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1The Improvement Program in Nonrelativistic Lattice QCDColin J. Morningstar a �aStanford Linear Accelerator Center, Stanford University, Stanford, California 94309Progress in the improvement program in nonrelativistic lattice QCD is outlined. The leading radiative cor-rections to the heavy-quark mass renormalization, energy shift, and two important kinetic coupling coe�cientsare presented. The reliability of tadpole-improved perturbation theory in determining the energy shift and massrenormalization is demonstrated.1. INTRODUCTIONThe action in nonrelativistic lattice QCD [1,2](NRQCD) must be engineered to reproduce theaction of continuum QCD at low energies. Thestarting point in this process is a discretized ver-sion of the Schr�odinger action. Interactions mustthen be added to systematically correct for rel-ativity and �nite lattice spacing errors. Lastly,the coupling strengths of these added interac-tions must be determined. One possibility is totreat these new couplings as adjustable param-eters and tune them to �t certain experimentaldata; however, this tuning signi�cantly reducesthe predictive power of NRQCD simulations andis very costly and di�cult. A better alternativeis to compute the new couplings in terms of thefundamental QCD coupling �s and the heavy-quark mass M using perturbation theory. Thisis done by evaluating various scattering ampli-tudes in both QCD and lattice NRQCD and ad-justing the couplings until these amplitudes agreeat low energies. Since the role of these couplingsis to compensate for neglected low-energy e�ectsfrom highly-ultraviolet QCD processes, one ex-pects that they may be computed to a good ap-proximation using perturbation theory, providedthat M is large enough and the lattice spacinga is small enough. This entire engineering pro-cedure constitutes the improvement program inNRQCD.In this talk, I report on progress being madein this improvement program. I present results�Present Address: Department of Physics & Astronomy,University of Edinburgh, Edinburgh EH9 3JZ, Scotland

for the leading radiative corrections to the massrenormalization, energy shift, and two importantkinetic coupling coe�cients. This work is an ex-tension of previous calculations [3,4] and is beingcarried out in conjunction with ongoing simula-tions as part of the NRQCD collaboration [5{7].2. LATTICE NRQCDThe lattice NRQCD action used here is writtenS(n)Q = a3Xx (u0  y(x) U4(x)  (x+aê4)� y(x)�1� aH02n �n(1�a�H)�1� aH02n �n (x));where n is a positive integer,  (x) is the heavy-quark �eld, U�(x) is the link variable representingthe gauge �eld along the link between sites x andx+ aê�, and u0 is a mean-�eld parameter [8] de-�ned in terms of the mean plaquette. The remain-ing operators are given byH0 = ��(2)=(2M ) and�H = P8j=1 cj Vj , where the Vj denote variousinteractions constructed from covariant, tadpole-improved di�erence operators and the cloverleafchromoelectric and magnetic �elds. Two of theseoperators are given byV1 = � (�(2))28M3 �1 + Ma2n �;V2 = a2�(4)24M ;where a2m�(2m) =P3k=1[u�10 [Uk+U yk ]�2]m. Theparameter n stabilizes the evolution of the quark
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0 1 2 3 4 5Figure 1. The energy shift parameter A, the heavy-quark mass renormalization parameter B, and thekinetic coupling coe�cients c(2)1 and c(2)2 , against the bare heavy-quark mass aM . For aM > 3, thestability parameter n is set to unity; for 1:5 < aM < 3, n = 2 is used; for 1 < aM < 1:5, n = 3 is used;and for 0:5 < aM < 1, n = 6 is used.Green's function when n > 3=(Ma), approxi-mately. The coupling coe�cients cj are functionsof �s and aM ; at tree level, their values are unity.3. HEAVY-QUARK SELF-ENERGYThe O(�s) contribution to the heavy-quarkself-energy has been determined. The small-prepresentation of the self-energy may be written:a�(p) � �snf0(w)+f1(w)p2a22Ma+f2(w) (p2)2a48M2a2+ f3(w) ( 3Xj=1 p4ja4) + : : :o;where w = �ip4a and fm(w) =P1l=0 
(l)mwl. Theon-mass-shell quark satis�es a dispersion relation!0(p) � p22Mr � (p2)28M3r � �s�!(p) + : : : ;
where Mr = ZmM is the renormalized mass withZm = 1 + �sB, B = 
(0)0 +
(1)0 +
(0)1 , anda�!(p) = 
(0)0 +
(0)3 ( 3Xj=1 p4ja4)+
! (p2)2a48M2a2 ;
! = 
(0)0 �1+ 2Ma�+2
(1)0 �1+ 1Ma�+ 2
(2)0 +
(0)1 �2+ 3Ma�+2
(1)1 +
(0)2 :The sole e�ect of the O(�s) corrections in QCDis to renormalize the quark �eld and mass. If lat-tice NRQCD is to reproduce the low-energy phys-ical predictions of full QCD, then the O(�s) cor-rections to the heavy-quark propagator in latticeNRQCD must also do no more than renormal-ize the heavy-quark �eld and mass at low mo-menta. This will be true if �!(p) = 0; that is, if



3Table 1Comparison of the � mass M (a)� expected from perturbation theory using Eq. 2 and the mass M (b)�obtained by �tting simulation results to the dispersion relation in Eq. 1. Values for �V (q�) are obtainedby �tting simulation measurements of the mean plaquette to its perturbative expansion [5].aM aENR(�) Zm � 1 aE0 aM (a)� aM (b)�2:00 0:444(1) :43�V �:67a�1� = :14 :81�V �:81a�1� = :22 4:53 4:45(5)1:80 0:451(1) :46�V �:67a�1� = :15 :77�V �:81a�1� = :21 4:15 4:10(5)1:71 0:455(1) :48�V �:67a�1� = :15 :75�V �:81a�1� = :21 3:98 3:95(5)
(0)0 = 
(0)3 = 
! = 0. Alternatively, since theconstant term 
(0)0 represents an overall energyshift, one could require only 
(0)3 = 
! = 0 andthen simply shift the energies obtained in sim-ulations by an amount ��sA=a for each heavyquark, where A = �
(0)0 . Setting 
(0)3 = 
! = 0then determines the kinetic coupling coe�cientsc(2)1 and c(2)2 , where cj = 1 + �sc(2)j .4. RESULTSThe values for A, B, c(2)1 , and c(2)2 after tadpoleimprovement are shown in Fig. 1. The values forthese parameters before tadpole improvement aretypically very large. In the tadpole improvement,the perturbative expansion for the mean �eld pa-rameter u0 = 1 + �su(2)0 , where u(2)0 = �1:047,is applied. The renormalized coupling �V (q�)of Lepage and Mackenzie [8] is used to deducevalues for �s; �tting simulation measurementsof the mean plaquette to its perturbative expan-sion speci�es �V (q�) [5]. The computation of thescales q� for the above parameters is nearly com-pleted.It is possible to check the reliability of the per-turbative determination of the energy shift andmass renormalization. Recent NRQCD simula-tions [5{7] have produced values for the rest en-ergy aENR(�) of the �. In addition, energies atsmall but non-zero momentum values have beenobtained and �t to the dispersion relationE�(p) = ENR(�) + p22M (b)� + � � � ; (1)yielding a nonperturbative estimate M (b)� of the� mass. This mass can be compared with thatexpected from perturbation theory, namely,

aM (a)� = 2(aMr � aE0) + aENR(�); (2)where aE0 = �V (q�)A. The results of this com-parison are shown in Table 1. The masses agreedown to the 1� 2% level.5. CONCLUSIONThe leading radiative corrections to the heavy-quark mass renormalization, energy shift, andtwo important kinetic coupling coe�cients werepresented. The results underscore the reliabilityof tadpole-improved perturbation theory in theimprovement of nonrelativistic lattice QCD.6. ACKNOWLEDGEMENTSThis work was supported by the NSERC ofCanada, the U.S. DOE, Contract No. DE-AC03-76SF00515, and the UK SERC, grant GR/J21347.REFERENCES1. B.A. Thacker and G. Peter Lepage, Phys.Rev. D 43, 196 (1991).2. G. Peter Lepage, Lorenzo Magnea, CharlesNakhleh, Ulrika Magnea, and Kent Horn-bostel, Phys. Rev. D 46, 4052 (1992).3. C. T. H. Davies and B. A. Thacker, Phys.Rev. D 45, 915 (1992).4. Colin J. Morningstar, Phys. Rev. D 48, 2265(1993).5. G. P. Lepage for the NRQCD collaboration,poster session, these proceedings.6. C. Davies, these proceedings.7. A. Lidsey, these proceedings.8. G. Peter Lepage and Paul B. Mackenzie,Phys. Rev. D 48, 2250 (1993).


