&sn Re [C7CYy] w%’gl)(é)}

ViVi[? ADLEA(S)

4873

~24 [Re [CoC) wiin)(3) + Gak Re [(Cy + CrCy)Cry wi5e ()] H . (31)

with
2 i A A A ~ ~ ~
ey o (T 7-16V5+95 (1 Ay 4 L35, 1+V5)  §Ins
wrig (8) n<m§> EENED +In(1 —V3) + T o 5 9|
(32)
om) / ~ m2\ [ 5—16V5+1135 _
wip'(3) = In (ﬁ) B +In(1 — V%)
1-58 (1++v3\ (1-335) Ins
1 _
B ( 2 ) -9 |- (33)
2 A I/ A
(em) oy _ m, Xr(8) +iXz(8)]| | 8 (em),. 1y
wa1p (8) = In (@) [— 245 (1= 3) +§W910 (8) In 5Gev ) (34)

The functions w'Ta’(3) and w{(§) are known in the entire ¢2-region, whereas the function

wé%l)(é) was obtained by a least squares fit. The function Y-, valid in the low-s-region, reads

Y7(8) = —0.259023 — 28.424 § + 205.533 8% — 603.219 §° + 722.031 §* (35)
YI(8) = [~12.20658 — 215.8208 (8 — a) +412.1207 (8 — a)?] (§ — a)*0(5 —a) ,  (36)

with a = (4m?/m?)?. In the high-3-region the function ¥; reads (§ = 1 — 3)

Y7(8) = 77.02566% — 264.705 6% + 595.814 6* — 610.16376° , (37)
»I(3) = 135.858 6% — 618.990 5% + 1325.040 6* — 1277.1705° . (38)

The polynomials in the high-s-region were obtained such as to have a double zero at § = 1.
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3.2 Log-enhanced corrections to the BR, high-¢*> region

The log-enhanced corrections to the differential decay width given in Eq. () read

dAT Gimj

ds 4873 Vo Vi P (1 — 8)%as {8(1+25)l‘09\2w99 (8) + | Crol? w550 (5)

+Oésl£ Re [(CQ + C’pC’l)C w;;m ( )} + Oé I<L (CQ + Cpcl) w22 )(§)‘|
+96 [asm Re [C7C3] wis™ (3) + a2k? Re [(Co + CrC1)Cs wif™ (3)] 1

8 em
+8 (44 2)alk® |Crf? wif (s)} . (39)
Exact analytical expressions are known for the functions w(™(8), wiS(3), w2 (), and
w%m)(é) (see Egs. (94) and (100) — (102) of Ref. [28]). Therefore, they hold in the entire
¢*-region, while the other w- functions are obtained by a least-squares fit in the high-¢?-region
(for fixed values of my, and m,):

(em) + i34(3) (em ( )
g 4
Wy (8) < ) lg 1+ 23) 1010( )1 5CeV (40)
(em) o E4(3) 1 ( Hb >
wer (8) = ( ) [8 1—3 1+2s) oM —s20 125 "\5Gev
o1 i v (56
- In 41
+ 31 u11010( ) 5GoV ) (41)
2 I
(em) = 1] % 26()+ZZ() § (em) / o ] < b ) 49
C()27 (S> n (m%> [ 96(1 o S) + 9 C()79 (8) n 5G6V Y ( )
with the functions Y;, valid in the high-§-region (§ =1 — 3):
Y4(8) = —148.061 6% +492.539 5 — 1163.847 6* + 1189.528 5 , (43)
YI(8) = —261.2878% + 1170.856 6* — 2546.948 §* + 2540.023 6° (44)
Y5(8) = —221.9046% +900.822 5 — 2031.620 6* + 1984.303 6° , (45)
Y6(8) = —298.730 8% + 828.0675 6% — 2217.6355 6* + 2241.792 5° (46)
YE(8) = —528.759 8% + 2095.723 6% — 4681.843 6* + 5036.677 6° . (47)

The fits are excellent for § > 0.65. Again, the polynomials were obtained such as to have
double zero at § = 1.

Q

3.3 Two-loop matrixelement of F,

In Ref. [12], an estimate of the two-loop (NNLO) matrix element of the operator Py — denoted

wég)(é) in Eq. (74) of Ref. [28] — was presented which was neglected in all previous analyses. The
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estimate is based on the fact that the QCD corrections to b — s¢™¢~ are identical to those of
b — ulv (t — blv), in the limit of vanishing strange (bottom) quark mass. However, the specific
two-loop calculation of the b — wlv decay was available as an expansion in (1 — §) [35], while
the two-loop contribution of the top quark decay was only known as an expansion of M3, /m?
(which translates into an expansion in ¢*/m? for b — sff) up to the second order based on
Pade approximation methods [36]. In the meanwhile, the QCD corrections to b — ulv are also
known as an expansion in § [30,37].

Thus, in the low-§ region we approximate the function wé? by the in § = w expanded results

w3 (8) = Xa(w = 8)/ Xo(w = 8) (48)

where X5(w) is given in Eq. (60) of Ref. [30] and Xy(w) in Eq. (2) of Ref [37].

Analogously, in the high-§ region we approximate the function wég) by the in (1 —38) =46
expanded results of X5(d =1 —3§) and Xo(6d = 1 — §) as given in Eq. (2) and (3) of Ref. [35].
Note that the normalization of the X; differs by a factor of 2 in Ref. [35] and Refs. [30,37] B

3.4 Some nonperturbative subleties

For a detailed discussion of nonperturbative corrections we refer the reader to Section 5 of
Ref. [11]. Here we add few remarks on some specific issues.

The long-distance corrections related to the c¢ intermediate states originate from the non-
perturbative interactions of the c¢¢ pair in the process B — X cé — X +¢~. If the dilepton
invariant mass is near the first two JX¢ = 177 ¢ resonances (U and ¥’), this effect is very
large and shows up as a peak in the dilepton mass spectrum which can easily be eliminated by
suitable kinematical cuts. More delicate is the estimate of such long-distance effects away from
the resonance peaks in the perturbative windows.

Within the KS-approach [25], one reabsorbs charm rescattering effects into the matrix
element of Py; the effects of b — c¢¢s operators is estimated by means of experimen-
tal data on o(ete” — c¢¢ hadrons) using a dispersion relation. To be more specific, the
function h(z,s) appearing in Eq. (A.5) of Ref. [11] (which corresponds to the expression
9(y.) + 8/91og(my/m.) — 4/9 in Eq. (72) of Ref. [28]) is replaced by (z = m2/m3)

. 8
h(z,8) — h(z,0) + 3P . e ﬁ 3Rhad( 3), (49)
where Ri¢,(3) = o(e*e” — c¢)/o(eTe” — prp~). This method is exact only in the limit in
which the B — X,c¢ transition can be factorized into the product of 5b and éc colour-singlet
currents. It is possible to take into account non-factorizable effects and reproduce the correct
hadronic branching ratios by multiplying R{¢, by a purely phenomenological factor k = 2.6.
However, a model-independent way to estimate the non-factorizable c¢ long-distance effects far
from the resonance region exists by means of an expansion in inverse powers of the charm-
quark mass [20,21]. Having included those 1/m, corrections, an ‘inflation’ of the factorizable

SThere is a typo in Eq. (4) of Ref. [35]: the powers of the last four ¢’s have to be increased by 1 each.
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KS-corrections using the phenomenological factor x would lead to a double-counting. The
numerical impact of the KS contribution to the integrated rate in the low- and high-s regions
is about +2% and —10%, respectively.

In Section 5 of Ref. [11], another large nonperturbative error for the high-¢* region was
located in the linear 1/my corrections. The physical observables defined in terms of a ¢*-cut
are sensitive to a 1/m, term via the the uncertainty on the value of my 0. 0Or equivalently via
the relation of the pole mass and the hadron mass

Mp = my(1 + A/my + O(1/m2)). (50)

Choosing as reference cut the value $.,;, = 0.6, the integrated normalized dilepton mass spec-
trum defined in terms of ¢, can be written as

Rl = [, a8 X00)
min q2>q2 F(B RN Xcey>

min

R R ’ !
= {1-62(Mmin _g dmin _ d 1
6 <m§ 06>+O (mg 06) x | ds R(s),  (51)

~TA—L (52)

which implies

Using the pole mass scheme with dm;, = 0.1 GeV, this leads to a ~ 15% error on R.,;. However,
this error gets now significantly reduced in our updated analysis using the kinematical 1S scheme
for the m; mass.

3.5 Collinear logarithm in the ee and pu final state

After inclusion of the NLO QED matrix elements the electron and muon channels receive
different contributions due to terms involving In(m?/m3). As already pointed out in Ref. [28],
the presence of this logarithm is strictly related to the definition of the dilepton invariant mass.
The collinear logarithm In(m?/m?) disappears if all photons emitted by the final state on-shell
leptons are included in the definition of ¢*: (ps, + pe,)* — (pe, + pes + py)?. If none of these
photons was included in the definition of ¢? —i. e. if a perfect separation of leptons and collinear
photons was possible experimentally — then our expressions containing In(m3/m?) were directly
applicable. This is the case for muons since the separation of muons and collinear photons is
practically perfect [44]. For electrons with the current Babar and Belle setups the lepton mass
gets replaced by an effective mass parameter A which is found to be of the same order as m,,.
Hence our numerical results in section [ for muonic final states should be applied also to the
case of electronic final states in the present Babar and Belle setups. All results in section [
for the electron channel are given under the assumptions of perfect separation of electrons and
collinear photons. We refer the reader to section 6 of Ref. [28] for more details.
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as(M.) = 0.1189 £ 0.0010 [38] me = 0.51099892 MeV

(M) = 1/127.918 m,, = 105.658369 MeV

%, = sin’ Oy = 0.2312 m, = 1.77699 GeV

[VisVin/Ves|? = 0.962 4 0.002 [39) me(me) = (1.224 £ 0.017 + 0.054) GeV [40]
|VisVin/ Vap|? = (1.28 £ 0.12) x 10% [39] mp® = (4.68 £ 0.03) GeV [29]

BR(B — Xoe0)exp = 0.1061 = 0.0017 [41] | mypore = (170.9 & 1.8) GeV [42]

My = 91.1876 GeV mp = 5.2794 GeV

My, = 80.426 GeV C' = 0.58 +0.01 [29]

AT = (0.12 4 0.02) GeV? p1 = (0.06 & 0.06) GeV? [29]
M = (—0.243 £ 0.055) GeV? [40] fO+ fo = (0£0.2) GeV? [24]
fO— £, = (040.04) GeV?® [24] fF=(0£04) GeV? [24]

Table 1: Numerical inputs that we use in the phenomenological analysis. Unless explicitly

specified, they are taken from PDG 2004 [43].

4 Numerical results

The numerical inputs that we adopt are summarized in Table [Il.

4.1 Branching ratio in the high-¢> region

For the branching ratio integrated over the region ¢ > 14.4 GeV? we find:

Bt = 2401077 (14 [*8%] +[*658]  +0.02m, + [F005] | +0.05,, + [F6500]

+£0.002cku % 0.02k,, % 0.05y, £ 0.19,, & 0.147, £ 0.02;,)
= 240 x 1077 (1702 |
BUEN = 209 % 1077 (1 + [£583] Wt [*558] 0020, + [tg;gggg}m +0.05,, + |
+0.002ckar £ 0.025g,, % 0.05,, % 0.22,, %+ 0.16;, £ 0.02;, )
= 2.09 x 1077 (17032 .
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Figure 1: The log-enhanced part of (1 — §)2(1 + 28) wie™(3), see Eq. (94) of Ref. [28]. This
function integrates to zero, but gives contributions of opposite sign to the low-s and high-$§
branching ratio, respectively (shaded areas). The moduli of the absolute shifts are of comparable
size. However, the relative effect is much larger in the high-$§ compared to the low-§ region due
to the steep decrease of the differential decay width at large s.

The scale uncertainty has been estimated by varying the matching scale py and the low-energy
scale u, by factors of 2 around their central values (120 and 5 GeV, respectively). In our
approach we normalized the b — s¢¢ decay width to the semileptonic rate averaged over neutral
and charged B mesons; hence, we average f0 and f*. From the values quoted in Table [ we
obtain: f, = 04+ 0.2 and f, = 0 £ 0.1. The other parametric uncertainties are obtained by
varying the inputs within the errors given in Table [ We assume the errors on C and m,
to be fully correlated. The total error is obtained by adding the individual uncertainties in
quadrature. We note that here and in the following all errors are parametric and perturbative
uncertainties only and that subleading nonperturbative corrections of order O(asA/my) will
give an additional uncertainty.

Log—enhanced QED bremsstrahlung corrections shift the central value by about —8% and
—20% for the muonic and the electronic final state, respectively. These relative shifts are much
larger than the corresponding ones in the low-¢? region. In fact, these corrections vanish when
integrated over the whole dilepton invariant mass spectrum, but are relevant if one is restricted
to certain regions in phase space. One observes that the absolute shifts in the central values
of the branching ratio are of similar size but of opposite sign in the low-¢?> compared to the
high-¢? region, namely for the muonic final state +3 x 107® and —2 x 10~® respectively. But
since the differential decay width decreases steeply at large ¢2, the relative effect is much more
pronounced in the high-¢? compared to the low-¢? region. See also Fig. [l for illustration.
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4.2 Ratio R(so)

The numerical results we obtain for the ratio R(sg) discussed in Section 2. 1.1l are for sg = 14.4
GeV?:
R(so)ps" = 2.29 X 10—3(1 + 0.044ca1e & 0.02,,, £ 0.01¢,,, & 0.006,,,, + 0.005,, + 0.09ckm
+0.0035, £ 0.05,, & 0.030, s, + 0.05f3_f5)
= 229 x107*(1£0.13), (55)
R(so)lish = 1.94 x 10-3(1 + 0.064ca1e & 0.02,,, £ 0.02¢,,,,, & 0.004,,, + 0.006,,, + 0.09ckm
+0.01y, £ 0.09,, +0.0579. 7, +0.057_,)
= 1.94 x 107*(140.16) . (56)

Note that uncertainties from poorly known O(1/mj) power corrections are now under control;
the largest source of error is V.

4.3 Branching ratio in the low-¢? region

For the branching ratio integrated in the range 1 GeV? < m2, < 6 GeV? it was found in Ref. [28]:

By = [1.59%0.08cate & 0.06,, & 0.024¢, £ 0.015,,,

+0.024, (1) * 0.0150k0 % 0.026pp,, | x 107° = (1.59 £0.11) x 10°°, (57)
Bie = [1.6440.08ucaic & 0.06,, £ 0.025¢,,, % 0.015,,

+0.024, (a1, * 0.0150xk0 % 0.026p, | x 107° = (1.64 £0.11) x 10°° . (58)

We note that we find for B, a +1.8% shift of the central value due to the KS-corrections which
were discussed in Section 3.4 and which were not included in the previous analysis. Moreover,
the update of the input parameters (CKM, my, a;) leads to a —3.1% shift; thus, we end up to an
overall change of —1.3% within our new phenomenolgical analysis compared with the previous
one in Ref. [28]. The total error, being from parametric and perturbative uncertainties only,
remains unchanged.

4.4 Integrated FBA in low-s region

By the end of the current B factories the fully differential FBA will not be accessible experi-
mentally, contrary to the integral over one or more bins in the low-¢? region. However, these
integrals can already serve of gain important information on the shape of the FBA and to
constrain the parameter space of new physics models (see for instance [45]). We now give the
results for the integrated FBA based on Eq. ([9). We subdivide the low-$ region into the two
bins s € [1,3.5] GeV? and s € [3.5,6] GeV?, which we will call bin 1 and bin 2, respectivelyﬁ].

TPredictions for different bins can be produced upon request.
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We then integrate the numerator of the double ratio, Eq. ([I0), over the respective bin, and
divide the result by the denominator of the double ratio, Eq. (B]) integrated over the same bin,
i. e. we first integrate FBA and branching ratio separately and subsequently divide the two
numbers. Our results read:

(ALP). = [ =909+ 0.83ue £ 0.03,, & 0245, ¢ +0.20,,, +0.18, (ar,) £0.02y, | %
= | —9.09+091]%, (59)
(AEP) = | = 8144 0.80ue £ 0.03,, +0.23,, 0 % 0.19,,, & 0180, (a1 £ 0.02, | %
= [ -8144087|%, (60)
(AR2). = [ 78040550 + 0.02, £ 0.3Ly, ¢ % 0.3y, & 0.164,(nr,) & 0205, | %
— [ +780+0.76|%, (61)
(ALP) = [ +8.27 4 047uue & 0.020, % 030, ¢+ 0.33,,, +0.15,,(ar,) £ 0.19y, | %
= [ +827£069]%. (62)

The total error is obtained by adding the individual ones in quadrature. For the entire low-§
region, we get

(L), = [~ 150 £ 0.78 s £ 0.02,, £ 029, £ 0.27,, % 018,01, £ 0105, ] %

— '—1.5010.90}%, (63)
(A7), = | = 0.86+0.73me £ 001, + 0.28,,, 0+ 0.26, %+ 0.18,, (s, + 0.10x, | %

— '—0.8610.85} % . (64)

The relative errors in the respective bins are considerably smaller than for the entire low-3s
region since the respective values in each bin are similar in size and of opposite sign.

4.5 Analysis of the zero of the FBA

The basic formula for the extraction of the zero is Eq. (I9)). We expand the two ratios separately
in ag, k, A\ and A9, and keep all the terms as specified in section 2.4l It is understood that also
the conversion of the mass scheme for the botton, the charm and the top quark is performed
in the way described there. The results for ¢2, the zero of the FBA in the low-s region, are

(@) =350 £ 0.105caic & 0.002,, £ 0.04,,, ¢

+0.05,,, + 0.034,(ar,) £ 0.001,, £0.01,, } GeV? = (3.50 +0.12) GeV? |
(65)
(45)ee

[3.38 4 0.09cate £ 0.002,, %+ 0.04,, ¢

+0.04,,, £ 0.03,, (a1, £ 0.002y, & 0.01,, } GeV? = (3.38 £ 0.11) GeV?.
(66)
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1S MS pole

1| 350 347 3.52

e | 3.38 3.34 341

Table 2: Dependence of the zero of the FBA on the b quark mass scheme. The input values
are (M) = 4.205 GeV [46] and my pole = 4.8 GeV.

The central values are obtained for the matching scale pg = 120 GeV and the low-energy scale
upy = 5 GeV. The uncertainty from missing higher order perturbative corrections have been
estimated by increasing and decreasing the scales g and p by factors of 2. Uncertainties
induced by my, my, m., C, as(Mz), Ay and Ay are obtained by varying the various inputs
within the errors given in Table [Il. We assume the errors on C and m, to be fully correlated.
The total errors are again obtained by adding the individual ones in quadrature. In order to
show the stability of the zero under change of the b quark mass scheme we collect in Table
the results we obtained in the 1S, MS and pole schemes.

The total errors are 3.4% and 3.3% respectively and therefore quite small. It is often argued
that especially the small 1 dependence at the zero is an accident and should be increased by
hand. We argue in the following that the small ;1 dependence is a reasonable reflection of the
perturbative error.

One test of our estimation of the perturbative error on the zero consists in comparing the
central values and p;, dependences of lower—order predictions. The comparison between the
NNLO+QED, NNLO and NLO extraction of the zero reads (here we consider only the muon
channel and quote only the scale uncertainty):

(3.50 £0.10) GeV? NNLO + QED
@ = {(3.45+0.11) GeV? NNLO (67)
(3.1140.39) GeV®> NLO

In Fig. Bl we plot the p;, dependence of the FBA in the low-¢* region and compare NNLO
and NLO QCD results. Here we note that the scale uncertainty is maximal at ¢> ~ 1 GeV?,
decreases smoothly at larger ¢> and almost vanishes at the edge of the low-¢? region. Moreover,
the band between the two solid lines, representing the scale uncertainty of the NNLO FBA, lies
to a large extent within the shaded area of the NLO scale uncertainty. The same holds true if
we compared NNLO+QED vs. NLO QCD results.

In Fig. B we show the entire — parametric and perturbative — error band of the full
NNLO+QED asymmetry over the whole low-s region. The plot shows that the perturbative
expansion converges nicely everywhere in the low-¢? region.

The numerical results of Eq. (7)) and the plots therefore suggest that the variation of the
scale u;, properly describes the size of the missing perturbative corrections.

As already stressed before, the errors considered here are parametric and perturbative ones
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Figure 2: p,-dependence of the forward backward asymmetry for the muonic final state. The
lines are the NNLO QCD result; the dashed line corresponds to u, = 5 GeV, and the solid
lines to pp = 2.5,10 GeV. The shaded area is the region spanned by the NLO asymmetry for
2.5 GeV <y < 10 GeV.

only; and unknown subleading nonperturbative corrections of order O(a;A/m;) may give an
additional uncertainty of order 5%.

4.6 New-physics formulae

Here, we present numerical formulae for the various observables for non-SM values of the high-
scale Wilson coefficients of the operators Pr, Py, Py and Piy:

B = [ 2.399 — 0.002576 Z(6Ryo) — 0.01277 Z(6R;) + 0.0002656 Z (5 R76 R)
+0.0004108 Z(§R;6 RE) 4 0.002027 Z(6Rs) — 0.00003375 Z(5 R0 RY,)
+0.001676 Z(§RgdRyy) + 0.1079 Z(0Ry) + 3.022 R(SRyp) + 0.001146 R(SR10d R%)
+0.0001236 R(§R106Ry) — 0.0173 R(GR100R;) — 0.1312 R(6R7) — 0.0143 R(S Ry)
+0.0008111 R(S§RgdR%) 4 0.9375 R(SRy) — 0.0568 R(JRyIR})
—0.006099 R(IRgdRS) + 1.558 |0 Ryo|* 4 0.003436 |6 R7|* + 0.00004162 |5 Rs|?
+0.2231 [0Ry|* | x 1077, (68)

Bhish - — [ 2.085 — 0.002576 Z(6Ryo) — 0.011 Z(6R7) + 0.0002656 Z(6 R76 Ry)
+0.0004108 Z(6 R76 R;) + 0.002162 Z(6 Rg) — 0.00003375 Z(SRsS R},)
+0.001676 Z(0 RgdRg) + 0.09845 (6 Ry) + 2.73 R(IR1g) + 0.001146 R(SR106 R}
+0.0001236 R(6R100RE) — 0.0173 R(S R0 R;) — 0.1119 R(SR7) — 0.01279 R(SRy)
+0.0006912 R(S§ RO R:) + 0.8243 R(SRy) — 0.04872 R(S RS R}

21



NNLO + QED
0.15;””“““““““w‘www\\H/i

010" g
0.05 &

da/dg® S

— 0.00 [ -
dB/dq -o.osi\\ 2

-010F Y 4

~0.15¢ e

Figure 3: The full NNLO+QED asymmetry (dashed line) and the total — parametric and
perturbative — error band (shaded area).

—0.005478 R(6Rgd Ry) + 1.411 |6 R1p|* 4 0.002655 |6 R7|* + 0.00003702 |6 Rs|?

+0.2016 [0Rs|* | x 1077, (69)
where
S (o) 540 (o)
1+ (5R7,8 = 76— and 1+ 5R9710 = — ke, (70)
CE M (1) CSh0™ (o)

and we refer the reader to the definition of the Wilson coeflicients given in Ref. [28].
The analogous formulae for the integrated forward backward asymmetry in bin 1 and bin 2
are (we give separately the FBA from Eq. (I0), AZ P, and the normalizing branching ratio from

(T
Eq. (BD, Buu)3

(A57), = | —T.877 = 0.84 (§R1o) + 0.1901 Z(5Rs) + 0.1901 Z(SRs6 ;)
+0.02323 Z(0Ry) — 8.136 R(0R10) + 0.02323 Z(6 Ry) R(6 Rqo)
—6.114 R(SR100R%) — 0.6183 R(§R100 R:) + 5.048 R(SR100 Ry)
—5.942 R(5R;7) — 0.6059 R(6Rs) + 4.947 R(6Ro) — 0.02323 T(6Ry0) R(5Ry)

+0.01569 R(§Ro0 ;) — 0.08693 [ Ryo|* — 0.0128 |0R,[* | x 1075, (71)

(Bu)pimy = | 8653+ 0.07321 Z(6Ry) + 0.0167 Z(5Rz0RS) + 0.002753 T(0R-0Ry)
—0.003923 Z(6 Rg) + 0.01471 Z(§ RS R%) — 0.03578 Z(5Ry) + 10.62 R (S Ry)
+0.008387 R(6 R1o0 R:) + 0.001049 R(SR100 RE) — 0.05413 R(SR106 R3)
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+0.262 R(6R;) + 0.02037 R(6Rg) + 0.05047 R(SRgd R%) + 2.264 R(JRy)
—0.4778 R(GRgIR%) — 0.05645 R(SRgS R) + 5.463 [0 Rig|* + 0.2087 |6 Ry |?
+0.002892 |§ Rg|* + 0.7634 |5 Ry|? } x 1077, (72)

( AFB

pp )bin2 o

[ 5459 — 0.7026 Z(6Ryo) + 0.1426 Z(5Rs) + 0.1426 Z(SRs0 Ry,

40.03706 Z(8 Ry) + 5.472 R(SR0) + 0.03706 Z(6 Ry) R(5R1o)

—4.48 R(§R106 R:) — 0.4645 R(SR1o0 RE) + 7.832 R(SR1o6 RY)

—4.352 R(6R;) — 0.4645 R(5Rs) + 7.622 R(6Ry) — 0.03706 Z(6 R19) R(6Ry)
+0.01172 R(§RgS R%) — 0.1382 |6 R10|* — 0.02034 |6 Ryl } x 1078 (73)

(Buywe = | 7.052+ 0.02856 T(3R7) + 0.005661 Z(5R-0R;) + 0.002082 T(3R-6R)
+0.01401 Z(6Rg) + 0.01112 Z(§ RS RE) — 0.03512 T(5Ry) + 9.472 R(S Ry)
+0.006338 R(6R1o0 R:) — 0.04942 R(SR100RE) — 0.4596 R(SR+)

—0.05505 R(6Rs) + 0.01678 R(SRs6R:) + 2.394 R(SRo)
—0.3527 R(SRyORE) — 0.04016 R(S R0 RY) + 4.879 |6 Ryg)?

+0.07016 [5R7|* + 0.6891 [3R|* | x 1077 . (74)
The integrated asymmetries in bin 1, bin 2, and in the whole low-¢? region are then according
to Eq. (19):
B .AFB .
(Aﬁ‘f) . _ ( HeH )blnl 7 (75)
binl (Bﬂl‘>bin1
B AFB .
(A/ij) . _ ( HH )b1n2 7 (76)
bin2 (Byu) pina
FB FB
1FB (‘AW )binl * (‘AW )bm2
(‘Auu ) ' (77)
low By )bint + By Jping

5 Summary and Outlook

In this paper we extend the analysis of log—enhanced QED corrections initiated in Ref. [28] to
the B — X (¢ decay width in the high-¢® region and to the forward backward asymmetry.

We give a complete phenomenological analysis of all relevant quantities related to these
observables, including the ratio R(sg) recently proposed in Refs. [24,47]. We propose a new
approach to the extraction of the zero of the FBA and argue that the scale dependence obtained
by this procedure is a reasonable reflection of the perturbative error.

It is well-known that the measurements of those quantities, in addition to the B — X,y
branching ratio, will allow to fix magnitude and sign of all relevant Wilson coefficients in the

23



SM. Since at the end of the current B factories quantities integrated over certain ¢?-bins will
be already accessible with high precision, the following observation is important, namely that
the double differential decay width decomposed according to (z = cos @)

= 8 [+ ) Hela?) + 22 Ha(?) 20— 2) Hu(e?)] (78)

where T
2 2
Fh Hr(q") + Hr(q7)

includes a third quantity which depends on a different combination of Wilson coefficients [48].
The NNLO+QED analysis of this observable will be published in a forthcoming paper.

=3/4 Ha(q*), (79)
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